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ABSTRACT. In this paper we prove that the space M(n, v, D, A) := {(M", g) closed : Ric > —(n—1), Vol(M) >
v > 0,diam(M) < D and fM [Rm|"/2 < A} has at most C(n, v, D, A) many diffeomorphism types. This removes
the upper Ricci curvature bound of Anderson-Cheeger’s finite diffeomorphism theorem in [AnCh91]. Further-
more, if M is Kihler surface, the Riemann curvature L?> bound could be replaced by the scalar curvature L?
bound.

1. Introduction

In studying the relation between geometry and topology, one of the important themes is sphere theo-
rems and finiteness theorems. In [[Chl] Cheeger obtained his famous finiteness theorem that Riemannian
manifolds M" satisfying

Kyl < K, Vol(M) > v >0, diam(M) < D

have finitely many diffeomorphism types. Here K, is the sectional curvature of M. The key is showing
a positive uniform lower bound on the injectivity radius for the class. Later [[GP] Grove-Petersen proved
finitely many homotopy types for above class without curvature upper bound by controlling the contractibil-
ity radius. The corresponding result replacing sectional curvature lower with Ricci lower bound is only true
when n = 3, [Zh93]. When n > 4 counterexamples are given in [Pe97|]. With additional integral curvature
assumption, Anderson-Cheeger [AnCh91]] proved the following class of closed manifolds M"

Ric| <n -1, Vol(M) > v > 0,diam(M) < D and f IRm["? < A (1.1)
M

have finitely many diffeomorphism types. This finiteness result is new in the sense that its Gromov-
Hausdorff limit may not be a topological manifold. Hence it can not be proven by Ricci flow smoothing,
instead it is done by bubble decomposition.
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(No. 12125105 and No. 12071425) and the Fundamental Research Funds for the Central Universities 2022FZZX01-01.
GW was partially supported by NSF DMS grant 2104704 and 2403557.
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Note also that the class of manifolds satisfying |[Ric| < n—1, Vol(M) > v > 0, diam(M) < D automatically

has a L? integral curvature bound [JN16]. Hence in dimension 4, no extra integral curvature is needed
[ChNal3].

Anderson-Cheeger’s finiteness result is extended recently in [[Qi23], where the two sided Ricci curvature
bounds is replaced by an L” bound on the Ricci curvature with p > n/2, but with all scale non-collapsing
condition. In this paper we extend Anderson-Cheeger’s finiteness result by removing the Ricci curvature
upper bound.

Let us denote
M(n,v, D, A) := {(M",g) closed : Ric > —(n— 1), Vol(M) > v > 0,diam(M) < D and f [Rm/["? < A}.
M
‘We have

THEOREM 1.1. For any given n,v,D, A > 0, the space M(n,v, D, A) has at most C(n,v, D, A) many
diffeomorphism types.

Under the assumption that the L2 curvature tensor is small depending 7, v, D instead of boundedness in
above the finitely many homeomorphism types was obtained in [Jin]. Our result greatly improves the result
in [Jin], also generalizes the finiteness result in [Qi23]], see Remark[1.1]

As we mentioned earlier without the integral bound on the curvature tensor, this is true [Zh93] when
n = 3, but it is false when n > 4 [Pe97]].

Note that the integral curvature fM [Rm]|"/2

is scale invariant, and the power n/2 is the critical case. With
L? and p > n/2, one can obtains the finiteness for the class by Ricci flow smoothing, see e.g. [DPWO00].

For p < n/2 the result is not true anymore.

REMARK 1.1. With the extension of the Cheeger-Colding theory for manifolds with Ricci curvature
lower bound to Ricci lower bound in L? sense for p > n/2 [PWO01,TZ16], Theoremis true if we replace
the Ricci lower bound by, with p > n/2, the normalized L” smallness of Ricci curvature below —(n — 1),
or by boundedness of L? of negative part of Ricci curvature and replace global volume lower bound by all
scale volume noncollapsing, hence extending the finiteness result in [[Qi23].

In the four dimensional Kihler case, we can replace L? bound on the curvature tensor by L? bound on the
scalar curvature.

THEOREM 1.2. Let (M*, g) be compact Kdihler manifolds with Ric > -3, Vol(M) > v > 0, diam(M) < D
and fM IR?> < A (Here R is the scalar curvature). Then (M*, g) have at most C(v, D, A) many diffeomorphism

types.

Here with the pointwise Ricci curvature lower bound, an L? bound on the scalar curvature is equivalent
to an L2 bound on the Ricci curvature. In Theorem|1.2, without the Kihler condition, if we assume L”-Ricci
with p > 2, then based on Cheeger-Naber’s argument in [ChNalS|] one can prove the same finitely many
diffeomorphism types theorem [Ji21].
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In proving the finiteness in [AnCh91]], one of the key tools is the e-regularity result that for manifolds in
(L.1), when the L2 curvature tensor of a ball is sufficiently small, then the harmonic radius of the ball is
uniformly positive. Similarly this is done in [|Qi23]]. This uses two sided Ricci curvature bound crucially and
can not be true with only Ricci curvature lower bound. Instead we use Reifenberg radius (see Definition|2.4)
to control the topology. Another important result in [AnCh91] is their neck theorem which provides control
over the geometry and topology of the transition regions.

