UNCERTAINTY PRINCIPLE OF MORGAN TYPE AND
SCHRODINGER EVOLUTIONS

L. ESCAURIAZA, C. E. KENIG, G. PONCE, AND L. VEGA

ABSTRACT. We prove unique continuation properties for solutions of evolu-
tion Schrédinger equation with time dependent potentials. In the case of the
free solution these correspond to uncertainly principles referred to as being of
Morgan type. As an application of our method we also obtain results concern-
ing the possible concentration profiles of solutions of semi-linear Schrodinger
equations.

1. INTRODUCTION

In this paper we continue our study initiated in [5] [6], and [7] on unique contin-
uation properties of solutions of Schrédinger equations of the form

(1.1) iOu+ Du=V(z,t)u, (z,t) € R" x]0,1].

The goal is to obtain sufficient conditions on the behavior of the solution u at
two different times and on the potential V' which guarantee that v = 0 in R™ x [0, 1].
Under appropriate assumptions this result will allow us to extend these conditions
to the difference v = u; — us of two solutions uy, us of semi-linear Schrodinger
equation

(1.2) 10w+ Au = F(u, ),
from which one can infer that u; = us, see [3].

Defining the Fourier transform of a function f as

~

o =en e [ e foan

the identity

et Pug(x) = u(z,t)

(1.3)

N ilz—y|? _n  ix? ﬁ €T
= (4mit)” 2 e” © ug(y)dy = (2mit) 2 e ® e 2 wug (%> ,
tells us that this kind of results for the free solution of the Schrédinger equation

with data ug

0w+ Au=0, u(z,0)=u(x), (z,t) €R"xR,
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is related to uncertainty principles. In this regard, one has the well known result of
G. H. Hardy [9] for n = 1 and its extension to higher dimensions n > 2 established
in [16] :

-~ 41¢12

(1.4) If f(x)=0(e #*), f(§) =0(e =2 ), and af < 4, then f =0.

_l=l?
Moreover, if a3 =4, then f(x) =ce 72 .
Using (1.3), (1.4) can be rewritten in terms of the free solution of the Schrédinger
equation :

|z|2 |22

If wo(x) = O(e_%)7 e Pug(x) = O(eiTg), and « (3 < 4t, then uy = 0.

z2 _lz)?

Also, if a8 = 4t, then ug(z) = ce~iT ¢ B2

The corresponding result in terms of the L?(IR™)-norm was established by Sitaram,
Sundari, and Thangavelu in [16]:

z|? 40g]12 ~

If e‘fT2 f(x), elzi?f(f) € L*(R"), and a3 <4, then f =0.

In terms of the free solution of the Schrédinger equation the L2-version of Hardy
Uncertainty Principle says :

2
|| ||?

(1.5) If e5” ug(x), ea e®ug(x) € L2(R™), and a B < 4t, then uy = 0.
In [7] we proved the following result:

Theorem 1. Given any solution u € C([0,T] : L*(R™)) of

(1.6) Ou =i (Au+V(x,t)u), in R"™ x[0,T],

with V =V (x,t) complex valued, bounded ( i.e. |V mnx[o,1)) < C) and

(1.7) L (VI go,y:pee e\ By = 0,

or V(z,t) = Vi(z) + Va(x, t) with Vi real valued and Va complex valued with

sup (|1 Vo (-, )| o rny < 00, Vh € ZF,
t€[0,T]
satisfying that for some t € (0,T]

|2 Bk
e uy, ea u(z,t) € L*(R"),

with o 8 < 4t, then ug = 0.

Notice that Theorem 1 recovers the L2-version of Hardy Uncertainty Principle
(1.5) for solutions of the IVP (1.6), except for the limiting case o § = 4¢ for which
we prove that the corresponding result fails. More precisely, in [7] it was shown that
there exist (complex-valued) bounded potentials V(z,t) satisfying (1.7) for which
there exist nontrivial solutions u € C([0,7T] : L?(R™)) of (1.6) satisfying

|z|? |22

e uy, eo? u(z,T)ec L*(R"),

with 3 = 4T

This work is motivated by a different kind of uncertainty principles written in
terms of the free solution of the Schrédinger equation. As it was mentioned, we
are interested in its extentions to solutions of the equation in (1.1), and to the
difference of two solutions of the nonlinear equation (1.2).
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First, one has the result due to Beurling-Hoérmander [10]: If f € L'(R) and
(1.8) / / |F(2)||F(&)]e* 8 dx d¢ < 0o, then f=0.
R JR

This was extended to higher dimensions n > 2 in [2] and [15] : If f € L?(R"),n > 2
and

(1.9) / / 2)||F(€)]e €l dz d¢ < 0o, then f=0.
We observe that (1.8), (1.9) implies : If p € (1,2), 1/p+1/¢=1, o, >0, and
w0 [ i@l [ f@1e™ g <o, apz1 = £=0.

or in terms of the solution of the free Schrodinger equation :
If ug € L*(R) or ug € L?(R"), if n > 2, and for some t # 0

allsl? iA B8]
(1.11) luo(x)] e dx + le U0($)|64(2’)q dr < oo, af>1,

then ug = 0.

