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1. Introduction

Integral curvature is a very natural notion as it occurs in diverse situations, for
example, the Chern—Gauss—Bonnet formula, the isospectral problem, and numerous vari-
ational problems. Moreover, integral curvature bounds have recently been discovered in
various geometric situations, such as the L? bound of the curvature tensor for non-
collapsed manifolds with bounded Ricci curvature, and the (almost) L* bound of the
Ricci curvature for the Kéahler—Ricci flow as well as the (real) Ricci flow (under certain
conditions) [9,17,27,5,26,28,4]. In [23], the important Laplacian comparison and volume
comparison are generalized to integral Ricci lower bound. Combining this with D. Yang’s
estimate [30] on the local Sobolev constant, the Cheeger—Colding—Naber theory has now
been successfully extended to integral Ricci curvature bound in the noncollapsed case,
with important consequences [24,27]. In the collapsed case a local Sobolev constant es-
timate was missing. Here we provide the missing piece and extend many of the basic
estimates for integral curvature in [24,27] to the collapsed case.

For each z € M™ let p(z) denote the smallest eigenvalue for the Ricci tensor Ric :
T,M — T,M, and Ric(z) = ((n—1)H — p(x)), = max{0,(n—1)H — p(z)}, the
amount of Ricci curvature lying below (n — 1)H. Let

|Ric™ ||,.r = SEJ\% / (Ric™P dvol | . (1.1)
¢ B(z,R)

Then ||Ric” ||, measures the amount of Ricci curvature lying below a given bound, in
this case, (n — 1)H, in the L? sense. Clearly |Ric”|, r = 0 iff Ricpy > (n — 1)H. It
is often convenient to work with the following scale invariant curvature quantity (with
H=0):

k(z.p,R) = B? ][ 2 ReR=swr@pR. (12
e
Br(x)

The main result of the paper is

Theorem 1.1. For p > n/2, there exists ¢ = £(p,n) > 0 such that if M™ has k(p,1) <e,
then for any x € M, r < 1 with dBy(z) # 0, the normalized Dirichlet isoperimetric
constant has the estimate

IDX (B, (z)) < 102"y, (1.3)

n

where
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1D (B, (2) = vol(B, (1)) -sup {

vol(Q)1~ =
vol(99) }

Here the supremum runs over all subdomains Q C B,(x) with smooth boundary and

NN OB, (x) = 0.
See Section 2.2 for a discussion of isoperimetric constants.

Remark 1.2. The smallness of k(p,1) is necessary. Namely the result is not true if we
only assume that k(p, 1) is bounded; see Section 6 for detail. Also the result is not true
when p < & [3].

Remark 1.3. In the presence of the non-collapsing condition vol B,.(z) > er™, our scale
invariant curvature quantity k(z, p,r) < ¢~ 1/Pr?~ % ||Ric_ llp,B, (), Which is always small
when ||Ric_||, B, (z) is bounded and r is small. This has been very nicely applied in [27,
28]. Namely when applying to the study of tangent cones, with local volume growth, one
only needs to assume that ||Ric_||, g, () is bounded. Note also that when k(p, ) is small
for some r, it gives control on k(p,r) for all r, see Remark 2.2 for detail.

Remark 1.4. In terms of the usual isoperimetric constant, our estimate reads

vol ()1~ < 10274y
g { vol(082) } - vol(BT(m))TlL .
We emphasize that it is very important that the volume dependence here is vol(B,.()) .
It is of the right scale invariance, and corresponds to the optimal Sobolev constant. We
note that a local isoperimetric constant estimate is given independently in a recent paper
[25] but with weaker result and under much stronger assumptions.

From (2.9) and (2.10), the theorem above immediately gives

Corollary 1.5. Under the same assumption as in Theorem 1.1, we have the Cheeger’s
constant

Do (B, (x)) < 102"y

and the Sobolev inequality

n

7[ [T < 102ty ][ IV £, (1.4)
r(z

B (z) B )

for all f € C§°(B,(z)) where r < 1.
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See Definition 2.3 for the definition of Cheeger’s constant. By Cheeger’s inequality
[8], the first eigenvalue \; > ﬁ
emphasize that in the above Sobolev inequality we use the averaged integral (volume

. Thus we also obtain an eigenvalue lower bound. We
normalized).

Remark 1.6. Under the pointwise Ricci curvature lower bound, estimates of the type
above (namely local or Dirichlet) for Cheeger’s constant and isoperimetric constant are
proved in [6,2]. For integral Ricci curvature lower bound, D. Yang [30] obtained a local
Sobolev constant estimate under the additional assumption that the manifold is non-
collapsed, see Theorem 2.8. Paeng [21] proved a local Cheeger’s constant estimate for
integral Ricci curvature under some strong assumption.

Remark 1.7. When M is closed, the global (Neumann) normalized isoperimetric constant
(see Section 2.2 for definition) for integral Ricci curvature was already obtained in [13],
see Theorem 2.9. The proof for global one does not apply to local one here since it uses a
result from geometric measure theory which only works for closed manifolds or domains
with convex boundary.

The local Sobolev inequality enables us to obtain many applications. First we can
extend the maximal principle and gradient estimate in [24] to the collapsed case. Namely
we have the following maximal principle.

Theorem 1.8. Let M be an n-dimensional Riemannian manifold, and p > n/2. There is
ane =c¢(n,p) >0 and C = C(n,p,q) > 1 such that if k(p,1) < e and R <1 then any
function u: Q C B(x,R) — R with Au > f satisfies

supu < supu+ R*-C-||f_[7 g,
Q 20 ’

for any q > 5. Here the normalized LY norm ||f,||2752 is introduced at the beginning of
the next section.

Also we have the gradient estimate.

Theorem 1.9. Let M be an n-dimensional Riemannian manifold, and p > n/2. There is
an e (n,p) >0 and C (n,p) > 1 such that if k(p,1) < e and R <1 and u is a function
on Bi(x) satisfying

Au=f,
then

= [Vul* < C(n,p)R™? | (||ul

5.80) T 135 5a@)? | - (1.5)
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With the (relative) local Sobolev constant estimate (1.4), one gets heat kernel upper
bound, see e.g. [16, (2.17)]. With this and the volume doubling (2.5), Zhang—Zhu obtained
Li-Yau’s gradient estimate [31]. Hence one has parabolic Harnack inequality and local
Li—Yau heat kernel lower bound, see Theorem 5.5. Consequently we derive the following
mean value inequality, extending the one in [27] to the collapsed case.

