EXAMPLES OF RICCI LIMIT SPACES WITH
NON-INTEGER HAUSDORFF DIMENSION
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ABSTRACT. We give the first examples of collapsing Ricci limit spaces on which
the Hausdorff dimension of the singular set exceeds that of the regular set;
moreover, the Hausdorff dimension of these spaces can be non-integers. This
answers a question of Cheeger-Colding [4, Page 15] about collapsing Ricci limit
spaces.

Recall that for any sequence of complete n-dimensional Riemannian manifolds
(M;,p;) with Ricci curvature uniformly bounded from below, there is always a
subsequence Gromov-Hausdorff converging to a metric space (X,p). X is called
a Ricci limit space. The regularity theory of Ricci limit spaces has been studied
extensively by Cheeger, Colding, and Naber. A point z € X is called k-regular if
every tangent cone at x is isometric to R*, where k is an integer; otherwise, it is
called singular. By the work of Cheeger-Colding [3, 5] and Colding-Naber [6], X
has a unique integer k € [0,7n] such that R* has full measure and X is k-rectifiable
with respect to any limit measure of X, where R is the set of k-regular points of
X. This integer k is called the rectifiable dimension of X.

When the sequence is non-collapsing vol(Bi(p;)) > v > 0, the limit space X
has rectifiable dimension n, which is also the Hausdorff dimension of X; moreover,
the singular set has Hausdorff dimension at most n — 2 [3]. When the sequence is
collapsing vol(Bj(p;)) — 0, as pointed out in [4, Page 15], an important question
is whether the Hausdorff dimension of the singular set could exceed that of the
regular set (also see the discussion in [3, Page 408]). Equivalently, one can ask
if the rectifiable dimension of X equals the Hausdorff dimension of X [11, Open
Problem 3.2]. In this paper, we give answers to these open questions by providing
examples of Ricci limit spaces on which the Hausdorff dimension of the singular
set is larger than that of the regular set; therefore, the Hausdorff dimension of
these examples is larger than their rectifiable dimension. Moreover, their Hausdorff
dimension can be non-integers.

The example is an asymptotic cone of an open manifold N of positive Ricci
curvature. Recall that an asymptotic cone (Y,y) of N is the Gromov-Hausdorff
limit of a sequence (r; ' N, z), where r; — oo and € N. In general, (Y,y) may
depend on the choice of r; and thus may not be unique.

Theorem A. Given any 8 > 0, for n sufficiently large (depending on [3), there
is an open n-manifold N with Ric > 0, such that any asymptotic cone (Y,y) of N
satisfies the followings:

(1) Y = SUR?, where S is the singular set and R? is the set of 2-reqular points;
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(2) S has Hausdorff dimension 1+ 3.
When > 1,Y has Hausdorff dimension 1+, larger than its rectifiable dimension.

By [5], the above R? has Hausdorff dimension 2 and Y has rectifiable dimension
2. Thus for 5 > 1, the Hausdorff dimension of S is larger than that of the regular
set; also, Y has Hausdorff dimension 1 + 3, which is not an integer when 5 ¢ N.
Note that with respect to any limit measure, the regular set always has full measure
[3]. Our examples show that for a collapsing Ricci limit space, its limit measure and
any dimensional Hausdorff measure may not be mutually absolutely continuous.

We point out that Y is non-polar at y; see Remark 1.5. The non-polarity of
(Y,y) is consistent with [4, Theorem 1.38]: if any iterated tangent cone of Y at y
is polar, then the Hausdorff dimension of Y is an integer. The first examples of
non-polar asymptotic cones are constructed by Menguy [10].

We can also use the examples in Theorem A to construct compact Ricci limit
spaces with non-integer Hausdorff dimension; see Remark 1.8.

Our examples are indeed closely related to some known examples [12, 1, 15].
Nabonnand showed that for suitable functions f(r) and h(r), the doubly warped
product [0,00) xf S? x;, S has positive Ricci curvature [12]. Our construction
starts with a doubly warped product M = [0,00) x s SP~! x;, S, where warping
functions f(r), h(r) are the ones in [15] and h(r) has decay rate 7—#; then we take
the Riemannian universal cover N of M as our example in Theorem A.

One key feature of the universal cover N with 7 (M, p)-action is that, d(v'p, p)
is comparable to lﬁ7 where p € M at r = 0, p € N is a lift of p, and v is a
generator of 71 (M, p) = Z. With this, after passing to the asymptotic cone (Y, y),
the limit orbit at y has Hausdorff dimension 1+ 3 (see Section 1.3).

