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MATHEMATICSTEST (RESCALED)
Time—170 minutes
66 Questions

Directions. Each of the questions or incompl ete statements below is followed by five suggested answers or
completions. In each case, select the one that is the best of the choices offered and then mark the corresponding
space on the answer sheet.

Computation and scratchwork may be done in this examination book.

Note:

In this examination:

(2) All logarithms with an unspecified base are natural logarithms (that is, with base €).

(2) Theset of al real numbersx suchthat a < x < bisdenoted by [a, b].

(3) ThesymbolsZ, Q, R, and C denote the sets of integers, rational numbers, real numbers, and
complex numbers, respectively.

x .
JIf F(x) = f log t dt for all positive x, then F'(x) =

e

(A) x
1
® 3
(C) log x
D) xlog x

(E) xlogx -1

LIf F(1) =2 and F(n) = F(n — 1) +% for all integers n > 1, then F(101) =

(A) 49
(B) 50
(©) 51
(D) 52
(E) 53
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GO ON TO THE NEXT PAGE.



SCRATCHWORK

11



12

a -b\ . . . . T N .
3. If ( a) is invertible under matrix multiplication, then its inverse is

b
@ ;%)
®) az-i-b2<Z _Z)
© 1 zﬂ(—g Z)
()

b b
4. If b >0 and if f xdx = f x* dx, then the area of the shaded region in the figure above is

0 0

) 75
®)
©
(D)

(E)

N= W= A= Q=

GO ON TO THE NEXT PAGE.
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101
51 y= f'(x)
/_\V/x
-10 -5/ O 5 10
-5t
-101

. If the figure above is the graph of y = f'(x), which of the following could be the graph of y = f(x) ?

(A) y (D) y
\ ' \
104 104
51 51
" 4 N x " i 0 el e~ ;x
-10 -5/ O 5\A10 10 -5 —735 1b\
S5+ -5+
—10¢ -104
(B) y E) y
A
10+ 10+
51 T~
; ' /Vx ' ' ' —X
-10 -5 O —3 10 -10 \-5 of/ 5 10
54 Sk
—104 310+
© y
104

10 5 o\ 5 10
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6. Consider the following sequence of instructions.

1.Set k=999, i=1, and p = 0.

2. If k> i, then go to step 3; otherwise go to step 5.
3. Replace i with 2i and replace p with p + 1.

4. Go to step 2.

5. Print p.

If these instructions are followed, what number will be printed at step 5 ?

Ay 1
B) 2
(C) 10
(D) 512
(E) 999

7. Which of the following indicates the graph of {(sin t, cos t): —g <t< O} in the xy-plane?

(A) y (D) y
Y 1}1
/1 IR
—1Q i 1 o 1
-1 -1
(B) y (E) y
A 3
1 1
(1 O
1 O 1 -1 O_/
-1 -1
© y
A
h
—1Q i
-1

GO ON TO THE NEXT PAGE.
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8.

1

x —

Jo1+x2dx—
(A) 1
T
(B)Z

(C) tan™

NS

(D) log 2
(E) log V2

If S is a nonempty finite set with &k elements, then the number of one-to-one functions from S onto § is

(A) k!
(B) k°
©) k*
D) 2*
(E) 2k+1

10.

Let g be the function defined on the set of all real numbers by

1 if x is rational,
X . . .
e” if x is irrational.

g(x) = {

Then the set of numbers at which g is continuous is

(A) the empty set

B) {0}

© {1}

(D) the set of rational numbers
(E) the set of irrational numbers

11.

x+y+ [x—y]|
2

For all real numbers x and y, the expression is equal to

(A) the maximum of x and y

(B) the minimum of x and y

© |x+y]

(D) the average of |x| and |y |

(E) the average of |x +y| and x — y

18
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12.

Let B be a nonempty bounded set of real numbers and let b be the least upper bound of B. If b is not
a member of B, which of the following is necessarily true?

(A) B is closed.

(B) B is not open.

(C) b is a limit point of B.

(D) No sequence in B converges to b.

(E) There is an open interval containing b but containing no point of B.

