UNIQUE CONTINUATION FOR SCHRODINGER EVOLUTIONS,
WITH APPLICATIONS TO PROFILES OF CONCENTRATION
AND TRAVELING WAVES

L. ESCAURIAZA, C. E. KENIG, G. PONCE, AND L. VEGA

ABSTRACT. We prove unique continuation properties for solutions of the evolu-
tion Schrodinger equation with time dependent potentials. As an application
of our method we also obtain results concerning the possible concentration
profiles of blow up solutions and the possible profiles of the traveling waves
solutions of semi-linear Schrodinger equations.

1. INTRODUCTION

In this paper we continue our study initiated in [8], [9], [10], and [11] on unique
continuation properties of solutions of Schrédinger equations. To begin with we
consider the linear equation
(1.1) Ou = i(Au+ V(x, t)u), (z,t) € R™ x [0,00).

We shall be interested in finding the strongest possible space decay of global
solutions of (1.1). In this direction our first results are the following ones:

Theorem 1. Let u € C([0,00) : L>(R™)) be a solution of the equation (1.1) with a
real potential V € L>®(R"™ x [0,00)) satisfying that
(1.2) V(z,t) = Vi(z,t) + Va(z,t),
with V;, 7 = 1,2 real valued,
C1 C1
1.3 Vi(z,t)| < = 0< 1/2
( ) | 1(1” )|— <$U>a (1+‘.T|2)0//27 S a< / ’
and Vy supported in {(x,t) : |x| > 1} such that
(L4) (@ Valw 1) <

|1.|2a’

a” = min{a;0}.
Then there exists a constant Ao = Ao (||V[| oo (mn x[0,00)); €15 C2; @) > O such that if
(1.5) sup / e 12l (2, )2 do < oo, with  p=(4—2a)/3,
t>0 JRrn

then
(1.6) u=0.

As an immediate consequence of Theorem 1 we have:
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Corollary 1. Let u € C(]0,00) : L2(R™)) be a solution of the equation (1.1) with
a real potential V € L>°(R™ x [0,00)). If
< C1 C1

(1.7) |V (z,t)]

(x> (14 [zf?)/2
and for some p > 1 and Ay >0

(1.8) SUP>0 / e 12l (2, )2 do < oo,
]Rn

then u = 0.

Theorem 2. Let u € C([0,00) : L>(R™)) be a solution of the equation (1.1) with a
real potential V € L>®(R"™ x [0,00)) satisfying that

(1.9) Vi, t) = Vi(z,t) + Va(z, 1),

with V;, 7 = 1,2 real valued,

C1 C1
(1.10) [Vi(z,t)] < <x>1/2+50 = (1 + ‘x|2)1/4+60/27 €0 > 0,

and Vy supported in {(x,t) : |x| > 1} such that

(1.11) — (0, Va(z,))” < ﬁ a~ = min{a; 0}.

Then there exists a constant Ao = Ao (||V[| Lo (mn x[0,00))5 €15 C2; €0) > O such that if

(1.12) sup / e 17wz, 1)|? de < oo,
>0 JRrn

then

(1.13) u=0.

Using the results in [9] and [10] one sees that it suffices to assume that the
hypothesis (1.5) and (1.12) in Theorem 1 and Theorem 2 respectively, hold for a
sequence of times {fj =To+jL:jeZ'} for some Ty > 0 and L > 0.

The hypothesis on the real character on the potential in these theorems is used to
guarantee that the L2-norm of the solution of the equation (1.1) is time independent.
However, it suffices to have the L?-norm of the solution bounded below for all time
t € [0,00) by a positive constant, provided that u(0) # 0. Therefore, Theorem 1
still holds for potentials V' (z,¢) which can be written as

V(z,t) = Vi(z,t) + Va(z,t) + Vs(z,t),
with V1 and V5 as before and V3 complex valued satisfying (1.3) and such that

1Vl 21 ((0,00): L% (7)) :/0 Vs (-, 8)||sodt < oo.

A similar remark applies to Theorem 2.
Next, we define the “hyperbolic” or “ultra-hyperbolic” operator

(1.14) Ly=07 +.+02 —02 —..—02, ke{2,.,n-1},

Tk+1

and study the linear dispersive equation

(1.15) ou = i(Lru+ V(z,t)u), (z,t) € R" xR.
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Nonlinear models with a non-degenerate non-elliptic operator Ly describing the
dispersive relation arise in several mathematical and physical contexts. For exam-
ple, the Davey-Stewarson system [5]

(1.16) iOpu + O2u+ Ou = ¢, [uffu+ c,udyp,  tw,yER,
2 + 0% = Oy |ul?,

with u = u(z,y,t) a complex-valued function, ¢ = ¢(x,y,t) a real-valued function
and cj, co real parameters. The system (1.16) appears as a model in wave prop-
agations [5] and independently as a two dimensional completely integrable system
which generalizes the integrable cubic 1-dimensional Schrodinger equation [1]. Also
one has the Ishimori system [13]

w1 0:S = S A (928 + 925) + b(0,60,S + 0,00,5),  t,x, yER,
' 020 F 02 = F25 - (9,5 1 9,5),

where S(-,t) : R? — R® with ||S|| =1, S — (0,0,1) as |[/(z,y)| — oo,
and A denotes the wedge product in R®. This model was first proposed as a
two dimensional generalization of the Heisenberg equation in ferromagnetism. For
b =1 the system (1.17) has been shown to be completely integrable (see [1] and
references therein).

The arguments used in the proofs of Theorems 1-2 do not rely on the elliptic
character of the laplacian in (1.1), so we have:

Theorem 3. Theorems 1-2 and Corollary 1 still hold for solutions u € C(]0,0) :
L2(R™)) of the equation (1.15) with a potential V wverifying the same hypotheses.

Remarks (i) It is interesting to relate our results with those due to V. Z. Meshkov
in [14]:

Theorem. Let w € HE (R") be a solution of

(1.18) Aw+V(z)w=0, zecR" with Ve L R").

(1.19) If / e2alzl*? |w|*dx < 0o, Va >0, then w=0.

