ON THE PROPAGATION OF REGULARITIES IN SOLUTIONS
OF THE BENJAMIN-ONO EQUATION

PEDRO ISAZA, FELIPE LINARES, AND GUSTAVO PONCE

ABSTRACT. We shall deduce some special regularity properties of so-
lutions to the IVP associated to the Benjamin-Ono equation. Mainly, for
datum uy € H3/?(R) whose restriction belongs to H™ ((b,)) for some
m € ZT,m>2, and b € R we shall prove that the restriction of the cor-
responding solution u(-,#) belongs to H" ((f3,c0)) for any § € R and any
t > 0. Therefore, this type of regularity of the datum travels with infinite
speed to its left as time evolves.

1. INTRODUCTION

This work is mainly concerned with special properties of solutions to the
initial value problem (IVP) associated to the Benjamin-Ono (BO) equation

du—?Hu+udu=0, xtckR, (L.1)
u(x,0) = uo(x), '
where H denotes the Hilbert transform,
1 1
H = —p.v.(—
£ = —pv. (- ) ()
(1.2)

1. flx=y) . PrEV\V
= tim [ BB ay = (<isen(§)7(6) ().
lyl>¢

The BO equation was first deduced by Benjamin [4] and Ono [31] as a
model for long internal gravity waves in deep stratified fluids. Later, it was
also shown to be a completely integrable system (see [2], [9] and references
therein). Thus, solutions of the IVP (1.1) satisfy infinitely many conserva-
tion laws which provide an a priori estimate for the H n/ 2_norm, n € Z*, of
the solution u = u(x,t) for (1.1). Here we shall only consider real valued
solutions of the IVP (1.1).

Following the definition in [18] it is said that the IVP (1.1) is locally well-
posed (LWP) in the function space X if given any datum uy € X there exists
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2 PEDRO ISAZA, FELIPE LINARES, AND GUSTAVO PONCE

T > 0 and a unique solution
ueC([-1,T]:X)N....

of the IVP (1.1) with the map data-solution, ug — u, being continuous. If 7
can be taken arbitrarily large, one says that the IVP (1.1) is globally well-
posed (GWP) in X.

The problem of finding the minimal regularity property, measured in the
Sobolev scale

H'(R) = (1-02)"IX(R), seR,

required to guarantee that the IVP (1.1) is locally or globally well-posed
in H°(R) has been extensively studied. Thus, one has the following list
of works [1], [15], [32], [24], [20], [33], [7] and [14] where GWP was
established in H(R) = L?(R), (for further details and results regarding the
well-posedness of the IVP (1.1) in H*(R) we refer to [27]). It should be
pointed out that a result found in [30] (see also [25]) implies that none well-
posedness in H*(IR) for any s € R for the IVP (1.1) can be established by a
solely contraction principle argument.
Well-posedness of the IVP (1.1) has also been studied in weighted Sobolev

spaces
Zor = HR)NLA (3" dx), s,reR, (1.3)

Zor={f e H*R)NL*(|x[¥dx) : f(0)=0}, s, reR. (1.4

Notice that the conservation law for solutions of (1.1)

I (uo) = /Zu(x,t)dx: /oo uo(x)dx,

— 00

and

guarantees that the property uy(0) = 0 is preserved by the solution flow.

Motivated by the results in [15], [16] it was established in [11] that the
IVP (1.1)is:

LWP (resp. GWP) in Z; , for s > 9/8 (resp. s > 3/2), s > rand r € (0,5/2),
and

GWP in Z,, with s > rand r € [5/2,7/2).

Moreover, it was also shown in [11] that the above results are optimal (for
further details and results concerning the well-posedness of the IVP (1.1) in
weighted Sobolev spaces we refer to [12]).

Although we shall be mainly engaged with the IVP (1.1) our results be-
low will also apply to solutions of the IVP associated to the generalized
Benjamin-Ono (g-BO) equation

{8,u— PPHu+u*du=0, xtcR, keZ",

u(x,0) = o x). (1.5) |bok



gwp

Thil

REGULARITY PROPAGATION BO EQUATION 3

In this case well-posedness of the IVP for kK > 2 has been considered in
[22], [28], [29], [23] where GWP for the IVP (1.5) with k£ = 2 was obtained
in H*(R), s > 1/2 and [34] where LWP of the IVP (1.5) was proven in
the critical Sobolev space H*%(R) with s, = 1/2—1/k for k > 4 and with
s > 1/3 for k = 3. Addressing the well-posedness of the IVP (1.5) in the
weighted Sobolev spaces (1.3) and (1.4) one has that the positive results
stated before for the IVP (1.1) also applies. However, the optimality of
these results in the cases where the power k in (1.5) is an even integer has
not been established (for further details see [26] and references therein).

To state our main result we need to describe the space of solutions where
we shall be working on.

