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ABSTRACT. We study special regularity and decay properties of solu-
tions to the IVP associated to the k-generalized KdV equations. In par-
ticular, for datum ug € H3/*" (R) whose restriction belongs to H'((b,))
for some [ € Z" and b € R we prove that the restriction of the corre-
sponding solution u(-,¢) belongs to H'((8,)) for any B € R and any
t € (0,T). Thus, this type of regularity propagates with infinite speed to
its left as time evolves.

1. INTRODUCTION

In this work we shall deduce some special properties of solutions to the
k-generalized Korteweg-de Vries (k-gKdV) equations. These properties are
concerned with the propagation of regularity and decay of their solutions
on the line. Thus, we shall consider the initial value problem (IVP)

dutRu+ukdu=0, xtecR, keZt,
u(x,0) = up(x).

The cases k =1 and k = 2 in (1.1) correspond to the KdV and modi-
fied KdV (mKdV) equations, respectively. Initially they arise as a model
in nonlinear wave propagation in a shallow channel and later as models in
several other physical phenomena (see [21] and references therein). Also
they have been shown to be completely integrable. In particular, they pos-
sess infinitely many conservation laws. In the case of powers k = 3,4,...
the solutions of the equation in (1.1) satisfy just three conservation laws.

Following [13] it is said that the IVP (1.1) is locally well-posed (LWP)
in the function space X if given any datum ug € X there exist 7 > 0 and a
unique solution

(1.1)

ueC([-T,T]: X)N....

of the IVP (1.1) with the map data-solution, ug — u, being continuous. In
the cases where 7' can be taken arbitrarily large, one says that the problem
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is globally well-posed (GWP). In both cases, the solution flow defines a
dynamical system on X.

For the IVP (1.1) the natural function space is the classical Sobolev fam-

ily
H'(R) = (1-92)"*2L*(R), seR. (1.2)

The problem of finding the minimal regularity on the data ug in the scale
in (1.2) which guarantees that the IVP (1.1) is well posed has been studied
extensively. After the works of [24], [1] and [13] gathering the local and
the global well-posedness results, in [15], [2], [16], [3], [4], [26], [11], [12]
and [17] one has:

The IVP (1.1) with k = 1 is globally well-posed in H°(R) for s > —3/4
(see [2] (GWP for s = 0), [16] (LWP for s > —3/4), [3] (LWP for s >
—3/4), [4] (GWP for s > —3/4) , and [12], [17] (GWP for s > —3/4)).

The IVP (1.1) with k = 2 is globally well-posed in H*(R) for s > 1/4
(see [15] (LWP for s > 1/4), [4] (GWP for s > 1/4) and [12], [17] (GWP
for s > 1/4)).

The IVP (1.1) with k = 3 is locally well-posed in H*(R) for s > —1/6
(see [10] for LWP for s > —1/6 and [26] for LWP for s = —1/6) and GWP
in H5(R) for s > —1/42 ([11]).

The IVP (1.1) with k£ > 4 is locally well-posed in H*(R) for s > (k —
4)/2k (see [15]).

In [20] it was shown that a local solution of the IVP (1.1) with k =4
corresponding to smooth initial data can develop singularities in finite time.

The well-posedness of the IVP (1.1) has been also studied in the weighted
Sobolev spaces

Zs, = H' (R)NL*(]x|"dx), s,reR. (1.3)

In [13] it was established the LWP of the IVP (1.1) in Z; , with r an even
integer and s > r. In particular, this implies the well-posedness of the I[VP
(1.1) in the Schwartz space . (R). The proof of this result is based in the
commutative relation of the operators

L =0+d) and T'=x-3197.

Roughly, in [22] and [7] the above result was extended to the case Z; ,
with r > 0, s > r and s > max{s;;0} with sy = —3/4,s, = 1/4 and s; =
(k—4)/2k for k > 3 (for further details see [19] and references therein).

In [8] it was shown that the hypothesis s > r is necessary. More precisely,
it was established in [8] that if u € C([—T,T]: H*(R))N... is a solution of
the IVP (1.1) with s > max{s;;0} (with s; as above) and there exist two
different times #,t, € [~7,T] such that |x|%u(-,t;) € L*(R) for j = 1,2
with 2a > s, then u € C([-T,T] : H**(R)).

wei-sob



REGULARITY AND DECAY OF THE K-GENERALIZED KDV EQUATIONS 3

Thus, if ug € Z; , with r > s, then at time ¢ # O the solution u(-,?) stays
only in Z s, i.e. the extra decay r — s is not preserved by the solution flow.
As a consequence of our results obtained here we shall see that this extra-
decay, no preserved by the flow, is transformed into extra regularity in a
precise manner (see Corollary 1.7).

The above results are concerned with regularity and decay properties of
solutions of the IVP (1.1) in symmetric spaces.

For asymmetric weighted spaces, for which the outcome has to be re-
stricted to forward times ¢ > 0, one has the following result found in [13]
for the KdV equation, k = 1 in (1.1), in the space L?(ef*dx), B > 0. In
[13] it was shown that the persistence property holds for L?-solutions in
L*(eP*dx), B > 0, for t > 0. Moreover, formally in this space the operator
d,+ ;2 becomes J; + (9 — B)? so the solutions of the equation exhibit a par-
abolic behavior. More precisely, the following result for the KdV equation
was proven in [13] (Theorem 11.1 and Theorem 12.1).

Theorem A. Let u € C([0,) : H*(R)) be a solution of the IVP (1.1) with

k=1.1If

o € H*(R)NL*(eP*dx), for some B >0, (1.4)

then
P e €([0,00) 1 L2(R))NC((0,00) : H*(R)), (1.5)

with
[u(®)ll2 = lluoll2,  [lut) —uol|-32 < Kt, >0, (1.6)

and
|eP*u(t)|, < X ||ePuglla, >0, (1.7)

where K = K(B, ||ug||2). Moreover, the map data-solution uy — u is contin-
uous from L*(R) N L*(eP*dx) to C([0,T] : L?(eP*dx)), for any T > 0.

It is easy to see that the result of Theorem A extends to solutions of the
IVP (1.1) for any k € Z* in their positive time interval of existence [0,T].

The problem of the uniqueness of solutions in polynomial weighted L?(R)-
spaces was considered in [18] and [9]. In particular, in [9] uniqueness and a
priori estimates, for positive times, were deduced for solutions of the KAV
equation (k = 1 in (1.1)) with data ug € L*((1 +x+)3/ 4dx) and for the mKdV
equation (k = 2 in (1.1)) for data ug € L*((14x4)"/*dx).