Theorem 1.10. For any integer n and p > 5 there exist ¢ = e(n,p) > 0 and

C = C(n,p) > 1 such that the following holds. Given M a complete n-dimensional
Riemannian manifold satisfying k(p,1) < e, let u be a nonnegative function satisfying

0
—qy > —
tu Au ’,

where f is a nonnegative space—time function, then, for ¢ > %,

f u(-,0)dvol < Cule, 1) + Clnp, ) swp |/ Olip e (16)
2]

B te[0,r
%T(I)
forallz e M, r <1.

With the above tools at our disposal, we can then extend the L? Hessian estimate for
parabolic approximation of Colding—Naber to integral curvature, see Section 5 for detail.
In the noncollapsed case it is established in [27], see also [32].

We expect further applications of our results e.g. to the Cheeger—Colding—Naber the-
ory, which will be discussed in a future paper.

Acknowledgment The second author would like to thank Qi Zhang for his interest and
helpful conversations. We also would like to thank Christian Rose for pointing out lapses
in the argument of heat kernel lower bound in the earlier version.

2. Preliminary

In this section we fix notations and recall the previous work [23], [24] that will play a
fundamental role here. We also give a review on the isoperimetric and Sobolev constants
and their relations, and introduce the normalized version.

For functions f on M, the L? norm and normalized LP norm on a ball B(z,r) C M
is denoted

=

1
P

lnaen = | [ 1] Wlmen = £ 147

B(z,r) B(z,r)

(The notation of the volume form of g is often omitted in this paper.) || f||,, || f||;; denote
the norm, normalized norm of f on M.
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2.1. Volume comparison for integral curvature

For simplicity, we state the case when H = 0. Let M™ be a complete Riemannian
manifold of dimension n. Given z € M, let r(y) = d(y, z) be the distance function and
P(y) = (Ar — ”T’l) + The classical Laplacian comparison states that if Ricy; > 0, then
Ar < ”Tfl, i.e., if Ric. =0, then ¢ = 0. In [23] this is generalized to integral Ricci lower
bound.

Theorem 2.1 (Laplacian and Volume Comparison [25,2/]). Let M™ be a complete Rie-
mannian manifold of dimension n. If p > %, then

N

(- DEp-1)
lanzien < (g e Rl ) 1)
Equivalently
1
* (n — 1)(2p B 1) . * 2
R e . TR (2:2)

Consequently we have the following volume comparison estimate: for any ro > 11 > 0,

(M)% (200 ) Y < Gt (e ). 29

n n
T2 1

In other words,

(%) > (—) 1= Clup) o . 2.0

=

where C(n,p) is a constant depending on n,p. Hence there exists g = eo(p,n) > 0 such
that, if k(x,p,r9) < €9, then

vol(By(z)) _ 1(r " N
oy 2a(5) e 25)

Remark 2.2. As pointed out in [24, Section 2.3], if k(z,p,72) < ¢ for the £y above, then
(2.5) implies,

k(xvpvrl) S 21/17 (T_l

o_n
) p ’ k($7p’ TZ) < 21/1)]6({1,‘7]9, TZ), Vrl < ro. (26)
T2

Hence k(z,p,71) — 0 as 11 — 0 and k(z,p,m1) < €o(p,n) when ry < 2"%21”7'2. On the
other hand, when k(p,r1) < eo(p,n), then
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2
k(p,r2) < 2" (r_2> k(p,r1) for all ro > rq. (2.7)

1

Hence when k(p, r) is small for some r, it gives control on k(p,r) for all r.

Note also that if one has a lower bound for the Ricci curvature Ric > (n — 1) H then
the quantity k (p, R) will be small for sufficiently small R. Namely general lower bound
can be reduced to zero lower bound in the local analysis.

2.2. Dirichlet and Neumann isoperimetric and Sobolev constants

In this subsection we review the definitions of the isoperimetric and Sobolev constants
and their relations, and introduce the normalized form. For details, see [18,7], though
we use a different convention here.

Definition 2.3. For a complete noncompact Riemannian manifold M™ or a compact Rie-
mannian manifold M™ with OM # 0, for n < a < oo, the Dirichlet (also referred as
local) a-isoperimetric constant of M is defined by

vol(Q)~=
IDo(M) = sup ————
(M) Sgp vol(09)

where (2 is an open submanifold of M with compact closure and smooth boundary such
that 9Q N OM = 0.

When o = n, ID,,(M) is scale invariant. When a = oo, this is Cheeger’s constant
[8], which scales like vol'/™. The Dirichlet a-isoperimetric constant controls the local
volume growth: for given a geodesic ball B(z,r) C M, vol B(z,r) > (ﬁ(M))a for
n<a<oo.

Definition 2.4. The Dirichlet a-Sobolev constant of M is defined by

/1] =

a—1

= sup ;
r IV£lh

SD, (M)

where f ranges over C°(M).

Definition 2.5. When M is compact with or without boundary, the Neumann a-isoperi-
metric constant of M is defined by

min{vol(D1), vol(Dg)}'~ B
INL (M) = ’
(M) Slllp vol(T")

where I' varies over compact (n — 1)-dim submanifold of M which divide M into two
disjoint open submanifolds Dy, Dy of M.
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From the definition, if Q@ € M, 00N OM = (), and vol(2) < 5 vol(M), then

1
2

ID,(Q) <IN, (M). (2.8)

Definition 2.6. The Neumann a-Sobolev constant of M is defined by

inf,er ”f - CLH -

a—1

SN (M) = sup ;
f ||VfH1

where f ranges over C*°(M).

Theorem 2.7 ([12,8], see also [18,7]). For alln < a < o0,

D (M) = SD(M), INo(M) > SNa (M) > J TN, (M).

For convenience we consider the normalized Dirichelet and Neumann a-isoperimetric
and a-Sobolev constants:

ID? (M) = ID, (M) vol(M)'/® ~ SDX (M) =
INY (M) = IN, (M) vol(M)Y*, SN (M) =

Observe that

IDZ(M) = IDoo (M), ING (M) >IN (M), (2.9)
and
* T
SD,, (M) = sup ——=—, where f ranges over C:°(M),
f VA3

e (1) o o2 1 e
o = sup "
f va||1

, where f ranges over C*°(M).