To prove Theorem (1.1} our start point is [Ch3, Theorem 10.2], which gives that the tangent cone of any
limit of M € M(n, v, D, A) is unique and is the cone over some space form S"1/T with || < C(n, v). This
provide the Reifenberg radius lower bound, see Lemma3.1]

Under the condition of Theorem we do not know whether every tangent cone of the limit space of
such sequence is unique and flat. Instead, we prove that every tangent cone is a cone with smooth cross
section and all cross sections have the same topology with uniform lower bound for the Reifenberg radius
(See Lemma[4.5)). To see this, we introduce a new monotone quantity,

VR,(x) 1= Vo(x) + f IR>, xe M,r>0 (1.2)

B,(x)

where V,(x) is the volume ratio (2.5). With additional deformation result we are able to glue local homeo-
morphisms to get a global homeomorphism on the neck region. To control the cross sections we derive an
e-regularity for 4-dim Kihler manifolds when L? Ricci curvature is small (see Proposition. By Cheeger-
Colding, we know that without any curvature integral condition the cross section may not be smooth. Re-
cently, it was proved in [BPS] that the cross section of every tangent cone is homeomorphic to S3/T" without
the curvature integral condition, which solves a conjecture of Colding-Naber.

For both Theorems we construct a decomposition as in [ChNal5|]. For Theorems[I.1| we use the
monotonic quantity volume ratio (2.5)), while for Theorems we use the modified monotonic quantity

(1.2).

From Theorems [I.2] it is natural to ask if it is true without Kéhler condition. Namely

QUESTION 1.1. For given D, A, V, does there exist C(D, A, V) > 0 such that the space M(D, A, V) :=
{(M*, g) closed : diam(M) < D, Vol(M) > V,Ric > -3, and fM [Ric|> < A } have at most C(D, A, V) many
diffeomorphism type?

From our proof, one only needs to prove that every tangent cone of the limit space of any sequence of
M(D, A, V) is a cone over smooth cross section with uniform lower bound for the Reifenberg radius. Once
this is true, by Chern-Gauss-Bonnet theorem, the manifold has bounded L2-curvature.

Acknowledgment: The authors would like to thank Jeff Cheeger for his interest, encouragement, and
valuable feedback. We also appreciate the referee for their careful reading and helpful comments.

2. Preliminary

In this section, we will recall some important results from Cheeger-Colding theory [ChColl.
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2.1. Almost metric cone and almost splitting. The following two results of Cheeger-Colding play
crucial roles in the study of manifolds with Ricci curvature lower bound. We will use this several times in
our proof.

For noncollapsed manifold, almost metric cone structure is very important, which makes a great differ-
ence between collapsed and noncollapsed manifolds. Let us start from the following Cheeger-Colding’s
almost volume cone implies almost metric cone theorem.

THEOREM 2.1. [ChColl|, see also [Ch2, Theorem 9.45, Remark 9.66] For any n,e > 0 there exists
6 = d(n, €) > 0 such that the following holds: Let (M", g, p) be a complete manifold with Ric > —-6(n — 1).

If the volume ratio V,(x) := —In % satisfies
Va(p) = Vi(p)l < 6, 2.1
then
dcr(B1(p), Bi(x.)) < €, (2.2

where Bi(x.) is the ball of a metric cone (C(X), x.) with cone vertex x., and Vol_s(B,) is the r-ball volume
in the model space M ; with constant sectional curvature —6.

Let us remark that there is no volume lower bound assumption for Theorem [2.T(see [ChTi06] for a nice
application without volume assumption). If we further assume the volume lower bound, by Theorem 2.1 we
have the following

LEMMA 2.2. Let (M", g, p) be complete manifold satisfying Ric > —(n — 1) and Vol(Bi(p)) = v > 0.
Then for any 6 > 0, there exists 0 < k = «(n,v,0) < 1 such that for any r < 1 and x € B{(p), there exists
kr < ry < rsuch that

V7 r100(x) =V (0] < 6. (2.3)
and

deu (B (x), By (xc)) < 6ry, for a metric cone (C(X), x.)). 2.4)

Here and in the rest of the paper we denote
Vol(B,(x))
Vol_1(B,)’

the volume ratio comparing to the model space H". Clearly Vj(x) = 0 and it is monotonically increasing in

V. (x) :==1In (2.5)

r.

PROOF. By Theoremit suffices to prove . Forany 0 < r < 1 and x € B{(p), let r; = r1007".
Denote J; := |V, (x) = V,,,,(x)|. Note that [V;(x)] < C(n,v). If forall 0 <i < L :=|C(n,v)/5] + 1, we have
F; > 6, then

-1 I-1

C(n,v) <d6L < Z Fi= Z Vi (x0) = Vi I = V() =V, (0] < [V, (0] < Vi) < C(n,v). (2.6)

i=0 i=0

This is a contradiction. Therefore, the lemma follows with k = 100~£*1, ]
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The second result is Cheeger-Colding’s almost splitting theorem, which is an quantitative version of
Cheeger-Gromoll’s splitting theorem.

THEOREM 2.3 (Almost splitting, [ChColl]). For any n,e > 0 there exists 6 = d(n, €) such that the
following holds: Let (M", g, p) be a complete manifold with Ric > =(n — 1). If y : [-6"1,67'] > Misa
minimizing geodesic with y(0) = p, then

dgu(Bi(p), B1(0,x)) <€, (2.7)

where R X X is product space with (0, x) € R X X.

Roughly, by Theorem we see that if a ball By(p) is close to a metric cone, then for any ¢ € By(p) \
Bi(p), definite size ball with center ¢ would be close to a splitting space. Under volume noncollpased
condition, by combining Theorem one can prove more. See more discussions and applications in
[CIN21,/ChNal3,/ChNals, JN16]

2.2. Reifenberg Radius and finiteness theorem. Let us define the e-Reifenberg radius for a metric
space (X, d).

DEFINITION 2.4. Let (X, d) be a metric space. For € > 0, integer n > 0 and x € X, define the Reifenberg
radius at x by
TRei.en(x) := max{r > 0 : dgu(Bs(y), Bs(0")) < es, forall0 < s <randy e B.(x)} (2.8)
and define the Reifenberg radius of X by
rRei,e,n(X) = inf rRei,E,n(x)- (29)
xeX

REMARK 2.1. If X is a Riemannian manifold with dimension n, we will omit the index 7 in rge; ., and
Write it as rgej.e.

