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MATHEMATICS TEST
Time—T170 minutes

66 Questions

Directions: Each of the questions or incompiete statements below is followed by five suggested answers or completions
In sach case, select the one that is the best of the choices offered and then mark the corresponding space on the answer

sheet

Computation and scratchwork may be done in this expmination book.

Note: In Lhis examination: i
(1} All logarithms are to the base e uniess otherwise specified
(2) Thesetof all x suchthat @« S v 58 s denoted by [a. h]

| If § isa plane in Fuclidean 3-space containing (0.0.0). (2.0.0). and (0,0, 1). then § is the

(A) xv-plane

(B) xz-plane

(C) yz-plane

(D) plane y — z =10

(F) plane x + 2y — 2z =90

H a. b, and ¢ ate real numbers, which ol the following are necessartly true?

[S¥)

I If ¢ <h and ab # 0. then ! > o
)

(1 If a<h, then ac < be forall ¢

1 I a<h, then ¢ +¢ < h+ ¢ foral ¢

V., I g <h. then —a > —b

(Ay [only {B) T and 11l oniy (C) 11 and IV only (D) IL 111, and 1V only (By i, 1L IH, and IV

GO ON TO THE NEXT PAGE
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X
3 jﬂjﬁ xydydy =
(A) 0 ® & © 3 (D) 1 (E) 3
" o €L XY
4 For x =0, T {(x¢ &%)
(A) ¥ L,..\‘ e '\,.L‘-*l . L_,.\"*'I (B} '\.L’ . L,ﬂ\' + “\.L"’“i R C-,.\'-l (C) et (D) XG-I R t’_"":+’ (E) '\.L’-'!-I . {."\-_I
5. All functions / defined on the xy-plane such that
(,/ = 2y -+ 1 and %i = x4+ Jp
0x : dy
are given by f{x, y} =
Ay v+ xy + 7+ C (B x* = xy + 7 + C (C) x* = xy = v+ C
(D) x* + 2y + 2 + C (B) x* — 2xp + 12 + C

GO ON TO THE NEXT PAGE



6 Which of the following could be the graph of the derivative of the
function whose graph is shown in the figure above?

(B} 3 (C) Vv

14
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Which of the following integrals represents the area of the shaded portion of the rectangle shown in the figure
above?
ol

N REEN Y @ [ () v o+ D © [+

1 i
(D) [ Ixtdx (B) [ 2dx

(A) + (B) log 2 (©) 1 (D) e (E) +

16
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9.

k digits are to be chosen at random (with repetitions allowed) from 0,1,2,3,4,56,7,8,91 What is the
probability that 0 will not be chosen?

1 1 k=1 1Y 9 \K

10 In order to send an undetected message to an agent in the field, each letter in the message is replaced by the
number of its position in the alphabel and that number is entered in a matrix M. Thus, for example, “DEAD”
becomes the matrix M = (“{ i) In order to further avoid detection, each message with four letters is senl to
the agent encoded as MC, where C = (; B E) i the agent receives the matrix G}l :é) then the message is
{A) RUSH (By COME {Cy ROME () CALL
(E) not uniquefy determined by the information given

11 If sinT'x = —g, then the acute angle value of cos™'x is

(A) 2 ® % © f1-% ™ 1-5 (E) 0

18
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12 J"n ST, Lo g o
o
(A) = (B ex (C) e™ (D) ST (B} e™ — 1
3
13. Which of the following is true of the behavior of f{x) = '\N, F i as x—27
XT =4
{A) The limitis 0
(B) The Himitis 1.
(CYy The limit is 4
(D) The graph of the function has a vertical asymptote at 2.
{E) The function has unequal, finite fefi-hand and right-hand limits
14 A newscast contained the statement that the total use of electricity in city A had declined in one billing period by

5 percent. while household use had declined by 4 percent and ail other uses increased by 25 percent Which of the
following must be true aboul the billing period?