In view of the results in Theorem A is natural to ask what is the strongest
weighted space where persistence of the solutions of (1.1) holds. The fol-
lowing uniqueness result obtained in [6] gives an upper bound of this weight.

Theorem B. There exists co = co(k) > 0 such that for any pair

ui, uy € C([0,1] : H*(R) N L*(|x|*dx))

4

[ = [ -
[¢;] w
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of solutions of (1.1), if
3/2
l/tl(',o) - Ltz(',O), ul('? 1) - u2('7 1) € L2(6C0x+ dX), (18)
then u; = up.

Thus, by taking u; = 0 one gets a restriction on the possible decay of a
non-trivial solution of (1.1) at two different times. It was established in [8]
that this result is optimal. More precisely, the following was proven in [8]:

Theorem C. Let ay be a positive constant. For any given data

3/2
ug € HS(R)NL?(e“* dx), s> s, defined above (1.9
the unique solution of the IVP (1.1) satisfies that for any T > 0
oo 32
sup O (1) Pdx < ¢ (1.10)
t€[0,7] J/—°°

with :c*(ao;Huon;\|e“0x3+/2/2u0 2 T;k) and

ag
alt) = .
) (1+27a3t/4)!/?

Before stating our results we need to define the class of solutions to the
IVP (1.1) to which it applies. Thus, we shall rely on the following well-
posedness result which is a consequence of the arguments deduced in [15]:

(1.11)

Theorem D. If ug € HY/*+' (R), then there exist T =T (||uol|3 4+ 53k) > O
and a unique solution of the IVP (1.1) such that

(i) ueC(-T,7]: H¥* (R)),
(ii) du € L*([~T,T) : L*(R)), (Strichartz),

T
(i) sup / (e ) Pdt <o for relf0,3/4t],  (112)
x J-T

(iv) / sup |u(x,1)[>dx < oo,
—oo _T<t<T
with J = (1 —92)'/2. Moreover, the map data-solution, uy — u(x,t) is
locally continuos (smooth) from H 3/ 4+(R) into the class defined in (1.12).

As it was already commented, in the cases k = 1,2,3 the value of T in
Theorem D can be taken arbitrarily large. Also we shall remark that for
powers k = 2,3, .. it suffices to assume that uy € H3/ 4(R) to obtain the
crucial estimates (1.12) (i1) ( see remark (b) below).

Our first result is concerned with the propagation of regularity in the right
hand side of the data for positive times. It affirms that this regularity moves
with infinite speed to its left as time evolves.
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Theorem 1.1. [fuy € H3/*4' (R) and for some 1 € Z*, [ > 1 and xy € R

X / 100 (x) [2dx < oo, (1.13)
X0

then the solution of the IVP (1.1) provided by Theorem D satisfies that for
anyv>0and € >0

sup (Qfu)?(x,1)dx < c, (1.14)
0<t<T Jxo+€—Vt
for j=0,1,....Iwith ¢ = c(l: |luoll5 4+ o | 8£u0||Lz((x0,oo));v;e; T).
In particular, for all t € (0,T], the restriction of u(-,t) to any interval
(x0,00) belongs to H' ((xg,)).
Moreover, for anyv >0, € >0and R > 0

xo+R— vt l 1
/ / )2 (x,1) dxdr < c, (1.15)
Xi

o+e—vt

with ¢ = c(1; ||uo | ;|| 3)€uo||L2((x0,w));V;S;R;T)-

3/4T 2
Our second result describes the persistence properties and regularity ef-

fects, for positive times, in solutions associated with data having polynomial
decay in the positive real line.

Theorem 1.2. Ifug € H34 (R) and for some n € Z*, n > 1,

120 172 .00 :/0 || ug (x)[*dx < oo, (1.16)
then the solution u of the IVP (1.1) provided by Theorem D satisfies that
sup / | Ju(x,0)|? dx < ¢ (1.17)

0

0<t<T
with ¢ = c(n; ||”0||3/4+,2§ ||xn/2u0||L2((0,oo));T)‘
Moreover, for any €,6,R>0,v>0,m, j€Z*, m+j<n m>1,

sup (9"u)? (x, ) %, dx

§<i<T Je—vt

T poo ,
—l—/ / (&}f“u)z(x,t)xf] dxdt < c,
o Je—wt

with ¢ = c(n; ||u0||3/4+72; ||x"/2u0||Lz((07w));T; 0;&R;v).

(1.18)

Remark: Answering a question of K. Nakanishi it can be deduced from
our proof of Theorem 1.1 that the inequality (1.14) can be more precise i.e.
ford >0andz € (0,1)and j=1,...,]

| @R <

(v )72

=10
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with ¢ = c([|uoll; 4+ 5 8{u0||Lz((xO’w)); xo; ), (the details will given some-
where else).
It will be clear from our proofs of Theorem 1.1 and Theorem 1.2 that they

still hold for solutions of the “defocussing” k-gKdV
du+du—ukdu=0, xreR, keZ".

Therefore, our results apply to u(—x, —t) if u(x,t) is a solution of (1.1). In
other words, Theorem 1.1 and Theorem 1.2 resp. remain valid, backward
in time, for datum satisfying the hypothesis (1.13) and (1.16) resp. on the
left hand side of the real line.

As a direct consequence of Theorem 1.1 and Theorem 1.2, the above
comments and the time reversible character of the equation in (1.1) one
has:

Corollary 1.3. Let u € C([—T,T] : H¥*' (R)) be a solution of the equation
in (1.1) described in Theorem D. If there exist m € 7, i € (-T,T), a € R
such that

a)Tu(vf) ¢L2(<aa°°)>7
then for any t € [—T,f) and any B € R
Ou(-t) ¢ L*((B,e)), and x™*u(-,t) & L*((0,09)).

Next, as a consequence of Theorem 1.1 and Theorem 1.2 one has that
for an appropriate class of data the singularity of the solution travels with
infinite speed to the left as time evolves. In the integrable cases k = 1,2 this
is expected as part of the so called resolution conjecture, (see [5]). Also as
a consequence of the time reversibility property one has that the solution
cannot have had some regularity in the past.