The following related (and stronger in one dimension) result was established by
Bonami, Demange and Jaming [2] (for further results see [1] and references therein):
Let f € L?(R"),1<p <2 and 1/p+1/q =1 such that for some j =1,..,n

) [ @ A <o + [ Il

If afp > |cos(pr/2)|'/P, then f=0.If afB < |cos(pr/2)|'/P there exist non-trivial
functions satisfying (1.12) for all j =1,..,n

zaqm]\q

d¢ < oo.

This kind of uncertainty principles involving conjugate exponent p, ¢ were first
studied by G. W. Morgan in [14].

n [8] Gel'fand and Shilov considered the class Z5, p > 1 defined as the space of
all functions (21, .., 2,) which are analytic for all values of z1, .., 2, € C and such
that

lo(z1, ., 20)| < Co eXi=1 € Cilzl"
where the C}, j = 0,1,..,n are positive constants and €¢; = 1 for z; non-real and
€; = —1 for z; real, j = 1,..,n, and showed that the Fourier transform of the
function space Z} is the space Z7, with 1/p+1/¢=1.

Notice that the class ZF with p > 2 is closed respect to multiplication by eiclzl®,
Thus, if up € ZP, p > 2, then by (1.3) one has that leBug ()| < d(t) e~ @Il for
some functions d, a : R — (0, 00).

Our main result in this paper is the following:

Theorem 2. Given p € (1,2) there exists M, > 0 such that for any solution
u € C([0,1] : L2(R™)) of

Ou=1i(Au+V(z,t)u), in R"x][0,1],
with V =V (x,t) complex valued, bounded (i.e. ||V| o @nxp,1)) < C) and
(1.13) Rm(VIlzs o,z @n\Br)) = 0,
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satisfying for some constants ag, a1, az >0

.14 [ tute. 0 el e < o,
and for any k € 7+

' u(z, 1)|"e T < age?a kT
(1.15) / lu(z, 1)[2 201l g 90,1/ (a >,
Ip+1/g=1, if
(1.16) a0 a§p72) > M,,
then u = 0.

Corollary 1. Given p € (1,2) there exists N, > 0 such that if
u € C([0,1] : L%(R™)) is a solution of
Ou = i(Au+V(z,t)u),
with V' =V (x,t) complex valued, bounded (i.e. ||V s m@nxp,1)) < C) and
1
lim sup |V (z,t)|dt =0,
R—oo Jo |z|>R

and there exist a, 0 >0

(1.17) / lu(z,0)2e20" 121" /Pqg 4 / lu(z, 1)|?e2 7" 121"/ 94z < oo,
1/p+1/q=1, with

(1.18) af > N,

then u=0.

As a direct consequence of Corollary 1 we get the following result regarding the
uniqueness of solutions for non-linear equations of the form (1.2).

Theorem 3. Given p € (1,2) there exists N, > 0 such that if
ur, ug € C([0,1] : H*(R™)),

are strong solutions of (1.2) with k € Z*, k > n/2, F : C? - C, F € C* and
F(0) = 0,F(0) = 0z F(0) =0, and there exist o, > 0 such that

(1.19) e TP (g (0) = uz(0)), 11O (uy (1) — ua(1)) € LA(R™),
1/p+1/q =1, with
(1.20) af > Ny,

then u1 = us.

Notice that the conditions (1.16) and (1.18) are independent of the size of the
potential and that we do not assume any regularity on the potential V' (z,t).

It will be clear from our proof of Theorem 2 that the result in [2] (1.12) can be
extended to our setting with an unsharp constant. More precisely,
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Corollary 2. The results in Corollary 1 still hold with a different constant N, > 0
if one replaces the hypothesis (1.17) by the one dimensional version

(1.21) / lu(z,0)[2e2 " 121" /Pdy < 00 + / lu(z, 1) 22" 123" /1y < oo
Rﬂ.

n

for some j =1,..,n.

Remarks (i) Similarly, the non-linear version of Theorem 3 still holds, with dif-
ferent constant N, > 0, if one replaces the hypothesis (1.19) by

e I (s (0) — uz(0)), €51/ (uy (1) — us(1)) € LR,

forj=1,..,n.

(ii) In this work, we do not try to give an estimate of the universal constant N,.
In fact, we may remark that the corresponding version of the sharp one dimensional
condition a8 > | cos(pr/2)|*/P for (1.10) established in [2] is unknown in higher
dimensions n > 2.

(iil) We do not consider here possible versions of the limiting case p = 1. One can
conjecture, for example that, if u(z,t) is a solution of (1.1) with u(x,0) = ug(x)
having compact support and wu(-,t) € L'(e®l) for some ¢ > 0 and t # 0, then
ug = 0.

(iv) As in some of our our previous works the main idea in the proof is to
combine an upper estimate, based on the decay hypothesis at two different times
(see Lemma 1), with a lower estimate based on the positivity of the commutator
operator obtained by conjugating the equation with the appropiate exponential
weight (see Lemma 2). In previous works we have been able to establish the upper
bound estimates from assumptions that at time ¢t = 0 and ¢t = 1 involve the same
weight. However, in our case (Corollary 1) we have different weights at time ¢ = 0
and t = 1. To overcome this difficulty, we carry out the details with the weight
e®l?l” 1< p<2 j=0att=0andj=1att=1, with ao fixed and a; = k € Z*
as in (1.15). Although the powers |z|P in the exponential are equal at time t = 0
and ¢t = 1 to apply our estimate (Lemma 1) we also need to have the same constant
in front of them. To achieve this we apply the conformal or Appel tranformation,
to get solutions and potentials, whose bounds depend on k& € Z*. Thus we have
to consider a family of solutions and obtain estimates on their asymptotic value as
kT oo.