Let us recall some results proved by Cheeger-Colding [[ChCol]] under lower Reifenberg radius bound.

LEMMA 2.5. [Theorem A.1.4 in [ChColl||] Given any ry > 0, let M(n, €, ry) be the isometry classes of
compact metric spaces (X, d) with e-Reifenberg radius rgeien(X) > rodiam(X, d) > 0. There exists e(n) > 0
such that if the € < e(n), then M(n, €, ro) has at most C(n, ro) many homeomorphism types. Moreover, if X is
Riemannian, then it has at most C(n, ro) many diffeomorphism types.

PROPOSITION 2.6. [Theorem A.1.3 in [ChCol| | Let (X,d) and (Y,d>) be two compact metric spaces.
Assume the Reifenberg radius min{rge; e n(X), rreien(Y)} = ro > 0. There exists a constant €(n) such that if
€ < e(n) and

deu(X,Y) < roe, (2.10)

then X is homeomorphic to Y. Moreover, if X, Y are Riemannian, then the homeomorphism is a diffeomor-

phism.

REMARK 2.2. € in Proposition is independent of ry. Actually, by scaling we can always assume
ro > 1.
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For manifolds with Ricci curvature lower bound, let us recall the following Reifenberg radius lower bound
estimate from [[Co| [ChCol].

LEMMA 2.7 ([Co] [[ChCol] ). Let (M", g, p) satisfy Ric > —(n — 1). Forany € > 0, if 6 < 6(n, €) and
dcu(B1(p), B1(0")) < 6, then the Reifenberg radius rrei e ,(x) > 1/4 for any x € B1,2(p).

2.3. Diffeomorphism of Body Region and Finite topology.

LEMMA 2.8. Let M, M} be two complete manifolds and U; C M; are open subsets with Reifenberg
radius rreie(x) = r > 0 forall x € U, i = 1,2. There exists €(n) > 0 such that if

dcu(B-(U1), B (U3)) < re, (2.11)
then there exists a diffeomorphism F : Ui - Ué with B,»(U;) C U] C B,(U;).

PROOF. The proof of Theorem A.1.2 in [ChColl|| can be used here. We will just sketch the proof. For
more detail, see [ChCol]].

By rescaling, without loss of generality, we can assume r = 30. For each i > 0, we can choose finite
subsets X;" C B,(U,) such that X7 is a minimal 27"-dense subset of B,(U,) and Xy € X{ € ---. We can
rewrite X" = U];Z ng as [ChCol] with N¥ < N(n). Following the same argument as [ChCol] by con-
structing and suitably modifying the transition maps, if € < e(n) we can construct a sequence of manifolds
W and diffeomorphisms f* : W — W, and for iy sufficiently large, diffeomorphism f“ : Wl.oo‘ - U,
with Bjo(U,) C U, C Byy(U,). Furthermore, as in [ChCol] if € < e(n), there exists a diffeomorphism

Fy: Wé - Wg. Therefore, the desired diffeomorphism F is produced by
F=f*ofl o feoFoo(fy) " o (fi_ ) o(fH": U} - UL

Furthermore, from the construction in [[ChColl], the diffeomorphism F is sufficiently close to the GH map
if € is small enough. Therefore, we finish the proof. O

THEOREM 2.9 (Finite topology). There exist C = C(n, D) and e(n) with the following property. Let
(M", g) be a complete Riemannian manifold and U C M an open subset with rge;ie(x) > r > 0 forall x € U.
Assume further that diam(U) < Dr. Then there exists an open set U’ with B,;>,(U) c U’ C B,(U) such that
U’ has at most C(n, D) many diffeomorphism types.

REMARK 2.3. Basing on Theorem @, sometimes we will omit the €(n) in rgejen)(x) and write it as

TRei(X).

REMARK 2.4. If one assumes a lower Ricci curvature bound for the manifold M, then one may be
possible to prove the above finiteness by using Ricci flow where Perelman’s Pseudolocality would play a
key role in the proof. (See [ChLee][LS22][ST21]|[Hel)

PROOF. The proof follows directly from Gromov’s precompactness and Lemma Actually, con-
sider the space M(e,r,D,n) := {B,(U) ¢ M : U, M as in the theorem}. Denote M(e, r,D,n) to be the
closure of M(e, r, D, n) under Gromov-Hausdorff topology. Since rg,;(x) > r > 0 for each x € U, by Gro-
mov’s precompactness theorem (see [Grol), the set M(e, r, D, n) is compact in Gromov-Hausdorff topology.
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Therefore, we can choose finitely many {Uy, U, -+ ,Up} C M(e, r,D,n) with N < N(n, D, e(n)) such that
the e(n)r/10-balls of U; covers ﬁ(e, r,D,n). For any two W,V € T¢10,4,,(Ui)) N M(€, r, D,n), by Lemma
there exist diffeomorphisms between V' and U], between W’ and U;" with B,x(V) c V' c B.(V),
Br/z(W) cW c Br(W) and Br/z(U,') C Ul{ C Br(U,'), Br/z(U,') C UI.N C Br(U,'), where Tfr/l()’dGH(U,') is the
er/10-ball of U; in Gromov-Hausdorff topology. From the proof of Lemma the subset U} and U}’ could
be chosen the same for different V, W € T¢/10,4,,(Ui) N M(€, r, D, n). Due to the finiteness of U;, we finish
the proof. O

3. Finite diffeomorphism with bounded L"/? of Riemannian curvature

In this section, we consider complete Riemannian manifolds (M", g, p) satisfying

Ric > —(n — 1), Vol(Bi(p)) > v > 0, f IRm["/? < A. (3.1)
Bg(p)
We will first consider the regularity in a neck region and prove Proposition Based on Cheeger-Naber
[ChNal5] we can then prove a decomposition theorem. The finite diffeomorphism type theorem follows by
the decomposition theorem.

