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ABSTRACT. Recently there are tremendous developments in the study of manifolds with
Ricci curvature lower bounds, their Gromov-Hausdorff limits (Ricci limit spaces), and/or
RCD spaces. We will first recall the basic tools like Bochner formula, Bishop-Gromov volume
comparison and some generalizations, and Cheng-Yau’s gradient estimate, then go on to the
almost volume rigidity. Then we will present examples showing the Busemann function of
manifolds with nonnegative Ricci curvature may not be proper (which was open since the
seventies), the Hausdorff dimension of singular set of Ricci limit spaces may be bigger than
the Hausdorff dimension of the regular set, which answer a question of Cheeger-Colding
more than twenty years ago. In the end we will present the topological result that Ricci
limit space/RCD spaces are semi-locally simply connected.
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For general references about manifolds with Ricci curvature bounds, see [5,25].

1. LECTURE 1: Basic TooLs FOR Ricct CURVATURE

1.1. Bochner formula. For a smooth function « on a Riemannian manifold (M™", g), the
gradient of u is the vector field Vu such that (Vu, X) = X (u) for all vector fields X on M.
The Hessian of u is the symmetric bilinear form

Hess (u)(X,Y) = XY (u) — VxY(u) = (VxVu,Y),
and the Laplacian is the trace Au = tr(Hess u). For a bilinear form A, we denote |A|? =
tr(AA").

The Bochner formula for functions is

Theorem 1.1 (Bochner’s Formula). For a smooth function v on a Riemannian manifold
(M", g),

(1.1) %AlVU’Q = |Hess u|* + (Vu, V(Au)) + Ric(Vu, Vu).

Partially supported by NSF DMS 2104704.
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The Bochner formula simplifies whenever |Vu| or Au are simply. Hence it is natural to
apply it to the distance functions, harmonic functions, and the eigenfunctions among others,
getting many applications.

Proof. We can derive the formula by using local geodesic frame and commuting the deriva-
tives. Fix = € M, let {e;} be an orthonormal frame in a neighborhood of x such that, at x,
V.ej(x)=0forall i, j. At z,

1 , 1
§A|Vu| = 3 Z e;ei(Vu, Vu)
= Z ei(Ve,Vu, Vu) = Z e; Hess u(e;, Vu)

= Z e; Hess u(Vu, e;) = Z ei(VeuVu,e;)

= Z(VeinUVu, e;)
= Z [(VouVe,Vu, e;) + (Vie, vy Vu, €;) + (R(e;, Vu)Vu, e;)] .

)

(1.2)
Now at z,
> (VouVeVue) = > [Vu(Ve,Vu,e;) — (Ve,Vu, Voye)]
(1.3) = Vu(Au) = (Vu, V(Au)),
and
Z(V[ei,vu]VU,eQ = ZHess u(lei, Vul, e;)
= Z Hess u(e;, V¢, Vu)
(1.4) = Z(VaiVu,Veivw = | Hess ul?.
Combining (1.2), (1.3) and (1.4) gives (1.1). O
Applying the Cauchy-Schwarz inequality | Hess u|* > % to (1.1) we obtain the following
inequality
1 Au)?
(1.5) 5A|vu|2 > % + (Vu, V(Auw)) + Ric(Vu, Vu),

with equality if and only if Hess u = hl, for some h € C*(M). If Ric > (n — 1)H, if and
only if the following holds for all u € C3(M).

(1.6) %A|Vu]2 > (A—S)Q + (Vu, V(Au)) + (n — 1)H|Vul®.
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1.2. Mean Curvature/Laplacian Comparison. Here we apply the Bochner formula to
distance functions. We call p : U — R, where U C M™" is open, is a distance function if
IVp|=1onU.

Example 1.1. Let A C M be a submanifold, then p(x) = d(z, A) = inf{d(z,y)|ly € A}
is a distance function on some open set U C M. When A = ¢ is a point, the distance
function r(x) = d(g, z) is smooth on M \ {q, C,}, where C, is the cut locus of ¢. When A is
a hypersurface, p(z) is smooth outside the focal points of A.

For a smooth distance function p(z), Hess p is the covariant derivative of the normal
direction 9, = Vp. Hence Hess p = I, the second fundamental form of the level sets
p~Y(r), and Ap = m, the mean curvature. For r(x) = d(q,x), m(r,0) ~ ”T_l as r — 0;
for p(z) = d(x, A), where A is a hypersurface, m(y,0) = m,, the mean curvature of A, for
y € A.

Putting u(z) = p(x) in (1.1), we obtain the Riccati equation along a radial geodesic,

(1.7) 0 = |[II]* +m' + Ric(9,,d,).
By the Cauchy-Schwarz inequality,

11 > ——
n p—

Thus we have the Riccati inequality

2
(1.8) m' < - _Ric(d,,d,).

n p—

If Ricym > (n— 1)H, then

2

m

1.9 < — —(n—1)H.
(19) w < - (1)

From now on, unless specified otherwise, we assume m = Ar, the mean curvature of
geodesic spheres. Let M7}, denote the complete simply connected space of constant curvature
H and mpy (or m}, when dimension is needed) the mean curvature of its geodesics sphere,

then
2
(1.10) m'H = —

n_l—(n—l)H.

Let sng(r) be the solution to
snf + K sng =0
such that sng(0) = 0 and sn’(0) = 1, i.e. sng are the coefficients of the Jacobi fields of the
model spaces M. Let csk(s) = sny(s). Explicitly we have

\}—Fsin(\/?s), K>0 cos(VKs), K >0
sng(s) =< s, K=0 and csg(s) =<1, K=0
g sinh(V-Ks) K <0, cosh(v/—Ks), K <0.
Then
s
1.11 =(n-1)—2.
1) mar = (n = 1) 222

Asr — 0, myg ~ "T’l The mean curvature comparison is



GUOFANG WEI TITLE: SOME RECENT RESULTS FOR SPACES WITH RICCI CURVATURE LOWER BOUNDS

Theorem 1.2 (Mean Curvature/Laplace Comparison). If Ricym > (n — 1)H, then along
any minimal geodesic segment from g,

(1.12) Ar =m(r) <mg(r) = Ag(r).
Moreover, equality holds if and only if all radial sectional curvatures are equal to H.

This follows from Ricatti equation comparison. Here we give a simple proof.

Proof. From (1.9) and (1.10) we have

1

(1.13) (m —mpy) < —

(m? —m3,).

