FUNDAMENTAL GAP ESTIMATE FOR CONVEX DOMAINS ON SPHERE
— THE CASE n =2

XIANZHE DAI SHOO SETO, AND GUOFANG WEI

ABSTRACT. In [SWW16,HW17] it is shown that the difference of the first two eigenvalues of the

Laplacian with Dirichlet boundary condition on convex domain with diameter D of sphere S™ is
2
> 3% when n > 3. We prove the same result when n = 2. In fact our proof works for all

dimension. We also give an asymptotic expansion of the first and second Dirichlet eigenvalues of
the model in [SWW16].

1. INTRODUCTION

Let M be an n-dimensional Riemannian manifold and €2 C M a bounded convex domain with
diameter D. The spectrum of the Laplacian on 2 with respect to the Dirichlet or the Neumann
boundary condition is nonnegative and discrete. Furthermore, the first Dirichlet eigenvalue, \q, is
positive and simple so that we can define the fundamental gap as

F(Q) = )\2 — )\1 > 0.

There is a rich history towards estimating a lower bound for the fundamental gap depending on
geometric data. In particular, for convex domains in R”, the fundamental gap conjecture states
that the fundamental gap is > ?bij, where D is the diameter of the convex domain. This was proven
by B. Andrews and J. Clutterbuck in their celebrated work [AC11]. When M = S", [SWW16]
proved the same lower bound for dimensions n > 3 and diameter D < 7. The diameter restriction
was removed by C. He and the third author in [HW17] by using parabolic methods and a delicate
construction of supersolutions to a one-dimensional nonlinear parabolic model. In fact, in the work
of [SWW16], the estimate holds for MY, the simply connected spaces with constant curvature K,
with K > 0. In this paper, by using a different model, we show that the fundamental gap estimate
for convex domain in S™ also holds for n = 2. In fact the proof works for all n and K > 0.

Theorem 1.1. Let Q € M% (K > 0) be a strictly convex domain with diameter D, \; (i = 1,2)
be the first two eigenvalues of the Laplacian on €2 with Dirichlet boundary condition. Then

2
T

D?

The key to proving this is to show the following log-concavity of the first eigenfunction.

(1.1) Ay — Ay >3

Theorem 1.2. Given 2 C MY a bounded strictly convex domain with diameter D and K > 0,
let ¢ > 0 be a first eigenfunction of the Laplacian on €). Then Vx,y € €2, with x # y, and
v(t), t € [—g, g] the unique unit-speed length minimizing geodesic connecting x to y,

(1.2) (Viog ¢1(y),7'(4)) — (Vg ¢1(z), 7' (—4)) < —2% tan (35) + (n — 1) tng (%)
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holds (see (2.2) for the definition of tng), which gives

2 n-1 )
Hess (log ¢1) < — (ﬁ ~— K) id.

When K = 0, this recovers the log-concavity proved in [AC11]. When n = 3, this log-concavity
is the same log-concavity as in [SWW16, Theorem 1.5], referred as sphere model. In general there
is no direct comparison. But when K D? is small, this log-concavity is worse than the sphere model
for n > 3 but better than the sphere model for n = 2, see Remark 5.4 for details.

We also give an asymptotic expansion of the first and second Dirichlet eigenvalues of the sphere
model in [SWW16]. Recall \;(n, D, K), A\a(n, D, K) are the first and second Dirichlet eigenvalues
of

(1.3) @(s) = P (B - (1)) o = —Ag
D D

on [—3, 5] (see (2.1) for definition of csg). When n = 1,3 or K = 0, one can find the eigenvalues
and eigenfunctions explicitly and the gap Ao(n, D, K) — A (n, D, K) = g—z. In general one can not
find the eigenvalues explicitly. When K > 0, as (csz2(s))” > 0, Ao(n, D, K) — A\i(n, D, K) > 3/’5—22

when n > 3, but < 3]75—22 when n = 2 [AB89)].

Proposition 1.3. For K € R,

- 7w (n=-1)_ (n—1(n-3) (n—1)(n —3)
AN o= —— K 2_6)D*K? DI (nt—20m%+12 K*.
1= g KT ge  (m ) T80 (" =20m"+120)+0(K7)
and
3 4m? (n—l) (n—l)(n—?)) s 3 279 (n—l)(n—3) 473 4 5 10 4
= — K —— | D*K D*K — — K*?).
T T R T Ty T R0 ™= o J+O(KT)
Hence
< < 2 3n—1)(n—-3)D?*K* (n—1)(n—3) 4.3 5 225 4
AQ(”,D,K>_)\1(TL,D,K) _gﬁ—i_ 39 2 + 48074 DK (1571' _T)+O(K )
and for n > 3, K small,
_ _ 2 —1)(n—3) D*K?
(1.4) Mo, D, K) = Ma(n, D, K) > 32 4 30 =D =3) .

D? 32 2

Remark 1.4. The estimate (1.4) gives an explicit lower bound which is bigger than 317;—22 when
K D? is small and n > 3. On the other hand the estimate seems to be not true when K D? is big.
In fact beginning with the K° order, the coefficient changes sign for some n > 3, instead of at
n = 3, see Section 5.1.

Outline of the paper. In §2 we establish the notations, definitions and preliminary lemmas
which we will use. In §3, we prove the key result on the log-concavity of the first eigenfunction by
comparing with the one-dimensional model. In §4, we apply the log-concavity result to compare
the gap of the first and second eigenvalues between convex domains of spheres and the one-
dimensional model. In §5, we compute the asymptotics of the first and second eigenvalues of the
one-dimensional model used in [SWW16]. The analysis of the one-dimensional model in §5 is
interesting on its own and can be read independently.