3.1. Diffeomorphism of Neck Region.

LEMMA 3.1. Let (M", g, p) be a complete manifold satisfying (3.1). For any € > 0 there exists (n, €, v, A) >
0 such that if the volume ratio

IVr2(p) = Va(p)l < 6 (3.2)

for some r < 1, then there exists a space form "' JT with |['| < C(n, V) such that for any r < s < 1
dor(Bs(p), Bs(p)) < €s, with cone vertex p € C(S"_I/F) . (3.3)

REMARK 3.1. Assuming as Lemma we have for any x € Bi(p) \ B;,2(p) the Reifenberg radius of x
has a definite lower bound. To see this, by Lemma the ball B,,(x) is close to a ball B, (x) C C(S =1/T)
which is smooth, where the radius rp > 0 depending on I'" and the ball B, (%) is a Euclidean ball. Hence by
Lemma[2.7] we get the desired Reifenberg radius lower bound.

PROOF. For any ¢, if [V,/2(p) — Va(p)| < 6 < 6(n, €, v), by Theorem [2.1] we have for any 3r/4 < s < 1
the ball By(p) is close to a cone C(Zj):

dcr(By(p), Bs(ps)) < €s. (3.4)

Now we use Theorem 10.2 b) of Cheeger [[(Ch3|] to show the cross section Z; is a space form s"1I, with
IT’s| < C(n,v). We argue this by contradiction. Assume there exists an € > 0, and a sequence of M and
ri < s < 1satisty [V, 2(p;) = Va(pi)l < 6; = 0 and (B:1), but dgu(Z,, S""/T) > & for any T' < O(n),
where Zj; is the cross section in (3.4) with respect to (M, p;). By scaling, we may assume s; = 1. Up to a
subsequence, let us denote X the limit of Bi(p;). By we know that the limit is the unit ball in a metric
cone with cross section Z = lim;_,, Z;, and p; — p € X the cone vertex. Since dgu(Zs,, S"1T) > g we get
dou(Z, ST > €. By [Ch3| Theorem 10.2 b)], any tangent cone of X is a space form, which implies that
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the tangent cone at p is a space form. On the other hand, noting that p is the vertex of metric cone C(Z),
then we have C(Z) is a space form which contradicts to dgy(Z, S"~!/T") > € for any I'. Here the estimate
[Tl < C(n,v) follows directly from the volume lower bound Vol(B{(p)) > v > 0 and volume convergence.

On the other hand, since the space of cross sections is connected in Gromov-Hausdorff topology, by the
rigidity of space form, we have that I'; = 'y =T for each 3r/4 < s, s’ < 1. Hence we finish the proof. O

Now we are ready to prove the following diffeomorphism theorem by slightly modifying Cheeger-
Colding’s proof (see [Chll] [AnCh91] [ChCol] ).

PROPOSITION 3.2. Let (M", g, p) be a complete manifold satisfying (3.1). There exists § = 6(n,v, )
such that if, for any r < 1/20,

IVr2(p) = Va(p)l < 6, (3.5

then there exists a diffeomorphism F : $"~' T x (r/2,1/2) — N where T € O(n) and A11,/209/20(p) € N C
Agr20,11/20(p) with [T < C(n, ).

PROOF. This proposition essentially follows from Theorem A.1.3 of Cheeger-Colding [[ChColll(see
also Remark A.1.47 of Cheeger-Colding [ChColl]). We will just sketch the proof as the proof of Lemma
For more detail, see [ChCol].

For any € > 0if 6 < d(n, v, €, A), by Lemma there exists a space form S"™1T with |T'| < C(n, v) such
that forany r < s < 1

dcu(Bs(p), Bs(p)) < €s, with cone vertex p € C(S"_I/F) (3.6)

Now we can begin the outline for the construction of diffeomorphism. For each i > 0, we can choose
finite subsets X; C A,/54/5(p) € M and Y; C A,/54/5(p) C C(S"'/T’) such that X; N Azf,l/3’2f+4/3 (p) and
YiNA, 00043 (D) are 2(=i_dense in A,i3atvan (p) and A,y 5500473 (P) Tespectively, for all integer £ satisfying
r/5 < 2f < 4/5. Using such X; and Y;, following the same argument as [[ChCol]], by constructing and
suitably modifying the transition maps, if € < e(n) we can construct a sequence of manifolds W;, Z; and
diffeomorphism F; : W; — Wi, and G; : Z; — Z;1, and for iy sufficiently large, diffeomorphism F’ :
Wio — N’ with Azr/5,3/5(p) cN c Ar/5,4/5(p), and diffeomorphism G Zio - Nll" with Azr/5’3/5(ﬁ) C
N[ C Ayysa/5(P).

Furthermore, as in [[ChCol] if € < e(n), there exists a diffeomorphism Hy : Wy — Zy. Therefore, the
desired diffeomorphism F is produced by

F:G'OG,-O_lo---GooH()OF(;l0---Fl._01_1o(F’)_1 : N —> Np.

Furthermore, from the construction in [[ChColl], the diffeomorphism F is sufficiently close to the GH map
if € is small enough. Therefore, by shrinking the domain N C N’ such that F(N) = A,/21/2(p), we finish the
whole proof. O
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3.2. Decomposition theorem. Combining the results above and the argument in Cheeger-Naber [[ChNal5||
(See also [AnCh91]],[Ch1], [JN16], [NV17] ), we will prove the following decomposition theorem which
is the key to our main theorem.