Next, we shall extend the method used in the proof Theorem 2 to study the
possible profile of the concentration blow up phenomenon in solutions of non-linear
Schrodinger equations

(1.22) i0yu + Au+ F(u,@)u = 0.
To illustrate the problem consider the focussing L?-critical Schrédinger equation
(1.23) iOpu + Au+ |u|*"u = 0.

From the pseudo-conformal transformation one has that if u = u(z,t) is a solution
of (1.22), then

e—i\x\2/4(1—t) x ¢
1.24 t) =
( ) ’U(.’,U, ) (1—t)n/2 u(lt’lt)’

is also a solution of (1.23) in its domain of definition.
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We recall that the pseudo-conformal transformation preserves both the space
L?(R™) and the space H!(R™) N L?(R™ : |z|>dz). In particular, if we take u(z,t) =
e’ o(z) the standing wave solution, i.e. ¢(z) being the positive ground state of the
non-linear elliptic equation

—Ap+p=pl*"p, zeR”,
it follows that
—i(|z|*~4)/4(1~1)
e x
1.25 t) =
(1.25) olent) = ¢ (157).

is a solution of (1.23) which blows up at time t =1, i.e.

lim |V o, )2 = o0,

and
liTHll lv(-,t)|> = ¢6(-), in the distribution sense.
t

Since it is known that the ground state ¢ has exponential decay, i.e.

o(z) < bre~t2l7l, b1, by > 0,
then one has that the blow up solution v(x,t) in (1.25) satisfies
(1.26) (@, 8)] < ———Q ( il ) , te(~1,1),
(1 —¢t)n/2 1—t

in this case with Q(z) = by e~ 212,
Therefore, for (1.22) with

(1.27) |F(2,2)| <bolz|?, with by, >0 for [z|>>1,

one may ask if it is possible to have a faster “concentration profile” than the one
described in (1.26). More precisely, whether or not (1.26) can hold with

(1.28) Qz) =bre " b by >0, p>1.
Our next result shows that this is not the case at least for p > p(6).

Theorem 4. Let u € C((—1,1) : L?>(R™)) be a solution of the equation (1.22) with
|F(2,%)| as in (1.27). Assume that the L>-norm of the solution u(x,t) is preserved

(1.29) [u( Dll2 = llul, 0)ll2 = lluolls = a, € (=1,1),

and that (1.26) holds with Q(-) as in (1.28). If p > p(0) = 2(6n — 2)/(6n — 1),
then a = 0.

Remarks (i) We shall restrict to the case p € (1,2), and observe that if = 4/n
then p() = 4/3. The value 4/3 is related with the following result due to V. Z.
Meshkov [13]: Let w € H? _(R™) be a solution of

Aw—-V(z)w=0, zeR" with Ve L*R").

If / lw(z)|? 201" 4y < 00, Va >0, then w=0.

It was also proved in [13] that for complex valued potentials V' the exponent 4/3
is sharp. For further comments see the remark after the proof of Theorem 4.

The rest of this paper is organized as follows. In section 2 we establish the
upper bounds needed in the proof of Theorem 2. The lower bounds as well as the
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conclusion of the proof of Theorem 2 are carried out in section 3. Corollary 1 and
Theorem 3 are proved in section 4. Section 5 contains the proof of Theorem 4.
Finally, in the Appendix we establish some identities used in the paper.

2. PROOF OF THEOREM 2 : UPPER BOUNDS

In this paper ¢, will denote a constant which may depend only on the dimension
n, which may change from line to line. Similarly, ¢, will denote a constant depending
only on the values of p and n, and in sections 2-3 ¢* will denote a constant depending
of the initial parameters, i.e. the norms of u and V in the hypothesis, and on the
values of p, n, ag and ay, whose exact value will be irrelevant to our estimate when
we take k tending to infinity.

We recall the conformal or Appell transformation. If u(y, s) verifies

(2.1) Osu=1i(LDu+V(y,s)u+ F(y,s)), (y,s) € R™ x [0,1],
and « and 3 are positive, then

_ _ = 3 B " (a—p)lel
(2.2) u(x,t) = (%) u (a(ngﬁtv a(lfth) eTai-0+AD |

verifies

(2.3) Ot = i (Aﬂ + V(z, )i+ F(a, t)) , in R x [0, 1],
with
v _ 8 Vap Bt
(2.4) V(z,t) = (a(lj)Jrgt)z 4 (a(l—at)fﬂt’ a(1—t)+m,) )
and
2.5 ﬁ 1) = Vap %+2F VaBz Bt 4552(?5!5120
(2.5) (z,t) = a(1—t)+ 0t a(l—t)+8t° a(i—t)+5t ) ¢ SR