Acknowledgement. We would like to thank Chenxu He for very careful reading of the first
version and very helpful comments and conversations.
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2. PRELIMINARIES

We use the following notation

#Sin(\/fs), K >0 cos(VKs), K >0
(2.1)  sng(s) =< s, K=0 and ocskg(s)=<1, K=0
\/ifK sinh(v/—Ks) K <0, cosh(v/—Ks), K <0,

VK tan(vVKs), K >0
(2.2) tng(s) = ¢ 0, K=0
—v/—Ktanh(v/—Ks) K <0.

Definition 2.1. Given a semi-convex function u on a domain €2, a function ¢ : [0, +00) — R is
called a modified modulus of concavity for u if for every z # y in €2,

(Vu(y), 7' (5)) — (Vu(a),7'(=9)) < 2¢(5) + (n — 1) tng(3),
where 7 is the unit-speed length minimizing geodesic with 7(—%) =z and 7(%) =y, d=d(z,y).

The main tool we will use is the following preservation of the modified modulus of concavity
under the one-dimensional flow.

Theorem 2.2 (Theorem 3.6 [SWW16]). Let Q € M}% be a uniformly convex domain with diameter
D, where K > 0. Let ¢; be a positive first eigenfunction of the Laplacian on 2 with Dirichlet
boundary condition associated to the eigenvalue \;, and u : 2 x R, — R be given by u(x,t) =

e Mp(z). Suppose vy : [0, D/2] — R satisfies
(Vlogu(y,0),7'(5)) — (Viogu(z,0),7'(=5)) < 2ol,_a + (n — 1) tng(5).
Let ¢ € C°([0, D/2]) x Ry) N C*([0, D/2] x (0,00)) be a solution of
%_T > ¢Il(87t) + 2¢¢I(37t) - 2tnK(S)(¢/(S7t) + ¢2(8’ t) + >‘1) on [07 D/2] x Ry

Y(+,0) = to(-)
E3 Y. =0

b(s,t) <0,
Then

(Vlgu(y,t),7'(5)) — (Viogu(w,t),7'(=5)) < 2¢(s,t)|,_a + (n — 1) tng(5)
foralltZOandDS\/“—FifK>O.

Remark 2.3. Note that the stationary solutions of ¢ satisfy

0= (¥'(s) +¥*(s) + A1) — 2tng (s)(¥' + ¥*(s) + A).

Solving the ODE 3/ — 2 tng(s)y = 0, we have y = y(0) csi*(s). Hence an initial condition y(0) = 0

would imply the trivial solution in y, which is equivalent to ¢’ + 1? + \; = 0. The condition
y(0) = 0 can be obtained by adding the condition ¢’(0) = —\;.

Additionally, we will use the following two lemmas which control the Hessian log of positive func-
tions vanishing at the boundary. Note that the function is not necessarily the first eigenfunction.
We first look at the Hessian log itself near the boundary and in the interior.
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Lemma 2.4 (Lemma 3.4 [SWW16], Lemma 4.2 [AC11]). Let © be a uniformly convex bounded
domain in a Riemannian manifold M™, and u : Q x R, — R a C? function such that u is positive
on Q, u(-,t) =0 and Vu # 0 on Q. Given T' < oo, there exists 71 > 0 such that VZlogu/ s < 0
whenever d(z,0Q) < ry and t € [0,7], and N € R such that V?logu|4(v,v) < Nljv||* for all
rzeQandtel0,T]

The next lemma controls the modulus of log concavity near the boundary. Let O=QxQ-—

{(z,z) | x € Q}.

Lemma 2.5 (Lemma 3.5 [SWW16], Lemma 4.3 [AC11]). Let  and u be as in Lemma 2.4 and
let ¢ be continuous on [0, D/2] x Ry and Lipschitz in the first argument, with ¢ (0,¢) = 0 for each
t with D = diam Q. Then for any 7" < oo and 8 > 0, there exists an open set Ugp C M x M

containing 92 such that

d(x,y
(logu(y,).7/(3) ~ (Viogu(e.).7(-9) - 20 (D52.0) <,
for all t € [0,7] and (z,y) € Uz NS
In order to use Theorem 2.2, we need to show that our model satisfies the differential inequality.

Lemma 2.6. Let \; be the first eigenvalue of the Laplacian on a convex domain €2 C S™ with
diam ) = D. Then

2

T
(2.4) 5 <A

Remark 2.7. This can be shown by comparing the Neumann eigenvalues, indexed by 0 = pg <
11 < ..., and Dirichlet eigenvalues on the sphere, namely for domains €2 C S™ whose boundary

has nonnegative mean curvature
() < AR(Q), Vk =1

This result can be found in [AL97] or [HWO1]. Since g—z < p1(2), where D = diam(€2), one has
(2.4). We present an alternative short argument.

Proof. By domain monotonicity for Dirichlet eigenvalues, it suffices to show the lower bound for
balls since they are maximally convex sets. By separation of variables, the first eigenfunction is
given by

—y" — (n—1)cot(z)y’ = A1y, on (0,2).

with y'(0) = 0, y(£) = 0 and normalized so that y(0) = 1. From the Rayleigh quotient on
Euclidean space, we have

D

D D
LW

) D
D2 foz y2 foz y2
(n—1) fog cot(z)yy + N\ fog y?
= D
foz y2
S )\17

since cot(x) > 0, y > 0 and 3 < 0. (c.f. [ABO1]). O
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3. PROOF OF THEOREM 1.2

To prove the log-concavity estimate, we first need to construct a suitable initial function vy and
then improve it by flowing so that it limits to the model solution. The construction is motivated
and parallel to the one in [ACI1, HW17].

