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Abstract. Using Hamilton’s Ricci flow we shall prove several pinching results for integral
curvature. In particular, we show thatif> n/2 and theL? norm of the curvature tensor is
small and the diameter is bounded, then the manifold is an infra-nilmanifold. We also obtain
a result on deforming metrics to positive sectional curvature.

1. Introduction

The goal of this note is to prove several pinching results for manifolds with integral
curvature bounds. Integral pinching has been studied extensively in [3], [2], [12],
[13], [15], [8]. One distinct feature in our work is that assumptions on curvature
are entirely in terms of integral bounds and no assumption on volume, injectivity
radius or Sobolev constant is made.

Let us fix some notation before we state the results. For a Riemannian manifold
(M, g), we will denote by sec M — R the minimum of the sectional curvature
at each point, byR : A2TM — AT M the curvature operator, by Ric the Ricci
curvature, and by Scal the scalar curvature.

For functions and tensors we shall consistently usentirenalizedL” norm

defined by
1 1/p
el = (VolM fM |u|")

1 1/p
M1, = (W/ |9%:|:I|p>
M

Our notation for the integral bounds for the Ricci tensor is as follows. For each
x € M letr (x) denote the smallest eigenvalue for the Ricci tensor:RigM —
T, M, and for any fixed number let

pe (x) = Imin{0, r (x) — (n — D}

All authors were supported by the NSF

X. Dai, G. Wei: Department of Mathematics, University of California, Santa Barbara,
CA 93106, USA. e-mail: dai@math.ucsb.edu; wei@math.ucsb.edu

P. Petersen: Department of Mathematics, University of California, Los Angeles, CA 90095,
USA. e-mail: petersen@math.ucla.edu

Mathematics Subject Classification (19933C20



144 X. Dai et al.

be the part of the Ricci tensor which lies bel@gw— 1) «. Then set

P

_ 1
k(p,/c,r):sup(—- ,op> ,
xem \VOIB (x,7) Jp.r ©

! /"p 1ol
volM Mp" = 1Pcllp:

These curvature quantities evidently measure how much Ricci curvature lies below
(n — 1)« in the normalized integral sense. Moreovetp, «, r) = 0 iff Ric > (n —

1)«. Note that if we assume thaf has a diameter bound of the form diaf< D,

then it suffices to boundl (p, ) rather thark (p, «, r) .

1€<p,x)=<

Theorem 1.1.Givenp > n/2 and K, D > 0, there exists am = e(n, p, D, K)
such thatif a closed Riemannian manifoM”, g) satisfiesliamM < D,k(p,0) <
K and

IR F 12 < e,
thenM admits a metric of constant sectional curvatdré.

Note thatifk (p, «) is bounded for some and in additior|RicF (n — 1) gllny2
is small, then for any; € (n/2, p) it follows thatk(g, 1) is small. Thus in the
above theorem we implicitly have a smallness conditiort op, +1) . Also, note
that both conditions on the integral curvature are satisfied if we impbsrirvature
pinching (p > n/2). Thus we have:

Corollary 1.1. Givenp > n/2 and D > 0, there exists am = ¢(n, p, D) such
that if a closed Riemannian manifold?”, g) satisfiediamM < D and

IM=FIlp <e,
thenM admits a metric of constant sectional curvatdré.

It should also be remarked that in case we assuméthatl, r) < & for some
fixedr it follows from [11] that the manifold has diameterz + O (¢), thus the
above results can be modified in a trivial way in the positive case.

Now for the pinching around zero curvature,

Theorem 1.2.Givenp > n/2and K, D > 0, there exists am = ¢(n, p, D, K)
suchthatif a closed Riemannian manifoM”, g) satisfiesdliamM < D,k(p, 0) <
K and

Rln/2 < &,
thenM is diffeomorphic to an infra-nilmanifold.

Again, both conditions on integral curvature are satisfied ifithecurvature is
already small p > n/2), giving a very clean generalization of Gromov's almost
flat manifold theorem [4] to integral curvature.
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Corollary 1.2. Givenp > n/2 and D > 0, there exists am = ¢(n, p, D) such
that if a closed Riemannian manifold?”, g) satisfiediamM < D and

IR, <e,
thenM is diffeomorphic to an infra-nilmanifold.