{A} The statement was in error
.. 29
(B) The ratio of all other uses to household use was Z‘T
, 20
{C) The ratio of ail other uses to household use was I
(D) The ratio of all other uses to household use was %—g—

(E) None of the above

20
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15 1f f is a linear transformation from the plane to the real numbers and if f(1, 1) = 1 and J(=1,0) =2,
then f{3.3) =
(A} —6 (By ~5 0 (D) 8 {E) 9
16 Suppose that an arrow is shot from a point p and lands ata point g such that at one and only one point in its

flight is the arrow parallel to the line of sight between p and ¢ Of the following, which is the best mathematical
model for the phenomenon described above!

{AY A f}znction / differentiable on [a. 5] such that there is one and only one point ¢ in [a, b] with
j{:j’(.\')dx = ¢(b ~ a)

(B) A function / whose second derivative is at all potnts negative such that there is one and only one point ¢

| by - fla"
in [a. b] with f'(¢) = w
h - a

{Cy A function f whos;: first derivative is at all points positive such that there is one and only one point ¢
in [u, b] with 'ij(.\") dy = f(&)- (b — @)

(D) A I}mction / continuous on [a, &) such that there is one and only one point ¢ in [a, b] with

2

[ /) dx = fley-(b — )

(E) A function [ continuous on {a, b} and flu) < d < {(b) such that there is one and only one poiat ¢

in [a, b} with f(c) = d

22
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17. Let # be the binary operation on the rational numbers given by a+b = g + b + 2ab. Which of the following
are true’?
{. = is commutative.
II. There is a rational number that is a * -identity.
III. Every rational number has a *-inverse.
(A) Tonly (BY II only {C) Tand I only {D} [and IH only (B) I 11, and 1Ii
18 Agroup G inwhich (ah)* = a’#* forall a. b in G is necessarily
(A) finite
(B) cyclic
(C) ol order two
(D) abelian
(E) none of the above
19 If ¢ >0 and f{x) =e" ~ ex for all real numbers x, then the minimum value of / is

(A) flc) (B} f(e) € /G) (D) fllog ¢) (E) nonexistent

24
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20 Suppose that f{I + x) = f(x) forallreal x If / isa polynomialand f(3) = 1I, then f(

(A) —11 (B) 0 (C) 11 (D) %é
(E) not uniquely determined by the information given
21 Forall x > 0, if f(logx) = /x, then f(x) =
= .
(A) o2 (B) log,/x () ev™ (D) /log ¥ () 128
1 f ¢siny i
22 e A e R
B )
(A) & (B) + (©) % (D) | By X
3 2 4 (E) 3

GO ONTO THE NEXT PAGE.



S(n) is a statement about positive integers # such that whenever S(k) is true, S{k + 1) must also be true.
Furthermore, there exists some positive integer ng such that S(ng) is not true. Of the following, which is the
strongest conclusion that can be drawn?

(A) S(ny + 1) is not true.

{(B) S{ny — 1) isnoltrue

(C) S(n) is not true for any » = np.
(D) S{n) isnot true forany n Z my
(EY S(n) is not srue for any n.

V1

Let / and g be functions defined on the positive integers and related in the [ollowing way:

Lif o n =1

fln) = {2]'(:; NNy

and

(n) = {Bg(n + D), i n#3
V=V, if 0= 3

The value of g(1} is
(A) 6 (B) 9 (C)y 12 (D) 36

(F) not uniguely determined by the information given

Let x and y be positive integers such that 3x + 7y is divisible by 11 Which of the following must also be
divisible by 117

{A) 4x + 6y By x+y+3 (C) 9x + 4y (D) 4x — 9y (By x + vy — 1

28
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26. If &k is a real number and

f(x) = sin{:for x # 0
k for x =0

and if the graph of / is not a connected subset of the plane, then the value of k

{A) could be — 1]

{B) must be 0

{C) must be 1

{D) could be less than | and greater than — |
{E) must be less than — | or greater than |

27 For what triples of real numbers (a. b, ¢) with @ # 0 is the {unction

x,if ¥y 51

ax* + by + ¢, i x > 1

defined by f(x) = {

differentiable at all real v 7

(A) {(a. 1 — 2a, a)|a isanonzero real number}
(B} {(a. 1 — 2a, ¢}|a.c arereal numbersand a # 0}
(C) {(a,b.c)la, b.c arereal numbers, a 2 0, and a + b + ¢ = 1}

o {(100)

(F} {{a. 1 — 2a, 0)|a Isa nonzero real number}

GO ON TO THE NEXT PAGE
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Questions 28-30 are based on the following information.