13. A drawer contains 2 blue, 4 red, and 2 yellow socks. If 2 socks are to be randomly selected from the
drawer, what is the probability that they will be the same color?
2
A 5
2
®) 3
3
© 3
1
D) 5
3
E) 3
14. Let R be the set of real numbers and let f and g be functions from R into R. The negation of the
statement
“For each s in R, there exists an r in R such that if f(r) > 0, then g(s) > 0.”
is which of the following?
(A) For each s in R, there does not exist an r in R such that if f(r) > 0, then g(s) > O.
(B) Foreach s in R, there exists an r in R such that f(r) > 0 and g(s) < 0.
(C) There exists an s in R such that for each r in R, f(r) > 0 and g(s) < 0.
(D) There exists an s in R and there exists an r in R ‘such that f(r) < 0 and g(s) < 0.
(E) For each r in R, there exists an s in R such that f(r) <0 and g(s) < O.
15. If g is a function defined on the open interval (a, b) such that a < g(x) < x for all x € (a, b),

then g is

(A) an unbounded function

(B) a nonconstant function

(C) a nonnegative function

(D) a strictly increasing function

(E) a polynomial function of degree 1

20
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16.

For what value (or values) of m is the vector (1, 2, m, 5) a linear combination of the vectors (0, 1, 1, 1),
0,0,0,1), and (1,1, 2,0) ?

(A) For no value of m

(B) —1 only

(C) 1 only

(D) 3 only

(E) For infinitely many values of m

17. For a function f, the finite differences Af(x) and A’f(x) are defined by Af(x) = f(x + 1) - f(x) and
Azf(x) = Af(x + 1) — Af(x). What is the value of f(4), given the following partially completed finite
difference table?
x o f(x) M) Af(x)
1 -1 4
2 -2 6
3
4

(A) -5

B) -1

© 1

D) 3

E) 5

18. In the figure above, the annulus with center C has inner radius r and outer radius 1. As r increases, the

circle with center O contracts and remains tangent to the inner circle. If A(r) is the area of the annulus
and a(r) is the area of the circular region with center O, then lim % =
r—1-

(A) 0

2
®) >
O 1

T
D 5

(E) o

22
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19. Which of the following are multiplication tables for groups with four elements?

L |a b c d I. |a b ¢ d M. _|a b c d
ala b ¢ d ala b ¢ d ala b ¢ d
b|b ¢ d a b|b a d c b|b a d c
clc d a b clc d a a clc d c d
dld a b c dld ¢ a b dld ¢ d ¢

(A) None
(B) I only

(C) I and 1I only
(D) II and III only
(E) L, I1, and III

20.

Which of the following statements are true for every function f, defined on the set of all real numbers,

such that lim ]% is a real number L and f(0) =07

X—0

I. f is differentiable at 0.
II. L=0
III. lim f(x) =0

X—0

(A) None

(B) I only

(C) 1I only

(D) I and III only
(E) L, 11, and III

21.

What is the area of the region bounded by the coordinate axes and the line tangent to the graph of
y = %xz + %x + 1 at the point (0, 1) ?
1
A) 76
B)

©

D= 00| =

D) 1

(E) 2

24
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22. Let Z be the group of all integers under the operation of addition. Which of the following subsets of 7 is
NOT a subgroup of 7 ?

(A) {0}

B) {ne 7: n20}

(C) {n € Z: nis an even integer}

(D) {n € Z: nis divisible by both 6 and 9}
B 7z

23. In the Euclidean plane, point A is on a circle centered at point O, and O is on a circle centered at A.
The circles intersect at points B and C. What is the measure of angle BAC ?

(A) 60°
(B) 90°
(C) 120°
(D) 135°
(E) 150°

24. Which of the following sets of vectors is a basis for the subspace of Euclidean 4-space consisting of all
vectors that are orthogonal to both (0, 1,1, 1) and (1, 1,1, 0) ?

(A) {(0, -1, 1, 0)}

B) {(1,0,0,0), (0, 0,0, 1)}

© {(-2,1,1,-2),(0, 1, -1, 0)}

®) {1,-1,0,1), (-1,1,0,-1), (0, 1, -1, 0)}
(E) {(0,0,0,0),(-1,1,0,-1), (0, 1, -1, 0)}

25. Let f be the function defined by f(x, y) = 5x — 4y on the region in the xy-plane satisfying the inequali-
ties x <2, y20, x+y21, and y — x < 0. The maximum value of f on this region is

A) 1
B) 2
©) 5
(D) 10
(E) 15

GO ON TO THE NEXT PAGE.
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26. Let f be the function defined by

2 .
—x“"+4x -2 if x<1,
f(x)‘{—x2+2 if x> 1.