In our case, we shall chose 5 = (k). By hypothesis
le® " u(z, 0)[|2 = Ao,

(2.6) )
¥ w(z,1)||2 = Ax < age

alkq/(q—p) _ 2€a1k1/(2_p)~

Thus, for v = (k) € [0,00) to be chosen later, one has

P a\P/2|, p
(2.7) 7% @ (@, 0) 12 = [le”(3)" 1 u(z, 01 = By,
and

P BYP/2|p
(2.8) 1% @y (, )|z = |7 (&) 1 (2, 1) |2 = Ay,

To match our hypothesis we take

p/2 p/2
v (a) =ap and 7 (ﬁ> =k.
B a
Therefore,

2.9 = (kag)'/? B =k a=al?.
(2.9) 7= ; : 0
From (2.3), defining

(2.10) M= [V @it = [ 1OVt
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it follows, using energy estimates, that
(2.11) [u(O)ll2e™ < [lu(t)ll2 = | u(s)ll2 < [u(0)ll2™, ¢, s €[0,1].
where s = ft/(a(1l —t) + (t).

Next, we shall combine the estimate : for any z € R"”

(2.12) el /p ~ / e /PAe—IA/q |)\‘n(q—2)/2 ),

whose proof will be given in the appendix, with the following result found in [11] :
Lemma 1. There exists ¢g > 0 such that if

(2.13) V:iR"x[0,1] = C, with [[V|Lipe < eo,

and u € C([0,1] : L*>(R™)) is a strong solution of the IVP

Ou = i(A+V(z,t))u+F(z, 1),
(214 o) = ),
with
(2.15) ug, up = u(-,1) € L*(e*%dx), F € LY([0,1] : L*(e*}*dx)),

for some A € R™, then there exists c,, independent of \ such that

1
(216) sup [l 7u(-,t)lla < cn ([l uoll2 + > lz + / [ (D)2t ). O
0<t<1 0

We want to apply Lemma 1 to a solution of the equation (2.3). Since 0 < o <
B = B(k) for k > ko(c*) it follows that for any ¢ € [0, 1]

a<al-t)+p0t<g,
therefore if y = v/aBxz/(a(l —t)+ Bt), then from (2.9)

1/2p 1/2p
(2.17) \/glx = % 2] <yl < \/Elxl = :(1);2]0 ||.
Thus,
. 3 kP
218 | V (e o) | < 2V = (2) IVl
and so
N E\/P
(2.19) Pl < (2) IVl
Also, if
s = Bt/(a(l —t) + Bt)
(2.20)
@ = —aﬁ , or dt= —(a(l —+ 5t)2d5
dt — (a1 —t)+ Gt)? af
Therefore,

(2.21) / | V()| ot = / IV ()| ds,
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and from (2.17)

1 1
/0 IVl Lo (e)>r)dt S/O IV (s 8) Loy >1)ds,
where by hypothesis

T— (@)1/2” R

k
Thus, if
1
LIVl qyiods < e
then
1 L\ /2P
(2.22) [P0l ozt < o R—17Q1> ,
0 0

and we can apply Lemma 1 to the equation (2.3) with
(2.23) V =V X(ol> ) (), F =V X(al<r) (@) @, 1),
to get

sup |62 2 () |

[0,1]
(224) <ecp (||e(2p)1/”'y1/”>\'90/2 ﬂ(O)HQ + He(gp)l/p,yl/p)\,x/z ’lj(l)”g)

+ cn||‘7||oo ”U(O) HQ eM €|)\‘(2p)1/Pfyl/pR/2.

Now, we square (2.24) to find that

sup/e@p)l/pvl/p)"z [u(z,t)|*dx
[0,1]

g%/&W“”“mmmW+W%m%m
+ enl[V)% [[u(0)|3 €2M M) PR

and multiply the above inequality (for a fixed t) by e~IM*/a |\|[*(4=2)/2 integrate
in A and in x, use Fubini theorem and the formula (2.12) to obtain

/ 2Vl i, 1) Pda < cn/e“‘”"’(\ﬂ(ﬂb’,O)l2 + [u(e, 1)) da
|z|>1
(2.25)

+ callu(O)II3 |V ]13 B M e 7

Hence, (2.6), (2.9), (2.11), (2.19), and (2.25) lead to
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sup [T TOa < enlleT O + 77T 2)

k Cp P a 1/2
+ cnl[u(0)[]2 eMe + e [lu(0) |2 <a0> [V |0 €M X7 7 (k/a0)

(2.26)

E\ »
<ol + )+ eau@ae (& (2 V™).
0

L1/ (2=

)

<A =ce™
for k > ko(c*) sufficiently large, since 1/(2 —p) > 1.

Next, we shall obtain bounds for the Vu. Let
(2.27) 5 =1/2,

and ¢ be a strictly convex function on compact sets of R™, radial such that (see [6]
Lemma 3)

D%*o > p(p— 1)|5r3|(’”72)l7 for |z| >1,
(2.28) 0<¢, [0%llre <c 2<|al <4, |0%|lLe(ei<2) S ¢ o <4,
o(z) = |z|P + O(|z]), for |z]|>1.
We shall use the equation

(2.29) Ot = 1Au+iF), F=Vu,
and let
flx,t) =P u(x,t).
Then f verifies (see Lemma 3 in [6])
(2.30) of =S8Sf+Af +ie’¥F, in R" x[0,1],
with symmetric and skew-symmetric operators S and A
S=—i7(2Ve- -V + Ayp),
A =i (A+72Ve]?).
A calculation shows that (see (2.14) in [6]),
(2.32) Si+[S, Al = =7 [4V - (D*¢V ) —45°D*pVp - Vo + A% .