Let / bea function such that the graph of f isa semicirele S with end points (¢, 0} and (b, 0) where a < b

28 ‘jj“/(.\')dx

. {b)y — fla 3 1
W - e g e-af e -0 ® e -0
29 The graphof v =3 /f(x) isa
(A} translation of § (B) semicircle with radius three times that of & (C) subset of an etlipse

(D} subset of a parabola (E) subset of a hyperbaola

b
30 The improper integral L; Flx) ' (xddx s ‘ ;

{A) necessarily zero

(B) possibly zero but not necessarily

{C) necessarily nonexistent

{D) possibly nonexistent but not necessarily .

(E) none of the above |

GO ON TO THE NEXT PAGE.
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B [ 4
3 fim St =
X SIn X
(A) —= (B) —e" " (C) 0 (D) e”™™ (B) 1
32 The dimension of the subspace spanned by the real vectors
i 2 0 2 1 0
1 2 1 0 -2 0 s
0 0 0 0 0 ]
o), \0/, \8/, \3], 8/, \0
(A) 2 (B) 3 (C) 4 {D) 5 (E) 6
y
y o= e

13, The shaded region in the figure above indicates the graph of which of the following?

{A) x* <y and y < l\ (B x*<y or y< J{ (C) x?>y and y > %

-

(F) x> <y and xy < |

= f—

(D) x?>p or y>

GO ON TO THE NEXT PAGE
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34. Let the bottom edge of a rectangular mirror on a vertical wall be parallel to and /i feet above the level floor Ifa
person with eyes ¢ feet above the floor is standing erect at a distance d feet from the mirror, what is the refation-
ship among /i, d, and ¢ if the person can just see his own feet in the mirror?

13

(A) t+ = 2h and 4 does not matter. (B) + = 4d and /1 does not matter. Yy P+ dF = %

ot —-h=d (B) (1 — hy = 4d

35 The rank of the rmatrix

23 4 5
6 7 & 9 10
213 14 15 is
i6 17 18 19 20
23022 023 4 25

(A) 1 (B) 2 ()3 (D) 4 (E) 5

36 The shortest distance from the curve xy = 8 to the origin is

(A) 4 (B) 8 ) 16 (D) 2,/2 (E) 4./2

GO ON TO THE NEXT PAGE

36




37. What is wrong with the following argument?

Let R be the real numbers,
(1) “Forall x, ye R, flx) + fy) = fCxy)”
is equivalent to
(2} “Forall x, ye R, f{—x)+ f(») = fl{(—x))"
which is equivalent to
(3) “Forall x, ye R, f{=x) + fr}) = f((=xW) = fx(=p)) = f(x) ¥ (=2}~
From this for y = 0, we make the conclusion
(4) “Forall x¢ R, f(—x) = flx}"
Since the steps are reversible, any function with property (4) has property (1)
Therefore. for all x, ve R, cos x + cosy = cos(xy)
{A} (2) does not imply (1) (B) (3) does not imply {(2) {C) (3) does not imply (4)
(D) (4) does not imply (3). (E) (4) is not true for f = cos.