Which of the following statements about f is true?

(A) f has an absolute maximum at x = 0.

(B) f has an absolute maximum at x = 1.

(C) f has an absolute maximum at x = 2.

(D) f has no absolute maximum.

(E) f has local maxima at both x = 0 and x = 2.

27. Let f be a function such that f(x) = f(1 — x) for all real numbers x. If f is differentiable everywhere,
then f'(0) =

(A) f(0)
B) f(1)
(©) -£(0)
D) (1)
(B) -f'(1)

28. If V, and V, are 6-dimensional subspaces of a 10-dimensional vector space V, what is the smallest
possible dimension that V; N V, can have?

(A0
B) 1
© 2
D) 4
(E) 6

29. Assume that p is a polynomial function on the set of real numbers. If p(0) = p(2) = 3 and
2
p'(0) = p'(2) = -1, then fxp"(x) dx =
0

(A) -3
(B) 2
©) -1
o) 1
E) 2

GO ON TO THE NEXT PAGE.
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30.

Suppose B is a basis for a real vector space V' of dimension greater than 1. Which of the following
statements could be true?

(A) The zero vector of V is an element of B.

(B) B has a proper subset that spans V.

(C) B is a proper subset of a linearly independent subset of V.

(D) There is a basis for V that is disjoint from B.

(E) One of the vectors in B is a linear combination of the other vectors in B.

31.

Which of the following CANNOT be a root of a polynomial in x of the form 9x° + ax’ + b, where
a and b are integers?

(A) -9
B) -5
© 5
©) 3

E) 9

32.

When 20 children in a classroom line up for lunch, Pat insists on being somewhere ahead of Lynn. If Pat’s
demand is to be satisfied, in how many ways can the children line up?

(A) 20!
(B) 19!
(C) 18!

20!
® 5

(E) 20 - 19

30
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33.

How many integers from 1 to 1,000 are divisible by 30 but not by 16 ?

(A) 29
(B) 31
(©) 32
(D) 33
(B) 38

34.

Suppose f is a differentiable function for which lim f(x) and lim f'(x) both exist and are finite. Which
of the following must be true? Xoe X—eo

(A) lim f'(x) =0

X— oo

(B) lim f"(x) = 0

X—o0

(©) lim f(x) = lim f'(x)

X—o0

(D) f is a constant function.

(E) f' is a constant function.

35.

In xyz-space, an equation of the plane tangent to the surface z = ¢™* sin y at the point where x = 0 and

=T s
Yy=3

A)x+y
B) x+z
) x-z
D)y +z
EBE)y-z

[ T T I ||
—

36.

For each real number x, let pu(x) be the mean of the numbers 4, 9, 7, 5, and x; and let (x) be the
median of these five numbers. For how many values of x is p(x) = n(x) ?

(A) None

(B) One

(C) Two

(D) Three

(E) Infinitely many

32
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| =

2
|

Pl

3. >
k=1

(A) e

(B) 2e

©€) (e + (e - 1)
D) €

(E) oo

38. Which of the following integrals on the interval [O E] has the greatest value?

T
4
(A) J’ sin ¢ dt
0
T
3
(B) f cos t dt
0
T
4,
© f cos’t dt
0
T
r
D) J' cos 2t dt
0

T
ry

(E) f sin ¢ cos t dt
0

4

34
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39. Consider the function f defined by f(x) = ¢™* on the interval [0, 10]. Let n > 1 and let Xgs Xpy -

be numbers such that 0 = x; < x, < x, <

(A) X f(x)(xj = %)
Jj=1

B) X f(xj_)(xj — %)
j=l
n . 4 X
© 3 A5 - x50
Jj=1

10
D) f f(x) dx
0

(E) 0

<+ - < X, < x, =10. Which of the following is greatest?

40.

A fair coin is to be tossed 8 times. What is the probability that more of the tosses will result in heads than

will result in tails?

(A)

Wik &=

B)

87
© 356
23

® Z

93
(E) 3356

41.