We would like to thank Jeff Cheeger, Aaron Naber, and the anonymous referees
for very helpful comments.

1. THE EXAMPLES AND THEIR GEOMETRY

1.1. Riemannian metric on M. On [0,00) x SP~! x S, where p > 2, we define
a doubly warped product metric as

g=dr® + f(r)%ds;_, + h(r)*ds3,
where ds? is the standard metric on the unit sphere Sk. At r = 0, we require that
f(0)y=0, f(0)=1, f"(0)=0, h()>0, &) =0.

Then (M, g) is a Riemannian manifold diffeomorpic to R? x S1.
Let H = 0/dr, U a unit vector tangent to SP~!, and V a unit vector tangent to
S1. The metric has Ricci curvature

Rie(H, #) =~ ~ (0~ DL

7 _ "y
Ric(U, U) = —f7+pf22 [1— (1] - ffh ,
Rie(V.V) = = = (= D1

We use
F) = ()T R = (14527,



where o > 0 [15]. On (0,00), f and h satisfy
>0, 1-(f)*>0, f"<0, K <O.
Then Ric(U,U) > 0 always holds. Also,

. r? p—1 2
RIC(H7H) > m T — (2a+4a )
2
. ar

When integer p > max{4a + 3,16a2 +8a + 1}, (M, g) has positive Ricci curvature.
From now on, we denote this open Riemannian manifold as (M, g, ).

1.2. Distance estimate on Riemannian universal cover N. Let (M,g,) as
constructed above and let (N, g,) be the Riemannian universal cover of (M, gq).
Let S1(r) be a copy of S in M at distance r; it has length

L(r) = 2n(1 4 r%) 72,

As the length of S*(r) decreases a lot, one expects that the length of minimal
geodesics representing 4! grows much smaller than [, for v representing S* at r = 0.
Namely,

~J

Lemma 1.1. Let p € M be a point withr = 0 and let y be a generator of w1 (M, p)
Z. Then for all positive integers | > 9”%,

C 1% —2 < d(y'5,p) <9175,
where C =297 2a and p € N is a lift of p.

Proof. Let ¢; be the minimal geodesic loop based at p that represents 7' € 71 (M, p).
We estimate the length of ¢;.

Upper bound: We consider a loop o; at p constructed as follows. First it moves
along a ray from p to distance r;, where r; to be determined later; then it goes
around S*(r;) circle [ times; then it moves back to p along the ray. Then

d(’ylﬁ,ﬁ) = length(¢;) < length(o;) < 2r;+1- L(ry).
‘We choose r; = |72 . Then
d(+'p,p) < (2+27) - 1777

Lower bound: Let R; > 0 be the size of ¢;, that is, the smallest number so that
¢; is contained in the closed ball Bg,(p). Since h(r) is decreasing in r, we have

1+ L(Ry) <length(¢) <9- Re=r
This yields
R, > 9 2a[TFm — 1.
The desired lower bound follows from d(y'p, p) > 2R;. 0

On the other hand, we show that for s large and suitable [, length of ¢; at r = s
is still comparable to [ - L(s).
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Lemma 1.2. Given any e € (0,1), s > 0, let | be any integer between %es(l +52)
and es(1 + s2)* (which always exists when s is large). We denote ¢; the minimal
geodesic loop based at q representing v' € m (M, q), where ¢ € M satisfies 1 = s
and 7y is a generator of m1(M,q) = Z. Then

(1) €-Cs <length(c;) < €-2ms, where C > 0 only depends on «.

size(cp)

(2) lim._, | limsup,_, . 1ength(cl)> = 0, where size(c;) is the smallest number so

that ¢; is contained in Bg,(q).
Proof. (1) It is clear that
length(c;) <1-2m(1+ s*)"* < - 2ms.
Let d; be the size of ¢;. Clearly, d; has a rough upper bound
d; < %kength(cl) <e-ms.
Then
length(c;) > 1-2m(1 + (s 4 d;)?) ™

1+ s? “
>ems| ————
14 (s+ems)?

2a
sers [—1 ) > T
- 1+em T (T4 m)2e

(2) To find a better estimate for d;, we consider a bounded cylinder
W = [0,8 +dl] X Sl(s + dl)
with product metric. The map
F:Bsiq,(p) =W, (r,u,v)— (r,0)
is distance non-increasing, where (7, u,v) corresponds to the coordinate [0, 00) x ¢
SP=1 %, St and Biyg, (p) is endowed with intrinsic metric. It is clear that F(¢;) is
contained in [s, s + d;] x S'(s + d;). Note that the loop F(c;) has winding number
[ and touches both boundaries {s} x S'(s + d;) and {s+d;} x S'(s+d;). Thus
length(c;) > length(F(c)) > 2 [d + 272(1 + (s + d)%) 2] /2.
It follows from the upper bound of length(¢;) that
Adf + 4P (14 (s + di)?) 72 < 4nP(1 + s%) 72,

2 2 2«
Ao |y (LS
52 14+ (s+d;)?