010
38 If AL is the matrix (O 0 l), then M'0 is
100

010
001
100

{E) none of the above

(A)

on i o R
—

100 0
010 (m |0
001 0

LR o

GO ON TO THE NEXT PAGE

38



xt .
39 I flo)={ x>0 ¥#0
0

, for x =40,

(Ay —-2 (B) 0 (Cy 2 (2} not defined
(E) none of the above

40. Let y = f{x) be a solution of the differential equation xdr + (¢ ~ xe¥)dv = 0 such that ¢ =0 when
x = 1 Whatis the value of f(2)7 '

Ay £ ® 1 © % (D) Ze (F) 2¢7

41 Of the foliowing, which best represents a portion of the graph of y = J; + x - lj near (1, 1}?
P

Ay oy (By » <y

4 Y 1 7 B -

= i X 5 i X = i "
Dy v (E) {
14~ e 11 \\
5 e \ 4 X
0 ] 0 1

GO ON TO THE NEXT PAGE.
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42 In xyz-space, the degree measure of the angle between the rays
zmx 20, p=0
and
=y =20, v =0 is
(A) O° (B) 30° (C) 45° (D) 60° (E) 90°
43 H a polynomial /(x} over the real numbers has the complex numbers 2 + i and | — i as r'éois, then f{x)
could be
(A x* + 6xP + 10 (BY x* + 7¢% + 10 (Cy 3 = X7+ dx + 1
(D) x* + 5x% 4+ dx + 1 (B) x* — 6x% + 15x7 — 18x + 10
44. Suppose / is a real function such that f'{xy) exists. Which of the following is the value of

Gt h) = fo = B,
im !
fa ) h

(A) 0 (B) 2/ (x) (C) S'(~xp) (D) —f'(xo) (B) —2/"(xp)

42

GO ON TO THE NEXT PAGE.




s n
X ‘ , ¢ .
45. The radius of convergence of the series E ) X" ois
n=0

(A) 0 (®) 1 © 1 (D) e (B) +o

46. In the xy-plane, the graph of xlogy = ylogx g

{A) empty {B) a single point (C) a ray in the open first quadrant
(D) a closed curve {E) the open first quadrant

47 Suppose that the space S contains exactly eight points If & is a collection of 250 distinct subsets of S, which of
the following statements must be true?

(A) § isanclement of &.

By NG =35
Geld

(C) MG isa nonempty proper subset of §
Ged

(D) & has a member that contains exactly one element -

(E) The empty set is an element of &

GO ON TO THE NEXT PAGE
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48 Let ¥ be the set of all real polynomials p(x). Let transformations 7, S be defined on V' by
T:p(x)»xp(x) and S:p(x)-p'(x) = %p(x), and interpret (ST){(p(x)) as S(T(p(x))
Which of the following is true?
(A) ST =0
(B) ST =T
(C) ST =TS
(D) §T — TS is the identity map of V' onto itseif.
(B} §T + TS is the identity map of ¥ onto itself. i
49 If the finite group G coniains a subgroup of order seven but no element (other than the identity) is its own
inverse, then the order of G could be
(A) 27 (B) 28 (Cy 35 (D) 37 . (E) 42
50. In a game two players take turns tossing a fair coin; the winner is the [irst one to toss a head The probability that
the player who makes the first toss wins the game is
| i i 2 3
(A} 3 (B) 3 (©) 5 (D) 3 (B)
51 Let x; =1 and x,.y = /3 + 2x, forall positive integers n. If it is assumed that {x,} converges, then

jim Xp =
Hs o
(A) -1 (B) 0 € 3 (D) e (E) 3

46
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52 Which of the following is the larger of the eigenvalues (characteristic values) of the matrix (? é) ?
(A) 4 (B} 5 () 6 (D) 10 (E) 12
53 Let ¥ be the vector space, under the usual operations, of real polynomials that are of degree at most 3. Let W be
the subspace of all polynomials p(x) in ¥ such that p(0) = p(1) = p(—1) = 0 Then dim V¥ + dim ¥ is
(A) 4 (B) 5 (©) 6 (D) 7 (E) 8
54 Themap x — axa® ofagroup G intoitsell isa homomorphism if and only if
(A) G is abelian (B) G = e} Cya=e (D) a* = a_ (B) o’ = ¢
55 Let f{x.v) = x'+ p? + 3xy forallreal x and p Then there exist distinct points P and @ such that

S/ hasa

(A) local maximum at P and at ¢
(B) saddle pointat P andat ¢

(C) local maximum at P and a saddle point at ¢
(D)) tocal minimum at P and a saddie point at Q

(E} iocal minimum at P and at Q

48
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56. The polynomial p(x) =1 + %(x - i) - %"(x ~ 1) is used to approximate /101 Which of the following

most closely approximates the error /101 — p(1.01)7?