Note that for ¢g = cos(7y), Yo = (log ¢p) is a stationary solution of (2.3) that comes with the
trivial solution for the ODE in Remark 2.3 which will satisfy the differential inequality. Thus we
are interested in solutions of the ODE

2

T c
3.1 () +V°(s) + =5 = ——5—
(31) V) 6+ B =
where ¢ is some constant (Note the difference in sign convention in [HW17]). We choose the value
g—i here so that the solution will converge to the Euclidean model. Note also that one of the
boundary conditions for 1y is singular. Therefore, we approximate it by a monotone sequence

whose boundary values are regular. To this end, fix an integer £ > 0 and consider the solutions
YL and ¥ [ with

| vH0) =0,
and
R \/ R \2 ﬁ c -
(33) {( RCJC)D+< c,k) + D2 + 2 (s) 0, on (O,D/Q)
c,k(?) = —k.

In the following, we will first note that the solutions can be constructed by turning the Riccati
equation into a second order linear equation and then solving it via the Priifer transformation.
Then we point out that, for specific ¢ = ¢, and k sufficiently large, the solutions comes from a
Robin eigenvalue problem (with additional normalization).

Indeed, consider the second order linear equation

7T2 C

(3.4) ¢"(s) + 2 (S)I—md% on [0, D/2]

The solutions to (3.4) and the solutions to (3.1) are related by ¥ = (log ¢)’. Therefore we need
positive solutions for (3.4).

The Priifer transformation construction of the solution to (3.4) is to consider a “polar coordi-
nate” of the solutions

¢'(2) = r(z) sin(q(2))
¢(z) = r(z) cos(q(2)),

for some function r(z) and ¢(z). The functions ¢(z) = arctan <¢/(Z)> and 72(z) = (¢/(2))? + ¢*(2)
satisfies a system of first order ODEs

dg _ _ c Fid 20\ ain2
(3.5) {dz <CS§((2) + D2> COoSs (q) sin (q)
(0, 0, ¢) = qo,

and

(3.6) (&= (1- 555 — %) r(2) cos(a(2)) sin(a(2))
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The system is partially decoupled and we solve (3.5) first and then (3.6). Then

P=(2) = exp (/0 tan g(s, 0, c)ds)

is the positive solution which corresponds to the solution to (3.2). Similarly

D
2 D
Bo(2) = exp (/ ’ tanq(; — s, k,c)ds)

gives rise to the solution of (3.3).

We now observe that, for sufficiently large k£ and specific ¢ = ¢, both solutions coincide and
come from an eigenvalue problem. First of all, by ODE comparison, we see that ¢(z,qo,c) is
strictly decreasing in ¢ for all z. Furthermore, when ¢y = 0 and ¢ = 0, this corresponds to the
model situation ¢g = cos (%z) In terms of ¢, we have q(%, 0,0) = —73.

Therefore, for sufficiently large k, there exists a unique ¢, < 0 such that

T
q(%, 0,c,) = D) + arctan(%).

Then .
1 2
</50,1/k(2) =% exp <—/ tan q(s,O,ck)ds>

with

1 _ T
¢6,1/k(%) = T tan (arctan(k 1) — 5)

1
=7 cot(arctan(k™')) = —1.

is the solution to the Robin eigenvalue problem (with additional normalization)

((Goa/0)"(s) + Fzdo/n(s) = —=mPoa(s)  on[0,D/2]
don(5) =1/k

(3.7) Po1/n(3) = —1

¢6,1/k(0> =0

[ o1k >0 on [0, D/2].

With this unique choice of ¢, we have wch = 1/1,5% = (log ¢o.1 k)"

Remark 3.1. When k& — oo and ¢ — 0, the solution is given explicitly by ¢o = ¢¢ = cos(7).

Remark 3.2. The constant ¢ in the Robin eigenvalue problem (3.7) depends on the value k and
is unique; in fact it is the smallest eigenvalue. Therefore the equality @Z)CLk = 7,02% = (log ¢o1/x)’
holds for the specific choice of ¢, when £ is fixed. In the following section, we show how the
different choices for ¢ in (3.2) and (3.3) affect the solutions.

3.1. Construction of supersolution. Unlike the case of Andrews-Clutterbuck [AC11], we do
not have freedom in choosing different values for the eigenvalue 17;—22 in (3.1) to use in our comparison.
However, we have freedom in the choice of ¢. Using different value for ¢, we will obtain upper
and lower bounds of our supersolution. By the ODE comparison, ¢’ is strictly decreasing in c
on 0 <z < % and 1/),130 is strictly increasing in c¢. Now for k, there is some fixed ¢, that solves
(3.1) via (3.7). So for ¢ < ¢& we have ¥F > (logdg1/4) on 0 < z < £ and for ¢ > ¢; we have
wﬁc > (log ¢o1/k) on 0 < 2 < %.
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To obtain upper bounds, for )\i > —c— g—z, by ODE comparison, we have

$E(2) < Ap tanh(As2),

and for A2 > —<~ + %, we have
CSK(E

A_tan(A_ (L — 2)) —
T 14 & tan(A (2 - 2)

k D 5+ arctan(s-)
)7 E - )\_ .

With the upper and lower bound, we can show existence of the supersolution

+ L R
¢k7s T mln{wckfm wk,ckJrs}

for any s > 0. This is a supersolution since both are bounded below by the solution (log ¢¢ 1/x)’
for all s > 0.