For any sequence s; — oo and a sequence of integers [; between %esi(l + 52)® and
esi(1 + s%)® such that lim d;,/s; = § € [0, en], then
71— 00

1
P2<élr|l— ———|.
S Eem (1 T 5)4&
Thus as € — 0, we see that 6/e¢ — 0. Together with (1), we conclude that
size(clv) . dl. )
B L= 0 - 0.
i—oo length(c,) — IS0 Ces;  Ce e

This proves (2). O
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1.3. Structure of asymptotic cones of N. To better understand the structure
of asymptotic cones of N, we will take the isometric I'-action on N into account,
where I' = 71 (M, p). We use the notion of pointed equivariant Gromov-Hausdorff
convergence introduced by Fukaya (see [8] and [9, Section 3] for reference). Let
r; — 00, passing to a subsequence if necessary, we have the following equivariant
Gromov-Hausdorff convergence

(T;1N71§7F) ﬂ) (KyaG)

I I

(r;lM,p) _CH (X, ).

One should view the limit orbit G - Z as the limit of I - §;, where Z € Y and ¢; € N
such that
(7 N B, @) <5 (Y, 2).

Also by [8, Theorem 2.1] (also see [9, Lemma 3.4]), (X, x) is isometric to the quotient
space (Y/G, ), where g is the image of y under the quotient map.

The first author observed that the limit orbit Gy is not geodesic in Y [13]. Here,
we give more detailed description of (Y, y, &) and prove Theorem A.

From the warping functions f and h, we see that (X, ) is a half-line [0, co0) with
x = 0. Since Y/G is isometric to X = [0,00), we can view Y as attaching the
limit orbit 771(2) to each z € [0,00). By construction of M, the limit orbit Gz
is homeomorphic to R for any Z € Y. Thus Y is homeomorphic to R x [0, c0);
y = (0,0) and R x {z} corresponds to the orbit 7=1(2), where z € [0, 00). Because
the limit orbit G'y is noncompact and connected, we can choose v, € G such that
d(v0y,y) = 1. We label the point v,y as (1,0) € R x [0,00) =Y. Let [; — 0o be
a sequence of integers such that

_ - -~ GH
(ri N,y YY) 25 (Y Y, Yoo)-

Then for any rational number b = m/k,
- _ |\ GH
(Ti lepa ’YLbZIJ) — (K Y, g)

with g satisfying g¥ = 7. We label the point gy as (b,0). By Lemma 1.1, there
are constants C1,Cy > 0, only depending on « such that

Cilb| 2= < lim 7 td(y P, p) < Colb T
71— 00

Therefore, we can define a coordinate (b,0), where b € R, for any point in Gy.
Moreover, the coordinate satisfies

d((b1 — b2,0),(0,0)) = d((b1,0), (b2,0))
for all by, by € R. This proves the estimate below.
Lemma 1.3. The distance on Gy = R x {0} satisfies
C1 - by — bo| 725 < d((by,0), (b, 0)) < Cy - by — bp| 7=
for all by, by € R, where C,Cy > 0 only depend on «.

Proof of Theorem A. Let a = 3/2. Let (M, g,) be the open manifold with Ric > 0
constructed in Section 1.1 and let (N, g,) be its Riemannian universal cover.



(1) First note that y is singular. In fact, let (Y’,3’) be a tangent cone of Y at
y. By a standard diagonal argument, (Y, y’) is an asymptotic cone of N; in other
words, we can find s; — oo such that

(57 'N.5.T) S5 (V. ).
The orbit G'y’ satisfies the distance estimate in Lemma 1.3. Therefore, (Y',3/) is
not isometric to any RF.
Next we apply Lemma 1.2 to show that any point outside Gy is 2-regular. Let
z € X\ {z} and let Z € Y be a lift of z such that d(Z,y) = d(z,z). Since any point

outside Gy is some gz, it suffices to show that Z is 2-regular.
We choose a sequence of points ¢; such that d(p, ¢;) = r;t, where t = d(z, x), and

_ - ~\ GH ~
(ri'N, B, Gi) == (Y, y, 2).