Theorem A. ([32]) If ug € H*(R) with s > 3/2, then there exists a unique
solution u = u(x,t) of the IVP (1.1) such that for any T > 0

(i) ueCR:HR))NL™(R:H'(R)),

(i) Qwe L*([-T,T]:L”(R)), (Strichartz),
T R

(iid) / / (|0Dsual? + [02ul?) (x,1) | dxdt < co, (16)
T

T R
(iv) //|8XD;_]/2u(x,t)|2dxdtScl, re|l,s],
T-R

with ¢ = co(R, T, ||uo||3/272) and ¢y = c1(R,T, |Juol|s2)-

Remark 1.1. From our previous comments it is clear that the results in
Theorem A still holds for the IVP (1.5) with k = 2 (see [20]) and locally in
time for k > 3. Indeed, one can lower the requirement s > 3/2 to a value
between (1,3 /2], depending on the k considered, such that a well-posedness
including the estimate (1.6) (ii) still holds. However, we will not consider
this question here.

To state our main result we introduce the two parameter family (&,b)
with € > 0, b > 5¢ of functions X, € C*(R) such that x/ , (x) > 0 with

0, x<e
=<7 T 1.7
Xe.b(X) {17 x> b, (1.7)
satisfying (2.2)-(2.8) in section 2.

Theorem 1.2. Let uy € H>(R) and u = u(x,t) be the corresponding so-
lution of the IVP (1.1) provided by Theorem A. If for some xy € R and for

bo2
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somem €L, m>?2,

/ (02 (x) dx < oo, (1.8)

then foranyv >0, T >0, € >0, b > 5S¢

sup [ (97 u(x,1))? xep(x — X0+ vt) dx
0<t<T

T (1.9)
+//(D}C/z(c?;"u(x,t)nsﬁ(x—xo+vt)))2dxdt <e=c(T,e,bv),
0

where p= ngzm.
If in addition to (1.8) there exists xy € R such that any € >0, b > 5¢

DY (M uox,, (- — x0)) € LA(R), (1.10)
then

sup [ (D2 (9"u(x,1) %, , (x—x0+v1)))? dx

0<t<T
T

4 / / (A (e, )2, 2, (x—x0 +ve) dxdr < c,
0

with ¢ = ¢(T,€,b,v).

Theorem 1.3. With the same hypotheses the results in Theorem 1.2 apply
to solutions of the IVP (1.5) globally in time if k = 2, and locally in time if
k> 3.

Remark 1.4.

(a) From our comments above and our proof of Theorem 1.2 it will be
clear that the requirement uy € H> 2(R) in Theorem 1.2 can be lowered
o ug € HO/8" (R) by considering the problem in a finite time interval (see
[20]).

(b) It will be clear from our proofs of Theorem 1.2 and Theorem 1.3 that
they still hold for solutions of the “defocussing” gBO equation

8,u—H8xzu—uk8xu =0, x,teR, keZ™ .

Therefore, our results apply to u(—x,—t) if u(x,t) is a solution of (1.5). In
other words, Theorem 1.2 and Theorem 1.3 resp. remain valid, backwards
in time, for datum satisfying the hypothesis (1.8) and (1.10) respectively on
the left hand side of the real line.

bo3

bo4d

bob
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REGULARITY PROPAGATION BO EQUATION 5

(¢c) It can be deduced from our proof of Theorem 1.2 that the first estimate
in the inequality (1.9) can be made more precise, i.e. for anyt € (0,1) and
any j=1,...m

Y

/_Z Mﬁ@){u(x,t))zdx <

with ¢ = c(|[uo 132,23 1| 710 | 23y )3 %03 8) > 0.

c
t

The following are direct outcomes of the above comment, the group prop-
erties, and Theorems 1.2 and 1.3. In order to simplify the exposition we
shall state them only for solutions of the IVP (1.1). First, as a direct conse-
quence of Theorem 1.2 and the time reversible character of the equation in
(1.1) one has :

Corollary 1.5. Let u € C(R : H3/%(R)) be a solution of the IVP (1.1) de-
scribed in Theorem A. If there exist m € ", m > 2,f € R, a € R such that

o'u(-,7) ¢ L?((a,)),
then for any t € (—oo,f) and any B € R

u(-,1) ¢ L*((B,=0))-

Corollary 1.6. Ler u € C(R : H¥?*(R)) be a solution of the equation in
(1.1) described in Theorem A. If there exist m € Z",m > 2, t1,t» € R, with
t <t and a > 0 such that

au(-,1) GLZ((a,OO)) and  I'u(-,1) ELZ((—OO, —a)),
then ue€ C(R: H"(R))

Next, one has that for appropriate class of data singularities of the corre-
sponding solutions travel with infinite speed to the left as time evolves.

cor.2| Corollary 1.7. Let u € C(R: H3/?(R)) be a solution of the equation in (1.1)
described in Theorem A. If there exist k,m € 2" with k > m and a, b € R
with b < a such that

| 10k x <o but o ¢ (b)), (112) [&
a
then for any t € (0,00), v >0 and € >0
| 1ok Py <
a-+t+e—vt
and for any t € (—o0,0) and o € R

/|%mmgﬂu=w.
(04
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Remark 1.8.
(a) If in Corollary 1.7 in addition to (1.12) one assumes that

b
/ 10%u(x) 2dx < oo,

then by combining the results in this corollary with the group properties it
follows that

B
/ 10™u(x,t)|?dx = oo, forany B €R and t > 0.