THEOREM 3.3. Let (M", g) satisfy (3.1) and diam(M, g) < D. Then we have the following decomposition

N, N, Nk Ni
1 2 2 k k
M"=B UUNjZUUBJ-ZU---UUNijUBjk. (3.7)
J2=1 J2=1 =1 Ji=1
such that each B and N are open and satisfy the following:

(1) Ifx e Bf., then the Reifenberg radius rrei(x) > ro(n,v, D, A)diam(B?), where 1Rei(X) = TReie(n)(X)
with €(n) as in Theorem[2.9

(2) Each neck Ng is diffeomorphic to R x S"™1/ l“i. where |F§| < C(n,v).

3) Nf N Bi. is diffeomorphic to R X S"‘l/l"i.

4) Bf._l N N§ are either empty or diffeomorphic to R x §"! /I“i.

(5) Ny < Nn,v,D,A)andk < k(v,D,n,\).

PROOF. For any given ¢ > 0, we have sup ., [Vo(x) — Vp(x)| < Lo for some integer L = L(n, v, 9, D).
We will construct the decomposition inductively on L. Let us now begin the construction and reduce the
upper bound L¢ to (L — 1)6.

By Lemma we have that for any x € M there exists 1 > ry > r(n, v, ) that [V, /100(x) =V, (x)] < 6.
Choose a Vitali covering {B,. (x} )}N21 of M such that

i=

i
—L

(al) M =UY B, (x)) with rl = -
(a2) B,1/5(x)) N B, j5(x}) =0 fori # j.
(a3) N2 < C(n,v,6,D)

Define the singular scale for each y € B, /so(xg) by

sy, =inf{s <7} : inf [V5(x) = Vy1 (%) > 6. (3.8)

Y XEBy/4

By the choice of x| and r] we have s}c}’l_ < 1;/50. Let y; € B,150(x;) such that

sho= inf s <7} /50. (3.9)
yi o yEBr] /SO(X}) ’
1

Denote sl.1 = s;l - By the definition of the singular scale, we have the following.

(b1) There exists z; € By 4(y;) such that [V (zh - Va1 @Hi=o
(b2) For any x € Br;/so(x}), we have |V 1 (x) = V,,1(x)| > 0.
(b3) Br}/zs(zil) c Br}/lo(xil)-
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Therefore, by (a2) and (b3), we have Br|/25(z.1) N Br1/25(zl‘) = (. Define B' = M\ Uf\gBZr}/ZS(Zi]) and

N =B, /4(z )\ stl (z ). Hence we arrive at the following decomposition:

N> N>
n 1 {2 1
M" c By le NEAY le By (), (3.10)
2= 2=

such that

(1;) B! ﬂf\flz =B, /4(z})\l_?2,_1/25(z}) and forany x € B! there exists z} such that x € B, (Zi])\Bzr_l /25(13)
with er.l/so(Zl,-l) = Vo (z:-l)l <dandr! > r(n,v,8 D)diam(B). l I

(21) N? € By1(z)) \ By (2)) satisfies [V1(z)) = V,,1(z)| =

(31) Forany sup,.p 1) Vo() = Vy (0] < (L = 1)5.

(41) N, <C(n,v,6,D).

Let us now decompose the ball B, 1 (z}) using similar argument as above. For any x € B, (zl.1 ), by Lemma
there exists radius sl.1 /4 > r)% > r(n,v, 6)51‘1 such that IV& /100(%) — V,g(x)l < 6. Choose a Vitali covering
(B2 (xa J} of B, (z}) such that

a,i=1

r2

X2

(al’) By(z}) c u Brz (o; ) with 77 = —* and x7 ; € By (2))-
(32 ) B},Z /5(xa/z) N Br2 /S(X ) = 0 fOI‘af iﬁ

@3) N, < C(n, V6D)

Define the singular scale for eachy € B> /so(xi ;) by

s2 o=inf{s <72, . inf [Vy(x) =V, (X)| > 6). (3.11)

Y@ T W xeByu(y
Using the same argument as above, we have yi’ i si’i, zi’ ; satisfying
(b1) ¥3; € B2 532 ). 20 € B 4007 ) such that [V (27 ) = Va2 (23 )l =
(b2”) For any x € Bri,-/So(x?y,i)’ we have |Vsii(x) - VZr(zyi(x)l > 6. ,
(b3') B2 5@ ) € B 19(a2). | |

Therefore, by (a2’) and (b3’), we have B 2 /s (Zczy,i)nBr/% ./25(52,,‘) = 0. Define B? = B;, (z})\UZ%ZIBbz »/25(Zf21,i)

and Nz = B,(z”. /4(z(2w.) \ BZS(ZN-(ZL%J)' Hence we arrive at the following decomposition:

N, N
M"cBluU UUB UUU anUUUB?S (z(”2 (3.12)
J2= ja=la= ja=la=
Rewrite it as
Nz Nz N3 N3
1 {2 2 {3 2

LA AU YR AY U}B3S§3(zj3). (3.13)

= J2= J3= J3=

Moreover, the decomposition satisfies



FINITE DIFFEOMORPHISM THEOREM FOR MANIFOLDS WITH LOWER RICCI CURVATURE AND BOUNDED ENERGY 11

(15) Bf‘ A an = Brf/4(zf) \ Ber/ZS(Zf) or empty, for any x € B! there exists z¢ such that x € B,f(zf) \
BZ,/ 125(20) with [V, /So(zf’) - Vz,g(zfn < 6 and r(n, v, 6, D)diam(B!) < r! for £ = 1,2.
(22) Nl ¢ By (2" 1)\B (5, meBf By (5" O\Byy-1 (2 ) satisfies [V -1 (2]~ =Vm1 (2Dl =
0 for = 2 3.
(33) SUP,ep ) Vo) = Va (0] < (L = 2)6.
J

(44) N2, N3 < C(n,v,0,D).