3.2. Lower bound of supersolution. Next we show lower bounds of w;;s for large s so that the
supersolution is a modulus of concavity initially. For

s> {ck+g—22,—ck - 5—22},

let
N 2
>\+ - §— Cg D2
5\, = \/s+ck+g—22.
Since ¥/ _, solves
2 Cr — S 392
VYt =~ - > A
DTz =

so that by ODE comparison, we have
L (2)> X tanh(A, 2), 0<z< 2.

CL—S
R

o +s Solves

Similarly,

Ccp + S >
V= -

so that

i-l—s(z) > 2

Atan(A_(2 —2)) —k
1+ %tan(:\_(% —2))

where z > 2 — 5\:1(% + arctan(;\i_)).

3.3. Supersolution is an initial modulus. Next we show that for each k, there is a sufficiently
large s such that ¢1:s is a modified modulus of concavity for log uy.
Using Lemma 2.4, there exists N € R such that for all z,y € €,

(Viogu(y,t),7'(2)) — (Viegu(z,t),y(—4)) < VZlogu(y',~)d(z,y)
< Nd(z,y)

< 2\ tanh (M) ,

where we choose A such that ND < 2Xtanh(AD/2).
Next using Lemma 2.5 with ¢(z) = % and 8 = k, there exists an open set U C M x M

containing 9Q (Q == Q x Q — {(z,z) | z € Q}). In particular, we can cut out a neighborhood
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of the diagonal so that there exists a ¢ > 0 such that U contains all points z,y € {2 such that
d(z,y) > D — 4. Decreasing so that § < £ if necessary, we have for d(z,y) > D — § that

(Vioguly, 1), 7 (£) — (Vlogu(z, ), 7 (~2)) < __6’fdg,y>

_ (A (2=4=2) ) —

B k D—d(zy)\)’
5 from (0 (2422)
%+arctan(§)

for A > 0 such that Didf’y) < S . This can be done by choosing A sufficiently large so
that Z + arctan(%) < 0. Hence for each k, there exists a smallest s(k) > 0 such that

(Vlogui(y).7/'(=9)) — (Vogui(2),7'(9) < Ul (‘d(w‘)) -

+k

2
Then let
r0(z) = min{ ;{S(j)(z) |1<j <k}
for 0 < z < 2. Since (n — 1) tng(s) > 0 for [0, D/2), we can add this term to obtain the initial
modified modulus of concavity.

3.4. Flow into model eigenfunction. Now we show that given our initial solution we construct-
ed, the following parabolic equation will flow into ¢ = (log ¢1)’. Then by Theorem 2.2, such a
solution will satisfy our required log-concavity condition. Consider

Bk = O+ 20t — 2tng() (W +0f + F2)  on [0, 5] x Ry

Vi(z,0) = Yro(2)

Ve(2,1) = —k.
By Lemma 2.6, the solution ¢, satisfies the differential inequality (2.3). Let u := 1y, — (log ¢o.1/x)’
and f := (log ¢o,1/1)’ Computing, we have

2uu’ = 2(Yy — ) — f) = 2wty — 20 f — 214 + 21 f
and

u? = i = 2 f + f?
and
"+ 2f f = 2tng(s)(f + f* + F2) = 0.

By direct computation, we have

= O+ 200, — 2t () (W) + U+ )
="+ 2uu — 2tng(s)u® + 2u(f' — 2tng(s)f) + 2(f — tng(s))u'.
Hence an equivalent equation in u is given by

g—? = u" 4 2uu’ — 2tng(s)u* + (2(log ¢o1/x)” — 4tng(s)(log do1/k) )u + (2(log o1 /k) — 2 tng(s))u’
u(z,0) = Pro(z) — (log go1/k) (2)
u(0,t) = u(2,t) = 0.

ou

ot

The corresponding parabolic operator (as in [HW17]) is given by

Pu=—u; +u" + a(z,u,u)
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where the lower order term a(z,u,u’) is given by

2u’ + apu’ + agu — 2tng (s)u?,

with

ar = (2(log ¢o,1/x)" — 2tng(s))
az = (2(log ¢o,1 k)" — 4 tng(s)(log ¢o1/k))-

Then we have the following maximum principle

Lemma 3.3 (Lemma 4.1 [HW17]). Suppose that u,v € C**(Ry) N C(Ry) such that Pu > Pv in
Ry and v < v on P(Rr). Assume that either u, or v, has an upper bound on Ry, then u < v on
Ry.

Here Ry = (0,D/2) x (0,T], P(Rr) is the parabolic boundary, and C%! means C? in the
spacial variable and C! in the t variable. From here the same argument (in §4, §5 of [HW17])
follows. Namely one applies the maximum principle to show that ¥y (z,t) is sandwiched between
(log ¢o,1/x)'(2) and 4 o(2). To obtain the comparison for ¢y, we require that the functions it
and wﬁc are stationary solutions. Then applying the strong maximum principle, we get for each
k > 0 the convergence of the solution vy (2,t) — (log ¢o1/x)" as t — oco. Letting k — oo gives the
result.

4. GAP ESTIMATE

Parallel to [SWW16, Theorem 4.1], we have the following gap estimate.

Theorem 4.1. Let 2 be a bounded convex domain with diameter D in a Riemannian manifold
M™ with Ricy, > (n— 1)K, ¢1 a positive first eigenfunction of the Laplacian on  with Dirichlet
boundary condition. Assume ¢, satisfies the log-concavity estimates

(A1) (Vlegei(y),7(5)) — (Vleg ¢u(z),7'(—5)) < =25 tan (55) + (n — 1) tng (),

where v is the unit-speed length minimizing geodesic with 7(—%) =z, 7(%) =y, and d = d(z,y).
Then we have the gap estimate

7T2
(4.2) =M 2 B

The proof is similar to the proof of [SWW16, Theorem 4.1], but we compare to the Euclidean
model instead of the curvature K-sphere model.