This shows that the regularity in the left hand side does not propagate for-
ward in time. Also, one has that for all t # 0

u(-,t) € Hp (R).

Thus, the m-localized singularity at t = 0 in (a,b) can not reappear in the
future t > 0 or in the pastt < 0.
(b) Notice that (1.9) implies: forany € >0,v>0,T >0

%}

sup (*u(x,1))?dx < c=c(e,,T). (1.13)
0<t<T Jxo+e—vt
This tells us that the local regularity of the initial datum uqy described in
(1.8) propagates with infinite speed to its left as time evolves.
(c) In [17] we proved the corresponding result concerning the IVP for the
k-generalized Korteweg-de Vries equation

{8,u+83u+uk8xu=0, xtER, k€Z™, (1.14)

u(x,0) = up(x).

More precisely, the following result was obtained in [17]:

Theorem B. If ug € H3/4" (R) and for some m € Z+*, m > 1 and xy € R

(o]

90l 22y oy) = / 190 (x) [2dx < oo, (1.15)

X0

then the solution of the IVP (1.14) satisfies that for any v > 0 and € > 0
sup (Qfu)?(x,1)dx < c, (1.16)
0<t<T Jxo+e—vt
for j=0,1,... mwithc=c(l,v,e,T).
Moreover, foranyv >0, € >0and R > €

T pxo+R—vt .
/ / (07 w)? (x,1) dxdt < c, (1.17)
0 Jx

0+E&—vt

with ¢ = c¢(I,v,&,R,T).

bo7
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REGULARITY PROPAGATION BO EQUATION 7

However, the proof for the BO equation considered here is quite more
involved. First, it includes a non-local operator, the Hilbert transform (1.2).
Second, in the case of the k-gKdV the local smoothing effect yields a gain of
one derivative which allows to pass to the next step in the inductive process.
However, in the case of the BO equation the gain of the local smoothing is
just 1/2-derivative so the iterative argument has to be carried out in two
steps, one for positive integers m and another one for m+1/2. Also the
explicit identity obtained in [18] describing the local smoothing effect in
solutions of the KdV equation is not available for the BO equation. In this
case, to establish the local smoothing one has to rely on several commutator
estimates. The main one is the extension of the Calderon first commutator
estimate for the Hilbert transform [8] given by Bajvsank and Coifman in [3]
(see Theorem 2.1 in section 2).

(d) Without loss of generality from now on we shall assume that in Theo-
rem 1.2 xog = 0.

(e) We recall that the above result still hold if one replaces x,t > 0 by
x,t <O.

The rest of this paper is organized as follows: section 2 includes the de-
scription of the two parameter family of cut-off functions to be employed
in the proof of Theorem 1.2. Also section 2 has the statements and some
proofs of the commutator estimates and the interpolation inequalities needed
in the proof of Theorem 1.2. The proof of Theorem 1.2 will be given in sec-
tion 3.

2. PRELIMINARIES

For each & > 0 and b > 5¢ we define a function x,, € C*(R) with
x;h (x) >0, and

I, x>b,

Y

%&b(x):{o’ Y= 2.1)

which will be constructed as follows. Let p € C5’(R), p(x) > 0, even, with
suppp € (—1,1) and | p(x)dx = 1. Define

(0, x<2e,
V., (x) = ¢ gex— 25, xe2e,b—¢], (2.2)
\17 XZb—g’

and

Xy (X) = Pe * Ve p(x) (2.3)



8 PEDRO ISAZA, FELIPE LINARES, AND GUSTAVO PONCE
where pe(x) = £~ 'p(x/¢€). Thus

supp %, , C [€,%0),

supp ., () C [e,]. -
If x € (3e,b—2¢), then
X, (x) > 5 _138. (2.5)
If x € (3€,00), then
Ko () 2 2,38 2 5 @6
and for any x € R
2oy ¥) < 2.7)
Now we define 7, , by the identities
2,00=n2, ie m,=\/x,(. 2.8)

CLAIM : For any € > 0 and b > 5¢ 1, € C5(R) with supp ngp =
/
SUPP X 5-

It suffices to show that if f € Cy’(R) with supp f = [0,1] and f(x) > 0,
x € (0,1) then +/f is smooth at x = 0 and x = 1. Without loss of generality
we only consider the case x = 0.
By hypothesis on f for every n € Z™ there exist M,, > 0 and &, > 0 such
that
f (O] < My x]", - [x] < 6y (2.9)
Thus
d . A/ f(h)—=0
— 0) =lim ———=0
(V1)(0) = lim ===

by (2.9). Also
& /7(0) = timg VIO 2/TO 4 VTR

h—0

by (2.9). Following this argument of writing the derivatives of \/f using
finite differences, from (2.9) one obtains the desired result, i.e.

dl’l
e (\/?) (0)=0 forany n,

so /f is smooth.