Proceeded inductively as above k < L times, we will get

N, N, Ny Ni
_ql L2 2 Lok k
M'=B UUszUUszU"'UUNijUBjk' (3.14)
j2=1 j2=1 Jik=1 Ji=1
such that

(1) Bf. N f\ffﬂ — Brf/4(zf) \ 32,5/25(47) or empty, for any x € Bf there exists zf such that x € B,f(zf) \
Bzﬁ/zs(z[) with [V f/so(Zg) - V2,5(2€)| < ¢ and r(n,v, 9, D)diam(B‘]) < r[ fort=1,2,--- ,k—1.

@ Nt c By-1(z)” ‘)\B (5, meBf Byyr-1 (2 D\ By (27 satisfies [V 1 (27 =Vp,e1 (271l =
0 for = 2 3,-

(3r) SUP, et Vo(x) — v “ ()] < 6 where s > diam(B* )/10.

(4r) Nz,Ns, ,Ng < C(n v, 0, D).

(5x) k< L=L(n,v,6 D).

Now the theorem follows directly from Lemma [2.7] and Proposition [3.2] by fixing small § = 6(n, v, A) and
choosing Nf c f\ff by Proposition such that Nf is diffeomorphic to R x S"~!/ Ff. See also Remark
for the regularity on the neck. O

3.3. Proving Theorem[I.1} Let(M",g) € M(n,v, D, A). By Theorem[3.3] there exists a decomposition

N> N Ny Ny
_ ml 2 2 k k
M'=B UUszUUszU"'UUNijUBjk' (3.15)
J2=1 J2=1 Je=1 Ji=1

such that each B and N are open and satisfy the following:

(1) Ifxe Bf., then the Reifenberg radius rg.;(x) > ro(n, v, D, A)diam(Bf.).

(2) Each neck Njf is diffeomorphic to R x §"~! /rjf where rj. c O(n) and |r§| < C(n,v).
(3) :Nf N Bf. is diffeomorphic to R x $"~! /rf..

4 Bi._l N N§ are either empty or diffeomorphic to R x §"~! /Fi..

5) Ny < N(n,v,D,A)and k < k(v,D,n,\).

By Theorem the body region B§ has at most C(v, n, D, A)-diffeomorphism types. By |1"§| < C(n,v)
and l"f. C O(n), the neck region has at most C(n, v)-diffeomorphism types. By (3), (4) and |I" f.l < C(n,v),
the intersection component of neck regions and body regions has at most C(n, v)-diffeomorphism types.
From the proof of Theorem [3.3|and the construction of diffeomorphism in Proposition [3.2] we can suppose
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that the induced attaching map between intersection components is sufficiently close to being an isometry
of space form S"~! /Fﬁ. in pointwise sense. This implies that the induced attaching map is isotopic to such
an isometry. On the other hand, noting that the isometry group of a compact manifold is a Lie group with
finitely many component, hence there are only finitely many isotopy classes of such attaching maps for each
neck regions. Therefore, there are at most C(v, n, D, A) many ways attaching all the body regions and necks.
Hence we get at most C(v, n, D, A)-diffeomorphism types. This finishes the proof of the theorem. O

4. Diffeomorphism for Kihler manifold

In this section, we will prove the following finitely many homeomorphism types theorem (Theorem 4.1))
for Kéhler surfaces. By using Chern-Gauss-Bonnet formula or Chern-Weil theory, we can get bounded
L? Riemann curvature. Therefore Theorem and Theorem imply the finite diffeomorphism types,
Theorem .2

THEOREM 4.1. Let (M*, g) be compact Kihler manifold with Ric > —(n—1), Vol(M) > v > 0, diam(M) <
D and fM IRI> < A. Then (M*,g) has at most C(v, D, A) many homeomorphism types. As a consequence,
we have fM [Rm[?> < C(v, D, A).

Under the condition of Theorem[4.1] we don’t know whether every tangent cone of the limit space of such
sequence is unique and flat. Instead, we can prove that every tangent cone is a cone with smooth cross section
and all cross sections have the same topology. This is good enough for us to glue local homeomorphisms to
get a global homeomorphism on the neck region.

In the proof of Theorem[d. 1] comparing with Theorem|[I.1] the main difference is the cross section Lemma
[3.1]and neck diffeomorphism Proposition Let us begin analogous lemmas for the proof of Theorem 4. 1

4.1. e-regularity for Kihler manifolds. The following e-regularity could be found in [Ch3] and
Lemma 5.2 of Tian-Wang [TW15]]. Actually, by Cheeger-Colding-Tian’s splitting theorem in [CCT02]
for Kihler manifold, if a ball is close to a splitting ball with Euclidean fact R”~3, then the ball must be close
to ball splitting R"~2 and n — 2 is even. Hence we have

LEMMA 4.2 ([Ch3, TW15|)). Let (M", g, p) be a Kihler manifold with real dimension n and Vol(B1(p)) >
v>0. Forany € > 0if6 < é(n,v,€), Ric > -6, J%z(p) [Ric| < 6 and

dor(Ba(p), B2(0"73,v.)) < 6, (0773, y.) is a cone vertex of metric cone R"™> x C(Y), 4.1)
then

dcu(Bi(p), B1(0") < e. 4.2)