Corollary 1.4. Let uc C([-T,T]: H/ 4" (R)) be a solution of the equation
in (1.1) described in Theorem D. If there exist n,m € 7" with m < n such
that for some a, b € R witha < b

/ﬂ%%@Wm<m but  9Muo & L2((a,)),  (1.19) [&]
b

then for any t € (0,T) and any v > 0 and € >0

[l P < e,
b+e—vt

and for anyt € (—T,0) and any o € R

/|%mmgﬂu=w.
(04
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Remark: If in Corollary 1.4 in addition to (1.19) one assumes that

/ " 190 (x) Pdx < oo, (1.20)

then by combining the results in this corollary with the group properties it
follows that

B
O"u(x,t)|*dx =oco, forany B eR and 1> 0.
X

This tell us that in general the regularity in the left hand side of the real line
does not propagate forward in time. Also it follows from Theorem 1.1 that
under the hypotheses (1.19)-(1.20) the solution u(-,¢) satisfies

u(-,t) € Hit (R) forall ¢ € [-T,T]\{0},
hence the local (m) singularity 9”"ug ¢ L?((a,b)) does not reappear in the

future or in the past.
The same argument shows that for initial datum

uo € L*(|x|"dx) "HY/*+(R)\ H"(R)
with m,n € Z™, m < n, the corresponding solution u(-,7) of (1.1) satisfies

XPu(t) € L2((0,00)  and  X"u(-1) ¢ L2((—=,0)), € (0,T].

Thus, one has that in general the decay in the left hand side of the real line
does not propagate forward in time.

In a similar manner we also have,

Corollary 1.5. Let uc C([-T,T]: H3/4 (R)) be a solution of the equation
in (1.1) described in Theorem D. If for j,m € Z+, j < m,

x:",/zuo € L2((0,0)), and djuo(x) ¢ L*((B,)), for some B €R,
then for any t € (0,T]

P u( 1) € L2((0,)), and OMu(-t) € LX((a, ), Va €R,

and for any t € [—T,0)
xi/zu(-,t) ¢ L*((0,00)), and dlu(-,t) ¢ L*((at,0)), Ya €R.

As a consequence of Theorem 1.2 we can improve the result in Theorem
1.4 in [8] in the case of a positive integer. More precisely,

Corollary 1.6. Letu c C([-T,T]: HY/ 4" (R)) be a solution of the equation
(1.1) described in Theorem D. If there exist nj € Z*U{0}, j =1,2,3,4,
to, t1 € [=T,T] withty < t; and a, b € R such that

{es]

/ | |ux,10) | dx < oo and / 10" 2u(x, 10) Pdx < oo,
0

a
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and
0 b
/ x™u(x, 1) Pdx < oo and / 10%u(x,11) Pdx < oo,
then
ue C([-T,T] : H*(R) N L?(|x|"dx))
where

s =min{max{ny;ny };max{ns;ns}} and r=min{n;;ns3}.

Remarks: (a) The improvement of Theorem 1.4 in [8] in the case of a
positive follows by taking n; =n3 € Z* and n, = ng = 0.

(b) Although for the sake of the simplicity we shall not pursue this issue
here, we remark that the results in Theorem 1.2 and Corollary 1.6 can be
extended to non-integer values of the parameter n. In this case, one needs
to combine the argument given below with those found in [23].

As it was mentioned above the solution flow of the IVP (1.1) does not
preserve the class Z;, = H*(R) N L?(|x|"dx) when r > 5. Our next result
describes how the decay (r — ), not preserved by the flow, is transformed
into extra regularity of the solution.

Corollary 1.7. If ug € Z;, with s > 3/4", r € Z* and r > s. Then the
solution of the IVP (1.1) u € C([-T,T] : Zs) also satisfies that for any
beR

/w(axru(x,t))zdx <oo,  forany t€ (0,T],
b

/ x|"|u(x,0)|*dx < oo, forany t € [0,T],
0
and L
/ (Olu(x,1))dx < oo,  forany t € [-T,0),

0
/ x|"|u(x,t)|*dx < oo, forany t € [~T,0].

Remarks: (a) Combining the results in Theorems 1.1 and 1.2 with those
in [8] previously described one can deduce further properties of the solu-
tion u(x,r) as a consequence of the regularity and decay assumptions on
the data uy. For example, the solution of the IVP (1.1) with data ug €

H3/4"(R)\H!(R) for which there exists n € Z*
/ W) 1o (x) | dx < oo
0
one has, in addition to (1.17)—(1.18), that for any M > 0 and any ¢ > 0

-M -M
/ u(x,1) 2 dx = oo and/ 19, u(x,1) 2 dx = oo.

o5}
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(b) The proof of Theorems 1.1 and 1.2 relies on weighted energy esti-
mates and an iterative process for which the estimate (1.12) (i) is essential.
This is a consequence of the following version of the Strichartz estimates
[25] obtained in [14]. The solution of the linear IVP

3, —
a;v—i—ax\/—o, (121)
v(x,0) = vo(x),
is given by the group {U(¢) : t € R}
1 .
U(t)vo(x) = —=Ai | —= | *vo(x).
o) = =i (5= ) sl
where Ai(-) denotes the Airy function
Ai(x) =c / ePSTiE 3 e (1.22)

The following inequality was established in [14] : forany (0, @) € [0, 1] X
[0,1/2]
IDP%2U (1) uo| a(rorr () < clluoll2, (1.23)

with (¢,p) = (6/0(1 +«),2/(1 — 0)). In particular, by taking (0, a) =
(1,1/2) one has

(] _ID" U OulLde) < clullz (124)

which explains the hypothesis s = 3/4" in Theorem D and the conclusion
(1.12) (ii) on it.

(c) Even for the associated linear IVP (1.21) the results in Theorems 1.1
and 1.2 do not seem to have been appreciated before, even that in this (lin-
ear) case a different proof should follow based on estimates of the Airy
function Ai(+) (see (1.22)) and its derivatives.

(d) Although we will not pursue this issue here, it should be remarked
that the results in Theorems 1.1 and 1.2 can be extended to include some
continuity property in time. For example, in Theorem 1.1 in addition to
(1.17) one can show that for any 7y € (0,7) and € > 0 and any v > 0

oo %}

fim (9du)?(x,1)dx = / (9du)2(x, 10)dx.
=10 Jxg+e—vt Xo+E—Vtg

In this case the proof follows by using an argument similar to that given in
[1].

(e) Without loss of generality from now on we shall assume that in The-
orem 1.1 xg = 0.