The above pinching theorems were proved with similar techniques in [8], but
there it was assumed that one has a pointwise curvature bount?apidching
around=+1 or 0. In [13] D. Yang has a very similar result about F-structures of
manifolds with pinched integral curvature bounds.

Theorem 1.3.Givenp > n/2, there exists am = ¢(n, p) such that if a closed
Riemannian manifoldM”, g) satisfies either

/ R < 6,
M

(volM)(ZP/">—1/ IRic|? < ¢
M
or the stronger condition
(voIM)(Z”/’”‘l/ IR <e,
M

thenM admits an F-structure of positive rank.

It is curious that this result does not immediately yield an infranilmanifold
theorem even if one assumes a diameter bound. The reason for this lies in the
different type of integral curvature conditions that are used.

Note that the implicit smallness condition @«p, -) in Theorems 1 and 2 is
neccessary, as there are manifolds with srijailorm of curvature tensor but with
arbitrary large Betti numbers, cf. [2, Appendix]. It should also be noted that one
can replace the bound drip, -) by a bound on the Sobolev constant as we only
use the smallness &f p, -) to obtain a bound on the Sobolev constant that appears
in the inequality

1
— w < Csl|V£fl2.
If voIM/f”sz = CslVfll2

As with previous integral pinching results the basic idea here is to use Hamilton’s
Ricci flow [7] to deform the metric. We are able to obtain better results because
of the Sobolev constant bounds established by Petersen-Sprouse [11] for integral
curvature. Also we observe, as in [14], that the Moser iteration for the Ricci flow
(quadratic nonlinearity) still goes through in the borderline case, provided that we
have certain smallness condition, which is satisfied in the pinching situation.

For metric deformation we also note the following result about deforming met-
rics to positive curvature metrics.

Theorem 1.4.Giveng > 1, C > 1, there exists am = ¢(n, p, C) such that if a
Riemannian manifoldM", g) satisfies

Isecl < C, [(sec—1)_|lg <e,
thenM has a metric with positive sectional curvature.
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2. Deformation of metrics

Given an initial metrigggp on M, the Ricci flow

o8
ot
g0 =go

= —2Ric(g),

provides a very nice deformation of the initial metric. In this deformation the cur-
vature operatofi evolves by the following parabolic equation [7] and [9]:

IR,

9t Z_Amt+Q(ml)v

whereA = V*V denotes the connection Laplacian apd®R;) is quadratic in the
curvature tensor. By way of comparison recall that Lichnerowicz has shown that
the curvature tensor for an Einstein metric satisfies

0=—-AR+0OMR).

Thus the above evolution equation for the curvature is a parabolic analogue of
the corrosponding elliptic equation for Einstein metrics. The parabolic equation
obviously has the advantage that it works for all metrics. The two equations lead
to very similar results (see e.g., [10] for a discussion on how the elliptic equation
can be used).

Define the Sobolev constafit = Cs(g) of the metricg on M to be the smallest
constant such that

1

I/ = volM

/flln% = GCslVfia.
Using Holder’s inequality this leads to
Il 20, = CslIV fll2 + 1L fll2-

An essential ingredient in estimating the curvature evolution is Moser's weak
maximum principle, which is a parabolic analogue of the more standard elliptic
maximum principle. In the theorem we assume tfjaévolves according to the
Ricci flow. The normalized volume form then satisfies an equation of the form

9 dvolg, dvol,,

ar volM —  volM

for h = Scal— vo_]W J5; Scal In particular, we have the universal estimates
Il < 2lIScall, <2(n — 1) [Ric|,

and a similar estimate in terms of the traceless Ricci.
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Theorem 2.1.Let f, b be smooth nonnegative functions dhx [0, 7] andc a
nonnegative constant satisfying the following equatiobx [0, T']

%SAf—i—bf—i-cf, (2.1)

whereA is the Laplace-Beltrami operator of the metgic LetCs = 0ma>} Cs(gs)-
<t<
Assume that either

1) for somep > n/2,
max (|16, + ||k <8,
0<t<T(“ ||p All,)

or
2)b= fand

max (Il fllnjz + lhll,/2) <

0<t<T (n+2)C§’

max ||l < B, r > n/2.
0<t<T

Then givery > 1, there exsits a constaiit = C(n, p, q, B, ¢, Cs, T) such that
forall x e M andr € (0, T']

I fillg < €'l follg
If (x,0) < Ct7"24| foll,

where f; (x) = f(x,t).