As a direct consequence, we have

COROLLARY 4.3. Let (M*, g, p) be a Kiihler manifold with lower Ricci curvature Ric > —6 and Vol(B;(p)) >
v>0. Forany e > 0if§ < 6(v, €) and fBz(p) IR?> < 6 and

dcua(Ba(p), Bo(p)) < 8, with metric cone (C(X), p) (4.3)
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then the Reifenberg radius rre; (X) = ro(v, €) > 0, where the Reifenberg radius is defined in Deﬁnition

PROOF. For any ¢ € dB(p) and any € > 0, by Lemma[2.2] there exists r > 7(¢’, v) that B.(q) is €'r-
close to a metric cone. Noting that there exists a ray from the cone vertex, by the almost splitting Theorem
if 6 < 6(¢’,v) we have that B,(q) is € r-close to a metric cone which splits a factor R. On the other

1/2 1/2
: 2 2 2 1/2 17 :
hand, noting that r J%r(q) IRl < C(v) (fB,(q) IR ) < C(v) (fBz(w IR| ) < C(v)6'/~. For any €’ > 0 if
€ <€'(v,e”)and 6 < (v, €”) we have by Lemma 4.2|that B,»(g) is €'r-close to Br/2(04). For any n > 0, if
6 < 6(v,€,€”’,n), this implies for some s > s(v,7) > 0 and any x € X,
deu(Bs(x), By(0*)) < ns, with 0° € R®. (4.4)

From [Kel5] we know that Ricy > 2 in the sense of RCD. Thus by [DPG18]] we have for each 0 < ¢ < s that
B.(x) X is if't-close to B,(0%) if < n(v,7). Hence we have finished the proof by choosing 77’ < 77/ (v, €)
and 6 < 6(v, €). O

In the proof of Corollary we only need the smallness of L>-Ric on the annulus but not on the whole
ball, hence we can directly get the following

PROPOSITION 4.4 (e-regularity). Let (M*, g, p) be a Kihler manifold with Vol(By(p)) > v > 0. For any
€ > 0, there exists 6(v, €) and ro(v, €) > 0 such that if Ric > -6 and

(1) dgu(Ba(p), Ba(x.)) < 0, for some metric cone (C(X), x.)
@ Sy R <6
then for any x € B3;2(p) \ 31/2(17), we have

do(By,(x), By (0%)) < ero, (4.5)

and the Reifenberg radius rge;(X) = ro(v, €) > 0,

4.2. Diffeomorphism of Neck Region. In this subsection, we prove the homeomorphism of neck re-
gion. In order to do this, we use the modified monotone quantity (1.2):

VRAX) 1= Vo(x) + f IR, x€ M,r > 0. (4.6)
B (x)
where V,(x) = —log %Q(er))). Note that VXR,(x) is monotone with respect to r for any fixed x € M and

VRo(x) = 0 and VR (x) < C(v, A) for any x € Bi(p).

LEMMA 4.5. Let (M?, g, p) be a Kahler manifold with lower Ricci curvature Ric > -3 and Vol(B1(p)) >
v > 0. For any € > 0 there exists 6(e, v) such that if

[VR,/2(p) = VRa(p)l < 6 4.7)

for some r < 1, then for any r < s < 1 there exists 3-smooth manifold (Zs, dy) such that

(a) dgu(Bs(p), Bs(ps)) < €s, with cone vertex pg € C(Zy) .
(b) rRei(Zy, dy) = ro(n,v) > 0.
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(c) the cross section (Zs, dy) is diffeomorphic to each other and Z; has at most C(v) many diffeomor-

phism types.
(d) there exists diffeomorphism Fs : Ag100,s(Ps) C C(Zs) — M such that Fs is an es-GH map to

Ag100,5(P)-

PROOF. For any ¢, if |[VR,2(p) — VRa(p)l < 6 < d(€, v) we have by Cheeger-Colding’s almost metric
cone Theorem@that for any r/2 < s < 1 the ball By(p) is €s close to a cone C(Zy):

doH(By(p), Bs(Ps)) < és. (4.8)

Since fA 12() IR> < 6, by Proposition we can choose Z; to be smooth and the Reifenberg radius
TRei.e(Zs) > ro(e,v) > 0. The Reifenberg radius lower bound implies that (Zs, dy) has at most C(¢, v) many
diffeomorphism types by Lemma[2.5]

For the diffeomorphism between Z; and Zy, note that if |s — 5’| < €2s then dgp(Zs, Zy) < 10e€. Ap-
plying Proposition we have that Z; is diffeomorphic to Zy. Therefore, for any 3r/4 < s,s" < 1, Zs is
diffeomorphic to Zy. For any fixed s, the last statement (d) holds directly by Proposition[2.6 O

Let us first recall a deformation lemma from Theorem 5.4 of Siebenmann [Sie|] or Lemma 4.7 of Kapovitch
[Kal.

LEMMA 4.6 (Deformation). Let (X"~ !, dx) be a closed topological manifold with metric dx satisfying
diam(X) < D and Reifenberg radius rg.; = a > 0. For any € > 0, there exists 6(n, D, a, €) > 0 such that the
following D(X, 6, €,0,3/4) property holds.

DX, 6,€,0,3/4): Let f : X X (—1,1) > X X R be an embedding and 6-close to the inclusion X X (-1,1) C
X xR, then there exists deformation f : X X (=1,1) = X x R such that

(1) f is an embedding and e-close to the inclusion.
(2) f = Id in a neighborhood of X x {0).
(3) f=finXx(=1,-3/4)and X x (3/4,1).