(f) We recall that the above results still hold if one replaces x,r > 0 by
x,t < 0.

linearIVP

airy
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(g) In a forthcoming work we shall extend some of the results obtained
here to other dispersive models.

The rest of this paper is organized in the following manner: in section
2 we introduce the family of cut-off functions to be used in the proof of
Theorem 1.1 and Theorem 1.2. This is an important part in our iterative
argument used in the proof. The proof of Theorem 1.1 will be given in
section 3 and the proof of Theorem 1.2 in section 4.

2. PRELIMINARIES

We shall construct a class of real functions g, ,(x) for € > 0and b > 5S¢
such that

%O,E,b € COO(R)7 X(is,b Z 0’

0, x<eg,
Xo,e,b(x> = { X

1, x>b,
therefore
SUPP Xy < [€,%);
ey () = b—13s 13¢,p—2¢] (%),
and
supp %, (*) < [€,5)].
Thus

e ® = el ()], VxeR, Vi>1.

x0.£/37b+£

Also, if x € (3€,00), then

1
Xoen (x) > x()ﬁg’b(38) > 5

and for any x € R

1
!/
x0,8/3,b+€ ()C) S b—3¢ :

We also have that given € > 0, b > 5¢ there exist ¢y, ¢ > 0 such that

x(l),e,b(x> <c %(/)75/37174_8(X)x0,£/3,b+£(x)a

X0.6.5(X) < €2 %0.6/5,6(%)-
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We shall obtain this family {¥,,, : € >0, b > 5¢} by first considering
p € C5(R), p(x) >0, even, with suppp C (—1,1) and [ p(x)dx = 1. Then
defining
(0, x<2e,
vV b(x> = < bT%‘ax_ %7 X € [287b_8]7

87

and
Xoen (X) = Pe * Ve p(x),
where pe(x) = £~ !p(x/¢€).
For any n € Z™ define
Xoen (x) =x" Xoen (x>
Thus, for any n € Z*

xf:Jrl,s,b (X) 2 (l’l + 1)xn,8,b (X) .

3. PROOF OF THEOREM 1.1

We shall use an induction argument. First, we shall prove (1.14) for / =1
and [ = 2 (to illustrate our method).

Casel=1

Without loss of generality we restrict ourselves to the case k = 1 in (1.1),
(KdV case).

Formally, take partial derivative with respect to x of the equation in (1.1)
and multiply by du o (x+vt) to obtain after integration by parts the iden-
tity

35 [@a et vy dr—v [ (e 2o+ v
g 2 \2 / 1 2 "
+3 @ et a5 [@arod et mar
Ap

+/8x(u8xu)8xu(x,t)xo(x+vt) dx=0

-~

Az

where in )y we omit the index &,b (fixed).
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Then after integrating in the time interval [0, '] using the estimate (1.12)(iii)

with r = 0 we have

T T
/ A (1)|dr < v / / Q)24 (x4 vi) dxdr < c, (3.2)
0 0
since given v, €,b, T as above there exist ¢y > 0 and R > 0 such that
Xo(x+vt) <col_pp(x), V(x,1) €Rx[0,T].
The same argument shows that
T
/ As(1)] dt < co. (3.3)
0

Finally, since

A3 = /8xu8xu8xuxodx+/u&fu&xuxodx

_ % [ Bundaudauo(x-+ vy - % [wdwdarimax O
=A31+Axn
one has
At < 10wl [ (Bu)? zo(x-+v) (335)
and
Aol < o) o [ (Or? -+ vr) (36

Hence by Sobolev embedding and (3.2) after integrating in the time in-
terval [0, 7] one gets

T T
/ (Asaldr < sup [lu(t)]] - / / (9uit)? g (x+vi) dxdt < co. (3.7
0 [0,7] 0

Inserting the above information in (3.1), Gronwall’s inequality and (1.12)
(ii) yield the estimate

T
sup [ (dxu)? %y, (X + vt)dx—i—/ /(8fu)2xé ,(x+vt)dxdt <co (3.8)
0.7] - 0

with c¢o = co(€;b;v) > 0 for any € > 0, b > 5¢, v > 0, which proves the case
[=1.

Casel =2

notes-12

notes-13

notes-14

notes-15

notes-16

notes-17
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We can assume that the solution u(-) satisfies (1.12) and (3.8) (case [ = 1).
Then formally one has the following identity

1d

S / (02u)2 (x, 1) oo (x + vi) dx — v / (02u)2 (x, 1) ot (x + vi) dx

N J/
-~

Aq

2/ 2(x,0) 0 x+vt)dx—§/((92 u)*(x, )%(I)//(X+Vt)d)f (3.9)

-~

As

—I—/83(u8xu)afu(x,t)xo(x+vt) dx=0.

-

Az

After integration in time we have from (3.8)

/ |Ay(2)|dt < |v|/ / )2 xb(x+vt)dxdt < |v|co. (3.10)

Next by the construction of the y,,,’s one has that for € > 0, b > 5S¢,
there exists ¢ > 0 such that

n

‘Xo,e.b (x)| <cep ){678/37b+8(x) Vx € R. (3.11)

Therefore, after integration in time using (3.8) with (€/2,b + €) instead
of (g,b), it follows that

/|A2 |d;</ /(92 2" (x4 vi)| dxdi

(3.12)
<c /0 / (D202 1 ¢ 3o (6 v0) dxdt < c.
Finally we have to consider A3 in (3.9). Thus
/ 92 (udut) 21 xgo (x + vi) dx
_ /ua;uafux()(ﬁw)dx+3/axua,3uafm(x+w)dx .

_ g/&xua)?uafuxo(x—l-vt)dx—%/u&fu&fu}d)(x—kvt)dx
= A3 +Az.
Then
Az | < C||3xu(f)||m/(3fu)2lo(x+"f)dx (3.14)
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where the last integral is the quantity to be estimated. After integration in
time, (3.8) and Sobolev embedding we obtain that

/|A32 Idt< Sup || ||o°/ /82 2xo(x+vt)dxdt <c. (3.15)

Inserting the above information in (3.9) and using Gronwall’s inequality
it follows that

sup [ (9u)? 2, (1) dx

0<t<T

(3.16)
+/ /83 Yy (x4ve)dxdt < co

0 b
with ¢g = co(€;b;v) > 0 forany € >0, b > 5¢,v > 0.
We shall prove the case [ 4 1 assuming the case / > 2. More precisely,

we assume:
If ug satisfies (1.13) then (1.14) holds, i.e.

sup [ (9Ju)? 2., (1) dx

0<t<T

(3.17)
+/ /8’“ )2 0’ S+ vr)dxdt < c
forj=1,2,...,[,1>2,forany € > 0,b > 5¢,v> 0.
Now we have that
10} (0.0) e H'1([0,00)). (3.18)

Thus from the previous step (3.17) holds. Also formally we have for € > 0,
b > 5S¢, the identity

;ddt/@lﬂ )2%0(x+vt)dx_v/(3)£+1u)2%6(x+w)dx
é 210241 _l/ I+1 N2,
+2/(9x u)“xo(x+vt)dx 2 (O u)? ! (x + vt )dx 519
Az

+/8£+l(u8xu)&)€“u(x,t)xO(x+vt)dx =0.