Proof. In the presence of assumption 1) a fairly standard parabolic iteration argu-
ment can be used (see [12] and also [1]). Note, however, that since we have only
integral bounds forlg, we must be a little more careful. As we shall see below the
roles ofh andb are S|m|lar S0 no new problems actually occur. For case 2) we show
below that it can be reduced to a slightly singular version of 1) but with 1 (see
also [14, Appendix A]).

First we need to check what the time derivative| ¢¥ ||1 is

—fPll1= dvol
= 5o [ pravl,
=/ 9f P dvol,, N p 0 dvolg,
m 0t volM M~ 0t volM

afr
==+ I/ Phll1

Using this estimate we can now multiply the partial differential inequality (2.1)
by f7~1 and integrate to get (fgp > 1)

Lo /Pl <
p ot 1=

1
VO|M/(fp Af+®B—=h) fP+cfP)

4
< _%uvﬂﬂuﬁ b —h) Pl +elfPl (2.2)
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We can use Hoélder’s inequality to get

1B =) fPle < (1bllajz + 1Bllng2) 1fPllnjon-2)

The Sobolev inequality can be used on the first term on the right-hand of ( 2.2) as
follows

4p-1 202 Hp—-D 1 ) 2
2 wy ep/ - _r == p/ o —
IV s = (1772120/0-2) = 1 £112)
4p-1 1 Ap-1 1 oo
== g Mea == = I
Ap-1 1
—l—ZTEllfp/zllzn/m—z)||fp/2||2
S
3Ap—1 1 60(p — 1) 1
R L e R e LT

Inserting this in (2.2) we get

19 3p—1 1
;gnfp”l < (_TC_§ +1bllns2 + 1llns2 ) 1P Nnyn—2)

60
+l =+ Pl
(pC§ C) (Wb

Therefore, wherp > 2 and

161lny2 + Allnj2 < 29 C2

we obtain

b 1 60
8—||f”||1 + S 1P llnjn-2) < (—2 + cp) IfPlla=Ci(p) I fPlIh  (2.3)
t S Cs

This implies in particular that
9
Ellf”lllscl(p) I1£71l2 (2.4)

and thus

1A < 1 fE 112X P 00 = Co (p, T) 11 £P 112 (2.5)

Integrating (2.3) withp = n/2 we obtain
t 1 t
S

Using the estimate (2.5) fof = n/2 andrg = 0 this leads to

- 2
12 gy < 172C3 (/2. T) 111321
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for somet € (0,1). We can then combine this with the estimate (2.5) fo=
n?/ (2 (n — 2)) andtg = 7 to get the estimate

n/2

n n— _ n/(n—2)
1£7/C 2y < o (w2 @ -2, 7) (s 2. D P

Hence

1 fil2)2m—2)) <t~ 2" Call follnj2

Sincef = b and|k|,, r > n/2 is bounded, we are now reduced to a singular
version of 1) (withp = n?/ (2(n — 2)) = 1+n/2+ 2/ (n — 2) ). But this can be
dealt with in a similar way—the point is that the cut off procedure introduces the
singular factor irr anyway. More precisely, an assumptionioaf the type

Ioll, < pt™

for p > % and some nonnegative constanill produce

ap nt2 t %
|f @0l = (€7 4 Cu, pyt) (/o ||f||;’>

forg > 1. Takingp =14 n/2+ 2/ (n — 2), ande = 2/n, we obtain
If (x, 0] = Ct 2 max|| fllg.
But from (2.4) we have

c
I fellg < el follg.

Alternatively one can also use 1) but start the flow at tigne 0 rather than 0
and obtain the desired estimate

3. Proof of theorems

Using Moser’s weak maximum principle from Theorem 4 we are now in a position
to prove the results mentioned in the introduction.