(2.31)

By Lemma 2 in [6]
O7H =02 (f, f) =20, Re (0 f — Sf — Af, f) +2(Sef + [S, Al £, f)

2.33

(233 10f — Af + S — 0] — Af — SFI,
SO

(234) O?H > 20,Re (8, f — Sf — Af, f)

+2(Sef + S AL ) = 10f = Af = S
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Multiplying (2.34) by ¢(1 — ¢) and integrating in ¢ we obtain

2/ {1 — 1) (Suf + (S, AL f. f) di
0

< e sup [[€7 P a(t)|3 + o sup €7 PF(1)]3.
[0,1] [0,1]

(2.35)

This computation can be justified by parabolic regularization using the fact that we
already know the decay estimate for u, (see the proof of Theorem 5 in [6]). Hence,
combining (2.26), (2.9) and (2.19) it follows that

1
8”7'/0 /t(l—t)DQ@Vf-Vfd:cdt

1
+8i3/ /t(l—t)D2<pV<p-Vgo|f|2dxdt
(2.36) 0

< ¢ sup [T € U)|3 + cn [V SupHe’“” U(t)][3 + oy sup [l€7? au(t)|3
[0,1] [0,1] [0,1]

< cF kA7
We recall that
Vf=3Vee?u+ ¥ Vi,
and notice that
|72 D2 V- Ve 9| < ;7 eI
Hence, using that
D*pVyp- Vo 7Y < en(1+ |x|)p*2+2(p*1) 2P < cpe?’”Y ©/2

we can conclude that

1 ~ J;p ‘,L.P ~
/ / 1+| = \Vau(z, t)|2e1 " dedt + sup ||e7=1"/27(t)]|2

)

(2.37)
< Pk A2 = oF kO o211 ka/ta=p) ot kor g2 E/(2=P)
= kE — -

)

for k > ko(c*) sufficiently large.

3. PROOF OF THEOREM 2 : LOWER BOUNDS AND CONCLUSION.

First, we deduce a lower bound for

5/8
(3.1) / / u(z,t)|?dtdr > ||[u(0)|2e=M /10,
lz|<R/2 J3



12 L. ESCAURIAZA, C. E. KENIG, G. PONCE, AND L. VEGA

for R sufficiently large. From (2.2)

5/8
/ / u(z,t) thdx
|z|<R/2 J3/8
5/8
/|r|<R/2 /3
B s(5/8) dey
> Cp — \u(y, S)|2 2
@ Jly|<R (ao/k)1/?P Js(3/8) §

B 5(5/8)
> | [ lutw.s)Psd
@ JIy|<R (ao/k)/2p Js(3/8)

where in the ¢ variable we have used that in the interval ¢ € [3/8,5/8] (see (2.20))

2
dtdx

%
(i t)+ﬁt) u (a(lft)JrBt’ a(I-t) 10t

VapBx Bt )

dt = b tz ds L ids
a s «
since s(t) = Ot/(a(l —t) + Bt),
afB(5/8 —3/8) !

s/8) = 518 = 375+ Bo/8)(as/8 + 53/8) B
for k > ¢, and s(5/8) > s(3/8) 11 as k 1 oo with s(3/8) > 1/2 for k > ¢, and in

the z variable that
y=+apz/(a(l—1t)+ ),

@ agp\1/2p
Gl =(5) el
Thus, taking

(3.2) R> L(k/ao)l/Qp,

so for t € [3/8,5/8]

with ¢ = ¢(u) a constant to be determined, it follows that

ché/ /IU(yJ)Istdy,
@ Jy|<o J1

where the interval I = I}, = [s(3/8), s(5/8)] satisfies I C [1/2,1] and |I| ~ /(3 for
k sufficiently large. Moreover, given € > 0 there exists kq(e) > 0 such that for any
k > ko one has that I}, C [1 —¢,1].

By hypothesis on u(x,t), i.e. the continuity of ||u(-, s)||2 at s = 1, it follows that
there exists ¢ >> 1 and Ky = Ko(u) such that for any k > K{ and for any s € I,

[ o)y = Ju0)ee™ /10,
ly|<e
which yields the desired result. Below we will fix R ~ k'/2(2=2) >> gl/20 p > 1

(see (3.13)), so we could have taken ¢ ~ k!, [ =1/2(2—p)—1/2p =1/p(2—p) > 0,
and take ¢ independent of u when k T oo.
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Next, we deduce an upper bound for

31/32
(3.3) / / (|a|* + |Va|?)(x, t)dtd.
lx]<R J1

/32
From (2.11) and the fact that

[a()ll2 = [[u(s)ll2, s = Bt/(a(l —1)+ B1),

31/32
/ / i, D) 2dtdz < [|u(0)|2 2
lz|<R J1/32
and from (2.37)

31/32
/ / |Vi(z, t)>dadt
/32 Jjz|<R

we have

! 31/32 _
(34) / / #( l—t +| )* = \Va(x, )2 dadt
132 Jiz|<r (1+[z)2
< eny L REP R A2 < oF o @201 KT en Q2a0 kBT
using that R is a power of k. Hence,
31/32 .
(3.5) / / (|w]* + |Va|?)(z, t)dtde < c* ke 21 F )
le|<R J1/32

for k > ko(c*) sufficiently large.
We now recall Lemma 3.1 in [3].