It was also proved in [14] that for complex valued potentials V the exponent 4 /3
in (1.19) is optimal.

We observe that if the potential in (1.1) V (z, ) is time independent V = V (x),
then a solution of w(x) of (1.18) is a stationary solutions of the IVP (1.1). Also
for time independent potential V(z,t) = V(x), if w(x) is an H'-solution of the
eigenvalue problem

(1.20) Aw + V(z)w = Cw,
then one has that for € R
(1.21) v(z, t) = e w(x),

is a solution of the IVP (1.1) for which Theorems 1-2 apply. As it was mentioned
above the assumption on the real character on the potential in these theorems is
only required to guarantee that the L?-norm of the solution of the equation (1.1)
is time independent. In the case described in (1.20)-(1.21) the solution wv(x,t)
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preserves the L2-norm and so the proof of Theorems 1-2 can be carried out. Hence,
taking Vo = 0 one has the following results which recovers that in [14] mentioned
above, and improves and generalizes those in [4]:

Theorem 4. Let w € HY(R™) be a solution of the equation (1.20) with a complex
potential V € L>(R"™) satisfying

(1.22) V(z) = Vi(x) + Va(x),

such that

(1.23) Vh(2)] € — = a 0<a<1/2

c

(e (1 + |z]2)o/2

and Vs real valued and supported in {x € R™ : |x| > 1} such that
(1.24) (0, Va(z))” < -2

— ‘.’I,'lQa’

a” = min{a;0}.

Then there exists a constant A\g = )\0(||‘~/HLOQ(R”); c1; co; ) > 0 such that if

(1.25) / Ml (@) Pde < 0o,  with  p=(4—20)/3,
then
(1.26) w=0.

Moreover, if (1.23) and (1.24) holds o > 1/2 and (1.25) holds with p = 1 and
large Ao = Ao (||V'[| Loo (rry; c15) > 0, then w = 0.

In [4] under the hypotheses V5 = 0, (1.23) and (1.25), but for all Ag > 0, on the
complex potential V(x,t) on Theorem 4 it was shown that the eigenfunction w(z)
solution of (1.20) corresponding to the real eigenvalue ¢ satisfies w = 0.

We observe that the conclusion of Corollary 1 applies, i.e. if 172 =0,a=1/21in
(1.23), and (1.25) holds for some p > 1 and Ag > 0, then w = 0. In this direction
we have the following improvement of the result in Theorem 4 concerning the case
a=1/2in (1.23) and (1.24).

Theorem 5. Let w € HY(R") be a solution of the equation (1.20) with a potential
V € L*(R") satisfying

(1.27) V(z) = Vi(z) + Va(z),
such that ‘71 is complex valued with

~ c c
(1.28) A P S—

(@72 (L4 [zl
and Vy is real valued and supported in {z € R : |z| > 1} such that

(1.29) —(0,Va(z))” < ﬂ

Then there exists a constant A\g = )\0(||‘~/HLOQ(R”); c1;¢2) > 0 such that if

a” = min{a;0}.

(1.30) / el w(2)|? de < oo,

then
(1.31) w

Il
e
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We observe that Theorem 5 is a stationary result (not a consequence of the time
evolution results in Theorems 1 and 2) in which the ellipticity of the laplacian in
(1.20) plays an essential role.

The proof of Theorem 5 will be based in the following Carleman estimate :

Theorem 6. Let p € (0,1] and V as in Theorem 5. Then there exists o =
T0(p; |V ||oo; €1; €2) > 0 such that the inequality

(1.32) 2| || 72 el gls < [l (Ag + Vg)ll2
holds for any T > 19 and any g € CS°(R™ — B,(0)).
We return to the consequence of our time evolution results. Thus, combining

Theorem 3 and the comments before the statement of Theorem 4 one has that
Theorem 4 also applies to the solutions of the non-elliptic eigenvalue problem

(1.33) Lyw~+ V(z)w = Cw,
with £ as in (1.14) with complex potential V and ¢ € R.

We shall employ the above results to study the possible profile of the concentra-
tion blow up phenomenon in solutions of the initial value problem (IVP) associated
to the non-linear Schrédinger equation

(1.34) { iOu+ Au = ful"u =0, zeR” teR, a>0,

u(z,0) = up(x).

We observe that if u(x,t) is a solution of (1.34) then for all ¢ > 0
(1.35) Ug(z,t) = 0%/ u(ox, 0?t),

is also a solution of (1.35) with data u,(x,0) = 0%/ ®ug(z), so
(1.36) 1D% g (2,0) s = 02/4=/25] Do,

o~

where D*f(z) = (|€]°f)Y(z), s € R. Thus, if s,/2 — 2/a the size of the data does
not change by the scaling and one says that

(1.37) Hn/Q—Q/a(Rn) _ Dn/Z_Q/QLQ(Rn),

is a critical space for the IVP (1.34). The following result concerning the local
well-posedness of the IVP (1.34) in the critical cases was established in [3].

Theorem. Let s,/2—2/a, s, > 0 with [sq] < a—1 if a is not an odd integer, then
for each ug € H**(R™) there exist T = T(ug) > 0 and a unique solution v = u(z,t)
of the IVP (1.34) with

(1.38) uwe C([-T,T): H*(R")) N LY([-T,T] : L} (R")) = Z;°.
Moreover, the map data — solution is locally continuous from H®*(R™) into Z3*.

Above we have introduced the notations :
(a) for 1 <p<ooand s €R

(1.39) LER™Y) = (1= A)*2LPRY), |- [lsp = 11 = A)*2 - |,
with L2(R") = H*(R"),
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(b) the indices (g, p) in (1.38) are given by the Strichartz estimate [16], [7] :

(1.40) ( / S ul|5de) /0 < efuo]la,

— 00

where

2
g=7+ﬁ, 2<p<oo, if n=1, 2<p<2n/(n—2), if n>2.
g p

The pseudo-conformal transformation deduced in [7] shows that if u = u(x,t) is
a solution of (1.34), then

ez’w\x|2/4(u+wt) ( T ’Y+9t

1.41 t) =
(141) v(@1) (v + wt)/? v+wt v+ wt

) , vl —wy =1,
satisfies the equation
(1.42) i+ Av + (v + wt)*™/ 2 2|w|% = 0.