2.4

N
o

N
[}

N
~

2

!

)
n
ct
[y
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We shall also use that given € > 0, b > 5¢ there exists ¢ = ¢, > 0 such
that

xs/s.s (x) = 17 on supp %871,7

/ /

Loy ) <€Ay pspiness ) Xeppiess (X), (2.10)

!

2, () < s ().

The following extension of the Calderén commutator theorem [8] estab-
lished by Bajvsank and Coifman in [3] will be a crucial ingredient in our
proof of Theorem 1.2.

Theorem 2.1. Let H be the Hilbert transform. For any p € (1,00) and any
I,meZ*, [+m>1 there exists c = c¢(p;l;m) > 0 such that

19¢[H: w) 9" llp < ¢ 10 wrleelLf - (2.11)

For a different proof of this estimate see Lemma 3.1 in [10]. Also we
shall use the following commutator estimate:

Proposition 2.2.

1Dy H)acf |12 < cl| ekl | DY £ 2.12)

Proof. Taking Fourier transform it follows that

D%H0F(E) = [ = In ) k(& —n) Fnyan.  @13)

Using the mean value theorem it is easy to see that there exists ¢ > 0 such
that forany £, 1 € R

HENIY2 =Y In] < c[n|V/? (€ —n. (2.14)

Therefore, inserting (2.14) into (2.13) and using Plancherel identity and
Young’s inequality we obtain the desired result (2.12).
O

Next, we collect some inequalities concerning the Leibniz rule for frac-
tional derivatives established in [19], [21], [13] to obtain :

Lemma 2.3. For oo € (0,1), p € [1,00)

IDZ (f&)llp < € (£ 1lp: 1D 811y + 11D flIps I ) (2.15)

with . . i 1
1
—=—+—=—+—, p;€(l,], j=1,2,3,4.
p P11 D2 P3 P4

Finally, we state some interpolation inequalities to be used in the proof
of Theorem 1.2.

CE2
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Lemma 2.4.
1flla < c[IDY* £l < ellDY 2 £1 111
DY £l < ||axf||‘/2||f||”2, (2.16)
DY fll4 < | DY Flla < cllaaf 131 £

For the proof of 2.16 we refer to [5].

3. PROOF OF THEOREM 1.2

We shall use induction in m € ZT with m > 2. First we consider the case
m=2.

Case m =2 1n (1.8) : Taking second derivative in the equation (1.1) mul-
tiplying the result by d2u(x,t) Xe,(x+vt) and integrating in the x-variable
one gets the identity (omitting the indices €,b on })

%% [@2wp xax—v [y ax

'

Ay

_/Hajuaju%dx+/a,3(uaxu) D2uxdx =0

-~ -~

As Az

3.1

Since given T > 0, € > 0, b > 5¢, v > 0, there exist ¢ > 0 and R > 0 such
that

x;b(x%—vt) <cli_gp(x) forall (x,r)eRx[0,T], (3.2)

using (1.6) (iii) one has after integration in the time interval [0, 7’| that

/T 410 s
T
L

To control the contribution of A, in (3.1) we write after integration by
parts that

(3.3)

*(x,1)dxdt < c=c(v,R,T,&,b, ||uoll32,)-

%\w

:/H&fu&fu%dx%—/H&fu&fux’dx:A21(t) +Axn(t). (34)

INT

bo8
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Now since the Hilbert transform is skew symmetric
Ay = —/aguma;ux)dx
:—/83uH8x3uxdx—/ d3u[H: x] 07 udx (3.5)
— Ay, —/afu[H;x] Dudx.

Therefore

. :—%/a;u[H;x] PBudx — %/u&f[H;x] Pudx.  (3.6)

Consequently using the commutator estimate (2.11) it follows that

sup Az (1)] < cllu(t)|3 = c|luo |- (3.7
0<t<T
Next using that N = ¥’ we rewrite Ay, in (3.4) as
A22:/H83un8x2undx
:/H(&;’un)axzundx—/[H;n]af'u&xzundx
:/H&x(axzun)axzundx—/H(axzun')axzundx
—/[H;n]aguajundx

= [ DY (02um) DY (Q2um)dx— [ H@zun') OFumdx

(3.8)

—/[H;n]&fu&xzundx:Azgl 4+ Apop 4+ A3,

To estimate As> in (3.8) we write
T T
[1amno)dr < [ 1020’ |2)02un ]2 ds
0 0

T T (3.9)
§//(@?un')zdxdt—i-//(8fun)2dxdt
0 0
Sc= C(V7R7Tv87b> HMOHS/Z,Z)v
by (1.6) (iii).