Proof. Let w(x) = Zj—gg and w(s) = %—g where u; are the first and second eigenfunctions of the

Laplacian on  with Dirichlet boundary and ¢; are the first and second eigenfunctions of the
Euclidean model

¢"+Xp=0  on[-D/2,D/2]
o(£D/2) = 0.

In fact, ¢1(s) = cos(ks), ¢o(s) = sin(HZs), Ay = 3, A = i w(s) = 2sin(%s), and
(log qgl)/ (s) = =% tan (%)
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By direct computation,

Vw = m — wV log uy,
Uy
Aw = —(Ay — A\)w — 2(Vlog uy, Vw),
(43) i i
W = @ - ¢2_?1 = 2% cos(Fs),
¢ ¢
@' = — (X — M) — 2(log 1) = 2 sin(Es).

We can extend w to a smooth function on Q with Neumann condition 4% = 0 on 99 [SWYY85],
same for w. Let
w(z) —wly)
Qay) = —
0 < 33:3/))

2
on Q x Q\ A, where A = {(z,7)|z € Q} is the diagonal. Since
(Vuw(x), X)

w(0)
where X = +/(0) and + is the unique unit speed length minimizing geodesic connecting = to y, we
can extend the function @ to the unit sphere bundle UQ = {(x, X) | z € Q, || X]|| = 1} as

ot ) A7)

lim Q(z,y) = 2
y—x

The maximum of () then is achieved.
Case 1: the maximum of @ is achieved at (zg,yo) with z¢ # yo. Denote dy = d(zo,yo) > 0,
m = Q(zo,yo) > 0 the maximum value. At (x¢,%0), we have VQ = 0, V2Q < 0. The Neumann

condition ‘g—f = (0 and strict convexity of €2 forces that both zy and yy must be in €.
Let v be the unit-speed length minimizing geodesic such that fy(—%o) = x¢ and ’y(dz—o) = .
Let e, := 7/ and extend to an orthonormal basis {e;} by parallel translation along . Denote

E,=e@e fori=1,....,n; B, =e€,®(—ey,).
For E € T,M & T, M,

Vew(r) - Vewly) _ (wz) — w(y))

(4.4) VieQ = - - = (Vpw),
and
V2 w(x) — V2w 2

(4.5) V%EQ _ VEE €9 - E.E (y) _ E(VEQ)(VE'LU) _ %V%Ew
Hence at (xq, yo),

0— va<x0> j VEw(yo) _ @(va)’

w W
v2 _ V2
0> E,Ew(fb’o) - E,Ew(yo) _ gv%ﬂw

We apply these to various directions. From Vg, Q) = V¢,50@ = 0 so that
Ve,w(yo) = Ve,w(xg) =0

fori=1,...,n—1 and

m /
Ve, w(yo) = Ve, w(xg) = —EU_J (%1)
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so that the full gradient is given by
V(o) = Vw(x,) = —%u‘/(do)en.

2

Summing over the second order inequalities, we get

OZAUJ(iUo) Aw(yo) B ZVEEU’_O

W 2

Since w’ > 0, by the “T'wo Point Laplacian Comparlson (see e.g. [SWWI16, (4.5)]) we have
! Vi, E, w(%) < —(n—1)tng (L) @' (L). Plugging this in, and using (4.3), we get

2 <V log Uy (y(J)? Vw(y0>> — <v log Uy (xO)a Vw(xo» m — m oy

—(>\2—>\1)m—|— O —I—(n—l)gtan’—Ew
= —(>\2 — )\1)m + (5\2 — 5\1)7’17,
_y .
+ 2m(log (Elwa . mU_JI<V logul(y0)7€n> — <v 1Ogu1(l’0), en> + (n . 1)@’611[( U_)I
w w w

—<)\2 — )\1)m + (5\2 - 5\1)m

which is (4.2).

Case 2: the maximum of @) is attained at some (zg, Xo) € UQ. By Cauchy-Schwarz inequality,
the corresponding maximal direction is X, = % so that the maximum value is m = 2| Vuw|.
Furthermore, ||[Vw(zo)|| > |[[Vw(z)|| for any = € Q. Suppose zy € 99, then by (strict) convexity,

Vol Vu?ley = — II(Vw, V)], < 0

hence the maximum must occur in the interior. Now let e,, : and complete to an orthonormal

_Yuw_

= Vel

frame {e;} at zp. We further parallel translate to a neighborhood of zy. In such a frame we have
Vow = (Vw,e,) = || Vuwl|

and
Viw = (Vw,e;) =0, i=1,...,n—1
At the maximal point xg, we have the first derivative vanishing
0 = V||Vuw|? = 2(VVuw, Vu) = 2||Vw||V,Vw,
and the second derivative non-positive
0> Vi ViVl
=2 ((ViViVuw, Vw) + ||V, Vwl?)
> 2(Vi Vi Vw, V)
= 2[|Vw||{(ViViVuw, E,).
In short
(4.6) 0> (ViViVuw,e,), k=1...n—1
Now let
2(s) = exp (sex)
y(s) == exp,,(—sey)
9(s) == Q(x(s),y(s))-