Let m¥ = (m — my);1 = max{m — my, 0}, amount of mean curvature comparison failed.
We only need to work on the interval where m —myg > 0. On this interval —(m? —m3%,) =

—mf(m —mpg +2mpy) = —mI (M + 2my). Thus (1.13) gives
(mH), < _(mf)Q — 2mf A —Q—mf T —Q—Sn/HmH
= n—1 n—1 = n—1 sng T
Hence (snZ%m!)" < 0. Since sn%(0)m*(0) = 0, we have snZm! < 0 and m% < 0. Namely
HTy H + HIM +
m < mp. U

The local Laplacian comparison immediately gives us Myers’ theorem, a diameter com-
parison. Let S}, be the sphere with radius 1/v H.

Theorem 1.3 (Myers, 1941). If Ricy; > (n—1)H > 0, then diam(M) < diam(S},) = 7/ H.
In particular, 71 (M) is finite.

Proof. If diam(M) > 7/vH, let q,¢ € M such that d(q, ¢') = 7/v/H + ¢ for some € > 0, and
7 be a minimal geodesic connecting ¢, ¢’ with v(0) = ¢,v(7/vH +¢) = ¢. Then ~(t) € C,
for all 0 < t < 7/v/H. Let r(z) = d(q,), then r is smooth at y(w/v/H), therefore Ar
is well defined at v(m/vH). By (1.12) Ar < Agr at all y(¢) with 0 < t < n/v/H. Now
lim,_, 7 Agr = —oc so Ar is not defined at y(m/v/H). This is a contradiction. O

The Laplacian comparison also works for radial functions (functions composed with the
distance function). In geodesic polar coordinate, we have

N 0 02
(1.14) Af:Af%—m(r,H)Eija—TJ;,

where A is the induced Laplacian on the sphere and m(r, ) is the mean curvature of the
geodesic sphere in the inner normal direction. Therefore

Theorem 1.4 (Global Laplacian Comparison). If Ricym > (n—1)H, in all the weak senses
above, we have

(1.15) AF(r)
(1.16) AF(r)

IV INA
>
T
—
=
=
=
AN
=
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1.3. Volume Comparison. Let dvol = A(r,0)drdf,_, be the volume element of M in
geodesic polar coordinate at . Then we have the following lemma.

Lemma 1.1. The relative rate of change of the volume element is given by the mean cur-
vature,

(1.17) %/(r, 0) = m(r,0).

This combines with the mean curvature comparison gives the volume element comparison.

Theorem 1.5. Suppose M" has Ricy, > (n — 1)H. Let dvol = A(r,0)drdd,_, be the
volume element of M in geodesic polar coordinate at ¢ and let dvoly = Ag(r,0) drdf,,_, be
the volume element of the model space M. Then

A(r,0)
AH(T)

Integrate this gives

(1.18)

is nonincreasing along any minimal geodesic segment from g.

Theorem 1.6 (Bishop-Gromov’s Relative Volume Comparison). Suppose M™ has Ricy >
(n —1)H. Then

voldB(z,T)) vol (B(z,7))

(1.19) voldBs(r)) an vol(Bi (1)) are nonincreasing in r.
In particular,

(1.20) vol (B(z,r)) < volg(B(r)) forall r>0,
(1.21) vol(Blw,r) o, volu(BW)) 0 o<y < R,

vol (B(z, R)) — voly(B(R))
and equality holds if and only if B(z,r) is isometric to By(r).

Actually from Theorem 1.5 we can also get the annulus volume comparison. Denote the
annulus by A(p,r,R) ={z | r < d(r,z) < R}. Then for 0 <r; < Ry < Ry, 0 <1y <1y <
R27

volA(p, 1, Ry) _ volA(p, 12, Rs)
VOIAH(T'l, Rl) VOIAH(TQ, Rg) ’
e If ry =ry =0, this is just the relative volume comparison for balls.
o If welet ry =0, Ry = Ry = R, and v, = R — ¢, then by dividing by Ry — 1y = € we
have

>

R
1A _ VOlaB , S ds
volA(p, R — ¢, R) _ Jr_. (. 5) — vol0B(p, R), ase— 0.
c €

Therefore
volB(p, R) _ volA(p,R—¢,R)  voloB(p, R)

— .
volBy(R) — volAg(R — ¢, R) voloBy (R)
e One can also just integrate along a sector of S"!. So the volume comparison holds
for any star-shaped domain.

>

These basic Laplacian and volume comparsions have been generalized to integral Ricci
curvature [19] and Bakry-Emery Ricci curvature [27].
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2. LECTURE 2: RIGIDITY AND ALMOST VOLUME CONE RIGIDITY

2.1. Some Rigidity Results. Some well known rigidity results are two “ maximal diameter
rigidity”.

Theorem 2.1 (Cheng’s Maximal Diameter Theorem 1975 [10]). Suppose M™ has Ricy >
(n—1)H > 0. If diamy; = 7/v/H, then M is isometric to the sphere S, with radius 1/v/H.

One way to prove this is to show there exists u such that |Vu| # 0 and Hess v = —ug
(Given by first eigenfunction)

Theorem 2.2 (Splitting Theorem, Cheeger-Gromoll 1971 [9]). Let M™ be a complete Rie-
mannian manifold with Ricy; > 0. If M has a line, then M is isometric to the product
R x N"! where N is an n — 1 dimensional manifold with Ricy > 0.

Key to the proof is to find a function u such that |Vu| = 1, Hess u = 0. (Given by
Busemann function, see Section 3 for definition)

Theorem 2.3. A Riemannian manifold (M, g) is a warped product ((a,b) x; N, dr? +
f2(r)gn) if and only if there is a nontrivial smooth function u on M such that

Vu #0, Hessu=hg
for some function h: M — R. (f =« up to a multiplicative constant)

Proof. If g = dr? + f*(r)go simply take u(r) = [ f(t)dt. Then «/'(r) = Lu = f(r) >
0, Hess u=u"(r)g = f'(r)g.
Conversely, if u satisfies Hess u = hg, then for any vector field X,

1
X <§|Vu|2) = Hess u(X,Vu) = h - g(X, Vu)

which shows that |Vu| is constant on level sets of u. Let N = u~!(c), a level set of u, gy
the metric restricted to this level set, and r the signed distance to N defined by requiring
that Vr and Vu point in the same direction. Then it is easy to see that u is a function of
r: u = u(r). Hence,

Vu =u'Vr, Hessu=u"dr*+u Hess r.