J/

-~

Az

Using (3.17) with j = [, after integration in time one has

T T
/]Al(t)|dt§|v|/ /(a;+1u)2<x,z)x(g(x+w)dxgco. (3.20)
0 0
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We recall (3.11) i.e. given € > 0, b > 5S¢, there exists ¢ > such that
2, (O] S cepXoe/3pie®),  VxER. (3.21)

Hence integrating in the time interval [0, T] and using (3.17) with j = [
and (&,b) = (£/3,b+ €) one has

/ |A> (1) |dt</ /QIH (x,1 |XW x+vt)|dxdt

<cpy| / / (@ WP () 7., . (xvi) dxdr < co.
0 £/3.b+¢e

So it remains to consider A3(¢) in (3.19). Then we have to distinguish
two cases:

Case/+1=3

Thus

As = [ 03 (udru) Oty (x-+ vr) d

(3.22)

_4 / Dau(d3u) ¥, ., (x-+ve) dx + / udtudduy,,, (x+ve)dx
—|—3/3§u3§u3fuxoﬁg’b(x+vt)dx
7 1

-1 / QB3 Ky oy () dx — 5 / (Ru)x!,, (x+vi)dx

+ 3/(9xzu(9x2uafux0£’b(x+vt)dx
=A31 +An +Aszs.
Then

(3.23)

Az (1)|dt < c||axu(z)Hw/(afu)zxw (x+vt)dx (3.24)

where the last integral is the quantity to be estimated. After integration in
time and using (3.17) with j =/ = 2 and Sobolev embedding one gets

A32 Y dt <c sup ||u(t)||- (2u)?x'  (x+vr)dxdt
0 b

0<t<T (3.25)
< sup |lu(z ||3/4+ / / )? éeb (x+vt)dx < cp.
0<t<T
So it remains consider A33(¢). First we observe that
%0,8/5,8 (x) =1 on supp X()A,g,b g [8700) (326)

and since

Zoe/spee) = cepliey(x) and supp 2", < [e,b] (3.27)

notes-30

notes-34
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one has
/
X3 pre) Z €2, (0] VxeR. (3.28)

Thus

Asa(t) /82u82u83ux08b(x—|—vt)d

(3.29)
= 3 (2u)’ éb(x—i—vt)dx

and so by (3.26),

A33(0)] < 102, (40l [ (P20 oeyselatrnydy  (3:30)

but the last term is bounded in ¢ for # € [0,T] by a constant ¢, , , according
to 3.17) (j =2).
Hence
Az (1) < clldFu,, (- +vO)lIZ+cepn
<@ 2, AV et cenns (€= (lxy,, Ollzs)

<c8b/|(9 82 )2 ! (x+vt))|dx+cg7b7v

0 b

<c [10udduz),, (v vo)ldx (3.31)

+/\82 7 x” (v dx+cepy

2 N\2 3.5N\2
/(a ) (gh(x+w)dx+c/(a w2y, (e+vr)dx
+C/(afu)zxéﬁ/&ﬂs(x%—vt) dx+cep.y.

By (3.17) with j = 1,2 after integration in time we have that

T
/ |A33(1)]dt < ¢ = cepr- (3.32)
) ,

Remark 3.1. In the case k > 2 in (1.1) when one applies the argument
above one basically needs to consider another term of the form (k =2).

Ay = / Dy 2udud2uy, ,, (x-+vt) dx. (3.33)
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Thus in this case we write (using (3.27))

44(0)
< [ 10w 02l s elx-+ v1) dx |02,
1/2
< (@ el ) ( [O2urx0ess e+ v0)da)
< 00 ((02 )
< ([ Oty es.elavr) et [ (02005, vr) )

/82u83u10£b(x—|—vt dx+/ 2u)?y! (x+vt)dx>.

0 b

1/2

(334)

Next we observe that

2
Y [(0uf g0 esselx-tvr)a
j=1

is bounded for t in [0,T] by a constant c¢,, 7 = c.
Coming back to (3.34) we have

|A4(t)|<c(/(82 ) xogh(x—i—vt)dx—i—/(&Z P!, e+ or)dx
—|—/ Xow x+vt)dx)

1—|—/82 x| (x+vr)dx

(335)

0 b

+ [ @R o v1) )

where we used that the first integral in the first inequality is bounded in
[0,T]. After integration in time the first integral in the second inequality is
bounded by (3.17) (j = 1). Finally, the last integral in the second inequality
is the quantity to be estimated. Gathering the above information yields the
desired result.

Case: [+1>4 (<= 12>3).
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Returning to (3.19) we obtain after integration by parts that
As = / I (udete) O u o (x+ vi ) dx
= co/u8)£+1u8)£+luxé(x+ vt)dx
+c1 / At (311 u)? xo(x + vr ) dx
—I—cz/afuaiu@f“u%o(x—l—vt)dx (3.36)

-1
+ Z/a,guafz_]u&)ﬁ“uxg(x%—vt)dx
j=3

-1
=A30+A31+A32+ ZA3,]'-
=3

Next we have

430(0)| < la(®) | [ (9FF0? go(ox-+ vr) v (3.37)

which after integration in time is bounded by Sobolev embedding and (3.17)
Jj = [ yield the appropriate bound.

431(0)| < 2Ol [(@EH W2 o(x +vr)dx. (3.38)

We use the estimate (1.12) (ii) to bound the first term on the right hand
side of (3.38) when we later apply Gronwall’s Lemma. The last term is the
quantity to be estimated.