Now, after integration by parts we have that

Am(z):/ax[H;n]a;uaxundH/[H;n]a;uaxun’dx. (3.10)
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Using the commutator estimate (2.11), (1.6) (iii) and (3.2), after integrat-
ing in the time interval [0, 7] one finds that

T

[1aam@ldr <e [ 1u)l2(10mun |+ |2 2) ds

0

(3.11)

< T sup Hu(t)\y§+c//(yaxun|2+\axun’F)dxdt
0

0<t<T

< CTHMOH% +C(V7R7T787b7 ||u0||3/2,2)'

Next, we observe that Apy; () in (3.8) is positive and represents the smooth-

ing effect.
Finally we consider A3 in (3.1). One has that

As(1) = / wudu y dx+3 / D1t 02ud2u y dx
- ; wd2udPuy dx+ > / 9ud2udu y dx (3.12)
— Asi (1) +An(0).
We have
A1) < o) [ (927 d, (313

so after integration in the time interval [0, 7] a combination of the Sobolev
embedding, (1.6) (i) and (1.6) (ii1) yields

A dit < su 2// x dxdt
/ Asi(o)ldr < sup ()] G
SC(V,R,T,E,b,||M0||3/272)-

Also one gets that

Ao ()] < [[9utt(t)]on / () (5,) 1., (x+vr)dx.  (3.15)
Inserting the above information in (3.1), using Gronwall’s inequality and
(1.6) (ii) we obtain (1.9) with m = 2 which is the desired result.

Case m =2 in (1.10) : Assuming that (1.9) holds for m = 2 and that (1.10)
holds for any € > 0 and b > 5¢ with xyp = 0 and m = 2 we shall prove (1.11).
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From the previous step, m = 2, we know that the solution satisfies that
forany € >0,b>5¢,v>0and T >0

sup [ (92u(x,1))? %, , (x+vt)dx
0<t<T '

(3.16)

T
—|—//(D}C/2(8xzu(x,t) Nes (x+vt))?dxdt < c = c(T,€,b,v).
0

—m2
where 2/ (x) =17, (x).
From the equation (1.1) one gets that

8;(8)621,1)(8717) - vaxzu)(;h - asz%Czuxe’b + 02 (udu) Xep = 0. (3.17)

Therefore applying D,IC/ 10 (3.17), multiplying the result by D}C/ 2 (2u Xes)
and integrating in the space variable it leads to the identity (omitting the in-
dices € and b on ))

%% [ @2uz?dx—v [ DY (02ux') DY (O2uz)dx

-

Ay

—/Di/z(Haﬁux)Di”(afux)dx

-~

A

+ [ DI (@2 wdan ) DY (9Fuz) dx 0.

(3.18)

e
First we have
MO] < | [ (0 @2ux)Pdx+ v| [(D(@2uz))dx
ZAH(Z‘) -I-Alz(l‘).

Using the previous step (3.16), (2.15), (2.16) and Young’s inequality (and
recalling the notation 12 = %) we obtain

An(r) = V] |IDy(2un?)3
< WDy (Q2um) I3Im 2 + vl 02un 31Dy *n 3
< c ol DY (92um) |3+ c | Dy (92um) |21 02un] |2
< el [DY*(92um) |3 +c|v][[92un|3.

(3.19)

(3.20)

So after integration in time interval the first term on the right hand side of
(3.20) is bounded. To estimate the second term on the right hand side of
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(3.20) we use that
2 )
ns,b - %e,b < C%s/S.s'
Thus we have

sup H%?WH%S Sup ||92ux

0<t<T e/5,e H

by (3.16) with (g,b) = (g/5, €).

We observe that Aj,(¢) is a multiple of the quantity we are estimating in
(3.18).

Next we consider A,(¢) in (3.18).

Ax(1) = —/Dx(Hajux)aguxdx
/D H(d}uy) d?uy, dx+/D %] 04 d?u y dx (.21

= A1 (t) +Ana(t).

From the commutator estimate (2.11) and the previous step (3.16) it fol-
lows that

|Ax (1) = |/H8 84u82uxdx|
22
<l xlu@) 202l g (-+ve)2 G2
< c||uol|2,

with ¢ = ¢(T,€,b,v) and ¢ € [0,T].
We turn our attention to A () in (3.21).

Aot / (9 uy) 02uy dx
—/8fu)(8x3uxdx—/8;1u)(8xzux/dx

=2 [@)xxdx—y [@2? ux) dx

=Ap11(t) +Az212(1).