Applying Moser iteration to the curvature evolution equation we will prove the
following

Theorem 3.1.Givenp > n/2, K, D > Oandx € R there exist (n, p, x, D) > 0,
T (n,p,k,D,K)>0,andC (n, p, «, D) such that for any manifold satisfying

diamM < D, |R|, <K, k(p,x) <e
the Ricci flow has a unique smooth solutigrfor ¢ € [0, T] satifying

I9:1l, < 2K, |Relloo < C (n, p, i, D)t /2P K
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Proof. We apply the continuity method as in [12] and [1]. For the initial metric one
has from [11] a bound for the Sobolev constant in terms of, «, D provided that
k (p, k) is sufficiently small. Thus we inially have bounds of the type

M, <K, Cs=<H@n,p,«,D).

Since the Ricci flow exists for a short time, we can assume that for some maximal
interval[0, T), T > 0,

IR, < 2K
CS(gt) S 2H(n1 vav D)

We need to check ho® depends on the assumptions. By Moser’s weak maximum
principle

|MRloc < Cn, p,, D)t 2K,
”mt”p = KeClmp D,

Furthermore,

- Ju(IVul3 + u?)dvolg
Cs(g) — ueC=0m ([ |u|2n/<n—2)dvo|g,)<"*2)/"
= inf Et(l/i),

ueC>®(M)

andE, (u) satisfies (see [12])
d .
EEI(M) > —c(n)|IRiCg, [loo Ev (u).
It follows then that
t
Et(“)ZH(”»P,KaD)eXp(_C(”ap’K, D)/ |ml|ds>
0
> H(n, p,k, D) exp(—C (n, p,k, D) tl_"/2P> .
Therefore,
Cs (81) < H (n, p.1c, D) exp(C (n, p.x, D) 1*/27).
Consequently, there exisI¥n, p, k, D, K) > 0 such that it < min(7T, T (n,
p, k, D, K)), then the metrig, will have a uniformly bounded curvature as one
approachef. In particular, ifT < T'(n, p, k, D, K), then a theorem of Hamilton
[7] shows that the solution to the Ricci flow equation extends smoothly beyond

(while preserving the required bounds), contradicting with the maximality.of
mi
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We note that by using 2) in the Moser’s weak maximum principle the above
argument goes through with only notational change if we initially have

1
2nC (n) H(n, p, k, D)2’

”m”n/Z =

Note that the necessary bounds/ocome from the curvature bounds. Thus when
; 1
we are on the interval where we assuli®||,,,» < ZCOVH U p DR we also have

7lln2 < WW. From this we derive thé? estimates fofR and hencé:
as in the proof of Theorem 4. We are then in a positition to use Theorem 5.

Our estimate then shows that if thén Theorem 2 is chosen sufficiently small,
the metricg(T) is a smooth Riemannian metric with small pointwise curvature
bound. Therefore we can apply Gromov’s almost flat manifold theorem [4]. This
finishes the proof of Theorem 2.

The proof of Theorem 1 follows a similar scheme. Assume that a compact
Reimannian manifold/ satisfies the assumption of Theorem 1, witbmall. Let
g(t) be the unique solution to the Ricci flow. Now according to [8], the reduced
curvature tensor

R=Rx]
satisfies the parabolic inequality
9 < < 4 - <
(5; — DIRE+ VR < R+ )R

Making use of Kato’s inequality one derives

9 - < 4 . <2

— IR < AR+ —R[ + c(m) R

at n

Once again we can apply the continuity method together with Moser’s weak
maximum principle. Therefore, if is chosen sufficiently small, the metg¢T) is
a smooth Riemannian metric with small uniform curvature pinching. We can then
sply appeal to the pinching results of Grove-Karcher-Ruh (see [6]) and Gromov
(see [5]) to finish the proof.

We finally establish Theorem 3. Once again we run the Ricci flow. Letsec
sedt, x) denote the pointwise minimum of the sectional curvaturegforThis
function satisfies

9 2
3 sec> Asec—c (n) |2R]|*,
which implies
ad
a(sec—l), < A(sec—1)_ + ¢ (n) C>.
Let f = ((sec—1)_ — ¢ (n) C?t),. Then

d <A
E'f_ /-
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Therefore applying Moser’s iteration (in a much simpler situation) we arrive at
I(se6 —1)_lloo < C1t™"/?"|| (580 —1)— + ¢ (n) C?1.
We now choose so thatc (n) C?% < 1/3 and then determineso that
Cat™"?P | (se@ —1)_||, < 1/3.

Theng; will have positive sectional curvature.
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