To estimate A3, we follow the argument in the previous case (3.29)—

(3.34).
-1
So we need to consider Y A3 ;(¢) which only appears if / —1 > 3. Using
j=3
an elementary inequality it follows that

|As,;(2)| = |/8){u8)f+2_ju8)g+luxo3&b(x+V;) dx|
1 . .
< 5/(@?uaﬁﬂ_’u)zxoﬁb(x+vt)dx
339

+ % /(%H”)zxo?s,b(x‘FVl)dx

=A3j1+ /(a;£+lu)2 Xoep (X +VE)dx
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where the last integral is the quantity to be estimated. To treat A3 ; | observe
that j, [+ 2 — j <[ —1 and therefore

|A3,j.1(1)]
< @f0 0 s+l [ (DL 0 gy (x4 v1)

Observe that the last integral is bounded by previous step (induction) (3.17).
Also, by Sobolev

10 /5.6 (- + 1)l < 110 (D0 /5.6 ) I
< 110udf o e/s.ell + 10702 o5

< C(/(a){”)ZXO,e/S?S(“LW)deF/(3¥+1u)2x078/578(x+vt)dx

+ [ 0P o5+ 1))

where the first integrals are bounded in the time interval [0, 7] (see (3.17))
and the last one is bounded after integration in time (see (3.17)), which
provides the desired result.

To justify the previous formal computations we shall follow the following
argument. Without loss of generality we assume [ = 1.

Consider the family of data ug = pu *ug with p € C3(R), suppp €

(—1,1), p >0, /p@ﬁhzlmm

(3.40)

(3.41)

1 X
=—p(=), u>0.
Pu(x) “P(“) H

For u > 0 consider u* the solutions of the IVP (1.1) with data ug where
()0 € C(0,T] : H=(R)).

Using the continuous dependence of the solution upon the data we have
that

sup [[ul(t) —u(t)|l3j4+2 L0 as w]O. (3.42)
t€[0,T]

Applying the argument in (3.1)-(3.8) to the smooth solutions u*(-,¢) one
gets that

sup [ (duut)? x,, , (x+vt)dx
[0.7] -

T
-l-/o /(QEM“)ZX(;,E’b(x-l-vt)dxdt < ¢,

forany € >0, b > 5¢,v >0, co = co(€;b;v) > 0 but independent of . > 0
since for0 < u < €

(8xug)2%0,£,b (x) = (du(pp * ”0))2xo,s,b (x) = (P * Ixug I[O,W))Zxo,s,b ().

(3.43)

123

124
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Combining (3.42) and (3.43), and Theorem D (the continuity on the ini-
tial data of the class defined in (1.12)), and weak compactness and Fatou’s
lemma argument one gets that

sup [ (du)? Xoep(X+VE) dx+/ /82 )? é SxFvr)dxdt <co (3.44) [125
[0,7]
which is the desired result.

4. PROOF OF THEOREM 1.2

Proof of (1.17) for any n € Z™. First, we observe that

XL ug € L*(R), x; =max{x;0}, implies that forany &> 0 andany b >S5¢,
Xn.ab () Lt() G LZ (R)

4.1)

Now using the identity

1d /
2dt/u Xpep(X V) dx+ 5 /au Xyep(X+vE)dx
+v/u X, ., (x+vt)dx
~ g (4.2)

z/uzxﬁéb X+ vt dx—l—/ua uuy,,,(x+vt)dx=0.

A2 A3
We observe that (in general)
xr/z,g,b(x) = <xnx0ﬁe h), = nxnil X()sb( )+x XOeh( )
20,00 = (W %) = nln=1)(n=2)x"> 1., () 4.3)
+3n(n—1)x"" 2)(’ ()+3nx xo b()+ ”xé’ib()

Thus for any b > 5¢, there exists ¢, ;, > 0 such that

2D ()] < Cnpjt Ao @), J=1,2,3. (4.4)

Hence

420) < up [Pty [, (o) dx
(4.5)

< Cn7b||u0||%+/M2Xn76’b(x~l—vt)dx.
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Similarly,
O] < W] [0 050) 2,00 (64 v0) it ol [ (0
(4.6)
< Io] [ 12,4 v0) i+ ol o
and
A3(0] < 0alt) o [ 2(5.0) 2,64 ) @)

This together with Gronwall’s inequality shows that for any € >0, b > 5¢

sup | u*(x,1) Xpep (X +VE)dx

0<t<T

T
+ /O / (Bt (x,1) 7., (x+vi)dx < c.

Next we prove (1.18) in Theorem 1.2. We divide the proof in several
cases.

(4.8)

Casen=1

From (4.8) and the fact that
%17£7b/(x) = (XXO7871,>/ = XO,gﬁ ('x) +x%é_£$b ('x) Z x()ﬁ;;_]b ('x) (4'9)
it follows that for any & > 0 there exists 7 € (0, ) such that
/ (9utt)* (x,) Xy, () dix < o0 (4.10)

Now using the identity

1d 3
/ (00)* Ly 6+ 1)+ 5 / (2uP . (x+vt)dx

2dt

v [(@a? ], (e vi) % [@urls, ey
. . - @.11)
Ay Ap

+ / O(udu) dyu, ,, (x+vt)dx = 0.

A3z

By (4.8) with n = 1, after time integration we have that

T
[ 14, (1)|dt < c. (4.12)

Also using that for any € > 0 and b > 5¢ there exists c¢ j, such that

} n

Xouy )| S et X ep3pie(y); forall y€eR, (4.13)

b8b

b10

b12

bl3

bl4d
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from (4.8) with n =1 and (€/3,b+ €) instead of (€,b) and after integrating
in time one has

T
/ Az (1) |dt < cep- (4.14) [b15
t
Finally, we have (after integration by parts)
/ Oy(udyat) Dy, , dx
1 1
- 5/3)&[ axu axu%o,g,b dx— 5 /uaxu axu%(;,g,b dx (415) b16
=A31+A32,
where
A31(0)] < 195(0) o [ (D0 2o 5+ ) @.16) [617

and (after integration in time)
/ |A3 (1 |dt</ ||ue( ||oo/ xu)z é b(x+vt)dxdt

< sup [lu( ”3/4+/ /au2 2, (r+vr)dxdr < c.

0<t<T

(4.17) |p18

by (4.8) and Sobolev embedding. Hence from (4.11) and Gronwall’s in-
equality we have that

sup [ (Feu)?(x,1) Koo (X +VE)dx

f<t<T
T
+/ /(83u)2(x,t) X, ,(x+vt)dx <c.
; £,

Before proving the general induction case we shall prove the case n = 2.