From the previous step (3.16) with (g,b) = (¢/10,€/2) one has that
Aj12(t) is bounded and

(3.23)

Ad1(t) >0 (3.24)

which will provide the smoothing effect after being integrated in time.
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So it remains to estimate A3 = A3(¢) in (3.18),
1/2 12
As(t) = / DY (ud3uy) DY (92uy) dx

+3 [ DV 0wotu DY Ouryax - B
= A31 (l‘) +A32(l‘).
Thus using (2.10) and (2.15) we have
A3 (1)] < cl|Dy/* (Ot 5.6 02ux) 21D * (O2ut) |12
< c[| o]l | D2/ * (D20 |13
1/2 2 1/242
+ || Dy " (xuxe s.¢) ||all O ux || 4]|Dx"~ (5 ux)l2
= A3 (1) +Azn(1).

The term A3, (¢) will be handled by Gronwall’s inequality and (1.6) (ii).
Now using (2.16) and Young’s inequality one gets

3/4 1/4
Asn(t) < 0@t 5 I et 5. N3

1/2 1/2 1/2 1/2
% D (02ux) ||y 2102wy |3 1Dy (92ux) |2
< cllon(Buux, 5 ) B9t 5 e 12| 02u |13
+c||DV2(02uy) |3,

where the first term on the right hand side of (3.27) is bounded in time,
by our previous step (3.16), while the second term is the quantity to be
estimated.

Now we consider A3 (¢) in (3.25). Thus, by (2.10)

Az (1) = /D}/z(uafux)D}c/z((?fux)dx

(3.26)

(3.27)

B c/u%e/is D)lc/z(ax(a)czb‘%)) D)lc/z(axzul) dx
+ec / D%, 5 )0x(92ux) Dy * (92ux) dx (3.28)
~ ¢ [ DY@ DY () ax

= Az11 (1) +A312(t) +Az13(1).
Integration by parts yields

1
Aan(0) = | =5 [ Az, s,) (DY (D)) ax

i (3.29)
< (0wl all) [ (DY*(02u)) d
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After applying the Sobolev inequality this term will be handled by the Gron-
wall’s inequality and (1.6) (ii).

From the commutator estimate (2.12) and the Sobolev inequality one gets

— 1/2
[A312(0)] < (10, 5, 11D (92u ) |13
1/2

<119, (s ) 2llD3* (O2u) 3
< (10, 5. ) 12+ 107U x, 5. 12 (3.30)

1/2
1] s Mo+l 1) 1D (92u )13

e/5,e
— B(1) | Dy (92u )3

Since by (1.6) (i) and (3.16) B(t) is bounded in the time interval [0, T'] and

||D)lc/ 2(8)62u 2)|5 is the quantity we are estimating, Gronwall’s inequality
provides the bound for |A315(¢)|.
Finally, we consider A3;3(¢) in (3.28). Using (2.10) and (2.12) yields

A313(1)| < el DY (ux, 5, 02ux 2| DY (02u )12

< c||ullo | DY (Q2u ") ||| DY (02U x) |12

1/2 1/2
+ 1Dy, 5. lall 2 141Dy (92 ) |2

= Az131(t) +A3132(1).

From an argument similar to the one applied in (3.27) and (2.10) it fol-
lows that

1,2

(3.31)

3/4 1/4
Azn(t) < cllau, s I luz, s, 13

1/2 1/2 1/2 1/2
x 1Dy (2ux )13 102y 112 1DY (02u ) |2
< cllQnux, s )3l s 21920 7, o, 13
1/2 1/2
+ D2 (Q2uy )3+ 1Dy (2u )3

The first term in the last inequality is bounded in time by (3.16) with
(e,b) = (g/5,€). The last term is the quantity we want to estimate. It will
be handled using Gronwall’s inequality. The second term can be estimated
employing (2.15), (2.16) and Young’s inequality, that is,

1Dy (02ux) |3 = 1Dy (02un m)|I3
< clln |2 1Dy (2um)|3 + cllDy 0|1 92un|3
< cl|Dy(22um) [} + || 02un] ||| Dy (92um) |2
< c||Dy*(92um)|3 + || 92un] 3.

(3.32)

(3.33)

39b

39c
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From (3.16) with (&/5, €) instead of (¢€,b) the last term is bounded in time
t € [0,T] and the previous one is bounded after integrating in time (see
(3.16)).

Next we deal with the term A3;3;(¢). Young’s inequality gives

As131() < ellul A IDY*(2u ) |3+ |1 DY (2uy) 13- (3.34)

The first term on the right hand side of (3.34) can be handled using Gron-
wall’s inequality and (1.6) (i). The last term can be estimated using the
argument in (3.33).

Collecting these results we obtain the desired estimate (1.11) with m = 2.

Following the induction argument we shall assume that (1.9) holds for
m< jeZ", j>2,and prove that if (1.8) with x) = 0 and m = j + 1 holds,
then:

(a) (1.10) and (1.11) hold with xo =0 and m = j,

and

(b) (1.9) holds with xy =0 form = j+ 1.