Lemma 2. Assume that R > 0 and ¢ : [0,1] — R is a smooth function. Then,
there exists ¢ = c(n, ||¢ |loo + |¢" o) > 0 such that, the inequality

03/2 o|%& e1]? s e
(3.6) Rz el ZTeDal gl 2 gpary < cfje? BT 1 (io, + A)gll L2 (dear)

holds, when o > cR? and g € C§°(R™*!) has its support contained in the set
{(z,t) - |5 +o(t)ea]| = 1} .

First, we need to show that

(3.7) R >> ||‘7||L°°(Rnx[1/32,31/32]-
But in this domain from (2.4) one sees that
1/p

~ (6% Q,
V(z,1)] < (32)? 3 Vlleo < (32)° 2275 1Vl

from (3.2) it is clear that (3.7) holds. Define

31/32 1/2
(3.8) 5(R) = </ / (|a)* + Vﬂ|2)(x,t)dxdt> ,
1732 JR-1<|z|<R

We choose ¢ € C([0,1]) and 6g, 6 € C§°(R™) functions verifying
0<p <3, @(t) =3, ifte [3/835/8]7 @(t) =0, if te [071/4] U [3/47”,
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Op(x)=1, if x| < R-1, 0Or(x)=0, if |z| > R,

and

0(z) =0, if |z| <1, 6O(z) =1, if |z|>2.
We define
(3.9) g(x,t) = Or(2) 0(F + ¢(t)er) Ul t),

and make the following remarks on g(z,t):
-if || < R/2, t € [3/8,5/8], then |z/R + ¢(t)er| >3 —-1/2=2 > 2,
so g(z,t) = u(z,t), and in this set e |l7/Bre®erl” > 250/4,
-if |z| > R or t€[0,1/4] U [3/4,1], then g(z,t) =0, so
suppg € {|z] < Rx [1/4,3/4]} N {|z/ R+ p(t)er| = 1}.
Then, if £ = x/R + ¢(t)e; we have

(0, + A+ Vg = [0(6)(2VOg(x) - Vi + TAOR(z)) + 2VO(E) - VOr U]

G100 one) [2R7IVO(€) - Vil + R-2UAY(E) + i/ 0y, 0(€)il] = By + Ba.
Note that

supp By C {(z,t) e R" x [0,1] : R—1< || < R x [1/32,31/32]},
and

supp Bo C {(z,t) e R" x [0,1] : 1 < |z/R+ p(t)er] < 2}.

Now applying Lemma 2 choosing
o=dn R, dy 2 [¢" [l + ¢ 1%
it follows that

x 2 x 2,
R el m el gll o < cnlle” BTPON (10, + A)g| 12 (azar)
T 2 ~ x 2
(3.11) < ep|e17FEOAT Vgl 2 gy + el EFPODT By | 240

x 2
+ Cn”ealﬁﬂa(t)ell Bl £2(dwary = D1 + D2 + Ds.

Since R >> ||V||o, we can absorb D; in the left hand side of (3.11). On the
support of By one has |z/R + ¢(t)e1| < 4, thus

Dy < ¢, 6(R) e,

On the support of Bg, one has |z| < R, ¢ € [1/32,31/32], and
1< |z/R+ p(t)er| <2, s0

D3 < ¢y € 7|| U] + |Vl L2(a) < Rx[1/32,31/32)) -
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Combining this information, (3.1), and (3.5) we have

5/8
tn 250/4 HU’( )HQe M < R625a/4 / 33 t | dtdw)l/Q
lz|<R/2 J3/8
3.12 . o N
(3.12) < ¢y 0(R) €7 + ¢y e[| + | V||| L2 (121 < R [1/32.31/32))
< ¢, d8(R) 160 | o* fop o140 Q20 k1/<2—p>.
Fixing
(3.13) o =d, R =2a; kY 2P

it follows from (3.12) that, if ||u(0)||2 # 0, for k large,
(3.14) S(R) > collu(0)]lz =™ 7107 = ¢, [[u(0)]|p =M e=20m K/

for k > ko(c*) sufficiently large.
We now use our upper bounds for §(R) deduced in (2.37)

/32/ ([ + V) (z, t)dadt
R—1<|z|<R

31
32 ~

< / / eVl ==\ 72 (2, ) dadt
4 JR-1<[e|<R

32 1 2-p P P ~
/ / H1— 1) %ewm e el” |92 dudt
R-1<|z|<R (L4 [z[)2—?

(3.15)

< e e T ED sup |77 2a(1) 3
0.1

15

P 32 t(1—t P~
+epy L RZP e (B / / _ta=t 7'”“ \Va|? dadt
R—

1<lz<r (1+ (1+]x])2

< c* ker eQalkl/(Q_p) e (Rfl)p.