By construction, since the variations are approaching x, in the e, direction, we have
m = Q(xo, en(w0)) = 9(0) 2 g(s), forall s € (—¢,¢).
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and so limg_,o ¢'(s) = 0 and lim,_,0 ¢"(s) < 0. By (4.4), (4.5)
(Vw, 2'(s)) = (Vw,y'(s)) _ g(s)

. w(s) - w(s)w’,
g”(s) _ <V3VU)($(S))7 x’(8)> + <Vw($(3>)7 x//<_5)> — <stw(y>,y/(5)> . (Vw, y,,(5>>
- D= TV (o)~ () <% N <%) ) |
Using w" = _g_zw and

() = a'(s)

== VI/(S)x’(s) = 0,
and similarly for y”(s), when s — 0 we have

(V. V,Vuw,e,) w2

0> 2 s
= @(0) "

Combining this with (4.6), we have

By Bochner formula,
(V(Aw), e,) + Ric(Vw, e,) N 2

0>2 —.
= @(0) D2

Inserting in (4.3), we have

(V(=(Aa — AM)w — 2(Vloguy, Vw)), e,) + Ric(Vw, e,) w2

=2 @'(0) e
= (—2(\2 — 1) =4V, Vlogus,e,) + 2Ric(ey, e,)) |l7/(%’)” + mg—z
From the log-concavity
r(dyy (_d tan <M) ()
(Vlogui(y),'(3)) — (Vlegui(2),7'(=3)) _ 7 0 ) o 1)tnK( )
d(z,y) - D d(zy) d(z,y)

and letting d(z,y) — 0 we have —V2logu, > &3 — % Using the fact that @’'(0) = & and

0 D2 =D
2

T
(A2 — A1) > 3ﬁ

5. EIGENVALUE ASYMPTOTICS OF THE SPHERE MODEL

First we recall the derivation of the one-dimensional model used in [SWW16]. Let M% be the
n-dimensional simply connected manifold with constant sectional curvature K. Given a totally
geodesic hypersurface ¥ C M}, let s be the (signed) distance to 3. The metric of M} (near X)
can be written as g = ds® + cs%(s)gs. This is different from the usual polar coordinate model, and
s can be negative here.
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The Laplace operator is

A=y n-nesllo 1Ay

csi(s) Os cs2(s)
The “one-dimensional” model of the eigenvalue equation A¢p = —A¢ (when ¢ only depends on s)
is
(5.1) ¢" — (n—1)tng(s)¢' + Xp = 0.
With the change of variable ¢(s) = cs;(n% (s)¢(s), we obtain the Schrodinger normal form of (5.1),
(5:2) o'(s) — (5%?@) —(n— U) p=—Ap.

Hence the Dirichlet eigenvalues of (5.1) are exactly the same as the Dirichlet eigenvalues of (5.2).

Denote A (n, D, K), Xo(n, D, K) their first and second Dirichlet eigenvalues on [—2, 5 D] Whenn =

1,3 or K = 0, one can find the eigenvalues and eigenfunctions explicitly and the gap \y(n, D, K)—

M(n,D,K) = Bg—i. In general one can not find the eigenvalues explicitly. When K > 0, as

(csi2(8))" >0, Ay(n, D, K) — A\i(n, D, K) > 317.3—22 when n > 3, but < 3]75—22 when n = 2 [AB89].
First we note some easy bounds on these model eigenvalues.

Proposition 5.1. For K > 0, we have

-1 (n—-17°K (n—l 3K [P
A1 < Dz~ 1 + / sec’(VKz) cos*(5x),
while if K > 0 and n > 3, one has
- _m™ (n—-1)K
>
M2 D 2

Similarly for Ao, we have

472 (n—1’K (n—1)(n—-3)K [P? . 90r
Ay < 7 1 + D /o sec?(VKz) sin (%),

whereas if n > 3,

5 47‘(‘2 (n—1)K
* = e 2
For n = 2, the upper bounds can be made more explicit, see (5.4), (5.5).

Proof. For K > 0, as

D/2 D/2
o L (U 18 e L O
1= . D/2 D/2 - d
f€Co([-D/2,D/2]) f f2 4 f D/2 4

and sec?(v/Kx) > 1, we have, for n > 3,

(5.3) N>

For an upper bound, let f = cos(fz), we have

< 2 (n—1)? n—1)(n— b/z
A1 _ oK + ( 1)<D 3)K/0 sec’(VKz) cos*(Ex).

s
D 4
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When n = 2, we can get the following explicit upper bound by using sec®(t) > 1 + t* + %,

(5.4)
S < 72 K (x*—6)D’K* (120 — 20n* + 7")D'K®  17(n® — 427 + 84072 — 5040) DO K4
= D2 2 4872 48074 8064076 '
Similarly for Ao, we have
- 47 (n—-1K
X, > - .
2= p2 9

For an upper bound we can use f = sin(%r:c) as a test function since the first eigenfunction of the
model is even, and we get

- 72 (n—1)? n—1)(n— b/z
A < . (DK + ( 1)(D 3)K/0 sec’(VK ) sin®(2 ).

D2 4
When n = 2,
(5.5)
% < 4 K (% — 3)D*K? B (2 —5m? + ) D'K?  17(47° — 427" 42107 — 315)D6K4.
- D2 2 4872 48074 322560

O

Obtaining explicit lower bounds for A; and A, up to second order of K is surprisingly hard.
Here we compute the asymptotic expansion of the eigenvalues Ai(n, D, K), A(n, D, K) in terms
of powers of the curvature K, proving Proposition 1.3 which we state here again for convenience.