(A) (T%) x 1076 (B) (gl"g) x 1078 (©) (%) X 1010

(D) —(g) x 1010 (E) ~(]§_6) x 107

57 Acceptable input for a certuin pocket calculator is a finite sequence of characters each of which is either a digit or a
sign. The first character must be a digit, the last character must be a digit, and any character that is a sign must be
followed by a digit. There are 10 possibie digits and 4 possible signs If N denotes the number of such acceptabie
sequences having length &, then Ny is given recursively by

{A) Ny =10 (BY Ny =10 () N =10
N = 10Np_, Npo= 14N Ny= 100 N
N = 10Ng_, + 40N; -,
D) N =10 (F) N, = 14
N> = 140 Ny = 196
N = 14Ny + 40N N = 10N + 14N,

GO ONTO THE NEXT PAGE
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58. If f{z) is an analytic function that maps the entire finite complex plane into the real axis, then the imaginary axis
must be mapped onto ‘

(A} the entire real axis

(B) a point

(C) aray

(D) an open finite interval ,
(E) the empty set

34

59 If f is the function whose graph is indicated in the figure above, then the teast upper bound (supremum) of
n
{ Z ) = Moo= xp < 3 < LX) < Xy = ]2}
k1

appears to be

(A 2 (B 7 (Cy 12 (D) 16 (E) 21

60 A fair die is tossed 360 times. The probability that a six comes up on 70 or more of the tosses is

{A) greater than 0 50

{B) Dbetween 0 16 and 0.50
{C) between 0.02 and (.16
{I}) between 0.01 and 0.02
{E) less than 0.01

GO ON TO THE NEXT PAGE



61. Let = 4 # ~I, where 7 is the identity matrix and A isareal 2 x 2 matrix. If 4 = 471 then the trace
of 4 is

(A) 2 ®) 1 ©) 0 o -1 (F) -2

{0. 1) - {t. B

- o\

o T (L

62 If B isthe boundary of § as indicated in the figure above, then J 3pdy + dxdy) =
B

(A) O {B) i (Cy 3 (D) 4 (£) 7

. + OO
63 Let f be a continuous, strictly decreasing, real-valued function such that In S(xYdx isfinite and f(0) = 1

In terms of /™' {(the inverse function of /), r" T}/(.x) dx 18

el
(A) less than j:%j"' (3} dy (B) greater than j(:j"“' {y)dy (C) equal to j: w[“ {y)dy
(D) equal to LJ] 7 dy (E) equal to ‘f;' J_f vy dy

GO ON TO THE NEXT PAGE.
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64 Let S be a compact topological space, let T be a topological space, and let / be a function from S onte 7. Of

the following conditions on f, which is the weakest condition sufficient to ensure the compactness of T 7

{A) / is a homeomorphism.

(B) / iscontinuousand 1 — 1.
{C) [ is continuous.

M fis 1 -1

(E) f is bounded.

63.

Which of the foliowing indicates the graphs of two functions that Satisfy the differential equation
dy '\ dy .
(;K) + N v + g7
(A) ¥ (B) ¥ () T
\ \\
\ / =
]
™~ A . \ 1 ~—
oL \0\; il
(D) y (E} r
A
1 cad # X
ol i o \

GO ON TO THE NEXT PAGE




66. Which of the following subsets are subrings of the ring of real numbers?
I g+ bﬁ! a and b are rational)
1§ {—B—Ifﬁl n is an integer and m is a non-negative énteger}
s h

M {a + b\/Sla and & are real numbers and 2 + 57

{A} Tonly {B) Fand IT only (C) Tand I only (D) II and 1 only (E) I, I1. and I1]

I[F YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK YOUR WORK ON THIS TEST
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