Gathering the information in (3.14), (3.15), (3.13), and (2.9) one obtains that

Cp, ||U(0) ||§ e_QM S C* kCr 642 ay kl/(Z*P)_,\/ (R-1)P

(3.16)
< o klr 642 ay kY (2— p)_aé/2 (2a1/d,)P/? K/ 2=P) L O(K(1/2(2=P))
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Hence, if
(3.17) 120y < a)?a®?(2/d,)P?,  ie. (42)%(dn/2)" < apab”?,
by letting k tends to infinity it follows from (3.16) that |u(0)||2 = 0, which com-

pletes our proof.

4. PROOF OF COROLLARY 1 AND THEOREM 3

Proof of Corollary 1. Since
/ lu(z,1)2 2?12 dz < 0o,  with b=p9/q,
one has that

[ luta o et o < 20 g e da.

A simple calculation shows that

H62k|l‘|p72b|aj|q ”oo _ €2k|w\P72b|w\q |‘x|=7«07

where

- @ 1/(a—p)

0= bq .
Thus,

||62k|3¢|”—2b\x|‘1” — 2w ka/(a—p)

with
" B 1 P p/(a—p) D q/(g—p) B 1
oy T | \g \q =% i)

Inserting this value in the hypothesis (1.16) of Therem 1 we obtain

1\,
- —-Pp
¢ (bp/(q—p)) > " My,

with a =a?/p and b= 37/q. Since ¢(2 —p)/(q¢ —p) = 1 this gives us
afB > Np,

which yields the result.

Proof of Theorem 3. We just apply Corollary 1 with
u(z,t) = (ug — ug)(z,t),

and
F F
V(l‘,t) (ul,u1) (U27U/2).

Uy — U2
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5. PROOF OF THEOREM 4

We shall follow closely the argument used in the proof of Theorem 2, sections
2-3. Thus, we divide the reasoning in steps.

First, we deduce the corresponding upper bounds. Assume ||u(t)||s = a # 0.
Fix t € (0,1) near 1, and let

(5.1) v(z,t) =u(z,t—1+1), t€][0,1],
which satisfies the same equation (1.22) with
by _ bz\rji’)
|’U(.’I),O)‘§me @=-nP
(5.2) by  bglel?
[v(x,1)] < TERE e~ G-DP
So using the notation
be ba
5.3 Ay = = Al = =
( ) 0 (2_t)p7 1 (].—t)p)

one has that

/ lu(z,0)[? el dz = a2,

/ lv(z,1)|? et 12l do = a2,

In the remainder of this section ¢ will denote a constant which may depend on
n, by, by and be, but is independent of the value of t.
(55) V(Ji,t) = F(uaﬂ)a
so by hypothesis

(5.4)

c __clel?
@—t—0)P

) < T L L —
6:6) WVl Selulmt 14D < G e

We use the conformal or Appell transformation. If v(y, s) verifies
(5.7) Osv =i(Dv+V(y,s)v),  (y,5) € R" x[0,1],

and a and 3 are positive, then

~ = z "B ‘ (apz|?

(5.8) u(z, 1) = (%) v (a(gwﬂ a(lg)+ﬁt) eet-n+8,
verifies

. U =1 u+~x,tﬂ+~x,t , In x [0, 1],

5.9 du=i|lANu+V F R™ x [0,1
with

e _ af VapBx Bt
(5'10) V(l‘,t) T (a(1—t)+81t)2 4 (a(lft)Jr,Bt’ oc(lft)+ﬁt) ’
Flot) = (—vaB_\*" g (_yaps st R
61)  Fet= (i) F (a5 sl e,
and
z|P ~ a/B)P/2 |z|P

(5.12) e @, 0 = e/ (e, 0)]]> = ao,

7" G, )l = 7/ o 1)y = an.
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‘We want
29(a/B)P? = Ao, 27(8/a)P/? = Ay,
therefore
(5.13) 2y = (AgA)?, a=AP,  p=A7"
Since
Ag~1 A ~ !
0o—4 1 — (1 — E)pv

it follows that

1
T A ()

—_

(5.14) a~l.

Notice that here the factor 1/(1 —%) with ¢ 1 1 plays the role of k € Z" with
k T oo in the proof of Theorem 2 in sections 2 and 3.

Next, we shall estimate |H~/||L%L<‘x‘>R. Thus,
¥ g p ¢ —cly|?
(5~15) |V($7t)| < « |V(y,s)| < P Wa )
with
ly| = —= af|| > Rya ~ i cR(1 —1)Y2.
a(l=t)+pt = /3 /B
Thus,
1Phoe < Voo € = Voo < 5
=« C-1-1 7 (1 =1)LHon/2?
and
(5.16)

ad c _c¢RP(1—7)P/2
1V (@, )l zi=r) < IV ) L1100 (1yzer)vB) < We REQ=0mE,

To apply Lemma 1 we need
i c _c¢RP(1-1)P/2
IV(z, ) L1L>@>r) < a—pme e R ATDYT < g,
so we take in the upper bounds part of the proof

& &
.1 P~ = =
(47 w = oo ()

or

C C
— Jog'P [ ————— .
e (i)

Therefore, splitting the term V4 as in section 2

(5.18) R~

(5.19) V =V X(ja|> 1) (%), F =V X(ju|<r) (@) U, 1),
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a combination of Lemma 1 and the identity (2.12) yields the estimate

sup e a(t)|[3 < e[l a@(0) 5 + IV (1|13 + ca® [V [[F e )

s

(5.20) < c(a% + a% +ca? W ecRP/(p?)p/z)

og( eo(1—%)0n/2

< )
<ca?e0? ,

where a = [Jug||2-
We observe that in this case, the upper bound in (5.20) is coming from the

“external force” term F = V x(jzj<pr)(z)u(z,t), and not from the data at time
t =0, 1 of w as in the proof of Theorem 2.
Next, using the same argument given in section 2, (2.27)-(2.37), one finds that

1 N .
/ / 1+| A+ \Vau(x, )22V dadt

.
aor 09(50(173%//2).