By Theorem 2.7, we have

ID} (M) = SD (M). (2.10)
These normalized quantities are very useful in studying the collapsed case, see below.
They are used in [29] in proving a Neumann type maximal principle without volume
lower bound.
In [30, Theorem 7.4] D. Yang obtained a Dirichlet isoperimetric constant estimate in
the non-collapsing case when ||Ric_||; is small. Namely
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Theorem 2.8. Given p > n/2 and v > 0, there is an € (n,p,v) > 0 such that if By (z) C
M™ has vol By (x) 2 v and k (p,1) <€, then IDn(B1(2)) < C (n,p,v).

For closed Riemannian manifold M™, Gallot [13, Theorem 3] showed that the normal-
ized Neumann a-isoperimetric constant is bounded from above when diam(M )?|| Ric_ ||
is small (< e(n,p)) for p > n/2, and a > n. Petersen—Sprouse [22] obtained the bound
for & = n. Namely

Theorem 2.9. Given p > n/2 and D > 0, there is an €(n,p,D) > 0 such that if
diam M™ < D and ||Ric_||;, < ¢, then IN, (M) < C (n,p, D).

3. Local isoperimetric constant estimate for closed manifolds

For the local analysis, we need local (Dirichlet) Sobolev constant bound. From (2.8),
we automatically get a local estimate when the volume of the domain is small relative
to the whole manifold. We show that the measure can only have small concentration
whenever |[[Ric_|[} is small.
Proposition 3.1. Suppose diam(M) = D. There exists € = e(n,p) > 0 such that if

D?||Ric_ ||} <e, (3.1)

then for any a < ag where ag = ag(n) solves

5“0—(§>3‘ (3.2)
T+a \4 '
we have

vol(Bup(x)) < %VOI(M), vz e M. (3.3)

Proof. For any z € M we choose a dual point 2/ € M with dist(z,2’) = £. Then, for
any radius r < %,

Vol(Br(;v))< vol(B,(x)) <1 vol(B

VoI(M) = Wol(Byy, () = volBy,, @)

(3.4)

Therefore it suffices to show that for r = aD with a < ag, the last term above is greater
than or equal to % By (2.4) the last term can be estimated as follows

<ggi—;g:;§>_ = <§+:>%{1—C(”7P) (k@' p. 2 +)7 | (35)
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If k(z', p, D) = D?||Ric_ ||} < o, by (2.6),
K/ p, B 1) < 2YPK(a!, p, D) = 2/7 D% [Ric_|;

Hence if we assume that

D?||Ric_||} < & < &, (3.6)
then
vol(Bp _,.(z")) (2 —r\" REL
27 > (2 ) [1 — C(n,p)2'/%Pez| . (3.7)
Vol(B%_H(x’)) Ly

Plug in r = aD with a < ag, the choice of a¢ implies that

(%—aD)" )
——) =%
§+CLD

sl

Now set

AR
i{lC’(n,p)T/zpez] > 3
Clearly there exists €(n,p) such that this holds for all ¢ < e(n,p). O

Combining this with Theorem 2.9 and (2.8), we have

Theorem 3.2. Given p > n/2 and D > 0, there is an € (n,p, D) > 0,79 = ro(n) such that
if diam M™ < D and ||Ric_ ||} < €, then ID;,(B,(x)) < C(n,p, D) for all x € M and
r<rg.

Similarly we have a local version of Proposition 3.1 which will be needed in the next
section.

Theorem 3.3. There ezists € = e(n,p) > 0 and ro = ro(n) > 0 such that the following
holds. Let (M, g) be a complete noncompact Riemannian manifold satisfying k(p,1) < e,
then we have

vol(B,,(z)) 1

— 2 < Y M. 3.8

Vl(Bi(z) 2 °€ (38)
Proof. For any z € M,r < %, choose a point ' with d = dist(z,z’) = 157’ > % Then

we have

Br(x) C Bl(x)\Bd_r(x/) C Bd+r($/) C By (a:)
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As above we calculate

vol(B,(z)) vol(B,(z)) _ vol(By—r(z"))
vol(B1(z)) = vol(Bgyr(z')) =1 vol(Bgir ("))

To estimate the last term recall that

(M)gp > (d_T>£D {1—C(n,p)(k(x’,p,djtr))ﬂ. (3.9)

vol(Bgr(x')) d+r

Since d+7r < 1, by (2.6), if k(2/,p, 1) < €9, we have k(z,p,d+71) < 2'/Pk(2’, p, 1). Hence
when € < gg, we get

Now we choose ag such that

l—a  (3\"
1—|—a07 4 ’

then for any r < %am we have, since d > %,

d—r\" _ 3
> —.
d+r — 4

Choose € < gq such that

(1 - C(n,p)21/2p5%)2p >

[SCRN V)

. (3.10)

Then

vol(B,(x)) d—r\" 12p 2\ %P 32 1
TV L] — — Pe3 <l—=.—-=_.
vol(Bi(z)) =~ \axr (1-Ctp/et) <1523

The proof is complete by choosing rg = %ao and any 0 < ¢ < g¢ satisfying (3.10). O

4. Local isoperimetric constant estimate for complete manifolds

In this section we first obtain an estimate on the weak Cheeger’s constant with an
error using Laplacian comparison for integral curvature and an idea of Gromov |14,
Page 9-10]. This will then enable us to prove Theorem 1.1 by using a covering argument
of Anderson [2].

Recall the following lemma of Gromov which is stated for closed manifold in [14], but
also works for complete manifolds.
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Lemma 4.1 (/14]). Let M™ be a complete Riemannian manifold and H be any hypersur-
face dividing M into two parts My, Ms. For any Borel subsets W; C M;, there exists x
in one of W;, say W1, and a subset W in the other one, Wa, such that

vol(W) > %VOI(WQ) (4.1)

and any xo € W has a unique minimal geodesic connecting to x1 which intersects H at
some z such that

dist(x1, z) > dist(xa, 2). (4.2)
Using Laplacian comparison estimate we have

Lemma 4.2. Let H, W and z1 be as in above lemma. Then

vol(W) < 2" D| vol(H") + vol(Bp(z1))|| Ric_|| 3 (4.3)

*3
p,Bp(x1)

where D = sup, ¢y dist(z1,x) and H' is the set of intersection points with H of geodesics
Vzi,z for allz € W.