Proposition 5.2. For K € R, let x = KD? Then

2y 2_(”_1) (n—1)(n—-3) 2 >, (n=1)(n—3) 4 2 3 4
DM\ = 5kt e (7% —6)r" + 18070 (% — 207 + 120)K° 4+ O(K").
and

< -1 (n—=1)(n—-3) 3 (n—1)(n—3) 15
D2 :42_(” 2 9\ 2 ) 3 4

Ao = 4 5 K+ 18,2 g + 1801 7 — bt + 5 | +0(k")
Hence

< < 3(n—1)(n—3) (n—1)(n—3) 225
2(\y — = 372 2 2 _ 242 3 4
D*(X\y — A\y) =37 + 39 K+ 180700 157 5 )" + O(k%).

Proof. We shift the eigenvalue by @K and perturb about K = 0. First set D = 7. Then the
K = 0 solution is given by cos(x). Set
y = cos(x) + Kyi1 + K*y10 + Ky 3,

5\1 - 1 + K>\17K + KQ)‘I,KZ + [(3>\17[(37
where )\, is the shifted first eigenvalue. Expanding sec?(vVKz) = 1 + K2? + 2K%2* + -+ and
plugging in our expansion solutions, the first order equation in K is given by

n—1)(n—3
Yl 4y = (( Lf( ) _ )\I,K) cos().

Using the fact that the first eigenfunction is even about x = 0, the particular solution is of the
form Az sin(x). Plugging this in and using the Dirichlet boundary condition leads to
(n—1)(n—3)

4

MK =




FUNDAMENTAL GAP ESTIMATE FOR CONVEX DOMAINS ON SPHERE — THE CASE n =2 15

Using the expansion again and plugging in for A; x, the K? order equation is

-1 -3
in + Y12 — ((n L(n )a:2 — /\LKQ) cos(x) = 0.

Using the fact that the solution is even, the particular solution is of the form y, = Az?cos(z) +
(Baz® + Cz)sin(z). Plugging this in and using the Dirichlet condition again gives us

Mgr = (n — 1;5171 —3) (%2 B 3) |

The K3 equation is

n—1)n-3
Yist+ys = ( i )x4 cos(x)

6 — A1 3 €os(T).

Similar computations give

(n—1(n-3)

A is = (7% — 207 4 120) 180

(n—1)2K
4

Combining these and shifting by , we get

me1- D D=3 g, (r* — 207> + 120) (=D =3) s | oerc,

2 48 480
By rescaling, we obtain
w2 (n—-1) (n—1)(n—3) D? (n—1)(n —3) D*
A K 2 6)—K* — K3(r*—207*+12 K*).
1= TS + 13 (m°—6) K+ 280 i (7" =207"+120)+O(K")

To compute the asymptotics of the second eigenvalue, we repeat the steps above and instead we
use the second eigenfunction solution for the K = 0 case so that

y =sin(2z) + Kys1 + Kyso + K ys 33,
Xy =4+ Ko+ KAy i + K3\ s,
where again, Ao is the shifted eigenvalue. 0
5.1. Higher Order terms.

5.1.1. Fourth order term. Beginning with the fourth order term, the sign of the coefficient changes
for some n > 3 instead of at n = 3. We compute for D = m. Expanding out the equation and
collecting the K* terms, we have

(n—1)(n—
4

3 17(n —1)(n —3
)x2 _ )\1,K2) Yo+ (n )(n )xﬁ cos

y/1,,4 + Y14 + A ga cos(z) = ( 180 ().

Multiplying by cos(z), integrating from —% to § and using the second order equation, we get

()
. 1 —3 7r/2 /2 /2
ALga = 7(n ) / 2% cos?(x)dx —/ () 5)*dx +/ Y2 odw |
—7/2 —7/2 7 —7/2 7

From the computation of the second order term, we have the second order of the first eigenfunction
(=D =3)( 5 3 o L
Y12 = 51 x”sin(z) + 5% cos(x) 1 zsin(x) | .
Using this, we get
(n—1)%(n —3)% (7 — 757% + 630 N (n—1)(n—3) (17(x® — 427 + 8407* — 5040)
242 20 24 3360 '

)\17[{4 -
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Note that
7 — 75712 + 630
~ —0.64
20
17(n® — 427" + 8407* — 5040) _
3360 T

Similar computations yield

Nosis — (n —1)*(n — 3)? (87r4 — 15072 + 315) . (n—1)(n—3) (17(47T

242 640
Note that
87t — 15072 + 315
~ —0.603

640

6 4 2

17(47 427 + 2107 315) ~ 1.919

13440

and the gap is

6 _ 427% 4 21072 — 315))

13440

4 _ 5072 + 315)

)\27[(4 - )\l,K4 =

242 640
Note that
4 2
51(2m 507* 4 315) ~ 1.301
640
and
2 4
- — 661
3(750m &1 6615) ~ 0.037.

640

(n —1)%(n — 3)* (3(7507r2 — 87t — 6615)) N (n—1)(n

—3) (51(27r

640

5.1.2. Fifth order term. To compute the fifth order term, we need the third order eigenfunctions.

4

(n—1)(n—3)

92 2
Y13 = ((x4 — 32%) cos(z) + (5$5 — 223 — (Z—O — %) a:) sin(

24

and

yoy = — 1 11)2%1 —3) ((:v” . Z.x?’ + (51—7;2 - 7;—;) x) cos(2z) — (%4 . 1—2952) sin(2:c)> .