Comparing with the equation Hess u = hg shows that h = u” and that

"
Hess r = ?g

on the orthogonal complement of Vr. On the other hand, g = dr?+ g, with g, the restriction
of g on the level set of r. Since

"

Ly,g9, = 2Hess r = 2u—/gr.
U

Again the Hessian here is restricted to the orthogonal complement of Vr. Thus, g = dr? +
(kuw')?gn where ku/(0) = 1. O

For warped product metrics, the curvatures are easy to compute. Double warped product
metrics are used in many constructions.
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2.2. Metric cone and Volume cone.

Definition 2.1 (Euclidean metric cone). Let Z be a metric space. We define the Euclidean
metric cone of Z by

C(Z) := metric completion of (0,00) x Z
w.r.t. the metric

d((r1,21), (re, 22)) = \/7"% + 13 — 21179 cos max{d(21, 29), 7}

Note we have used Euclidean cosine law to define the metric, hence a Euclidean metric
cone.

Example 2.1. If Z"! is a Riemannian manifold, then C'(Z) is exactly the cone manifold
(except the vertex) with the Riemannian metric

g=dr* +rigy,.
Let h = %, then Ah =1,Hessh = %g. Also, note that
voloB(z*,r) (7" )nl

voldB(z*,R)  \R

(2.1) -

where z* is the vertex.

It turns out that metric cone <= there exists h so that Hessh = %g.

Definition 2.2 (Volume cone). A volume cone of Z is a conical space such that (2.1) holds.

By volume rigidity, if Ric > 0, then volume cone <= metric cone.
Cheeger-Colding [3] proved the following almost rigidity.

Theorem 2.4 (Almost rigidity). If a Riemannian manifold M"™ satisfies Ric > —(n — 1)J,
and
(2.2) volB(p, ) (1-6) < volB_s(r) |

volOB(p,r) volOB_s(r)
then

dan(B(p,r), B(z", 1)) < ¢(3]n, R)
for some space Z. The ball B(z*,r) is the r-ball centered at the vertex of C(Z).

In proving this, Bochner’s formula, Cheng-Yau’s gradient estimate, Poincare inequality,
Segment inequality are the basic tools.

2.3. Cheng-Yau’s gradient estimate. Cheng-Yau’s gradient estimate [1 1] is an important
tool in geometric analysis. The following combines the versions in [6] and [13]. The proof
uses Bochner’s formula, maximal principle, cut-off function and Laplacian comparison.

Theorem 2.5. Let M" be a complete Riemannian manifold with Ricym > —(n—1)H*(H >
0). If u is a positive function defined on the closed ball B(q,2R) C M satisfying Au = K (u).
Then

1/2

(2.3) |V(logu)(x)| < (n—1)H +c(n, H)R™' + on B(q, R).

(n—1) sup <]K’\ + %)
B(q,2R)

In particular, for positive harmonic function u defined on M,
(2.4) |V(logu)(z)] < (n—1)H.
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Estimate (2.4) is optimal. When equality occurs, it implies strong rigidity: the manifold
is a warped product, see [13]. When H = 0, (2.4) gives the following Loiuville type result.

Corollary 2.1. Let M™ be a complete Riemannian manifold with Ricy~= > 0, then all
positive harmonic functions are constant. In particular, all bounded harmonic functions are
constant.

Proof of Theorem 2.5. : Let h = logu. Then Vh = ¥ Ah = |v“‘ = K(u — |Vh|%
Apply the Bochner formula (1.1) to the function h we have

1

QA‘Vhlz = |Hess h|* + (Vh, V(AR)) + Ric(Vh, Vh)
(2.5) > | Hess h|?> + (Vh, VEX) —(Th, V(|VA[)) — (n — 1) H*|VA[%.
For the Hessian term one could use the Schwarz inequality

Ah)?
(2.6) | Hess h|* > (Ah) :
n

Indeed, when H = 0, this estimate is enough. For H > 0, using this estimate one would get
(n(n—1))"? instead of n—1 for the coefficient of H in (2.4). To get the best constant for H >
0, note that (2.6) is only optimal when Hessian at all directions are same. Harmonic functions
in the model spaces are radial functions, so their Hessian along the radial direction would
be different from the spherical directions. Therefore one computes the norm by separating
the radial direction and uses Schwarz inequality in the spherical directions. Let {e;} be an
orthonormal basis with e; = \Vhl the potential radial direction, denote h;; = Hess h(e;, €;).
We compute

|Hess h|> = h{; +2> hi+ > hi

1,522
2 ~ 5, (Ah— D)
. Vh]? + hyy)?
— 2 2) 2 (l
h2 + Zh1]—|— —"

> ihz,—F;‘Vh]‘leL]Vh\zhn.

- n—ljz1 Yin—1 n—1
Now hy; = W—l}L'(Ve].Vh, Vh) = 2|Vh\63(‘Vh’ ) and hyp = 2|WL‘Q<V|Vh|2 Vh). Therefore

2 n_ |VIVAPE | [VAI*+(VIVA], V)
. >

(2.7) [Hess " 2 10—35 1wz - !

and equality holds if and only if Hess h are same on the level set of h, i.e.

|Vh|? 1
H == — '
ess h o1 g |Vh]2dh®dh
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Plug (2.7) into (2.5) we get

1 n |VIVA?*?  |[Vh* n-2

—A|VH]? > — 2

P AVIE = Ty A Taot o VIVAR VR
(2.8) +(K' = &)|Vh|* = (n — 1)H?|Vh|>.

If |VR|? achieves a local maximum inside B(q, 2R) then we are done. Assume |Vh|(qo) is the
maximum for some ¢y € B(q,2R), then V|Vh|*(q0) = 0, A|[Vh|*(qo) < 0. Plug these into
(2.8) gives
[Vh|*
n—1
Hence [Vh|* < (n —1)*H? + (n — 1) supp(, »p) (\K’| + |—I§|>

In general the maximum could occur at the boundary and one has to use a cut-off function

to force the maximum is achieved in the interior. Let f : [0,2R] — [0, 1] be a smooth function
with

0> + (K= 5)|Vh|* = (n — 1)H?|Vh|>.