Proof. Let I' C S;, be the set of unit vectors such that v, = 7, 2, for some x5 € W.
We compute the volume in the polar coordinate at z;. Write dv = A(6,t)df A dt in the
polar coordinate (6,t) € S,, x RT. Recall that [23]

0 A

A
Etnfl S wtnfl

where 1) = max (0, Ar(6,t) — 21) denotes the error term of Laplacian comparison. We
thus have

A(0,r) < 27T A0, 1) + 27 / 06, 5)A(0, s)ds, VE <t <r. (4.4)
t

For any 6 € T, let 7(6) be the radius such that exp,, (rf) € H. Then, by assumption,
W C {exp,, (r0)|0 € T', r(0) < r < 2r(0)}.

Thus,

2r(0)

vol(W) < / / A(0,1)dtdo

r r)
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2r(0) t
< onl (A(e, r(0))+ [ (0, 5)A®, s)ds> dodt
[ [ e ]

D
<2"7'D [ A(0,r(0))d6 +2""'D $(0,1).A(0,t)dOdt
/ /1

On the other hand,

A(6,7(0)) .
“sosal®) o > /A(e, (0))do

r T

vol(H') =

where a(f) is the angle between H and radial geodesic exp,, (t6). Thus,

D 1 D —1
vol(W) < 2"~ Dvol(H’) +2"‘1D< / / zp?pAdet> ( / / Ad&dt) .
r o r 0

Through the Laplacian estimate (2.1) we get
%
vol(W) < 2" Dvol(H') + 2" *Dvol(Bp(x1))" % ( / |Ric|pdv> (4.5)

BD(:Dl)

the required estimate. 0O
Now we can obtain an estimate on the weak Cheeger’s constant with an error.

Corollary 4.3. Let H be any hypersurface dividing M into two parts. For any ball B =
B,.(x) we have

min ( vol(B N M), vol(B N Ma))

w1
< 2"y | vol(H N By, () + vol(Bgr(x))||Ric_||p7"’Bw(x) . (4.6)
Proof. Put W; = B N M, in above lemma and notice that D < 2r and H C H N

BQT(IE). O
Corollary 4.4. Given a hypersurface H dividing M™ into two parts, there exists € =

e(p,n) such that if k(x,p,1) < e, then for a metric ball B = B,(x), r < %, which is
divided equally by H, we have

vol(B,.(x)) < 2""3rvol(H N By,(z)). (4.7
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Proof. The previous corollary gives

ml,_

vol(B) < 2""2r | vol(H N By, (x)) + VOl(BQr(CL‘))( ][ |Ric|pdv>

BQT(Z)

p:| .
If k(x,p,1) < 27 YPgy, by (2.6), we have k(z,p,r) < go for all r < 1. Hence by (2.5),
vol(Ba,(x)) < 2" vol(B).
Again if k(z,p,1) < 2-1/P272Cn+3) “then k(z,p,r) < 272(27+3) for all r < 1. Hence
vol(B) < 2""2r(vol(H N Bay(x)) + 227"+ vol(B)r~1),
which gives
vol(B) < 2"3rvol(H N By, (z)).
Therefore choosing € = min{2~1/Pgq, 271/P2-22n+3)} quffices. O

This estimate and volume doubling gives an estimate on the local isoperimetric con-
stant via Vitali Covering Lemma.

Proof of Theorem 1.1. First of all we show that the isoperimetric constant estimate (1.3)
holds for some small radius ro = r(n), under the assumption k(p, 1) < &1 for some small
constant €1 = 1(p,n). By Theorem 3.3, we may assume that £; is chosen such that

there exists ro = ro(n) with % < %, Ve € M. Now given any y € M, let Q be

10
a smooth subdomain of By, (y). We may assume that €2 is connected and its boundary
H = 909 divides M into two parts © and Q€. For any z € €, let r,, be the smallest radius
such that

vol(B,.. () N Q) = vol(B,. (z) N Q) = % vol(B,, (z)).

Since Q C Bay,(z) and vol(Ba,,(z)) < i vol(B
Corollary 4.4, then by (4.7)

1 (x)), we have 7y < 5. Take &1 as in

vol(B,., (z)) < 2" 37, vol(H N By, (z)). (4.8)

The domain €2 has a covering

Qc | Bar, (@)

zeQ
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By Vitali Covering Lemma, cf. [20, Section 1.3], we can choose a countable family of
disjoint balls B; = Bg,azi(xi) such that U;Bior,, (z;) D Q. Moreover, we assume &7 is
chosen such that k(p,r) < g for all » < 1, then by the volume doubling property (2.5)

vol(Boy (z)) _ 1
vol(Broy. () = 257

Hence

Zvol > Zvol BlOrm i) > 5 En vol(€).
Applying the volume doubling property (2.5) again gives
S vol(Br,, (2:)) > —— vol(€2). (4.9)
- i —4-10"

Moreover, since the balls B; are disjoint, combining with (4.8) gives
vol(99) > > “vol(B; N H) > 27" "r 1vol(B,, (z:)). (4.10)

These two estimates lead to

vol(Q) " (3 vol(B,, (:)) "
vol(992) <1072 ST x
< 102n+42 vol(By, (x))

YT VOI(B,«% (z4))

vol(B,, (x:)) "%

< 10?2t sup
i Tt Vol( nn(mi))

= 10" sup __m
i VOI(BT‘” (.’El))

On the other hand, since dist(y, z;) < ro, we have

3=

BTo (y) - BQTO (xl)

Now 7y, <2 15> applying the volume doubling property (2.5) again,

10777, 10777

vol(B,, (i) > 5 vol(B 1 (z;)) > 5 L vol(Br, (y)).

Substituting into above calculation we get
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vol(Q) "= P
vol(9)  ~ vol(By, ()=

)

the desired estimate.

We next make a scaling argument to show that the estimate (1.3) remains hold for any
radius r < 1, under the assumption k(p, 1) < e, for a smaller constant €5 = e2(p,n) > 0.
Put ry = % < % After a scaling, it is sufficient to check that

k(p,m1) < e1.
Choose €5 such that €5 < gq, so (2.5) holds for all » < 1. Now if 1 < 1, by (2.6)
k(p,r1) < 2Y/Pk(p, 1) < 2'/Pey.,

On the other hand, if 1 <7y < %, then by (2.7),

n+1 n+1

k(p,r) <27 rik(p,1) <27 ry2es.
Combining the two cases we can choose €2 = £2(p,n) as
g9 = min{27%£1,27%1r351,50}.
The theorem is now proved by setting e =e5. O
Combining Theorem 1.1 with (2.10), we have
Corollary 4.5. If k(p,1) < e for the € in Theorem 1.1, then,

I oy 5, ) < 0P FHIVEI b, (0 VF € CG°(Ba(2)), (4.11)

(n=1)
Applying (4.11) to f =" and using the Holder inequality gives

171 =)

n—27

10"V F1I5, 5, (2 V. € C5°(Bi (). (4.12)

Bl(m) —

This is essential in the applications.
By a scaling argument, we have

Corollary 4.6. If k(p,1) < e for the € in Theorem 1.1, then, for any r <1

)

1A ey < CONPIVFIL s VF € O3 (B (2)), (4.13)

and

1 as g, oy < CONPITII 5, 0 Y € C5 (B (). (4.14)
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Corollary 4.7. If k(p,1) < e for the € in Theorem 1.1, then, for any r < 1, the first
eigenvalue of Dirichlet Laplace has lower bound

A (Bp(z)) > C(n) "2 (4.15)

Proof. Suppose Af = —\f for some A > 0 and f with f f2dv =1 and f = 0 on 9B, (z).