Part (a) : From the hypothesis (1.8) with m = j+ 1 and since ug € H 3/2 (R)
one gets (1.10) with m = j by interpolation.
Next, a familiar argument provides the identity

1d

S [ Qlux)ax—v [ DY (0lux') DY Djuz) ax

J/

-~

Ay

1/2, 1924 1/2,4i

J/

Ay
+ [ D3] (i) 1) D (D)) dx=0.

-~

Az

First we observe that

O] < I( [0 @ux)Pax+ [(DY @lux') dx)
=An(t) +An(t),

(3.36)
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where A1 (¢) is multiple of the quantity we are estimating in (3.35) and from
(2.15)—(2.16) we deduce

An(t) = VIDY (un )3
< A (In 201Dy @um) I3 + 103 *n 39jun )
< cl|Dy*(3fum) |3 + 1Dy (3fum) 2 l|9fun] |2
< c||Dy(3fun) |3+ cl|fun 3.

By (1.9) with m = j (induction hypothesis) the second term on the right
hand side of (3.37) is bounded, while the first term is bounded after integra-
tion in time.

Next we turn our attention to A,(¢) in (3.35)

(3.37)

As(t) = — / Do(HI 2 ) 9y dx

/D H <9]+2ux)<91u)(dx+/D %107 2udduy dx (3.38)
= A1 (1) +An(1).
From (2.11) and the conservation of the L?>-norm
g ()] < | / Ha,[H: %] 972 dJu y dx|
<l Hool\u(t)HzH%{utz (3.39)
< cy|uo||§+c/(a;u>2x&b(x+w)dxg ¢

where we used that 0 < y < 1 and the induction hypothesis (1.9) with m = j.
Now

A (t /8 (9 T2uy) dluy dx
_—/ajﬁzuxajﬂux—/d{“u}(&ju}(’dx
:2/(8){+1u)2xxldx+/8){+1u8){u(xx’)’dx (3.40)
=2 / (&Z“u)zxx’dx—% / (99u)? (x %) dx

= As11(t) +A212(1).

From the previous step (hypothesis of induction) m = j with (g/4,¢)
instead of (€,b) one has that A1, (¢) is bounded and

Az11(t) >0, (3.41)
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which yields the smoothing effect after being integrated in time. So it re-
mains only to consider A3z in (3.35).

= [ DY woitug, ) 0 Odur, ) dx

+(+1) /D (eudiuy,,)DY*(Diux,,)dx

. . 3.42
+ Z Cy /D}/z(a; ua){H_lux&b)D)lc/z(&){ux&b)dx (342)
=2

j—1
= A31(1) + A3 (1) + Y Ass) (1)
=2
The estimates for A3; and A3, are similar to those described in (3 25)—
(3.30) in the case j = 2. So we restrict ourselves to consider {A3; }/_ — 2

We consider first the case j = 3 where the sum in (3.42) reduces to the
term As3 (l‘ )

An(0)] = | [ DY (@2udtuz,, )0V (fuz, ) dx .
1/2 1/2 '
<Dy (Q2ux, s, 02ux.,) 3+ 1Dy (Qdux.,) 3

/5. ~X

The last term above is the quantity to be estimated so we just need to con-
centrate in the first term on the right hand side of (3.43). Thus by (2.15) and
(2.16) we deduce that

1Dy (2ux, s, 02ux,,)|3
< DY (Dux, 5, ) lall 92, I

+c02ux, 5. 141 DY > (QPux,,) 4
< cll9u(@2ut, s I 102ut 5 1" (3.4
«[IDy2(02uz, , Iy 192ux, I,

+ ||y (Qux, 5 )y * 192, 5 11y

% [|9x(2u, ) 15| 92u, , 1
= As31,

where all the terms in A3z3;(f) involve at most derivatives of order three
which are bounded in ¢ € [0, T| by hypothesis of induction (and the fact that
0<x<D.
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It is clear from the argument given in (3.43)—(3.44) for the case j = 3 that
the general case j > 4 follows by using the same method which combines
the inequalities (2.15), (2.16), Sobolev embedding theorem and induction
hypothesis.

Inserting all the estimates above in (3.35) one gets that (1.11) holds for
m=j.

This completes the proof of the first step, part (a), of our inductive argu-
ment.

Now we consider the next step in our induction argument:

Part (b) : We assume that (1.8) holds with m = j+ 1, our induction hypoth-
esis, i.e,fork=2,....j

sup [ (9fux, , (- vi) dx

0<t<T

T (3.45)
—|—//(D}C/2(afunsﬂb))2dxdt <c,
0

and recall that in part (a) of our argument we have proven (1.11) with m = j.
A familiar argument yields the identity

1d [, |
2 / (0 u)? x, , (x+vr)dx —v / (00w, (x+vi) dx

J/

-

Ay

- / HOJ 1 92udi* uy, , (x+vr) dx (3.46)

7

-~

Aj

+ / O (udau) 9] M uy, , (x+vt) dxdx = 0.