(2.9) flio.m = 1, suppf C [0,2R),
(2.10) —cR™'f12 < f' <0,
(2.11) "] < eR72,

where ¢ > 0 is a universal constant. Let ¢ : B(q,2R) — [0,1] with ¢(z) = f(r(z)), where
r(x) = d(z,q) is the distance function. Set G = ¢|Vh|?. Then G is nonnegative on M
and has compact support in B(q,2R). Therefore it achieves its maximum at some point
qo € B(q,2R). We can assume 1(qy) € [R,2R) since if qo € B(q, R), then |Vh|? achieves
maximal at gy on B(q, R) and previous argument applies.

If gy is not a cut point of ¢ then ¢ is smooth at ¢y and we have

(2.12) AG(q0) <0, VG(q)=0.
At the smooth point of r, VG = V¢|Vh|* + ¢V|Vh|?,
AG = Ag|Vh|* + 2(V, V|VhA|?) + ¢A| V|

Using (2.8), (2.12) and express |Vh|?, V|VA|? in terms of G,VG we get, At the maximal
point ¢y of G,

NG, |V n Ve, 2 @
0> AG(q) > 7G—2 e G+ 1) & G+n—1?
2(” — 2) G / K 2
(2.13) +7<Vh, VQS)g + 2(K — E)G — 2(71 — 1)H G.
Since ¢(x) = f(r(x)) is a radial function, |Vé| = |f'|, by (2.10),
1|V 1
(V.V9) 2 ~[V|[vel = ~Gi Dl > —Gi

Also A¢p = f’Ar + f”. Since f’ <0, by the Laplacian comparison (1.16) and (2.11)
Ap > f'Ayr —cR?,
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where Agyr = (n — 1)H coth(Hr), which is < (n — 1)H coth(HR) on [R,2R]. Hence
A¢ > —cR " ((n—1)Hcoth(HR) + R™")
> —cR'[(n—1)2R "' +4H)+ R
Multiply (2.13) by % and plug these in, we get

[N

0 > 2G—2(n—2)=G

R
_%<m_1§m_n+4m—1fH+(%LJO)—%n—DOKW+%>—%n—D%ﬁ

Solving this quadratic inequality gives
1/2

N

(2.14) (G(q)2 < (n—1)H +c(n, H)R™ +

(n—1) sup <|K'| + %)
B(q,2R)

Therefore
1/2

sup |Vh| = sup GY* < sup GY? < (n—1)H+c(n, H) R+
B(q,R) B(q,R) B(¢,2R)

(n—1) sup) (]K/| + @)

B(q,2R

If gp is in the cut locus of g, use the upper barrier 7, (x) for r(x) and let € — 0 gives the
same estimate. 0
2.4. Integral estimate of Hessian. Idea: Find function f such that Af = 1 and fB Hess f—
+9) < U(d[n, R).
In M", the Riemmannian metric in polar coordinate is given by
g = dr* + sinh® 4(r)ds?
and the Laplacian is

o 0 1

A s=— — 1) coth 4+ —— Agn-.
0 % ) coths(r >8r s1nh2_5(7“) s

or?
Let f be the function on M" 4 such that A_sf =1, f(0) =0, f > 0, f’(0) = 0. Namely
"+ (n—1)coth_s(r)f =1

This is first order linear equation for f’. Solving gives f’ = v‘;?lalja(?ﬁ ok In polar coordinate
the volume element is
A_5(r,0) = sinh™5' (r),

and voldB(p,r) = f L As(r,0).

In R™, f:;—Z d (f")? —%. In general

_ 2f

(2.15) (77 =2 = wsin, )

Consider f : B(p, R) — Rsuch that Af = 1, flop = f(R). By maximal principle f < f(R)
on B(p, R).

Now A(f — f)=Af —Af <A_sf —Af =1—1=0. Hence
0< f—f<Ci(né,R).
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Lemma 2.1. 1)fy o [Vf — VF? <¥(n, R)).
2) |f = fI < ¥(3|n, R)) on B(p, ).
3) f,, | Hess S~ Lolt < wioln, ).

Sketch of Proof. : 1)

f AR Far-apu-i < cwsn ‘ far- Af)‘

o< [ Af-AD) = B R) - [ i

dB(p,R)
volB(p, 1)
~ voldB(p,r)
< wvolB(p,R) — (1 —§)volB(p, R) = 6 - volB(p, R).
Hence we get fz o [Vf — Vf? <¥(|n, R)).
For 2), Poincare inequality gives

(2.16) f RS v )

Now |Vf| = |f| < Cy(n,0,R), f > f — Ci(n,6, R), apply Cheng-Yau'’s gradient estimate
(Theorem 2.5) to f + 2C; gives |V f| < C(n,d,R) on B(p,£). (2.16) combines with these
gradient bounds gives 2).

Recall |A]? = tr(A - AT).

= volB(p, R) volOB(p, R)

1 1
(2.17) | Hess f — —g|*> = |Hess f|* — 221 + — = | Hess f|* — &L.
n n
From Bochner formula
1
§A]Vf\2 = |Hess f|* + (Vf, VAF) + Ric(Vf, Vf) = | Hess f|* + Ric(V f, Vf).

Let ¢ be a cut-off function of B(p, R) such that ¢ = 1 on B(p, %) and Ay + |Vy| <
C(n,d, R).

/(p\Hessf|2 = %/A(|Vf|2—%+%)<p—/wRic(Vf,Vf)

1
< 5[ aevsr-e [edkes [ vs
B(z,R) B

Since |V f| < C(n,d, R), and
f VP - 2| < f V2= (9P| + IVF12 - 2|+ |2 — 2| < 0(s|n, R)),
B(z,R) B(z,R)

we have
F o (| Hess P = 25) < W, B).
This combines with (2.17) gives 3). O
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The integral estimate of the Hessian combines with Cheeger-Colding’s segment inequality
gives Theorem 2.2.

3. LECTURE 3: BUSEMANN FUNCTION OF MANIFOLDS WITH NONNEGATIVE RICCI
CURVATURE

3.1. Busemann function. Let M" be a complete noncompact manifold. For any p € M,
there exists a ray ~(t) : [0, +00) = M, i.e. d(v(t),7(s)) = |t — s|. The Busemann function
is a renormalized distance function from infinity, which plays an important in the study of
noncompact manifolds.

Definition 3.1. The Busemann function associated to a ray < is a function 0, : M — R
defined by

b,(x) = lim (t - d(w,*y(t)).

t—o00

Note that the sequence is monotone and bounded so the limit exists. Namely by triangle

inequality
[t = d(z, 7)) = |dp, (1) — dl,5()] < d(p,a).
Also if s < ¢, then
(5= () = (= e A1) =5~ t = d(w,1(5) + d(z,7(1))
— —d(y(1),7(s)) = d(z,7(s)) + d(z, (1))

<0.
Hence t — d(z,v(t)) is nondecreasing in ¢.