Then
1= ][ fPdv < ( f fn2"2>n < C(n)r? ][ IVfI2 = C(n)r2.

By (x) By (x) B, (z)

Thus A > C(n)~1r=2 for any eigenvalue A > 0. 0O
5. Applications

With this new local Sobolev constant estimate many of the results for integral cur-
vature in [24,27] can be easily extended to the collapsed case. In particular, we have
maximum principle, gradient estimate for harmonic function and heat kernel, excess es-
timate, L? estimate for the Hessian of the harmonic and parabolic approximation of the
distance function.

Denote C5(§2) the normalized local Soboleve constant of Q& C M™,

120 o < Cs(DVSllz.0, VS € C5(2). (5.1)

Note that C,(€) scales like diameter.
Recall the following maximal principle [24, Corollary 3.2].

Theorem 5.1. Let M be an n-dimensional Riemannian manifold, and p > n/2. For any
function u : Q C M — R with Au > —f, where f is non-negative on 2, we have

supu < supu + C(n,p) - CZ(Q) - | f[} ¢ -
Q o

Combining this with (4.14) gives Theorem 1.8.
Now we derive the following gradient estimate.

Theorem 5.2. Let M be an n-dimensional Riemannian manifold, and p > n/2. If u is a
function on Br(x) satisfying

Au = f,

then
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| B
sup |Vul? < C(n.p)R~2 . S0LRD T

* 2 * 2
U + (| f }
Bg(m) VOIB%R({IJ) | HQ,BR((E)) (” HQp,BR(x))

[(R2C2 ) ™ (14 K R ) + R202 (14 R )]

The estimate follows from the standard Nash—Moser iteration, by using the L? integra-
bility of Ric and f? for p > 5. On the other hand, as we do not assume the harmonicity
of u (i.e. f =0), and Ricci curvature pointwise lower bound, the proof requires several
extra estimates and the Laplacian comparison estimate (2.2). This full general version
is often needed in applications. Since a proof is not in the literature, we give a detailed

proof here.

Proof. By scaling we may assume R = 1. Recall the Bochner formula,
%A|Vu|2 = |Hessu|® + (Vu, Vf) 4+ Ric(Vu, Vu) > (Vu, Vf) — |Ric_||[Vu2.  (5.2)
Put
v=|Vu|* + ||f2||:

Note that when f is constant, one can iterate with v = |Vu|? and the proof simplifies.
For any function n € C5°(B1(z)) and constant ¢ > 1, compute

/IV(77U‘”2)|2 = —/nqun—2/nvq/2<V77,Wq/2> —/nzvq/%vq”
= [vaP = namr —2 [ o020, V)
2 /2 /2 2 9 2 g—1
—(1- 5) [V(u?=) = v9=Vn|" = 5 [ et L.

By regrouping,

q — q 2 q
/ V)R = 5=t / ((1+ 2V = nn)o

1 q2 _
———— [ wH(Vn, V(u/?)) — / 2p1=t Aw
1 (Vn, V(7)) a-n/"
1 1¢2+q¢—1
< = q/2y2 4 =3+ TH "~ 2,9
< 2/\V(nv ) +3 PENE /|Vn| v

q q2 2 1
UqA — —/ Uq_ A’U.
2((1*1)/” T ag-1 )"

Hence,
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/|V (/)2 < ? ) /|V |20q——/ ¢ -1 /nzvq_lﬁv. (5.3)

¢

Now plugging (5.2) into (5.3), we have

[ v < L [vnier - o [y
—|—q—/n vI|Ric_| — i/n%ql(VU V).
q-1 q—1 ’
For the last term, we have
[ )

= —/nqu_lf2 —2/nqu‘1<Vu,V77> —(q— 1)/n2qu‘2<VuaVv>

~ 2Ag—1) 1
—/anvq 1f2*/|vﬂ\2vq* 7@(]2 ) '§/7IQ|VUG’/2|2
20—1) 1
2_7(qq2 )~Z/\V(77U‘Z/2) /677 v f? -

To control An, we choose a more specific cur-off function. For 0 < r < 1, let ¢ € C5°(R)
be a cut-off function such that 0 < ¢ <1, p(t) =1 for t € [0,7], ¢(t) =0 for ¢t > 1, and
¢’ < 0. Then define

ve.

n(y) = (d(z,y)), (5.4)

where d(z,y) is the distance function from x. Thus |Vn| = |¢’|, and

n—1 n-1

An=¢" + ¢ Ad ="+ ¢'(Ad — — )

n—1 o'
e P A

where ¢ = (Ad — 21,
Therefore we have, for ¢ >

/ V(02 2

< Co)a | [(WH' A w) 7o+ [/ 207 + 122001 4 | Rie_ v

_n_
n—2"

Notice that this formula remains valid for ¢ = 1. In fact
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2

v
Vel < 20|Vn|? + 2n?| Hess u|?,

01/2

IV (u'/?)[? = |v'/2Vn + 0= V[Vl

and

/7)2|Hessu|2 = f/Viu(Zannvivju+n2ViAu+772RijVju)

1
5/ 2|Hessu|2+3/|V77|2v—|—/772f2—1—/772\Ric_|v.