)

Then

/://22 Y12Y1,3 = (n— 1)224(;1 —3)? 1_;) (_155707T 1999073 — 675 & %7;7 N ;LTWL:)
~ 1)224(;1 — 301766

and

/_://22(3//12)(913) = (n — 1)224(271 —3)? 1;(} (17107r 2000 17 81367;7 . %>
~ o 1)224(3 =30 993
d
an 62 ("% s o) = 2 (362880 — 60480n® 4 3024m* — 7m0 4 w) )y

315 ) . T 315 4608

)
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Combining these together, we have

2 , , (n—1)(n—3) 62/ g o
—Z (2 —9 o2
A5 - ( /y1,23/1,3 /(?l1,2)(y173) + 1 315 | F o8 (z)
_ (n —1)%(n — 3)% (—=30240 + 44107% — 1477* + 7°) N (n—1)(n—3) 62 /xg cos?(z)

242 70 o 315
—1)2(n — 3)2 —1)(n—3
~ (7 )24<2” S (“1039) 4+ 2)(” ) (0.10734).
T
For the second eigenvalue,
/”/2 C (n—12%(n-3)2%1 [ T78nr N 555m 6770 N 1377 N A®
L PR T TN RR0 128 16 16 ' 672 ' 315
(n—1)*(n—3)
~ .24
482 0249
and
o (n—1)%n—-32% 1 (85r 75 177° 8377 16x°
(V22 (v2) = 482 o\ 32 1 T4 T s
—7/2
(n—1)*n—3)°
~ 5.1
IE 5.157
and
(n—1)(n—3) 62 /”/2 28 sin?(20) (n —1)(n — 3) 317(2835 — 189072 + 3787 — 3675 + 27%)
_— 1 pr—
4 315 ) 0 4 1451520
—1)(n—3
~ (7 )4(” )0.36024,

Combining these together,

2 (n—1)(n—-3) 62 [™*
Ao = — 12 -9 / / 8 2(9
25 = < /92,292,3 /(92,2)(92,3) + 1 315 /—ﬂ/2x sin”(2x)

_ (n—1)*(n—3)? ( 2241 171x®>  27x* 2378 A8 ) (n—1)(n—3) 62 /”/2
- 1024

8 .2
_ 9
128 128 T 1792 1050 o sin”(22)

482 o 315 ) .o
(n —1)*(n — 3)? (n—1)(n—3)
~ —1.561 . 24
o (—1.561) + S (0.35024)
so that
_(n—=1)*(n—-3)? (n—1)(n—3)
Aoy — Ais ~ T (—0.522) + S (0.2429).

Remark 5.3. Here we see that the sign of the coefficient of the gap changes for some large n.

5.2. Formula for general order. In general,

SKy, - (n = 1{4(” “I g (Z anK"‘x2n> (Z K”yl,n) _ (Z K”/\n> (Z K”yl,n> ,

n=0
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where q; are the coefficients in the series expansion of sec?(z) and y; ; are the j-th order functions
of the first eigenfunction. Grouping the K™ term, the equation becomes

(n—1)(n—3) ;
?Ji’,m + Y1.m + A1 cos(z) = 1 Z a;z? Y15 — Z AiY1j-

i+j=m—1 i+j=m
7,7<m

Multiplying by cos(x) and integrating to isolate A, noting that multiplying by the zero-th order
eigenfunction and integrating will zero out the m-th order eigenfunctions. We have

w/2 (n . 1 w/2
Mo [ cost(a) = } v / Pygeosts) = Y0 A [ ngeos(o)

—7/2 itj=m—1 w/2

Collecting the j-th terms, we get

n—1)(n—3 i
== § / ( >CLm—j—19€2(m - /\1,m—j) Cos(2)y1,;-
—7/2

Finally, we end with some remark about the modulus of convexity model used here compared
to that used in the sphere model.

Remark 5.4. There is no direct comparison between the modulus of the two models.
Let

(n—1)
2

f(s) = I tan(fs) + tng(s).

D
and

(x) = (log ¢(x))’,

where ¢ satisfies

¢"(x) — (n — 1) tng(z)¢' (z) + \o(z) =

Then
Y (2) = = + (n = 1) tng (2)¥(z) = A,
and
2
==+ =) tmx(s)f — =5+ (n _21)K _n= 1)4(” = 3) n (s).
When n= 3 we have 1) = f. In general, from (5.3) and (5.4), \; > ”2 (nfl)K when n > 3, and
A < ﬁ - = When n = 2, however the sign of the remaining term is in the opposite direction.

Hence there is no direct comparison between f and . The asymptotic expansion is given by the
following computation

d(x) = csi ()T cos(Bx) (1 + A, K2 (%x?’ tan(Tx) + 2952 - %xtan( )) + O(K3))

where A, = “=00=3  {sing log(1 + z) = = — % + %3 + O(z%),

(n=1) 4 g D

24

log(¢) = log(cos(Hz)) — log csk (x

+ O(K*)

3 3 D
) <gx3tan( x)+ 5:152 — Tﬂxtan

(50))
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Hence the modulus for the sphere model is asymptotically
U(x) = (log p(x))’
(n—1)

) tan(5x) + 5 tng (z)
(n—1)(n—3)

7r2 ™ ™ ™ 7'('2 s s ™
ol K? <ﬁaj3 sec’(Ex) + 3Zz? tan(Ex) + 3z — T-wsec’(Sx) — L2 tan(5$)> + O(K?)

At 2 = 0, the function part of the K? term is 0 and decreasing. Hence for small values of ,
the term is negative and depending on the sign of A,, gives a better modulus estimate than the
Euclidean model. However the term goes to infinity as it approaches D /2. Compare this to the
expansion of the Euclidean model

(n—1)

5 tng(x).

f(x) = =5 tan(fa) +
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