(4.18) |Dp19

Casen=2
By hypotheses since x uy € L?>(R) by step 0 we have

sup | u*(x,1) Xoep(X+VE)dx

0<t<T

. (4.19) [b20
+/ /(8xu)2(x,t) 1, (x+vr)dx <c.
0 e

Since

)(,:’E’b (x) = (X" X)) = nx”flxoﬁgb —|—x"xo b 2Ky ey (%) (4.20) |b21
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from (4.19) and (4.20) (n = 2) for any 0 > 0 there exists 7 € (0, ) such that

(v=0)
/ (D)2 (x,7) %, (x) dx < oo,

Now consider the identity
1d 3
S / (901, (x-+ vr) dx+ 5 / (92u)* ! (x+vr) dx
v [[@a (x4 vy - % @ e vi)dx

N J/ J/
-~ -~

Aq Ap

+/8x(u8xu) ok X, (x+vt)dx =0.

-~

Az

By the case n = 1 using (4.8) after integrating in time we have

T T
/f A1 (1)) dt < |y [ / (Bt (x,1) 2, (x-+vr) dxdt < c.

Now since
(X1)”/ — (XXo)/” — 3%(/)/ +xX(/)N
we have that given €,b,v, T there exist ¢ > 0 and R > 0 such that
n

(x1(x+ve))" <3 (x+vt) +xx’ (x+vt)
<cli_gp(x) forall (x,) € Rx[0,T].
Thus by (1.12) (ii1)

/fT |Ax(1)|dt < C/fT /_I;(&xu)z(x,t)dxdt <c.

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

To treat A3 we proceed as we did to obtain (4.15) to (4.17), with y; in-

stead of xp. Thus collecting the above information we get that

sup (axu)z(x, t) Koy X+ vt)dx

I<t<T

T
+/ /(8fu)2(x,t)X{gb(quvt)dxdt < oo
i o

for any € > 0 and b > 5S¢.
Now by (4.27) for any 0 > 0 there exists 7 € (7, ) such that

/ (2P x,,(X)dx <o v=0,
which implies

[ @202 2 (0 dx <

(4.27)

(4.28)

(4.29)

b22

b23

b24

b25

b26

b27

b29

b30

b31
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Thus
/ (92u)*(x,7)x,,,(X)dx < 0, V& >0, Vb > Se. (4.30) [b32

Hence using our result in propagation of regularity (see (3.16)) one has:
forany € >0, b >5¢,v>0

sup (c%czu)z(x,t)xo"g’h (x4 vt)dx

o0<t<T
T
—l—/5 /(83u)2(x,t) X, (x+vt)dx <c.

This completes the proof of the case n = 2.
So from now on we shall assume that n > 3.
To prove Theorem 1.2 for the general case n > 3 we shall use induction.
Given (m,l) € Z" x Z we say that

(4.31) |33

(i) m>m
(m,1) > (i,[) <= < or (4.32) [b3a
(i) m=m and [>].

Similarly, we say that (m,l) > (s,]) if (ii) in the right hand side of (4.32)
holds with > insted of >.

Our statement (m,1)

Forany 6 >0,v>0,&>0,b > 5¢

sup (8jfu)2(x, 1) Ko (X + V1) dx

o0<t<T
T
[ @0 2, (x4 ) dx < 5.ep(0).

Notice that we have already proved the following cases:
(1) (0,1) and (1,0).
(2) (0,2), (1,1) and (2,0).
(3) Under the hypothesis x’jr/ up € L?*(R) we establish (4.8) i.e. (n,0)
forallne Z™.
(4) By Theorem A propagation of regularity: If (4.33) holds with (m,l) =
(1,1) (8/2 instead of J), then there exists 7 € (6/2,8) such that

(4.33) |b35

[P g, (v dx <o, v=0
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which implies that
/(%f“u)z(x,t) Xoep(x+VE)dx <o v=0.

By the propagation of regularity (Theorem 1.1) one has the result
(4.33) with (m,l) = (0,1 +1), i.e. (1,1) implies (0,/+ 1) for any
leZ™".

Hence to complete our induction we assume (4.33) for (m, k) such that

(a) (m,k) < (n—j,j) forsome j=0,1,...,n
and (4.34) |b36
(b) (m,k) = (n+1,0),(n,1),...,(n+1—1,1) for some! < n.

We need to prove the case (n+1—(I+1),[+1)=(n—1,l+1). Observe
that from (4) above, since (1,/) implies (0,/+ 1), this case is ready for [ = n.
Thus it suffices to consider [ <n — 1.

From the previous step ((n — [+ 1,1)) we have that for any 6’ > 0, v > 0,
€,and b > 5¢

sup (8)£u)2(x,t)xn+lfl7£,b (x+vt)dx
§'<t<T

) (4.35) [037
4 / / / @ (02, (i) dx < e

Since

/

Xn“rl*l,s.b (X) Z ¢ %nfl,a,b ('x) (436) b38

one has (by (4.35)) that there exists 7 € (6’,208’) such that

/ (O )2 (6, x, ., () dx <eo, (v=0). 4.37) [039
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Consider the identity (for r > 7)

1d
5o ] O P07, v

+§/(9;+ZM)Z(X,I)%/ (x+vt)dx

n—I,e,b

v / O (k1) % (x4 vi)dx

n—1,e,b
_

-~

A1 (4.38) [b40
_%/(%H”)Z(XJ)XW (x+vt)dx

n—1,e,b
>

A2
+ / oL (udu) 9)£+lux,kl£7h (x+vt)dx=0.

-~

Az

From the previous step (n —[,1) after integration in time [f, T'] one gets

T T
[+1,N\2 4,7
/f A1 (1) dt < |y /, / (1 uyy, (i) dedr < [vle.  (439) [b4L
Next using that

‘xzilfll,s,b (y) | = | (ynilx().,eﬁby” (y) |
< Cuiy 1 3es ) ey 2, )

2 n—l—1 0 3 el (4.40) [b42
- e
ey Zoes () +cuy Xoes ) ’
< cnl Xtz )+ Cn,lb Xoe/s.e ).
Hence
Az (2)] < Cln/(@gﬂu)zx,,,3$87b(x+vt)dx
(4.41) |b43

+Cl,n,b/(9)€+1u)2x018/57£(x+vt)dx
T

which are bounded in [#,T] by the step (n —{ —3,/+1) and (0,/+ 1) which
is implied by the step (1,/) = (I+1—1,1) < (n—1,1), a previous case since
[<n-—1.