Denote p = —"5. Applying the Sobolev inequality (5.1), we obtain for ¢ > "5 and

n

IN

q=1,

Bl(w)
/
<cm@ctme £ | (1071+ 5+ 1g1) w41 P
BI(I)
+ PPt ¢ |Ric_|n2vq} . (5.5)

The integration involving Ricci curvature can be estimated as follows. For p > 3,

F IRic_lipor < Ric_ [+ (f (Ponsn)T
Bi(w) B (x)
=lq (1—a)2t
<tmic-p( f o) T o)
Bi(x) Bi(z)
1
< ||Ric_ |} e< ][ (n%ﬂ)ﬂ> D et ( f n%q) ,
B () B ()
where a = a(n,p) = % > 0 is determined via
a+(1—a)u= ]%

Here we used Young’s inequality

*

zy<ex’ +e vy, Vay>0,7>1,(7) 4T =1,

where



X. Dai et al. / Advances in Mathematics 325 (2018) 1-33

p * p

T BT

l—a)(p—1p’
By setting € = (4C(n)qC2)|[Ric_ ||;j)71, we conclude

C(n)qC? f 72 [Ric_ o

Bi(x)
1 2.\ % 2 : * 2273n 2,.q
<3 (v )+ C(n,p) (¢CF|[Ric—|) >~ - nv? ).
BI(E) Bl(a:)
For the term fBl(x) n?f2vi1, since v > Hf2’ ;7 we have
242 g—1 1 202 g 2 qy=21\ S
’rl f v S ||f2||* 77 f v S ( ("7 v )p 1) °
Bi(x) P B (z) Bi(x)

Now the same argument as above with ¢ = (4C (n)C’f)q)f1 gives

C(n)C2q ][ n? fPuit

Bl(w)
1 % _2p
< Z( ][ (77211‘1)“) +C(n,p)(C2q) ™ - < ][ 77211").
Bl(x) Bl(l‘)

21

(5.6)

For the term with ), using the Holder inequality and the Laplacian comparison estimate

(2.2),

F onle e < 1ol - el
Bl(w)

. «\1/2 *
< C(n,p) (IRic-[15) " - v I 2o -

Note that for b = 20=2 -1

n(2p—1)
- 2p—1
2p
g% 2 = (o)™ (| P0?) T
o1
[B1(z)
- b np+2p—n 21;;1

n(2p—1)

IN

f o] | f e

Bi1(z) B1(z)
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2p—1
b 2pp—1 2p
< (n*v?)" ' [0t
B1(z) B1(x)
1/
2 q\H 1 "2
<e (n*v?) T e o |7v?.
Bl(w) B4 (12)
Here we used the fact that np+"2’;)_n < 1 since p > n/2.
Choose € = (4C(n)C2qC(n, p) (||Ric_||}) 1/2)*1, we have
CCa f dnlelv” (5.9

Bi(z)

1 . -
<i( £ o)+ acmezrcmpiviel; £l
Bl(I) Bl(CE)

Plugging the three estimates (5.6), (5.7), (5.8) into the inequality (5.5) gives

(frer)”

Bl($)

/
<aczoma| £ (114 ) mr+ (4 ac2cupimie ;) f 1o/
Bl(f)

+ O ()T (1 (e ) (f oper).
Bl(a:)

Define ¢, = p*, k > 0, and 7, = (% — Zf:o 271=3), Choose cut-off functions 1, =
vrod € C§°(By, (z)) such that

me=1 on By, (@) [¢hl <2, ] < 22K,
Then substituting 7 into the estimate and running the iteration for any £ > 0 we get
o,y @) = C(nvp)A”/QIIUIIT,B%(@,
where

2p

A=C2(1+C2|Ric_|[5) + CZ " (1 + (||Ric_||;)m) .
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Finally observe that, by integrating by parts, for n € C§°(B1(z)) with n = 1 in Bs (z),
and |[Vn| < 5, we have

vol By (x) ) ) -
< — 7
Y e ][ (vl + [ £7])
B3 (z) 4 T Bi(x)
4
vol By (z) 2| 20,2 2 ][ 2,2
< —
< m G 1P+ f e es f vaka
1 B (x) Bi(z)
vol By ()

<201 ————— - ([[ull5)® + 2(|| £1I3,)*-
<201 Trp s + 201715,
This gives the gradient estimate. O
Combining (2.5) and (4.14) with Theorem 5.2 gives Theorem 1.9.
Later on we will need Harnack inequality for harmonic function. Hence we also give
a gradient estimate for Inu as in Cheng—Yau'’s gradient estimate [10]. In the proof we

need Li-Schoen’s trick of bounding high power by lower power [19].

Theorem 5.3. Assume as in above theorem. Let u be a positive harmonic function in
Bgr(z), then

_ _o vol Br(x)
sup |[VInul? <C (n,p,R 2Cs2,kp,R R 2?2 —27
By (2) | | ( ». 1)) vol Bi p(x)

Proof. By scaling we may assume R = 1. Let h = Inu,v = |Vh|2. Then Ah = —v. From
the Bochner formula,

1
§A‘Vh|2 = |Hess h|> + (Vh, VAR) + Ric(Vh, Vh)

> (Vh, Vv) — |Ric_|v.

3| %

For any n € C§°(By(w)), I > 0, multiply above by v'n? and integrate on B () gives,

1 2,.0+2
§/UZ772AU 2/7“:1 —/vlr]2<Vh,Vv> —/vl+1n2|Ric_\. (5.9)

We compute

/vln2<Vh7Vv> = —/vl+1n2Ah—l/vln2<Vh,Vv> —2/vl+177<Vh,V17).

Hence
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1,2 _ 22 I+1
/vn(Vh,Vv = / l+1/v n(Vh,Vn)

1+1
2 l+2 2, / I+1 2

. 1
l+1 / l+1 v |V17| (5 O)

2
(I J;ll) /UIUQAU

w2 (1) +1 I+1
f/’v (m) 2 )’ +%/vl+l|Vn|2fT/m)lHAn (5.11)

Plugging (5.11) and (5.10) into (5.9), we have

L (I+1)% /1 2 42 2 l+1/ 1
’ > - — A
/‘V =7 <n z+1)/“ U

202 +41+1 I1+1)2
B +l2 + /vl+1|vn‘27( +l ) /vl+1772|Ric_|.

When [ > 2n — 1, choose 7 as in (5.4), we have

[1v () < e 1/[( +mww) “4+UHH¢2+v“1ﬂRm|}

Use Sobolev inequality (5.1) and estimate as in (5.6), (5.8) and iterate from | = 2n—1
as in Theorem 5.2, we have

oy o) < €O DA 00y o .12
where
_4p »
A= C2(1+ G2 [Ric-[[}) + €7 (1 ([Ric- ;)77 ).