Hence, in the L2-critical case a = 4/n the equations (1.34) and (1.42) are the
same. Also in this case a = 4/n the pseudo-conformal transformation preserves
both the space L?(R") and the space H!(R") N L?(R" : |x|?dx). In particular, if
we take u(z,t) = e p(x) the standing wave solution, i.e. ¢(z) being the unique
positive solution (ground state) of the non-linear elliptic equation

(1.43) —p+Ap+ Yo =0, zeR",
it follows that
eit/(1=t) g—ilx|?/4(1-1) T
1.44 t) =
(1.44) oty = e ().

is a solution of (1.34) with a = 4/n and + sign in the nonlinear term (focussing
case) which blows up at time ¢t = 1, i.e.

ln [V (-, 1) = oc.

and
li%l lv(-,t)|> = ¢6(-), in the distribution sense.
t

Since it is known that positive solutions of the elliptic problem (1.43) (in partic-
ular the ground state) have exponential decay (see [15], [2]), i.e.

(@) ~ bre~*=l, br, by > 0,
the blow up solution v(x,t) in (1.44) satisfies
(1.45) (e, ) < ——_q -~ te(~1,1)
. v x? — (1 _ t)n/Q 1 —t ) 9 )

with Q(x) = by e~ 2%l One may ask if it is possible to have a faster “concentration
profile” in a solution of (1.34) with a = 4/n than the one described in (1.45). In
other words, whether or not (1.45) can hold with

(1.46) Qz) =bre 2" b by >0, p>1,
or

(1.47) Q(z) = by e "sl7l,
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with bs sufficiently large. More generally for a > 4/n one may ask if a blow up
solution v(z,t) of (1.34) can satisfy

1 x
1.48 t)| < te(—1,1
(1.48) et < @ (1) te-L)
with Q(-) as in (1.46) or as (1.47). Our next result shows that this is not the case.

Theorem 7. Let a > 4/n. Let v e C((—1,1) : H*?=2/%(R™)) be a solution of the
equation (1.34). If (1.48) holds with Q(-) as in (1.46) for some p > 1 and by > 0
or as (1.47), then v = 0.

In [12] we establish the result in Theorem 7 for @ = 4/n and p > 4/3.
Now we consider the equation in (1.34) with the operator describing the disper-
sive relation £y as in (1.15) being non-degenerate but not elliptic

(1.49) 10w + Lru £ |ul*u =0, a > 0.

In this case, the local well-posedness theory is similar to that described above for
the IVP (1.34). This follows from the fact that the local theory is based on the
Strichartz estimates in (1.40) which do not require the ellipticity of the laplacian,
i.e. (1.40) holds with Ly, instead of A. Hence the results in [3] still holds for the IVP

associated to the equation in (1.49). In addition, in this case the pseudo-conformal
transformation tells us that if u = u(x,t) is a solution of (1.49), then

1wk () /A(v+wt) - + 0t
(1.50) v(x,t) = OESTE (V+wt’3+wt> , vl —wy=1,
with
(1.51) Qu(z) =2t +..+aj —ap — .. — T2,
verifies the equation
(1.52) 10w + Lo+ (v + wt)™2 2% = 0.

Hence, as in Theorem 7 we have:

Theorem 8. Let a > 4/n. Letv e C((—1,1) : H*/272/%(R™)) be a solution of the
equation in (1.34). If u satisfies (1.48) with Q(-) as in (1.46) or as (1.47), then
u=0.

It should be remarked that the result in Theorem 8 is a conditional one. It
assumes that the local solution of the IVP associated to the equation (1.34) blows
up (see (1.48)) which is a open problem.

We will adapt our results in Theorems 1 and 2 to study the possible profile
of “generalized traveling wave” solutions of a class of equations containing those
in (1.34) and (1.49), (see (1.59) and (1.60) below). Roughly, these are solutions
u(x,t) for which there exist 4 € R and € € S"~! such that the L*(R™)-norm of
u(z — pt €, t) remains highly concentrated at the origin for all time ¢ > 0, see (1.54)
and (1.57) below.

Corollary 2. Let u € C([0,00) : L2(R™)) be a solution of the equation (1.1) or the
equation (1.15) with a real potential V€ L>®(R™ x [0, 00)).
(a) If there exist p € R and € € S~ such that

C1
1.53 Viz,t)| <
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for some constants c; > 0 and o € [0,1/2). Then there exists Mo(|| V|| oo (rn x[0,00))5 €15 @) >
0 such that if

(1.54) wp/ Mo lT ey )2 de < 0o,  with  p= (4 —2a)/3,

>0
then
(1.55) w=0.
(b) If there exist p € R and € € S"~! such that
(1.56) V(z,t)| < “ €0 > 0,

(14 |z 4 pte|?)t/4te/2’

for some constants ¢y > 0. Then there exists Mo(||V[| Lo (rn x[0,00))5 €15 @) > 0 such
that if

(1.57) sup / e |zt ey (g 1))2 da < oo,
>0 JRn

then

(1.58) u=0.

As in Corollary 1 we remark that if (1.53) holds with o = 1/2 and (1.54) holds
for some p > 1 and Ay > 0, then u = 0.
Finally we shall consider the semi-linear equations of the form

(1.59) Owu = i(Au+ F(u,0)u),
and
(1.60) Oru = i(Lru+ F(u,w)u),

with L) as in (1.14) and F : C?> — R (real valued), F(0,0) = 0, and such that
there exists M > 0 and j € Z* such that

(L61) |F(z,2)| < M(J2] + |21).
As a direct consequence of Theorems 1 and 2, Corollary 2, and an appropriate

version of the Galilean invariant property for solution of the equations (1.59) and
(1.60) we shall establish the following result:

Corollary 3. Let u € C([0,00) : L2(R™)) be a solution of the equation (1.59) or
the equation (1.60). If there exist p € R and &€ € S"~! such that

(1.62) lu(z,t)| < Q(z+ pteé), vz eR", t>0,

with Q(+) as in (1.46) for some p > 1 or as in (1.47), then u = 0.