The function f(x,y) = xy — x - y3 has a relative maximum at the point

(A) (0,0
B) (4, 1
©) 1. -1
D) (1, 3)

E) (% %)

36
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42.

Consider the points A = (-1, 2), B = (6, 4), and C = (1, —20) in the plane. For how many different
points D in the plane are A, B, C, and D the vertices of a parallelogram?

(A) None
(B) One
(C) Two
(D) Three
(E) Four

43.

0 1 3 0 6
If A is a3 X 3 matrix such that A(l) = (0) and A<4) = (1), then the product A(7> is
2 0 5 0 8

0
(A) 0)

®) | 2

© | -1

@) | 10
11

(E) not uniquely determined by the information given

44.

Let f denote the function defined for all x > 0 by f(x) = (\f;)x Which of the following statements is
FALSE?

(A) lim f(x) =1
x—0t
(B) lim f(x) = e
X—o0
(©) f(x) = x*"* forall x> 0.
(D) The derivative f'(x) is positive for all x > 0.

(E) The derivative f'(x) is increasing for all x > 0.

38
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45.

An experimental car is found to have a fuel efficiency E(v), in miles per gallon of fuel, where v is the
speed of the car, in miles per hour. For a certain 4-hour trip, if v = v(¢) is the speed of the car ¢ hours
after the trip started, which of the following integrals represents the number of gallons of fuel that the car
used on the trip?

4
v(t)
(A)LEwa»m

4
E(v®)
(B) LW dt

4
tv(t)
m)LEwa»m

4
tE(v(1))
(D) J;Tl‘) dt

4
42)) f V(DE(v(2)) dt
0

46.

cost —sint

. > has distinct complex eigenvalues A, and A,. For what value
sint  cost

For 0 <t < m, the matrix (
of 1, 0<t<m is A, +A,=17?
A)
®)
©

D)

Y o3 wia »a ola

E) 2

|

40
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47.

Let x and y be uniformly distributed, independent random variables on [0, 1]. The probability that the
distance between x and y is less than % is

* 5

(B) %

© 3

®) 3

® 2

48.

Consider the change of variables from the xy-plane to the uv-plane given by the equations

Under this transformation, the image of the region {(x,y): 0 < x <1 and 0 <y < 1} is which of the
following shaded regions?

(A ©

B) D)

42
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49. If f is a continuous function on the set of real numbers and if @ and b are real numbers, which of the
following must be true?

b b+3
L f f(x)dx:f flx=3)dx

a+3

b 3 3
IL. J’ f(x)dx = f flx)dx — fb f(x) dx

3b b
111 j f(x) dx = 3[ f(Bx) dx
3a a

(A) I only

(B) II only

(C) I and II only
(D) II and 1III only
(E) L, 11, and III

50. How many continuous real-valued functions f are there with domain [-1, 1] such that ( f(x))2 = x> for
each x in [-1, 1] ?

(A) One

(B) Two

(C) Three

(D) Four

(E) Infinitely many

oo k
51. Let D be the region in the xy-plane in which the series Z G+ 2y) +k2y)

k=1

converges.
Then the interior of D is

(A) an open disk

(B) the open region bounded by an ellipse

(C) the open region bounded by a quadrilateral
(D) the open region between two parallel lines
(E) an open half plane

GO ON TO THE NEXT PAGE.
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52.

Consider the following system of linear equations over the real numbers, where x, y, and z are variables
and b is a real constant.

x+ y+ z=0
x+2y+3z2=0
x+3y+bz=0

Which of the following statements are true?

I. There exists a value of b for which the system has no solution.
II. There exists a value of b for which the system has exactly one solution.
III. There exists a value of b for which the system has more than one solution.

(A) 1I only

(B) I and II only
(C) I and III only
(D) II and III only
(E) I, 11, and III

53.

In the complex plane, let C be the circle |z | = 2 with positive (counterclockwise) orientation. Then

f A
c@=D&+3)
(A) O

(B) 2mi

©%

o %

7171
® ¢

54.

The inside of a certain water tank is a cube measuring 10 feet on each edge and having vertical sides and
no top. Let k() denote the water level, in feet, above the floor of the tank at time ¢ seconds. Starting at
time ¢ = 0, water pours into the tank at a constant rate of 1 cubic foot per second, and simultaneously,
water is removed from the tank at a rate of 0.25h(¢) cubic feet per second. As ¢t — oo, what is the limit
of the volume of the water in the tank?