Since we have volume doubling, by the proof of Theorem 2.1 in [19], we can lower the
power 2n — 1 in (5.12) by adjusting the size of the balls. Namely we have

o]l < C (n,p,C3, | Ric—|[;) [lvll}

).

ooBl (x)

For the L' bound, since v = —Ah,
1
[ oro== [ wan=2 [ wwnvn < [ ez [owae,
Bi(z) Bi(z) Bi(z) Bi(z) Bi(z)

where 7 € C§°(Bi(z)) is a cut-off function with =1 on Bi(z) and [Vn| < 6.
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Hence

vol By (z)
* <144 ————=.
||UH1,B%(I) = vol B (z)

With Theorem 1.9 one can prove as in [24, Theorem 6.4] the following.
Lemma 5.4. For any integer n and p > 5 there erist € and C' such that the following
holds. Let M be a complete n-dimensional Riemannian manifold satisfying k(p,1) < e.
For any metric ball B, (x) with 0B, (z) # 0, r < 1, there exists ¢ € C§°(B,(x)) satisfying

0< ¢ <1, |Vo]>+[Ag| < Cr2.

With the (relative) local Sobolev constant estimate (1.4), one gets heat kernel upper
bound, see e.g. [16, (2.17)]. With this and the volume doubling (2.5), Zhang—Zhu obtained
Li—Yau’s gradient estimate [31]. Hence one has parabolic Harnack inequality. With this
we have the local heat kernel lower bounds as in [11, Lemma 2.3]. Namely, we have

Theorem 5.5. Let M be an n-dimensional Riemannian manifold, and p > n/2. There is
an e (n,p) > 0 and C (n,p) > 1 such that if k(p,1) < g, then for any real number s, 0 <
r <1,z € M and nonnegative solution u of the heat equation in Q = (s—1r?,s) x B,(x),

supu < Cinf u,
Q_ Q+

where Q_ = (s — 3r?, s — 1r?) x Bi,(z), Q4 = (s — 172, 8) X By, (z).
The heat kernel H(x,y,t) satisfies the two-sided Gaussian bound
c1 _ @) C1 _ @y

cot < H < — Cot
©cT o= (x’y’)_volBﬁ(x)e ’

vol B ()
for allt € (0,1) and z,y € M.

For our purpose, we need two-sided bound on the Dirichlet heat kernels of the balls. Let
HB(x,y,t) be the Dirichlet heat kernel of the ball B,(z) with t € (0,1) and p > v/t. Note
that HE(x,y,t) < H(x,y,t). With the local volume doubling and Poincare inequality,
by [16, (3.4)], there exist constants (depending only on the constants from the volume
doubling and Poincare inequality) a, 7 (small), A (large) and ¢ such that

H(2,y,t) < ——

vol B /(x)

fory e B, s(x),t € (0,7), p > Av/t. By making e smaller (and a rescaling argument as
at the end of the proof of Theorem 1.1) we obtain
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Theorem 5.6 (Dirichlet Heat kernel upper and lower bounds). For any integer n and p >
5 there exist € and C such that the following holds. Let M be a complete n-dimensional
Riemannian manifold satisfying k(p,1) < e. Let HP ) (2, y,t) be the Dirichlet heat
kernel of the ball B,.(x). Then

_d%(z.y)

HB @) (g y,1) < e” st Vr,ye M with0<t<1 (5.13)

vol B ()

and

—1

1
HBT(x)(m,y,t) > , 0<t < 57"2’ (/S Blo\/z(m>- (5.14)

vol B /;(z)

This Dirichlet heat kernel upper and lower bounds give the quantitative mean value
inequality.

Proposition 5.7. Under the assumption above, let u be a nonnegative function satisfying

0
—u > —
Btu > Au— f,

where f is a nonnegative space-time function. Then, for q > 3,

u(-, 0)dvol < Cu(z,r?*) + C(n,p,q)r* sup I fO)|} 5, (5.15)
te[0,r2]
By, (z)

forallz e M, r <1.
Remark 5.8. For our application it’s crucial that the norm of f is a normalized local
norm instead of the global norm in [27]. It recovers Lemma 2.1 in [11], where it is proven

when f is constant. The key here is to use Dirichlet heat kernel of balls.

Proof. Compute

7 / w(y, t)HB @ (2, y, 12 — t)dvol(y) (5.16)
B ()
= / [HB”(Q”)(:U,y,Tz —t) (% - A) u(y,t)] dvol(y)
B, (x)
> — {ILIBT(””)(MM2 — 1) f(y.1)] dvol(y)
B ()

By the upper bound of H5®)(z,y,r? —t), we have, for ¢ > 1,
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(15 @12 = 1) (y,1) | dvol(y)
BT(I)

IN

I1£(#)

@) (@, y,r? —t)” - B,(z)

1—

Q=

¢ d%(z,y)
- —n AU m TT507-0 dvol
a VOle(x)Hf( Ma.5.) B(/) e vol(y)
T

C(VOIB\/TQ— ) Hf( Mg, B,

vol B,.(z) . .
c m) 1f 5.5, @)

Cra (r? =) 735 || F()lI5. 5, (a)-

IA

In the last step we used the volume doubling property (2.5).
Now integrate (5.16) from 0 to r? gives

7‘2

u(z,r?) > / uly, 0)H ) (,y,r*)dvol(y) — Crs /(7“2 —t)7%

FONG B, dt

B, (z) 0
e f uly, 0 vol(s) —Clo ) s 17Oz,
B%T(ac) te[0,r?

Here we used the lower bound for HZ"(*)(z,y,r?) on Bi,(z)and ¢ > 5. O
Corollary 5.9. Assume as above. Let u be a nonnegative function satisfying
Au < f.
Then, for q > %
f wdvol < € (u(@) + 72|+ ;5,00 (5.17)
Bi (@)
2"
forallz e M, r <1.

This is the L! Harnack inequality. For the Euclidean case, see e.g. [15, Theorem 4.15].
We would like to thank Ruobin Zhang for this reference.

With the above tools, we can extend Colding-Naber’s L? Hessian estimate for the
parabolic approximation of the distance function to the integral curvature setting without
essential difficulties. In the noncollapsed case it is done in [27], see also [32].