In [6] it was proved that the equation (1.60) with a £ non-elliptic operator does
not have nontrivial (travelling wave) solutions of the form

u(z,t) = et p(x + uté), peR, €S
with ¢ € HY(R™) N HE (R™).
The rest of this paper is organized as follows. Section 2 contains the details of
the proof of Theorem 1 in the case Vo = 0 (the proof of Theorems 3, 4, 7, and
8, and Corollaries 2 and 3 follows this approach) and the modifications needed in

this proof to obtain the general case. The modifications of this argument required
to establish Theorems 2 will be given in section 3. Also section 3 contains some
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remarks on the proof of Theorem 3. Theorem 7 will be proved in section 4, and
the proofs of Corollaries 2-3 will be outlined in section 5. Finally, Theorems 5 and
6 will be proven in section 6. The appendix is concerned with the existence of the
functions ¢ used in the proofs of Theorem 1 and Theorem 2.

2. PROOF OF THEOREM 1

We begin with two preliminary results. Let S be a symmetric operator indepen-
dent of t. Let A be a skew-symmetric one.

Proposition 1. For any To, Ty € R, Ty < Ty and any suitable function f(x,t)

one has
/T1 /[S;.A]f?dxdt + /TOT1 / |Sf|?dxdt

(2.1) //|at (S + A)f|Pdudt

+\/SfT1

Proof. Since S is independent of ¢ one has

O(SS, [) = (0], SF) + (SF,0uf)

=0f = (S+ALSH +(SF,0f = (S+AS)
+(S+ASH+(SFH S+ AL

=2R(0f = (S+ A, 8F) + 2S5, Sf) + ([SA - ASI, f).

dz|+|/8f To) f(To)dzx|.

(2.2)

Thus, integrating in the time interval [Ty, T1] it follows that

T T
/ (US: ALf. fydt +2 / (S1.5f)dt

T[) TO
T
= 2R | Of = (S+ALSH (ST
To
Then, using that 2ab < a? + b we obtain (2.1). O

Next, for a fixed T € R we define n: [T —1/2,T+1/2] — R as
n(t) = (t = (T —=1/2))((T + 1/2) - 1),
son(T'—1/2)=n(T+1/2) =0 and for any t € [T —1/2,T + 1/2]
0<n(t)<1/4, WMHI<L  7'(t)=-2

Proposition 2. For any T > 1/2 one has

/T+1/2/ H(Sf1? +[S; A]ff)dxdtJr/THm/ﬂzdxdt

1/2 T—1/2

T+1/2 T+1/2
/ /|(9t S+A)f|2d$dt+8|/|f‘2d |T+1§2 |

T-1/2

(2.3)
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Proof. Since

S, £y = (Ot f) + {f. 0f)

= (Ouf = (S+ AV, [) + (], 0ef — (S +A)S)
S+ A )+ (S+AS)

=2R0f — (S+ A, [)+2(5]. 1),

multiplying by 7’ (¢) and integrating in the time interval [T — 1/2,T + 1/2] one gets

(2.4)

T+1/2
9 / 0 (0)(S 1, f)dt

(2.5) R T2
O (O — (S + AVf. )/ (D)t — / Ol £ ().
T—1/2 T—1/2

Integration by parts gives

T+1/2 T+1/2
@6) = [ odn o odt =~ OF [ o

T—1/2 T—1/2

and

T+1/2 T+1/2
(2.7) 2 / (S S, fdt =2 / 0(t) 0(S . fdt.

T—1/2 T—1/2
We recall that from (2.2) one has
(2.8) 0SS ) = 2RO f = (S+ A, SF) +2(81,8F) +([S; AlS, [,

so inserting (2.8) into (2.7), and the result together with (2.6) into (2.5) it follows
that

T+1/2 T+1/2
4 / n(t)(S 1, S F)dt +2 / n(0)(S: Al )t

T—1/2 T—1/2
T+1/2
= —4R n)0uf — (S +A)f,Sf)dt
T-1/2
T+1/2
+2% Ocf = (S+ A, fin' (t)dt

T—1/2
T+1/2
O [ o,
T-1/2

which combined with the properties of the function n and Cauchy-Schwarz yields
the estimates (2.3).
O

Proof of Theorem 1: case V5 = 0.

We fix a € [0,1/2) and p = (4 — 2a)/3 € (1,4/3]. Let p = ¢, be a C*, radial,
strictly convex function on compact sets of R™, such that
p(ry=r"+p8, for r=|z|>1,
(2.10) »(0) =0, o(r) >0, for r>0,
AM >0 st. or) < MrP, Vrel0,00).
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The existence of such a function ¢ = ¢, will be discussed in the Appendix, part

().

We recall that

(2.11) Do = 92 (432 + 37:0 (a3 — =554).
Therefore,
(2.12) VeD?*oVp = 02¢p(0,¢)* = m, for r=lz|>1,
and
(2.13) D*¢ > p(p — 1)rP~21, for r=lz|>1

Let f(x,t) = e’ @y (x,t) where u(z,t) is a solution of the IVP (1.1) so
(2.14) (0 — iA)u = e (0 — i) (e N f) = 0 f — Sf — Af,
where § is symmetric and A skew-symmetric both independent of ¢ with
(2.15) S=—iA2Vp-V+Ap), A=i(A+\|Ve]?),
so that
(2.16) [S; Al = —\((4V - D?@V ) —4X2VpD?*pVp + A?p).