Remark 3.1. e b, is Lipschitz with Lipschitz constant 1.
e Along v, b,(v(t)) =t is linear in .

Example 3.1. Let M = R" with the usual Euclidean metric. Then all rays are of the form
V() =~(0) ++/(t), and by (2) = (2 — 7(0),7'(0)).

Proof. Write

—7(0) = ay/'(0) + v,

where a = (x — v(0),~/(0)) and v L 4/(0). Then
d(z,7(8)) = [l = 7(0) = /' (0)| = V/(a — 1)* + [Jv]|%

Thus we have

t2 _ —t 2 .2
lim (¢t — d(z,7(t))) = lim (e —v _
e =ty fla— 07+ [o]P
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Theorem 3.1 (Cheeger-Gromoll, 717, 727).

e If the sectional curvature K, > 0, then Hess b, > 0.
o If the Ricci curvature Ricys > 0, then Ab, > 0.
(both in barrier sense)

Remark 3.2. (1) The first result plays an important role in the proof of Soul’s theorem,
while the second one leads to the splitting theorem.
(2) By Laplacian comparison we have Ar < Aga7 = %=1 So intuitively, A (t— d(z, 7(75)))

n—1

—W%Oast%oo.

Definition 3.2 (Busemann function of a point). b,(z) := sup, b,(z), where the supremum
is taken among all rays v starting from p.

When M™ is polar with pole at p, then b,(z) = d(p,z). Still b,(z) is convex when K, > 0,
and subharmonic when Ricy, > 0 in barrier sense.

The convex of b, (x) implies b,(z) is proper. In fact, it imples b, (—o0, a] = N,b; ' (—00, d]
is compact. Here is a quick proof.

Proof. If for the sake of contradiction it is not true, then there exists an a > 0 and a sequence
{z;} C M such that b,(z;) < a and d(p,x;) — oo. Now we connect p with z; by minimal
geodesics ;. Then a subsequence of «; converges to a ray 7. Since b, is convex,

by(p) =0,b,(z;) <a = by(v) < a.

Hence b,(7(t)) < a for all . But b,(v(t)) = ¢, this is a contradiction. O
Question 3.1 (Open problem since 70’s). Is b, proper when Ricy, > 07

It has been shown that the answer is yes in many special cases:

e When M is polar with pole at p, we have b,(x) = d(p, x), proper.

diam (8B(p,7“))

z)
r T

=€ < 1, then lim,_,, inf % > 1 —¢€ > 0, which implies

e If lim, ., sup o)

b, is proper.

e Shen, 1996: When M" has Euclidean volume growth, b, is proper.

e Sormani 1998: When M™ has linear volume growth (i.e. Cr < volB(z,r) < C'r),
b, is proper.

3.2. Nabonnand’s example of manifolds with positive Ricci curvature. [I7]

We first recall Nabonnand’s example [15], which is the first example of a manifold with
positive Ricci curvature with infinite fundamental group 7.

Let M = R* x S' equipped with the double warped metric

g=dr’+ fQ(r) dsi_1 + h2(7") ds%

A%
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with f(0) = 0, f'(0) = 1, f”(0) = 0,h(0) > 0,R’(0) = 0. Denote H = 2, u a unit vector

tangent to S¥71, and v a unit vector tangent to S'. Then one can compute

(3.1) Ric(H, H) = —(k — 1)f7" - %

. " k=2 ron W
(3.2) Ric(u,u) = = = == (1= (/) =
(3.3) Ric(v,v) = —% — (k — 1)J;Z ‘

When 0 < f' < 1, f” <0, K <0, and k > 2 then it is easy to see that Ric(u,u) > 0.
Choose h = f’, then Ric(v,v) = Ric(H, H). Let f be the solution of the ODE:

{f’ — (1—p(f))?
f(0) =0,

where p(z) = \/7;7, fox arcz;gn“g du. Here we choose an explicit ¢, there are many other choices

of ¢ for the construction. As [* %Q“Sdu = J5, we have 0 < ¢(z) < 1 for z € (0, 00).

Note that h — 0 and h ~ =12, f ~ /2 as r — +o0.

Then one computes that Ric(H, H) > 0 when k£ > 3.

Same construction works for R* x M9, where M has nonnegative Ricci curvature by
modifying with h = (f')¥/4 [3].

In [26] the author constructed a metric with positive Ricci curvature on R¥ x N, where N
is a nilmanifold for k£ big. This is the first example of manifolds with positive Ricci curvature
with nilpotent fundamental group. See [1,2] for more constructions along the line.

3.3. Example of manifolds with positive Ricci curvature and non-proper Buse-
mann function. [I5]

Theorem 3.2 (Pan-Wei 2022). Given any integer n > 4, there is an open n-manifold with
positive Ricci curvature and a non-proper Busemann function.

Proof. First we study the geodesics in Nabonnand’s example.
Given any fixed point p with » = 0 in R¥ x S!, there are three types of geodesics:
(i) moving purely in R,
(ii) moving purely in the S! direction,
(iii) a mixture of both.
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In case (i), the geodesic is a ray and in case (ii), the geodesic is a closed circle. In case (iii),
by Clairaut’s relation (cos@(r))h(r) = const = cos@(0). Since h goes to zero as r increases
and cos @ is bounded, the geodesic stays in a bounded region and cross {r = 0} transversely
infinite many times.

On the universal cover M of M, a geodesic 7 starting at p is a ray precisely when the
projection (%) is case (i). This is the case as in (ii) and (iii), the geodesics are bounded in
M, they can not lift to rays. If yes, then the group action Z would give a line, contradicting
Ric > 0.

Let a be a generator of m; (M, p) = Z. We claim b;(a'(p)) = 0 for all I € Z. The orbit of p
is noncompact as Z is an infinite group. Hence b; is not proper.

To show the claim, since there is only one ray, we have b; = by. Now

by(a') = Jim (¢ = d(3(0),0'5).
Let & be a minimal geodesic connecting 7(t) and a'p, then
d(5(t), a'p) = the shortest representative in the homotopy class < t + [ - 2mh(t).
Covering map is distance non-increasing, hence
d(3(t), a'p) > d(p,7(t)) = t.
Therefore
—2nl - h(t) <t —d(3(t),a'p) < 0.
Since h(t) — 0 as t — oo, we have bs(a'p) = 0 and proved the claim. O
Question 3.2. What about n = 37

Brue-Naber-Semola [1] gave examples of manifolds M"™ with nonnegative Ricci curvature
and 7 not finitely generated for n > 7.