We write s; = r;t. Let € € (0,1) and let I; — oo be a sequence of integers between
1esi(14 s2)* and es;(1 + s?)*. By Lemma 1.2(1),

_ ~ . GH ~
(ri 1N7 Qiapyll) — (Y,z,g)

with Cet < d(gZ,2) < et, where C € (0,1) only depends on . Let o; be a minimal
geodesic from §; to ;. After blowing down, o; converges to a minimal geodesic
o from Z to gZz. Let m be the midpoint of o and let hZ € GZ be a closest point
in the orbit to m. We write § = d(m,hz). Then 7 := h~lo is a segment whose
midpoint has distance d to z. By our construction,

5 d(m,G3)

<t size(cy,)

d(gz2) =P (e,

Now we change €. To emphasize the dependence on €, we will write 7. and d.
instead of 7 and J, respectively. By Lemma 1.2(2), the minimal geodesics 7. satisfy
(i) length(r.) € [Cet, et];

(ii) midpoint of 7. has distance d, to Z, where d./e — 0 as € — 0.

Together with Cheeger-Colding splitting theorem [2], we see that any tangent cone
at Z is isometric to R?, with a direction coming from the lifting of R as the tangent
cone of X at z, and the other direction coming from the limit of 7, for some ¢; — 0.

(2) This follows directly from the distance estimate in Lemma 1.3. In fact, we
consider the maps

€

¢: (Gy,d) = (R,dy), (b,0)—b,
¢ : (Ra dO) - (Gyad)’ b (ba O)a

where dy is the Euclidean distance on R. By Lemma 1.3, the maps ¢ and v are
Holder continuous with exponent 1+ 2« and 1/(1 + 2a), respectively. Thus

i <
dimg (R, dg) < T 20
dimg (Gy,d) < (1 + 2a) dimg (R, do).

We conclude that Gy has Hausdorff dimension 1 + 2a. [l

We end our paper with some remarks related to our examples.

Remark 1.4. One can also derive that every point z ¢ Gy is regular from the
regularity theory. If z is singular, then any point in Gz is also singular; this would
contradict the path-connectedness of the regular set [6].



Remark 1.5. For any asymptotic cone (Y, y) of (N,p), Y is non-polar at y. In fact,
we consider a minimal geodesic o from y to a point gy # y. We claim that o cannot
be extended further across gy as a minimal geodesic. Suppose that we can extend
o to o. First note that the extended part is not contained in Gy; otherwise, it
would have infinite length by Lemma 1.3. Thus the minimal geodesic & contains
two regular points with a singular point gy in between; this would contradict the
Holder continuity of tangent cones [6, 7].

Remark 1.6. If the warping function h has logarithm decay In~*(r) or it decays
to a positive number ¢ > 0, then (Y, y), the corresponding asymptotic cone of the
universal cover, splits isometrically as R x [0, 00); see [13].

Remark 1.7. We suspect that the structure of fundamental group 71 (M) is related
to the structure of singular set of Y: if m1(M) contains a torsion-free nilpotent
subgroup of class > 2, is it true that for some asymptotic cone (Y,y,G) of the
universal cover (N,p,m(M,p)), its orbit Gy must be non-rectifiable? The first
author proved that for such a fundamental group, in some (Y,y,G) there is a
geodesic connecting two points in Gy but definite away from Gy; see [13, 14].

Remark 1.8. We can construct a compact Ricci limit space with same feature as
in Theorem A as follows. Let 8 = 2«, (M, g,), and (N, ¢,) as constructed before.
For a sequence 7; — 00, we choose v; = v € I', where I; — 00, so that

_ ~ ) GH
(ri 1Nap7’yllv]-—‘) — (Y’y7’y°°7G)’

where o, € G with d(Yeoy,y) = 1. Let (M;,p;) = (N, D)/ (7). Then
157 -\ GH _
(ri lMivpi) — (Y/Z7y)7

where Z = (7o) is a discrete subgroup of G and the limit space Y/Z has Hausdorff
dimension 1 + 5 when S > 1. o

Next, we glue two copies of a bounded region in r; YM; along the boundary
to obtain a compact Ricci limit space. Let K; = m; '(B,,(p)) C M;, where ; :
M; — M is the covering map. The principal eigenvalues of the second fundamental
form of 9B, (p) are J}((:)), };1((:))’ which decay like r~! as 7 — oo. Thus the second
fundamental forms of r; ' (9K;) are uniformly bounded. Now one can extending
the boundary of K; with definite length to have totally geodesic boundary, then
we can double it to have closed manifolds with Ricci curvature uniformly bounded
from below and diameter uniformly bounded from above. The Hausdorff dimension
of its Gromov-Hausdorff limit is also 1 4+ 8 when 8 > 1.
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