We divide the proof into three steps:

Step 1 1f
(2.17) i1>1103 / M u(z, 1) 2dz < ey, p=(4—2a)/3.
Then there exists {T; : j € Z*} with Tj T 0o as j 1 oo such that
(2.18) sup / ISf(z, Tj)|?dr < @y,

JELT

where

f=eM@u(x,t),
S as in (2.15), and ¢y denoting a constant depending on ¢y in (2.17), A, ||V || and
D
Proof of step 1 : We combine Proposition 2 with (2.16) passing the term involv-
ing A2¢p to the right hand side and using that the rest of the commutator in (2.16)
is positive to obtain

T+1/2 T+1/2
/+ /|Sf|277(t)dxdt<8/+ /|8tf Sf — Af|*dxdt

T-1/2 T-1/2

(2.19) et
sMa%le [ i) [ IPa D

We use that
e (0 —iAyu = 0,f — Sf — Af, (0 —iA)u = iVu,
to bound the right hand side of (2.19) as

(2.20) B < c¢(M\|A%¢]|o0 +sup [V (-, 1)]|%) sup / e u(x, t)2de < .
>0 >0
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Inserting this in (2.19) and using that n(¢) > 3/16 for t € [T'— 1/4,T + 1/4] one

gets that
T+1/2 T+1/4
N >/ /\Sf| nda:dt>/ /|Sf|277dmdt

—-1/2
T+1/4

> /|Sf| dadt > —/|Sf T [2da,
16 T—1/4

for some T* € [T'—1/4,T + 1/4]. Hence, we can find a sequence {T} : j € Z*}
with ¢; T co an j T oo such that
(2.21) sup /|Sf(x7Tj)\2dx < éy.

JELT

Step 2 : There exists Ao > 0 such that if A > Ao, then for any j € Z™,

2)\g0(w t
(2.22) / / Lu 352 ) dzdt <&,  uniformly in j € ZT.

Proof of step 2 : A combination of Proposition 1, the conclusion of step 1, and
our hypothesis leads to

T _ T
(2.23) / / [S; Alf fdzdt < / / |e*Vu|?dxdt + éy.
T T
From our hypothesis (2.10) on ¢ one has that
VeD?¢Vy > W 2| > 1,
(2.24) .
|A2p(z)| < —= Vo € R".

()2’

Thus, from our decay hypothesis on the potential (1.3) it follows that there exists
A > 0 such that if A > X\ and |z| > 1, then

A
(2.25) 2N*VeD?pVyp + A%p — [V]? > )

Next, for any € € (0,1) we consider the domain {z : € < |z| < 1}. In this set we
have that

(2.26) VeD?*oVep >c,o., for e<|z|<1.

Therefore, for large enough A > A,

(2.27) NVpD?*oVe + A2 — V2> )\, for e<|z| <1
Hence from (2.23)

Ty . T
4\ / / VfD?*@V fdxdt + 2)\3 / / VDoVl f|2dxdt
(2.28) n T

T;
<&t (A|A%llw + IVI2) /T / _ VP
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In the domain {z : |z| < €} we shall use that ¢ is strictly convex in r = |z| < 2
to get from (2.28) that

T T
4C¢A/ / |Vf\2dmdt+2)\3/ /V¢D2<pV<p|f|2dxdt
T1 |$‘S2£ Tl
(2.29)

T;
<ot d WA+ VI [ [ IfPdod,
T1 |z|<e
with ¢, and ¢ independent of € € (0,1]. Now, we pick § € C*°(R") such that

O(x) =1 for |z| < e with suppf C {z : |z| < 2¢} and use Poincare’s inequality to
get that for each ¢ € [T, T]]

/ |f\2d:n§/ |9f|2dx§c¢62/ IV (0F)2da
fal<e ol <2¢ ja] <2¢

SC@€2/ |Vf|2dq:+c¢/ |f|da.
o] <2

e<|a|<2¢

(2.30)

Fixing e sufficiently small and then A large enough it follows from this that

T; _ T;
)\/ /VfDQWfddev/ / |f|?dxdt
Ty Ty |z|<1

(2.31) .
+ )\3/ /V<pD230V<p|f\2da:dt < Ca.
T

In particular, for \g > A sufficiently large we have

(2.32) / / |J;|73 dzxdt < ¢y, uniformly in j € Z+,
T (z)t=2p

which completes the proof of this step.

We fix A = A\ above for the rest of the proof.

Step 3 : u(z,t) =0.
Proof of step 3 : On the one hand, since the potential V' = V' (z,t) is real, then
the L2-norm of the solution u(z,t) of (1.1) is preserved, i.e. for all t € R

Ju(- D)2 = lluoll2-

On the other hand, from step 2 inequality (2.22) one has

T;
(T~ Tllwolp = [ [ lutw. o) dod
T
o g ¥ 4—3p_—2X
:/T /|u(a;,t)| g () e dri

4-3p _—2X & 2 e ~
< sup ((x)* "Pe” ¢)/ /|u(x,t)| iy drdl < ¢y,
T ()

which completes the proof of Theorem 1 in the case Vo = 0.

Proof of Theorem 1: general case.

The argument is similar to that presented above in the case Vo = 0, so we sketch
it. The step 1 is similar so it will be omitted. In the step 2 we divide the potential
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V(x,t) as in (1.2),
V() = Vi, 1) + Va(a, 1),
and define
(2.33) S=—iA2Vp-V+Ap), A=i(A+Va+ Ve,
so that
(2.34) [S; Al = =M\ ((4V- D?@V )—4X*VpD?oVp+A%0)4+2A\Vp-VV, = D1+ Ds.
We notice that D; is similar to the term handled in the proof of Theorem 1 in

the case V5 = 0, and that since ¢ is radial and convex one has

(2.35) Dy =2X\Vp - VVa = 2X0,90, Vo > 2X0,¢(0,Va) ™.

Thus, from our decay hypothesis on the potential it follows that there exists
Ao > 0 such that if A > Ag and |z| > 1, then

A

For |z| <1 we apply the argument in the proof of Theorem 1 in the case Vo = 0.
Therefore combining these estimates we obtain the proof of the step 2 : There exists
Ao > 0 such that if A\ > \g, then for any j € Z*
2 e (z) )2
(2.37) / / Lu ;; ) drdt < &,  independent of j € ZT.
Ty

Once (2.37) has been established the rest of the proof follows the same argument
given in the step 3 of the proof of Theorem 1 in the case V5 = 0.

3. PROOFS OF THEOREM 2 AND THEOREM 3

Proof of Theorem 2: case Vo = 0.