Question 3.3. Is the properness of the Busemann function related to the finitely generation
of the m?
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4. LECTURE 4: HAUSDORFF DIMENSION OF RICCI LIMIT SPACES

4.1. Hausdorff dimension. Hausdorff measure is an outer measure on subsets of a general
metric space (X, d).

Definition 4.1 (Hausdorff Measure). Let 0 < a < 0o and 0 < § < oo. Let A C X. Define
an outer measure

HE(A) 1= w, inf {Z (smcre

1€EN

AC U C;, with diam C; < § for every i € N} ,
i=1
the infimum is taken over all countable covers of A.

The a-dimensional Hausdorff measure of A C X is the outer measure

HO(A) 1= lim HE (A).

Note that Hj(A) is monotone nonincreasing in d, so the limit is well defined. The nor-
malization constant w, is chosen so that if (X,d) = (R™,|-|) then H"(A) = L"(A), where
L" is the n-dimensional Lebesgue measure. On a Riemannian manifold (M™, g), we have a
natural measure induced by the volume form, and the n-dimensional Hausdorff measure on
(M™, g) also coincides with the measure induced by the volume form.

Definition 4.2. The quantity
dimy(A) ;= inf{0 < s < oo | H*(A) =0} = inf{0 < s < oo | H*(A) # oo}
is called the Hausdorff dimension of A.
Observe that there is an obvious restriction of these definitions to open covers by balls
(rather than arbitrary sets) or sets with diameter exactly §. This will, in general give a
larger measure, as there are fewer covers to choose from, hence potentially increasing the

infimum. This gives rise to quantities known as spherical Hausdroff measure/dimension S
or Minkowski measure/dimension.

Lemma 4.1. If H* on a metric space X satisfies the doubling property, then for any compact
subset A C X, H*(A) = S*(A).

Hint: Use Vitali covering

In what follows we give some examples of spaces which have a lower topological dimension
than their Hausdorff dimension.
See this article about various dimensions.

Example 4.1. Let (R, d,) be defined by
do(tr, ta) = [t1 — to| /.

One can see that dimy (R, d,) = a.

Indeed, taking a cover of any arbitrarily large compact interval I = [—R, R], observe that
for any § > 0 and any cover of I by C; sets of diameter d, this corresponds in R to a collection
{C;} of diameter ~ (diam C;)®. Therefore we have that

D (diam C;/2)* =) "((diam C;)"/*/2)* = " (diam C;/2)".
ieN ieN ieN
As this is true for every such ¢, we draw the desired conclusion.


https://pi.math.cornell.edu/~steinhurst/docs/dimension.pdf

VIASM SUMMER SCHOOL IN DIFFERENTIAL GEOMETRY 2023 LECTURE NOTES 17
As a sort of generalization of this, we introduce the Nilpotent Lie Group, the Heisenberg
group.

Definition 4.3. The Heisenberg Group H is the set of upper-triangluar 3 x 3 matrices with
1’s populating the main diagonal

1 =z =z
H = 01 y|lr,y,zeR
0 0 1
This is obviously diffeomorphic to R?, and we equip it with a left-invariant vector field

0 yo
T 0 20z
0 xd
T Oy 20z
0
CE

One easily checks that the only nontrivial commutator identity is [X,Y] = Z.

This means in particular we have a left-invariant metric on H. However, there is a dif-
ferent metric, known as sub-Riemannian or Carnot-Carathéodory metric which amounts to
“forgetting” that we can move along the z-axis, or equivalently that lines in the z-direction
have infinite length.

More concretely, we define the C'C' metric on H as follows:

Definition 4.4. Define d = do¢ by

doe(p.q) = in { [l |20 = p.20) = 0.40) € span(x Y)}

where 7 is a piecewise smooth curve connecting p and gq.

Definition 4.5. We call span(X,Y’) the horizontal directions.

Definition 4.6. Given A € R, define the dilation operation
(5)\ H— H

by

5)\<I7 Y, Z) = ()\Z’, )‘ya )‘22)
One checks immediately that (dy). : h — b satisfies the commutator relations, where h =
Lie(H).
Proposition 4.1. Dilation by A € R satisfies the equation

d(6x(p), 6x(q)) = |Ald(p. q),

which is to say that distances scale appropriately under this dilation.

Proof. One easily computes that (d,).X = AX and (0,).Y = \Y.

Therefore, observe that all derivatives +/(¢) lie in the horizontal direction, and are scaled
linearly. Take for granted that the distance reached by a curve. Hence, if v from p to ¢
is a minimal length curve, define a new curve v,(t) := d\(y(¢)). Observe that obviously

7(0) = dx(p) and 7A(1) = dx(q).
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By the fact that v is length-minimizing, so is 7,, and it remains to compute the distance
in question.

Indeed, if 7/(t) = a(t)X + b(t)Y, then 74 () = Aa(t)X + Ab(t)Y = ||/ (¢)|| by the above
observations, and therefore
1
Ase) @) = [ ol

= [
= [ Il

= [Ald(p, q)
as sought. ]

Proposition 4.2. With Lebesgue measure we see that vol(B(0,¢)) = vol(B(0, 1))e* because
moving in the z-direction yields £* volume, and therefore dimy (H) = 4.

If (M, pi, ;) — (Y,p, ) and each M; has Ric > —(n — 1)H, then under the pu-

renormalzied limit measure we have r; > ro implying

p(B(y;m))  v(n, H,r)
1(B(y,r2)) — v(n, H,12)

Proposition 4.3. Any such space Y has dimy(Y) < n.