(A) 400 cubic feet

(B) 600 cubic feet

(C) 1,000 cubic feet

(D) The limit does not exist.

(E) The limit exists, but it cannot be determined without knowing %(0).

46
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55. Suppose that f is a twice-differentiable function on the set of real numbers and that £(0), f'(0), and f"(0)
are all negative. Suppose f" has all three of the following properties.

I. It is increasing on the interval [0, ).
II. It has a unique zero in the interval [0, o).
III. It is unbounded on the interval [0, ).

Which of the same three properties does f necessarily have?

(A) I only

(B) II only

(C) III only

(D) II and I only
(E) L, II, and III

56. For every set S and every metric d on S, which of the following is a metric on § ?

(A) 4 +d

B) % - 1

(© d- |d|
(D) d°

(E) Vd

57. Let R be the field of real numbers and R[x] the ring of polynomials in x with coefficients in R.
Which of the following subsets of R[x] is a subring of R[x] ?

I. All polynomials whose coefficient of x is zero
II. All polynomials whose degree is an even integer, together with the zero polynomial
III. All polynomials whose coefficients are rational numbers

(A) I only

(B) II only

(C) I and III only
(D) I and III only
(E) L 11, and III

58. Let f be a real-valued function defined and continuous on the set of real numbers R. Which of the
following must be true of the set S = {f(¢): 0 <c <1} ?

I. S is a connected subset of R.
II. § is an open subset of R.
III. S is a bounded subset of R.

(A) I only

(B) I and II only
(C) I and III only
(D) II and III only
(E) L II, and III

GO ON TO THE NEXT PAGE.
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59. A cyclic group of order 15 has an element x such that the set {x3, x’, x9} has exactly two elements.

The number of elements in the set {xm: n is a positive integer} is
A 3

®B) 5

©) 8

D) 15

(E) infinite

60. If S is a ring with the property that s = s? for each s € S, which of the following must be true?

I. s+s5s=0 foreach s e S.
I. (s + t)2 =s>+ 1 foreach s,r € S.
III. S is commutative.

(A) III only

(B) I and II only
(C) I and HI only
(D) II and III only
(E) 1, 11, and III

61. What is the greatest integer that divides p4 — 1 for every prime number p greater than 5 ?

(A) 12
(B) 30
(C) 48
(D) 120
(E) 240

62. The coefficient of x° in the expansion of (1 + x)3(2 +x9)"% is

(A) 2"

®) 31

© (3)+(7)
® (3) ()
® G

GO ON TO THE NEXT PAGE.
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63.

At how many points in the xy-plane do the graphs of y = x'* and y = 2% intersect?

(A) None
(B) One
(C) Two
(D) Three
(E) Four

64.

Suppose that f is a continuous real-valued function defined on the closed interval [0, 1]. Which of the
following must be true?

I. There is a constant C > 0 such that | f(x) — f(y)| < C forall x and y in [0, 1].
II. There is a constant D > 0 such that | f(x) - f(y)| <1 forall x and y in [0, 1] that satisfy
|x -y | <D. ‘
IIl. There is a constant E > 0 such that | f(x) ~ f(y)| S E|x —y| forall x and y in [0, 1].
(A) I only
(B) III only
(C) I and II only

(D) II and III only
(E) I, 11, and III

65.

Let p(x) be the polynomial x’ +ax’ + bx + ¢, where a, b, and c are real constants. If
p(=3) =p(2) =0 and p'(-3) < 0, which of the following is a possible value of ¢ ?

(A) =27
(B) -18
©) -6
D) -3
E) -5

66.

In the xy-plane, if C is the circle x* + y*> = 9, oriented counterclockwise, then (ﬁ ~2ydx + x> dy =
C

A O

(B) 61

©) 9n

(D) 12n

(E) 18n

52
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DO NOT USE INK

Use only a pencil with soft, black lead (No. 2 or HB) to complete this answer sheet.
Be sure to fill in completely the space that corresponds to your answer choice.
Completely erase any errors or stray marks.
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YOUR NAME:
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