Finally, we need to consider A3 in (4.38). Since

a)ﬁ—H (uax”> =u a)€+2bl + 10k 8;“ U+cp 8xzu 8)51,1

o . (4.42) [baa
+Y ¢ dud .
j=3
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we have the following terms in A3
As(t) = /ua)ﬁzua;“uxn_mb dx
+c1 / Oyt 8;“ u 8;“ UX, 1 epdX

+c2 /8fu8iu8)f+luxnmb dx

(4.43) |p4s5
-1
+ Z cj /8){u o2y 8)£+1u)(nf,’£ﬁb dx
Jj=3
-1
=A30+A31+An+ ) Az
Jj=3
Thus after integration by parts
A30:—l/8 u (0 u)? x dx—l/u(alHu)zx/ dx
2) n=leb 2 * n—leb (4.44) [p46
= A301 +A302
with A3g; = —%A31 and after integrating in time

T T
[ snlde < sup u()ll- [ @ Py, (v, @) 087
t t ”

<t<T

Notice that the last integral on the right hand side corresponds to the case
(n—1,1) (see (4.34)) which is part of our hypothesis of induction and the
first term can be bounded as usual using Sobolev embedding.

Next

|A31(1)| < c||Peua(2)||oo /(8£+1u)2xnl_reﬁb(x—}—vt)dx. (4.46) |b4s

The last term in the inequality above is the quantity to be estimated.
Consider now Asp which appears only if [ > 2 (we recall that n > 3 (to
be proved (n—1,1+1)))

Apn(t) =c / dtudtudMuy' (x+vt)dx. (4.47)
We study two cases:

Casel =2
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1.1) we have

An() = |- 5 / / Opudtudtuy, ., (x-+v)ds]

<| (axzu)x;:fz,e,b (A vo)lle /(8962”)2 Xoe/se (x+vt)dx

<cl@Fux, ., +v)l%+e

<cc (97w, ., (- +vD)lete (=

<e¢ / 0((Q2u)2 %, (x+ve))| dx+e
< C/(axzu)zxri—l‘s.b (x+vt)dx
-I-C/(a;u)zx}il‘eb(x-l—vt)dx

—l—c/(axzu)zx” (x+vt)dx+c

n—I1,e,b

=Ay,, +A,, T4, +c.

!

‘ |%nfl,£,b

(=)

(4.48)

We have used in the second inequality that the second term on the right hand
side is bounded inz € [7, T step (0,1) = (0,2). After integrating in time A3y
corresponds to the case (n—1,1) = (n—2,1), A3y corresponds to the case
(n—1,2) = (n—2,2) since [ = 2. So by the hypothesis of induction they

are bounded (the previous step to (n — 2,3) which we want to prove).
Finally,

xn—k&b (y) = <yn_lx0,s7b)//

n—I[—2

1 . n—I1-1,,1
=Cnly X().’&b +Cnly

Hence there exists ¢* = ¢*(b,v,T) such that

Thus

|//

XO,&,b Ty

n—I A,

0,e,b”

A (£)] < c/(axzu)z(xa t) Xn-i-2ep (x+vt)dx

+¢3 /(axzu)z(xa 1) Xoepspaes (X V1) dx

=A,, +A

3231 3232°

%nfl,e,b (X + Vt) ’ S cxnflfls,h (X + Vt) + CZ %(;75/5“? (.x + Vt) .

(4.49)

(4.50)

The term Az;3; is bounded in time 7 € [, T] (case (n—1—2,2)) and A3p3;
is also bounded in time (case (0,2)).

b50

b51

bb2
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This handles all the terms in (4.38) for the case [ = 2. Thus after applying
Gronwall’s inequality one gets

sup [ (07 u)?(x,1) X, e, (X+VE)dx
f<t<T '

(4.51) |v53
T
+/ /(8,f+2u)2(x,t) X ., (x+vt)dxdt <c.
t "’
It remains to consider the case / > 3 in (4.43).
Casel >3
Observe that in this case after integration by parts
A =0 / d2udlu 8;+1uxnflﬂ&b (x+vt)dx
_ _%2 / ARu(dlu) x, ., (x+vr)dx (4.52) [b54

+%2/8x2u(8)£u)2 x}:il‘gb(x-l-vt)dx

whose bound is similar to that given above for the case / = 2. Thus it suffices
to consider the reminder terms in (4.43), i.e.

As3j(t) =c; /ajgu8)£+2_ju8)€+1uxn_lﬁs$b(x+vt)dx (4.53) |b55
without loss of generality (since / >3 and [+2 = j+ (I +2— j) we can
assume 3 < j <I/2+1.

Thus

A3 ()] < Cj/(alel oL 2 I u) x, e, (X vE) dx

(4.54) |1v56
+¢j /(aﬁlu)z Xporep (X V) dx
where the second term is the quantity to be estimated.
So we need to bound
/(a){u)z (8;4—2—]“)2 Ko res (x+vt) Zoesse (x+vt)dx
(4.55) |v57

< QI Zos 400l [ (O T, o)

Noticing that the second term is bounded in time (case (n — [,/ +2 — j),
J = 3) by the induction hypothesis.
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Thus it remains to bound

1040 Z e (4 90) o < [ 10000 2y, -+ 90)
<c [100uaf sy (- v0ldrt [10f03 7, (4 v1)ldx
< /((9){'u)2)(0’£/578(x+vt)dx+/(a)gﬂu)zxo’g/j_’g (x4 vt)dx

+/(8ju)2){’ (x+vt)dx.

(4.56)

0,e/5,&

The first two terms are bounded in time, cases (0, ), (0,j+ 1) since
j<Il—1implies j+1</land! <n.
For the third one after integration in time one gets

T .
/f / (Ou 1, . (x-+vi) dxdi (4.57)

corresponding to the case (0, j — 1) previous case.

This basically completes the proof of Theorem 1.2.

The previous formal computation can be justified by approximating the
initial data ug by elements in the Schwartz space . (R) say ug , > 0. This
is done by an appropriate truncation and smoothing proccess. Using the
well-posedness in this class one gets a family of solutions u*(+,7) for which
each step of the above argument can be justified. Due to our construction
the estimates are uniform in the parameter ¢ > 0 which yields the desired
estimate by passing to the limit.
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