We shall follow the argument provided in the proof Theorem 1. A main difference
is the choice of the function ¢ in (2.10). In this case we take ¢ € C* to be a radial,
strictly convex function on compact sets of R™, such that

" dr
(3.1) p(r) =3r —/1 Tlogr + 3, r=lz|>1,
S0
(32)  Ople) =3-———, Ppl)= 0 =] 21
1+logr’ " r(1+logr) -
and

©(0) =0, ¢(r)>0, for r>0,

(3:3) AM >0 st. o(r) < Mr, Vrel0 o).

The existence of such a function ¢ will be proven in the Appendix, part (b). Since
, o, A
(3.4) D2 = % (5 ) + 22 (00— 55),

for |z| > 1 one has

1

2 _ 92 2
(3.5) VoD Ve = 0;¢(0rp)” > T T logn)?
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and
(3.6) D?*¢ > 9%p(2)I.

The step 1 is similar to that in the proof of Theorem 1, with the appropriate
modifications, hence we shall start with step 2.
Step 2 : There exists Ag > 0 such that if A > Xo, then for any j € Z*

2)\@ (z) |u T t)|2 ) ) N
(3.7) dzdt < é,  independent of j € ZT.
T ) (log(x

Proof of step 2 : A combination of Proposition 1, the conclusion of step 1, and
our hypothesis leads to

T _ T;
(3.8) / / [S; Al f fdzdt < / / A Vu|2dadt + é.
T, Ty

From our assumptions on ¢ it follows that

(3.9) |A2p(z)| < @ Yz € R™.

Using the decay hypothesis on the potential (1.10) one has that there exists A>0
such that if A > X and |z| > 1, then

A

3.10 202V D? Ao — VP> ——
(3.10) VoD*pVp+ Ap — |V Z 1T log1)?

Thus, from (3.8) and A >> 1
T; _ T;
4\ / / VD%V fdzdt 4+ 223 / / VoD?*oVo|f|2dxdt
T1 Tl

(3.11) <t e(MIA%0] oo + [ V]lo0) / /| Pz
z|<1

SEAJrC)\// | f|?dxdt.
7 J)z|<1

Next, for a fixed € € (0,1) we consider the domain {z : € < |z| < 1}. In this
region

(3.12) VeD*oVp >cpe, for e<|z|<1.
Therefore, for large enough A > A,
(3.13) MNVeD?*pVeo + A% — V2> N\, for e<|z| <1

Hence

Ty . T
4\ / / VfD?*@V fdxdt + 2)\3 / / VDoVl f|2dxdt
T T

(3.14) .~
§5A+c’A/'/ |f|2dadt,
T |z|<e
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with ¢’ independent of € € (0,1]. In the domain {x : |z| < ¢} we shall use that ¢
is strictly convex in r = |z| < 2 to get from (3.11) that

T; T;
2%)\/ / |Vf|2d:cdt+)\3/ /V¢D2@V@|f|2dxdt
T |z|<2e T

T;
§5A+C/)\/ / |f|?dzxadt,
T |z|<e

with ¢, and ¢ independent of € € (0,1]. Choosing § € C*°(R"™) such that §(z) =1
for |z| < e with suppf C {z : |z| < 2¢} and using Poincare’s inequality to get that
for each t € [Ty, Tj] it follows that

[ Apar< [ prpdr<e.e [ vt
|z|<e |z]<2e |z]<2e

<c, 62/ |Vf|2dac+c¢,/ | f|?da.
o] <2e e<|o|<2e

Gathering the above estimates by fixing € sufficiently small and then A > A large
enough one concludes that

/ /Vszgonda:dt+>\2/ /z|<1|f dadt

+ )\3/ /wD%wm?dxdt < éx.
T

(3.15)

(3.16)

(3.17)

In particular

2
(3.18) / / f] d:z:dt < ¢, independent of j € Z+,
T ) (log(z

which completes the proof of the step 2.
We fixed A\ = \g above for the rest of the proof.

Step 3 : u(z,t) =0
Proof of step 3 : On one hand, since the potential V' = V(z,t) is real, then the
L?-norm of the solution u(z,t) of (1.1) is preserved, i.e. for all t € R

[[ul-s D)ll2 = [luoll2-
On the other hand, from step 2 (3.7)

T
(Ty — T3) o2 = / / (e ) Pdedt

2 _—2Xp "
/T1 /|u ()] 10g< )2 (z) (log(z))~e dxdt

< sup ((z) (log(x))? e=22¥) /T /|u (z,0)] g( NE dzdt

zER?
S Cxo»

which completes the proof of Theorem 2 in the case V5 = 0.
The proof in the general case follows the same argument already explained in
the proof of Theorem 1 so it will be omitted.
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Proof of Theorem 3

The only differences with the previous cases are following computations:
S=—iA2Vp-V+Ly),  V=(uyser0upr —Opirs =0, )s

A=i(Le +2((05,0)° + o+ (00,0)% = (Or1419)? = (02,0)°),
SO
[S; Al = —A((4V - D*oV) — 4X2VoD?* oV + L Ly
Hence, the method of proof used in Theorems 1-2 for the elliptic case L = A can
be applied to obtain the same results in this non-degenerate case.

4. PROOF OF THEOREM 7
The conformal transformation (1.41) with v =w =6 =1 and v = 0 tells us that

gl Ty

4.1 t) = —_—
(1) w(z ) S

(1+t)n/2
solves the equation
(4.2) 0w + Aw + (1 + )22 |w|*w = 0,

in the time interval ¢ € [0, 00). Thus, from the hypotheses (1.45) it follows that the
solution w(x,t) satisfies

1 t
e, )] = )
(14+6)m/2 | "1+ 1+t
43 v
A L o) - ow
R e DA Sl o= (1 +t)n/2=2/a

Since the potential V(z,t) has the form
V(x,t) = £(1 4 )22 |w(x, )|,
from (4.3) one sees that it verifies that

(44) V()] < (1422 (M}zm—w) Q(z) = Q“(x).