(4.1)

Proof. We use Minkowski measure by balls instead. If A is compact, we can cover A by
Cov(A,e) many e-balls. Let py = p; be the point which realizes the minimum min{vol(B(p;, ) }
over an e-cover of A. Observe that

vol(A)
CovlA,e) < B )
vol(B(p;, diam A + ¢))
vol(B(pi,=/2))
v(n, H,e + diam(A))
v(n7 H, 5/2)

(by 4.1)

bt 1

~Ee
Therefore, if s = dimg(A) > n, we have

Cov(A,e)e® <e"e®* — 0

e—0

O
Let (M, g;,p;) be a sequence of Riemannian manifolds with Ricy, > (n — 1)H and

(2

M — Y. Recall that Y is called a non-collapsed limit if
vol(B(pi, 1)) > v >0

and collapsed if
vol(B(pi, 1)) — 0
Let p be a renormalized measure on Y. We have the following result
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Proposition 4.4. If Y is a non-collapsed limit, then
w=cH"

for some constant ¢ and dimy(Y) = n.
If Y is a collapsed limit, then

dimy(Y)<n-—1
In particular, the Hausdorff dimension of Y cannot be between n and n — 1.

4.2. Rectifiable dimension of Ricci limit spaces.

Definition 4.7 (tangent cone at a point). Let (X, d) be a metric space. Let p € X. We
take the pGH limit of (X, p, \,d) where )\, — oco. If such a limit exists, then it is called a
tangent cone of X at p.

Remark 4.1. Note that the limit may depend on the choice of sequence \,, i.e. tangent
cones may not be unique. If it is unique, we denote the tangent cone at p as C,(X). The
intuition is that we are zooming in the space at p.

Example 4.2. (1) For a Riemannian manifold, the tangent cone at a point is just the
tangent space and is isometric to R"™.

(2) For a folded paper with length metric, let p be a point at the boundary. The space
is actully isometric to R™ (imagine an ant on the surface and it cannot tell the space
from the plane), so is the tangent cone at p.

(3) We glue two copies of 2-disks togther along the boundary. Topologically the space
is homeomorphic to a 2-sphere. If p is a point at the boundary, then due to same
reason as the previous example, the tangent cone at p is isometric to R"™.

(4) Consider a cone and its vertex p. The tangent cone at p is just the cone itself, and is
homeomorphic to R™ but not isometric to it.

(5) Let X be a cube. If p is a point at an edge, then C,(X) isometric to R? just as
the folded paper. If ¢ is at one of the vertices, then the tangent cone is a cone with
crossection being an equilateral triangle.

Definition 4.8 (asymptotic cone). Let (X, d) be a metric space. Let p € X. We take the
pGH limit of (X, p, \,d) where A\, — 0. If such a limit exists, then it is called a asymptotic
cone of X.

Remark 4.2. The asymptotic cone does not depend on p € X, but may depend on A,,.The
intuition is that we are zooming out the space, looking from somewhere far away. Asymptotic
cone is especially useful when study spaces with Ric > 0.

Definition 4.9 (Regular and singular points). A point p € X is called a regular point if the
tangent cone at p exists, and is unique and isometric to R* for some integer k.

Remark 4.3. Different regular points in X may have different k. For example, consider a
suitable CW complex. R = {p € X|p is regular} is the collection of all regular points.

Example 4.3. Consider the tangent bundle T'S? with metric g = dr? 4+ o(r)?[¢)(r)%0? + 03 +
03]. As r — oo, we let o(r) — 7,9(r) — 1. Hence at infinity it looks like R*, g = dr? + dS?.
The unit sphere bundle of T'S? is RP3. The asymptotic cone is a cone over RIP3, hence not
even topologically a manifold. (Manifolds are all cones over spheres.)
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Denote the k-regular set,
Rr={yeY |C,(Y)is R}
We also have the following general result for Ricci limit space Y.

Theorem 4.1 (Colding-Naber). There exists a unique integer k, 0 < k < n such that Ry
has full measure, i.e.,

p(Y \Ri) =0

This £ is called the rectified dimension or essential dimension. In general, k£ is not equal
to the Hausdorff dimension of Y. However, in the non-collapsed case, we have

4.3. Examples of Ricci limit space with Hausdorff dimension different from the
rectifiable dimension. |
Consider M =R* x St g = dr? + f%(r)ds?_, + h*(r) ds? again as in Subsection 3.2, but

with warping functions as in [26]. Namely let f(r) = r(1472)"7 ~ /7, h(r) = (1+12)"* ~

r2e,

From the curvature formulas (3.1)-(3.3) one can check that Ric > 0 if £ > max{4a +
3,1602 + 8a + 1}.

Let M = R¥ x R! be its universal cover. We denote the asymptotic cone, singular set,
regular set of M by Y, S, Ry respectively.
Theorem 4.2 (Pan-Wei, GAFA, 2022).

(1) Y =1[0,4+00) x R, S ={0} xR, Ry =(0,400) xR
(2) dimy S =1+ 2a, dimy Ry =2

Theorem 4.3 ([12]). Y is equipped with incomplete Riemannian metric gy = dr?+4r=1 dv?
n (0,400) x R

Remark 4.4. Y with this metric is called Grushin-2a half plane, a subRiemannian and
RCD space at the same time. But the whole plane is not an RCD space as the singular set
cuts the plane into two disjoint parts and the regular set of RCD space is connected,

Theorem 4.3 has some immediate interesting consequences.
For A > 0, consider F)(r,v) = (Ar, \172%v). Then we have F,gy = A\?gy, therefore

(4.2) d<FA(y1), FA(?H)) = Ad(y1, 42)-
Apply above with A\ = vT#2 . Then
d(((),v), (0, 0)) - d(FA(O, 1), FA(0, 0)) =y d((@, 1), (0, 0)).
This implies dimy S = 1 + 2a.
Proof of Theorem 4.3. We have M = R* x R!, with double warped metric

g=dr*+r(1+ 7“2)%(152_1 + (1473 "%,
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Given any A > 1, let s = A7, w = A72%v. Then we get
1
N2 =A% [dr? 4 (1 r?) TRASE 4 (14 r?) 2

2

:d52+ FvR ————=dSp + (1+ X% 2N dw?

As we take the limit A — oo, this metric approaches ds? + s~**dw?. O

5. LECTURE 5: ToroLoGY OF Riccl LiMIT/RCD SPACES

There is a lot of work on geometric structures of Ricci limit spaces. (Cheeger-Colding,
Naber, Jiang)

For a non-collapsing Ricci limit space X, (i.e. (M;,p;) — X, Ricy, > k, non-collapsing
condition: volB(p;, 1) > v > 0) Then:

(1) The Riemann measure dvoly;, converges to the n-dimensional Hausdorff measure of
X.
(2) Regular points have full measure and form a (topological) manifold.
(3) All tangent cones of all points are metric cones
(4) dimy(S) <n—2 )
(5) dimy(S) <n—4if also Ricy, < k
For a collapsing Ricci limit space X, there exists k € NN [0,n — 1] such that Ry = {p €
X|C,(X) = R*} has full measure with respect to the limit of the renormalised measure. Also
in this case, dimy(X) may not be an integer.