28 X. Dai et al. / Advances in Mathematics 325 (2018) 1-33

In what follows, we always assume p > § and M is a complete n-dimensional Rie-
mannian manifold satisfying k(p,1) < e(n,p) for the ¢ so the results above all hold.
Fix two points y_,y4+ in M™, the excess is

e(x) =d(y—,z) + d(y+,x) — d(y—, y4)-

Define

by(z) = d(yy, @) —d(y—,ys), b-(z)=d(y-, ).
Hence e(z) = by (x) + b_(z). Note that

n—1

Abs () < m

+ '(/}ia
where 14 = (Ad(yi, x) — (1(’;7—;1i))+ is the error term of the Laplacian comparison.

Denote dy = d(y—,y+). Without loss of generality, assume dy < 1. Denote by
Ay ry = Ardg rado ({Y—, Y+ }) the annulus for the set {y_,y4}, with 0 < 71 < ry. Then
Corollary 5.9 and the Laplacian comparison estimate (2.2) gives

Theorem 5.10. Fiz some small positive constant 6 > 0. There exist € = é(n,p,d) and
C =C(n,p,d) such that for all0 < e <€, x € A%)m,

e(y)dy < C [e(@) + (edo) (14— 13y q, + I lpa)] < C [ele) + do]
Beay (x)
In particular, if e(z) < €*dy, then
e(y) < CetaFidy, Wy e B, (@).
Remark 5.11. We obtain the optimal integral bound for the excess as in the pointwise

Ricci lower bound case [11, Theorem 2.6], compare [27, Corollary 2.19], [32, Lemma 4.9].
1+2

n—1

For the pointwise estimate, note that Abresch—Gromoll’s original estimate gives e

1.

As in [11], one can extend Lemma 5.4 to annulus so we have the cut-off function ¢
such that

¢=1in A%S; ¢ = 0 outside A%Jﬁ
and

[Vo|* +|Ad| < C(n,p, d).
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Define the parabolic approximation functions by ; and e; by

b (e / H(z,y,£)9(y)b (y)dvol ()
and

2) = [ Hp)owet)dvol(y).
Then
(ST b+’t + b77t.

Following [27], we have following estimates for the approximates, which play important
role in the Cheeger—Colding—Naber local theory for Gromov-Hausdorff limits.

Theorem 5.12. There exists C = C(n,p,d) such that for all 0 < € < €(n,p,d), any
T € A%A with e(r) < €2dy and any e-geodesic o connecting y_,y., there exists r € [%, 2]
with

1. |bi,r52d§ — bi| < Cdo(€® + 62_%).

2 fpu o [ VPx g — 1] < Cle+ e ™%).

3. fay F5ons (oo [[VPL ezl = 1] S O+ E75).

1-6)d 2 clit _n
4 fé(do ! fBed (o(s)) |H€SS b:l: ’l"62d2| < % .
We will only show the first lemma here to indicate the difference.

Lemma 5.13. There exists a constant C = C(n,p,d) such that
1 _n
Aby,. Ae, < C (— Tt )
do

fort < 1.
Proof. Since, for z € A%,lﬁ’

A(gby) = by Ad +2(Ve, Vby) + ¢Aby < Cdy' + 1y,
we have

Ab., o / AgH (1,5, )6(y)b- (y)dvol(y)

/ AyH (z,y, ) 3(y)bs (y)dvol(y)
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/ H (a5, 1) (6(y)bs (1) dvol(y)

A

1616

Using the upper bound for H(z,y,t) and argue as in Proposition 5.7, we have

[ Hw typsdvol(y) < o el E 9] 2o,

A
216

< C(’I’L,p) ||w+||;pt7@ .

These give the estimate; the other terms are exactly the same. 0O
6. Necessity of smallness of integral Ricci

By exploring Yang’s counter-example [30], we point out that the smallness of integral
Ricci curvature, (1.2), is a critical condition in order to get the LP version of Cheeger—
Colding theory.

For any k > 1, let M = (—1,1) x T"~! be a portion of a complete manifold with a
family of warped product metric

ge = dr? + (62 + 7"2)ng (6.1)

where T is a compact torus with flat metric gr and € > 0 is the parameter. A direct
calculation gives the sectional curvature

o 0

(%7 @) = —k*r?( + %),
0 0 2 2y—1 2/ .2 2\—2
(%,E):—k(e + 7)) —k(k—2)r(e® +1°)7 7,

and the Ricci curvature

90 20 _o\,.2 2 4 2Y] (02 4 22
ch(axi,axi)— [(n—2)k*r® + k(k — 2)r* + k(e® +r%)| (€ +1%) 77,

o2 9y % B2 Y] (2 22
ch(ar,ar)f (n—1)[k(k —2)r* + k(e? + r?)] (¢* + r*) 2,

., 0 0
ch(a ia%)_ )
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n k(n—l)-{-l)
29 2

multiplication by a constant depending only on n and p. The first observation is

Fix one p € ( . In the following calculation, ~ means equivalence up to a

[Rimg, | = Ricy,| ~ Br3(e +12)72 4 k(e + r2) 7. (62)
Put
B ={(t,z) e M| —r <t<r} (6.3)
Then, for any function f,

fdv,, = r Fla,t)( +12) " dv,, dt.
[ran=] ]

B -r T

Applying to the curvature function we have, whenever € << r,

/|nge|p R“J/ﬂzp//(62—|—152)("'_21)k_1’dvgpdt
0T

B:
k2
~ vol(T)pkn=1+1-2p
E(n—1)+1—-2p
~ kP~ yol(T)rk(n—D+1=2p, (6.4)

whenever k >> 1 is sufficiently large. Then notice that

1
vol(B}) ~ eS| Vol (T)rk(n=D+1 x =1 yol(T)pk(n=1+1,

Thus we have, whenever ¢ << r,

r? <][ |Rmyg,

P

2p
P) ~ k2. (6.5)
In particular, the formula remains hold on the limit space,

1
35
r2< ][ |ngo|P) ~ k2, Vr > 0. (6.6)
B, (o)
The family of manifolds (M, g.) has polynomial volume growth. Hence a generalized

local Sobolev constant and Poincaré constant are still bounded.! However, since the limit

L It should be understood as the [k(n — 1) + 1]-Sobolev inequality, but not the n-Sobolev inequality we
have proved. Actually, the calculation shows the n-Sobolev constant is not bounded in Yang’s example.
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collapse at the origin, the volume comparison of geodesic spheres fails. Furthermore, to
guarantee the splitting property on the tangent cones of the limit space we eventually
need that

r2( ][ |Ricg0|p) "o

B, (o)

as r — 0, which never hold. Therefore, the boundedness of LP norm of curvature tensor
is not sufficient to extend Cheeger—Colding theory.
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