PROOF. By Lemma 4.7 of [Kal] or Theorem 5.4 of Siebenmann [Sie], D(X, x, €, 0, 3/4) always holds
for X with some 6x > 0. It suffices to show that dx only depends on n, D, a, €. To see this, we will argue by
contradiction and use Gromov’s precompactness theorem. Assume there exists €y > 0 and (X, d;) satisfies
diam(X;) < D, rgei(X;) > a > 0 such that D(X;,i"!, €, 0, 3/4) fails. By Gromov’s precompactness theorem,
up to a subsequence, (X;,d;) — (Xw,ds) Which still satisfies diam(Xs) < D, rg.i(Xe) = a > 0. For i
sufficiently large, by Proposition [2.6] there exists homeomorphism @; : X; — X which is also an 7;-GH
map with n; — 0. In X, by Lemma 4.7 of [Kal] there exists 6(Xo) such that D(Xw, 0, €/2,0, 1/2) holds.
Let us show that D(X;,6/10, &, 0,3/4) holds for i sufficiently large. Actually, let f; : X; X (=1,1) —
X; X R be an embedding 6/10-close to the inclusion X; X (=1,1) C X; x R. Thus for i large enough,
gi = (@, t)o fio ((I)l.‘l,t) : Xoo X (=1,1) = Xo X R is an embedding 6/2 close to the inclusion. Therefore,
there exists g; : Xoo X (—1,1) = X X R such that

(1) g;is an embedding and €y/2-close to the inclusion.
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(2) g; = Id in a neighborhood of X, x {0}.
(3) 8 =g in Xo X (—1,—-1/2) and X, x (1/2,1).

The map f; = (®;',1) 0 g o (@, 1) : X; X (=1, 1) - X; X R satisfies the properties of deformation. Thus the
property D(X;,6/10, €, 0,3/4) holds which is a contradiction. Therefore, we have finished the proof. O

Based on the above deformation lemma, we can glue diffeomorphism of (d) in Lemma [.5] of different
scales to get homeomorphism on the whole neck.

PROPOSITION 4.7. Let (M*, g, p) be a Kihler manifold with lower Ricci curvature Ric > -3 and
Vol(Bi(p)) = v > 0. Then for any € > 0 there exists 6 = 6(v, €) such that for any r < 1/20 if

[VRy2(p) = VR2(p) < 6 (4.9)

then there exists a smooth manifold X which has at most C(v) many homeomoprhism types and a Riemannian
metric g, on X X (r,1/2) such that

(a) there exists homeomorphism F : X x (r/10,1) — N where A,10,1/2(p) € N C Ar20.6/10(P)-
(b) F:(Xx(s/10,5),g,) = M is es-GH map for eachr < s < 1/2.

PROOF. The proposition follows by a standard gluing argument based on the deformation Lemma [4.6]
and local diffeomorphism Lemma By Lemma forany ¢’ > 0,if § < 6(n,8’,v) forany r/2 < s < 2/3,
there exists diffeomorphism Fy : ((X X (s/100, s), g5) — M which is an ¢’s-GH map to Ay/100,5(p) C M.
Let s; = 1072/3 and F; = F s~ We will glue F; to produce F by using Lemma It suffices to build
a homeomorphism F; satisfying the following for each i such that r/2 < §; < 2/3. We will build F; :
X X (si+1/100, sg) — M inductively such that for any € > 0 if § < 6(n, v, €) we have

i.1 There exists metric g; on X X (s5;/100, sg) such that g; = g; on X X (s;/100, s;/10).

1.2 The map Fi: (X x(s5;/100, s5),8;) — M is an es;-GH map to As,/loo,sj(P) for each j < i.

i3 F; = F; on X x (s;/100, 5;/10) up to a diffeomorphism on X which does not change the GH-
closeness.

Define Fp = Fo. Assume F; has been built and let us construct F.;. It suffices to define a metric
8ir1 and glue Fiyp to F; such that 8ir1 = & on (s;/10,sp). Actually, it suffices to glue F; and Fiy{
on X X (si/100, 5;/10). By Lemma 4.5, we have diffeomorphism ., : (X X (s:/80, 5:/20),85.,) —
(X X (s;/80, s,~/20),gsl.). Since Fj, Fi1 are 6’s;-GH maps, the map H; := Fl oF oW : (X X

i+1 SisSi+1

(s5;/80, 5;/20), gs,-+1) - (X xR, gsM) is well defined and C(n)d’s; close to the inclusion (X X (s;/80, s;/20) C
X xR.

By Lemma for any 8" if &’ < & (n, v, ") there exists embedding H; : (X x (s;/80, 5;/20) — X xR
such that

(1) H; is an embedding and 6" s;1-close to the inclusion.
(2) Hi=Idina neighborhood of X X {s;/50}.
(3) H; = H; in X X (s;/80, 5;/70) and X X (s;/40, 5;/20).
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Let H; = H; in X % (5;/50, 5;/20) and H; = Id in X X (s;41/100, 5;/50).
Let us now define the gluing map Fiop: XX (5i+1/100, s9) —» M by

. Fi(2), 2 € X x (51/80, 50)
A Fis1 0 Hi(z) o ;! 7€ X X (5i41/100, 5;/70)

SisSit+1?

Consider the gluing metric 8,11 = ¢g; +(1 —gzz)(‘P;,_}Si+ ) gi+1 0n XX (si+1/100, so) where ¢ is a smooth cut-off

function such that ¢ = 1 on X X (s5;/80, s9) and ¢ = 0 on X X (s;4+1/100, 5;/70). It is easily check that the
map £,y and ;. satisfy (i + 1).1 — (i + 1).3 if 6" < §”(€). Thus we finish the proof. O

Proof of Theorem 4.1 The argument is similar with the proof of Theorem [I.1] by using the above lemmas.
Using the same argument as Theorem [3.3] we can deduce a decomposition theorem in the Kéhler case. The
remaining argument is similar with the proof of Theorem|l.1} O
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