2
3
4
5

S N N

5.1. Relative d-covers. [22]
The universal cover is often defined as the simply connected cover. Here we do not assume
it is simply connected, instead as the cover of all covers.

Definition 5.1. [23, Page 82] We say X is a universal cover of a path-connected space X
if X is a cover of X such that for any other cover X of X, there is a commutative triangle
formed by a covering map f : X — X and the two covering projections as below:

Let U be any open covering of X. For any x € X, by [23, Page 81], there is a covering

space Xy, of X with covering group m(X,U, p), where 7 (X,U, x) is a normal subgroup of
7m1(X, p) generated by homotopy classes of closed paths having a representative of the form
a~to B oa, where 3 is a closed path lying in some element of U and « is a path from z to
5(0).

Now we recall the notion of d-covers introduced in [21] which plays an important role in
studying the existence of the universal cover.

Definition 5.2. Given ¢ > 0, the d-cover, denoted )~(‘5, of a length space X is defined to be
Xu,, where Uy is the open covering of X consisting of all balls of radius 9.

Intuitively, a d-cover is the result of unwrapping all but the loops generated by small loops
in X. Clearly X X0 covers X% when 01 < 0s.
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Definition 5.3 (Relative d-cover). Suppose X is a length space, z € X and 0 < r < R. Let
7 Bp(x)’ — Bg(z)
be the d-cover of the open ball Br(z). A connected component of
(m*) " (B(x, 7)),
where B(z,r) is a closed ball, is called a relative d-cover of B(z,r) and is denoted B(z, 7, R)®.

5.2. Universal cover of Ricci limit/RCD space exists. [11,21,27]
In [22, Lemma 2.4, Theorem 2.5] it is shown that if the relative d-cover stabilizes, then
universal cover exists. This is the key tool for showing the existence of the universal cover.

Theorem 5.1. Let (X,d) be a length space and assume that there is x € X with the
following property: for all 7 > 0, there exists R > r, such that B(x,r, R)® stabilizes for all
9 sufficiently small. Then (X, d) admits a universal cover X. More precisely X is obtained
as covering space Xy, associated to a suitable open cover U of X satisfying the following
property: for every x € X there exists U, € U such that U, is lifted homeomorphically by
any covering space of (X,d).

Theorem 5.2 ([21,22]). If X is the Gromov-Hausdorff limit of a sequence of complete
Riemannian manifolds M;* with Ricci curvature > K, then X has a universal cover.

Theorem 5.3 ([11]). Any RCD*(K, N) space (X,d, m) admits a universal cover (X,d, ),
which is itself RCD*(K, N), where K € R, N € (1,400).

By Theorem 5.1 it is enough to show the relative covers stabilize. The following result
plays an important role in [24] showing that RCD spaces are semi-locally simply connected,
which follows from [!, Theorem 4.5].

Theorem 5.4. Let (X,d, m) be an RCD*(K, N) space for some K € R, N € (1,00). For all
R >0 and x € X, there exists d, g depending on X, z, R such that
(5.1) B(x, & R)" = B(x, £ R’ V5 <4,

The proof is divided into two steps.

Step I: Show the stability of relative § covers at regular points.

Intuitively, if not there are shorter and shorter based closed geodesic loops shrinking toward
x, find corresponding closed curve in the tangent cone R¥ which are “alomost closed based
geodeisc loops”, this is a contradiction.

For rigorous proof, one needs quantitative estimates. The midpoint m of the geodesic loop
is a cut point of z. In particular, for y € X with d(z,y) > D, where D = d(x,m), we have

d(z,y) < D +d(y,m).

Using Abresch-Gromoll inequality on d-covers one gets Sormani’s uniform cut lemma [20] —
quantitative version.

Lemma 5.1. For all D <1 y with d(z,y) > D+ S(K, N)D, we have
d(l’,y) < D+d<y7m) - S<K7N)D7

where S(K, N) > 0 is a small constant.
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Now pass this distance estimate to the tangent cone at z, which is R¥, but this is not true
on R*.

Step II: With one regular point, use Bishop-Gromov relative volume comparison and a
packing argument to show the stability of relative § covers everywhere.

5.3. Ricci limit/RCD spaces are semi-locally simply connected. [16,21]
Recall that the universal cover X is simply connected iff X is semilocally simply connected,
which means that there exists a neighbourhood such that every loop is contractible in X.

Definition 5.4 (1-contractibility radius).
p(t, z) = inf{oo, p > t| any loop in B,(x) is contractible in B,(z)}.

X is semi-locally simply connected if for any = € X, there is T' > 0 such that p(7T, x) < occ.
In [16], for noncollapsing Ricci limit space we show it is essentially locally simply connected.

Theorem 5.5. Any non-collapsing Ricci limit space is semi-locally simply connected. There-
fore the universal cover is simply connected. In fact

t
IVAGLINNSY
t—0 t
In the paper we illustrate several ways of constructing homotopy. One way is to construct
a homotopy by defining it on finer and finer skeletons of closed unit disk, see [!7, Lemma
4.1].

Theorem 5.6 ([24]). For a locally compact metric space, if any local relative d-cover is
stable, then it is semi-locally simply connected.

Combining this with Theorem 5.4 it shows that the universal cover of RCD(k, N), N < oo
is simply connected.

To prove this the key lemma is to use stability of the local relative d-cover to show any
loop in a small neighborhood of an RCD(K, N) space is homotopic to some loops in very
small balls by a controlled homotopy image.

Lemma 5.2 (Key Lemma). For any = € (X,d,m), an RCD(K, N), any [ < 1/2, and small
d > 0, there exists p < [ and k € N so that any loop v C B,(x) is homotopic to the union of
some loops 7; (1 <4 < k) in d-balls and the homotopy image is in By/(x).

Apply above lemma iteratively one can construct the needed homotopy. Namely first
shrink v to loops in d;-balls, the second step is to shrink each new loop to smaller loops in
09-balls, etc. Since the homotopy to shrink each loop is contained in a [;-ball in the i-th step,
this process converges to a homotopy map which contracts v while the image is contained
in a ball with radius Y .-, l; < R as in the construction of [16, Lemma 4.1].

Question 5.1. lim;_, @ =17
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