Therefore, since a > 4/n > 0 from our hypothesis (1.46) or (1.47) it follows
that the potential in (4.2) satisfies the hypothesis in Theorem 1 and Theorem 2
with V5 = 0. Since the L?-norm of the solution w(x,t) is preserved for all t > 0,
Theorem 1 and Theorem 2 yield the desired result.

5. PROOFS OF COROLLARIES 2 AND COROLLARY 3

Proof of Corollary 2.

We observe that if u(x,t) solves the equation in (1.1), then

2
- t
Bypg_ b

(5.1) w(z,t) = u(x — ptét) e z=e ),

is a solution of the equation

(5.2) Ow =i(Aw+V(rx — pte t)w).
Thus, from hypothesis (1.53) and (1.56) the potential in (5.2)
(5.3) W(z,t) =V(x — pté,t)
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satisfies the conditions on Theorems 1 and 2, respetively. Therefore, they can be
applied to the equation (5.2) to obtain the result.
In the case of the equation (1.15) the transformation (5.1) reads

. . 1,2t &
(5:4) W(z,t) = u(z — pt 1) el heeh) D)
with
5 &) = (€1, by —eki1s s —€n), i &= (e1,en),

and Qf as in (1.51). The function w(zx, t) satisfies the equation

(5.6) Ow = i(Lrw + V(e — pté,t)w).

Hence, the potential

(5.7) Wz, t)=V(x—puté,t)

and the solution w(z,t) of (5.6) satisfies the requirements in Theorem 3.

Proof of Corollary 3.

If u(z,t) is a solution of the equation (1.59)
Ou = i(Au + F(u,u) u),

then

(5.8) v(x,t) =u(z — ptet) ei(%x'é_“TZt),
satisfies the equation

(5.9) Ov = i(Av+ F(e_i(%’”'é_“T%)v7 ei(%ﬁ'g_%)ﬂ) v).
So in this case from the hypothesis on F(z,Zz) the potential
(5.10) W(x,t) = F(e_i(%x'g_%t)v, ei(%x'é_%t) v),

verifies that
(W, t)] < M(Jv(z,t)] + |v(z, ))7) = M(Ju(z — 2 &t,8)| + Ju(z — 2u&t,1)]7).

Thus, the assumption (1.62) guarantees that we can use Corollary 1 and Theorem
2 to achieve the result.
In the case of the equation (1.60)

Owu = i(Lxu + F(u,w)u),
one just needs to define v(x,t) as
(5.11) v(z,t) =ulr —ptet) eilgwek) == t%kw)),
with €(k) as in (5.5) and Qy, as in (1.51). Since v(x,t) solves the equation
(512) 8{0 _ Z(Ek'U 4 F(ef’i(%x-é‘(k),Mztik(a))v’ ei(%m-é'(k:),ltzt%k(e?) )@) 0)7

one just needs to follow the argument given in the case of the equation (1.59) to
obtain the desired result.
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6. PROOFS OF THEOREM 5 AND THEOREM 6
Proof of Theorem 6.

We have
e‘r\z\(A_'_i;z)e—‘r\z\ :S+A,
where
(6.1) S=A+Vh+12 A:fé(2x~v+n71).
Hence, the commutator of S and A is
1) ; —1)(n— ~
(Si] = —dr0y - (12 = 70900 + T 0= 4 r o,

Let g € C5°(R™\ B,) and set f = e"1%lg. Then,

I8 + Vgl = IS8 + 14713 + [ 1S AT o

4
(62 = ISFB+hAT+7 [ oo (V4R =141
e (s
with 0,.f = £ Tal -V f and
IAf]l = 7|20, f + 2=~ "h Lo > V7 20,5 + 2 o "L,
(6.3) > 27 [0, flla = V7 (n = 1) [||2] 7 £l

> V7o~ 20, fll2 — /7/p Nl 2

for 7 > 1. Combining our hypotheses on the potential (1.27)-(1.29), (6.2) and (6.3)
one gets that

6.4)  Sfllz + V7ol 2V flla < €A + Va)gllz + V7 /plllz] =2 2.
Thus using (6.1) it follows that

7_3/]R If\gdm_ ?R/ Sff Aff— V2|f|}

n |zl

(6.5) =7R —Sf fdr — /

re |Z]

o [SAIAP = 197 + T o

(n—3)|fP
2 [o?

The last identity, our hypotheses on the potential (1.27)-(1.29), (6.4) and the
Cauchy-Schwarz inequality show that Theorem 6 holds for 7 > 7p with p =

701, ||V [[soi €1 €25 p).
Proof of Theorem 5.

o [ [SETIvee ~TalfP| @
R’IL
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We fix ¢ € C§°(R™) such that ¢ is positive, with ¢(z) =1, |z| < 1 and supp ¢ C
{z : |z|] <2} and rewrite the equation (1.20) as

(6.6) Au+V(z)u—Cu=Au+ 1:/(x)u = Au+ Vi (z)u+ Va(a)u = 0,

with

(6.7) Vi(z) =V(z) = Co(z), Vala)=—C(1—¢(x)).

Thus, ‘71, Vs satisfy the hypotheses of Theorems 5 and 6. We shall define ¢, as

¢r(z) = ¢(x/L), L >0.
Claim : There exist pg € [0,1) and M = M(n) such that

lulZacs,. = / () P
E2Ba00) = 1 i<apy

< Ml = | u(w) de.

po<|z|<10po

(6.8)

Proof of the claim : Multiplying the equation (6.6) by u¢§p, with p to be de-
termined and integrating the result one gets

(6.9) —/|Vu|2q§§pdx+/|u|2(2|V¢5p|2+¢5pA¢5p)da:+/§R(‘:/)|u|2¢§pdx.

Combining (6.9) and Poincare inequality one has that

[ ussolax < 100)? [ [9(wbs, o

(6.10) < (10p)? /|Vu|2¢§pdz+cn/|u|2¢5p|v¢5p|dx

< (100 (cs |

B1o,—Bs,p

fu2dz + |V oo / oo, ) + e / juf?dz.