(5.21)

<cae

Now we turn to the lower bounds estimates. Since they are similar to those given
in detail in section 3 we just sketch them. As in (3.7) we first need

(5.22) [V || oo x 1 /32,31 /32)) << R.
We take in this lower bound part

(5.23) o =d,R?, R= ¢

(1_7)p2e—»"

Since in the time interval [1/32,31/32] one has that «(1 —t) + 5t ~ 3, it follows
that

(5.24) 1Vl estsszanssap < €5 1Vlle < g
Therefore, (5.22) holds if
on D
5 1<amy
or equivalently,
2(6n —2)
On—1 "

which is exactly our hypothesis, so (5.22) holds
Finally, we also need that e“’" to be larger than our upper bound, i.e.

e0(172)%/2) << e — cammp/Z Gopp /2P

(5.25) =07 109!

So it suffices to have
p<p/2+°/2(2 - p),
which holds if p > 1. This completes the proof of Theorem 4.

Remark Let us consider the case § = 4/n in Theorem 4, so that our requirement
is p > 4/3. The proof of Theorem 4, in fact, also gives the following result:
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Theorem 5. Assume that u € C([0,1] : L2(R™)) satisfies the equation
iOu=Au+V(x,t)u, (z,t) € R" x[0,1],

with V(x,t) complex valued,

(5.26) Aim (V2 o1 (loi= ) = 0
and
c

T . —e P
1= )/ Q(l-t)’ with - Qy) = e
If p>4/3, then uw=0.

lu(z,t)] <

It turns out that for complex potentials V(x,t) as in Theorem 5, without the
hypothesis (5.26), the restriction p > 4/3 is indeed necessary. This can be seen by
performing a pseudo-conformal transformation to the stationary solution furnished
by Meshkov’s example in [13].

6. APPENDIX

We shall prove that for any n € Z* and any p € (1, 2) there exists ¢ = ¢(n,p) > 1
such that for any x € R™

Loarm < / A= /g \[na=2)/2) < ¢elel?/o,
C n

i.e.
(6.1) I, = / eI\ [nla=2)/2 gy (Jol?p

with 1/¢+1/p = 1.

We shall consider only the case n > 2 since the case n = 1 follows directly from
Proposition 1. Assuming that for any g > 1
eM

_ " pcos(0) (o n—2 ~
(6.2) Qn—/o e (sin(6))" " “db TR

we shall prove (6.1).
Using polar coordinates in R™ and (6.2) it follows that

I, =c, /C>O /Tf elx‘r005(9)_Tq/qr"(q_2)/2r”_1(sin(@))"_Qder
o Jo

%o glelr—r/q
e
o~ [T a2, -0/

/0 [a]n-D72 " ' o

1

_ > —|x|(=r+r%/q|z|),.n(g—1)/2—1/2 7
_W/o e~ lel(=rr alel) pnta-1) /212, _

We recall Stirling’s formula (see Proposition 2.1, page 323 in [17]).
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Proposition 1. If U is a real valued function such that ¥'(xo) =0 and ¥’ (z) > 0
for x € [a,b], and ® is a smooth function, then

b V2 ®(x) 1
—s¥(z —s¥(x 0
/a e V@@ (z)dr = eV (@) 72 (0 (o) 12 +0 (s) , as §— 00.

In our case
U(r)=—r+7rqlzl, V()=—-1+r""/|z|=0 if r=re=|z[/D,

U (r) = (g —)ri72/|z|, ©'(ro) = (q— 1)|z|~ /@D,

1 _
W(ro) = *5|$|1/(q Y,

and
‘I)(’I") _ rn(qfl)/271/2’ S0 ‘I)(’r‘o) — |x‘n/271/2(q71)'
Therefore,
f N #e_‘ﬂ‘p(rl)) 1 @(TO) N elwl /p |$|"/2_1/2(q_1) N 6‘$|p/p
n |z|(n71)/2 |I’|1/2 (\IJ(TO))l/Q |I|n/2 |x|71/2(q71) ’

which proves (6.1).

It remains to prove (6.2). Changing variables and recalling the fact that p > 1

and n > 2 we have

1

Q, = / et cos(0) (sin(9))" 3 sin(0)dd = / e!(1 — 772)("_3)/2d77

0 -1

1 1
N / (1 — p)=B/2(1 4 ) (=3)2g / (1 — 5)®=3)/2gp
0 0

1 iz Iz iz
~ ol —pv, ,(n—3)/2 — € —p ,(n—=3)/2 Nie
¢ /O e dv ’u(n—l)/Z/O ep dp (n—1)/2°

which yields (6.2).
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