>

g

A3

From our previous step, part (a), (1.11) holds with m = j. Therefore we
have that for ¢’ > 0 and b > 5¢’

T
/ / (05 P 2, Ky, (x4 V) i < e (3.47)
0
Using (2.10) after integrating in the time interval [0, 7] we have that

T
/|A1(t)]dt <c=cle,bv,T). (3.48)
0
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Next we consider A,(¢) in (3.46). We have
Ay = / HO!{ 21! uy dx + / Ha/ 2u i uy' dx
=A21 +Anp,

where
Aot =~ [ 9 2uH(0] 2ux) dx
= —/8{+2uH8{+2uxdx—/8{+2M[H;x]8{+2u
— Ay 4 (—1) / ud 2 [H; ]0{ 2udx.

Thus

Aor (1) = %(—1)#3 [ w1 212)

So by the commutator estimate (2.11) and the conservation law

[A21(1)] < el ollu(®)]3 < ¢ lluol3:

To estimate Ajp, recalling that n2 = x', we write

A22:/H8){+2u8j+]un2(x+vt)dx

:/H(ag+2un)a;‘“ur,dx—/[H;n]aﬁzuaﬁlundx

= A1 +Ax.

Now

At = [ O3 um) o umdx— [ um')ag Hum

— [ D208 um) DY (0] um)

—/H<a;+1un')ag+1undx.

21

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

Notice that the first term on the right hand side of (3.54) is positive (and
will provide the smoothing effect) and the second one can be bounded by

+1 2 12
107 un’l3 + (19 un I3

(3.55)

which after integration in time is bounded using part (a) in our argument,
1.e. (1.11) with m = j, and the claim following (2.8) together with (2.5) and

the estimates (2.10).
Similarly, A>7, can be estimated with the aid of (2.11).
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So it remains only to consider A3. Now

As :/u8{+2u8){+luxdx+(j+2)/8xu(8){+1u)2xdx

J _ _
+Y e / Hudf i u) ydx (j>2) (3.56)
k=2
J
= A3 +A31 + Y Az
k=2
Thus
A30: _E/axuajg+lua)g+luxdx_/u8)g+luax]+ll/tx/dx (357)
= A301 +A302
with
4301 (1)| < 19su(6) | [ (0] +11? g dx (3:58)

where the last term is the quantity to be estimated which will be handled in
Gronwall’s inequality using (1.6) (i) and

A302(0)] < o) [ O+ dx (359

which after integration in time is bounded using part (a) of our argument,
i.e. (1.11) with m = j and (2.10).

The estimate for Asz;(7) is similar to that one described in (3.58) for
Azo1(2).

Next, we consider the case j = 2 where in (3.56) the term A3, appears,
ie.

A2(0)] < ez [ Q2udFu(du) g
€2

=-2 / 92ud2uduy’ dx]

— -2 [ 92un (22> ma

< | zunll [ (Q2uyndx.

(3.60)

Since for the case j = 2 we have that

/ (92u)2n, , (x-+vt) dx < / (D2u)2 %, 5 (x-+ i) dx (3.61)
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which is bounded in the time interval [0,7]. Now

102un |l < cl|x(@2um)|13/ (| 02un]1}?

3.62
< c(bunty+ o ) anlt
From the previous step we have that
sup ([107un |2 +1192un’|l2) < c.
0<t<T
So
102un e < ¢ +||02un’|3 (3.63)

which is bounded after integrating in time from the part (a), (1.11) with
m = j (in this case j = 3), in our argument.

If j > 2 the new terms in (3.56) can be handled in a similar manner
combining Sobolev theorem, the induction hypothesis and Gronwall’s in-
equality. This completes the induction argument.

To justify the above formal computations we shall follow the following
standard argument.

Consider data u§ = pr xup with p € C5'(R), suppp € (—=1,1), p >0,

/p(x)dx: 1 and

I ,x
pe(x) = —p(2), T>0.
For 7 > 0 consider the solutions u* of the IVP (1.1) with data u§ where
(u%)r>0 € C([0,T]: H*(R)).
Using the continuous dependence of the solution upon the data we have
that

sup [[u®(t) —u(t)|[322 40 as 7 lO0. (3.64)
+€[0,T]

Applying our argument to the smooth solutions u*(-,7) one gets that

sup [ (9Mu")? xe p(x+vt)dx < co (3.65)
[0,7]
forany € > 0,b > 5¢e,v >0, ¢o = co(€;b;v) > 0 but independent of 7 > 0
since for0 < T < €

(9xt§)* Kep (x) = (Ox(Pr*0))* Xe p(x) = (Pr % xtto 10,00))* X (%)
Combining (3.64) and (3.65) and a weak compactness argument one gets
that

sup (8xu)2xgvb(x +vt)dx < ¢ (3.66)
[0,7]
which is the desired result. A similar argument provides the estimate for
the second term in the left hand side of (1.9).
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This completes the proof of Theorem 1.2.
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