Biop,—Bs,p

Fixing po small enough, depending on the ||V ||, we establish the claim (6.8).
Next, we apply Theorem theorem20a to u® = u®, g where ® € C§°(R") with
O(z)=1,4p < |z| < R, ®(z) =0, |z| > 2R, ®(z) =0, |z| < 2p with R > 10 and
p € (0,1) to get that
7 || 2| 72T wd) |5 < | eI A + V) (ud)] 3
(6.11) < 4|l e™® Vu - V|2 + 2| el uAd)||2
< A4 el v - V(D”g + 2cn|| eIl uH%2((B2R_BR)U(B40_BZIJ))'

Using integrations by part and the equation (6.6) one gets that that
(6.12) e Tu - V|2 < e[V oo + 72 + Z) e Va3
Therefore
Ay =7 a2 BB < a1V ot +2) L ot = A

On one hand one has that

eTlrly,

3
3 v T erlel
A2 7 Tl o = en e

T
uHLZ(Bl(Jp_BSp) 2 Cn ? 6107’p Hu||L2(Blop—B5p)'
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On the other hand,
= T = T
Ay < Cn(IIVlloo+72+; )7 ||ullfap,,) +Cn(IIVHoo+TQ+;)e4TR ullEe (5, B

Therefore, fixing p = pg as in the claim it follows that
(6.13)

T~ 107 po 2 3 107 po
M—e lullz2(p,,,) < —€ lull2(B10,-Bs,)
= T ~ T
< en([Vlleo + 7%+ ) e ullZa(p,,, + enlllV oo + 7%+ ) S 1 ey

Therefore, for 7 sufficiently large but independently of R > 10 it follows that

||UH%2(B2R—BR) > Cp, elOTpo 674TR Hu”%2(34p0)'

Finally, taking A9 > 27 one has

oo > /62/\0‘1||u(m)|2dx > Z/ e2olel |y (z) 2 da
k=12

Fo1R< 3| <2k
oo

(6.1 >3 2okt / lu(e)Pdz
1 2k—1R< || <2k

> Z 62kR)‘0672k+17R68Tp0 Hu||%2(34po),

which gives a contradiction except if [|ul|%, (Bay ) =
0

7. APPENDIX
Part (a): We recall that p € (1,4/3]. The aim is to find
(7.1) o(r) = ao + a1r® + aor* + azr® +ayr®,  re0,1],
such that
p(1) =do, ¢'(1)=di, ¢®(1)=4ds>0,

7.2
( ) (‘0(3)(1) =ds <0, (,0(4)<1) =dy > 0.

for prescribed values dy, ...,ds such that ¢©(0) = 0 and ¢ is strictly convex for
r € [0,1]. Since in Theorem 1 ¢(r) =P + 3, r > 1 one has
do =1+ 7, dy=p>0, dgzp(p—1)>0,

T3 -1 -2) <0, ds=pp— D(p—2)(p—3) > 0.

So we solve the system

apt+ar+ ax+ a3+  as=do=1+p,
2a1 + 4az + Gaz+ 8ay =di = p,
(7.4) 2a1 +12a3 + 30as + 56as = dy = p(p — 1),
24ay + 120as 4+ 336a4 = ds = p(p — 1)(p — 2),
24ay + 360as + 1680as = dy = p(p — 1)(p — 2)(p — 3).
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After some computations one sees that

-2
ay = L (192 — 104p + 18p* — p*) > L, az:M(p_@(p_g%
TPy — PP -
a3 = —c (P = 4P -8), a4 = —=(p—4)(p-6).
Next, we shall see that this ¢ is convex in r € [0, 1]. From (7.4) and (7.5) one has
(7.6) PP =p,  $?(0)=2a1>p,

so it will suffice to show that
o3 (1) = 24r(ag + 5azr? + 14asr?)

= 24r pl(ig%_l? (3(p —6)(p — 8) — 10(p — 4)(p — 8)r* + 7(p — 2)(p — 6)r")

has no critical points in (0,1). After some computations one finds that the discrim-

inant D of the quadratic equation (in 7?) in (7.7) is

D=(p—4)(p—8) (10*(p — 4)(p — 8) — 84(p — 6)°)
=16(p—1)(p—4)(p—8)(p—11) <0,

because p € (1,4/3). Since ¢ has no critical points (7.6) tells us that ¢ is strictly
convex in [0, 1]. Taking § in (7.4) as

B=ai+az+az+as—1,
it follows that ©(0) = ag = 0. Finally, if ¢(r) = r?P
p(0) = ¢'(0)=9(0)=¢'(0) =0,  ¢P(r) =plp— 1" 2 p(p—1) re(0,1).
Thus, there exists My > 0 such that

Mop(p—1) > sup [P (r)].
0<r<1

(7.7)

(7.8)

Finally, taking M = maxz{My; 3} one gets that
p(r) < MrP, Vr>0,
which completes the proof.

Part (b): As in the proof of Theorem 2 we choose

Toodt
e(r) :37”*/1 Tl()glf+ﬂ7
so in this case we have
(7.9) do =3+, di=2, do=1 d3=-3, ds = 14.
Solving the system (7.4) with these values of (dy,dy,..,d4) one gets
103 5, 9 4 1T, 17

7.1 = — —_— 1].
(7.10) pr) = ao+ ger + oot = oo’ + o=t r e [0.1]
To show that ¢ is convex in [0, 1], we consider

1
(7.11) o (r) = 15103+ 81r% — 225r* +119r%), r € [0,1],

and recall that
(7.12) 02 (0) =103/48, (1) =1.
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We look for critical points of
(7.13) @ (r) = %(27 — 15072 +119r%), 7 € (0,1).

There is only one critical point the point rg € (0, 1] with
150 — /(150)2 —4-119-27 150 — /9648 .

14 2 = 1).
(7.14) "o 2.119 238 0,1)
Since

(7.15) 0 (rg) > 110/48,

combining (7.15) and (7.12) it follows that ¢ is convex in [0,1]. Finally, taking 3
in (7.9) such that
B=a1+az+az+as—1,
it follows that ¢(0) = agp = 0. Finally, an argument similar to that at the end of
part (a) shows
p(r) < Mr, V=0,

which provides the desired result.
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