LOCAL SOBOLEV CONSTANT ESTIMATE FOR INTEGRAL
BAKRY-EMERY RICCI CURVATURE

LILI WANG AND GUOFANG WEI

ABSTRACT. We extend several geometrical results in [10] for Riemannian manifolds with in-
tegral curvature to complete smooth metric measure spaces with integral Bakry-Emery Ricci
curvature.

1. INTRODUCTION

Sobolev inequalities not only encode rich analytical and geometrical information about the
manifold, but also have wide applications in differential geometry. An useful method to estimate
the Sobolev constant is to estimate the isoperimetric constant since they are equivalent [5,6,12].
A key issue for the isoperimetric constant study is the volume control, which is given by Ricci
curvature lower bound After Petersen and Wei [16] generalized the classical Laplace and volume
comparison to integral Ricci curvature lower bound, many results for pointwise Ricci lower
bound have been extended to integral Ricci curvature lower bound, see e.g. [1,2,9,10,17-20,23,

]. In particular, Dai, Wei and Zhang [10] obtained the local isoperimetric constant estimate
for integral Ricci curvature. For smooth metric measure space M} := (M", g,e~7dvol), a

natural generalization of Ricci curvature is the Bakry-Emery Ricci curvature [3] defined by
Ric; := Ric + Hess(f).

A great deal of efforts has been devoted to the study of smooth metric measure space with

Bakry—Emery Ricci curvature bounded below, some of the earlier works are [1, 14, 15,21]. How-
ever, limited work has been done for the integral Bakry—Emery Ricci curvature.

Recently, Wu [22] extend the volume comparison in [16] to integral Bakry-Emery Ricci cur-
vature case. In this paper we extend the local isoperimetric constant estimate in [10] to integral

Bakry—Emery Ricci curvature and give applications.
To state the results, we fix some notations. Given z € M7}, let ps(x) be the smallest eigenvalue
of Ricy : T,M — T, M, and

Ricf = ((n — ) H — p;(x)), = max{0, (n — 1)H — py(x)}.
Denote B,(R) C M the ball with radius R, center at x. Various weighted L” norms of the
function h on a smooth metric measure space M} are

VBl sy = ( / Ih]pe_fdvol)
By (R)

Il o) = sup | / | wpeage 9>d9dt}
:EEM" Sn—1

Key words and phrases. Integral Bakry—Emery Ricci curvature, Isoperimetric constant estimate, Sobolev
constant.
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Here Af(t,0) is the volume element of weighted measure e~/dvol = A;(t,0)dd A dt and df is
the volume element of unit sphere $"~*. Clearly, || Ric{_ ||,.7..(R) = 0 iff Ric; > (n—1)H. For
convenience, we will assume H = 0. Then the following scale invariant curvature quantity is
useful,

R(p. f,a, R) = R* sup

1
w [ £ demagnmn
T f x

_ 1
where vol;(B fB e~dvol, fBE(R) = Vol (B (R)) fBI(R)'

Our first result glves an estimation of the local normalized Dirichlet isoperimetric constant.
Theorem 1.1. Let M} be a complete smooth metric measure space. Assume that d.f > —a
along all minimal geodesic segments for some constant a > 0. For p > 7, there exists ¢ =

g(n,p,a) > 0 such that if 5(p, f,a,1) < ¢, then for any x € M}, 0B,(R) # &, R < 1, we has
the estimate

(1.1) ID;, ; (By(R)) > 107" >R,
where
_1, vol(052)
ID; ; (B.(R)) = volg (B,(R)) "inf{ ——— 5.
7 (B(R) = vol, (B.(R)) Q{Volf(mn}

Here the infimum runs over all subdomains  C B,(R) with smooth boundary and 900 N
0B,(R) = @.

Remark 1.2. Clearly, the local normalized Dirichlet constant have explicit and accurate de-
pendency of the growth of f, Theorem 1.1 will recover to [10, Theorem 1.1] when f is a constant.
The smallness of &(p, f,a, 1) is necessary, see the counterexample in [10, Section 6] when f is
constant and K(p, f,a, 1) is bounded. Also the result is not true when p < 2, see details in [1].

It is well known that the classical Dirichlet isoperimetric and Sobolev constants are same, see
e.g. [12]. In Section 3, we introduced these for smooth metric measure spaces, see Definitions
3.1, 3.2. Similar proof shows they are also same, see Theorem A.1. Hence we have

Proposition 1.3. With the same assumption as in Theorem 1.1, the Sobolev inequality

n—1

(1.2) ][ |Vhle!dvol > 1072"e 2* R~ (][ hnnlefdvol> '
Bz (R) Bz (R)

holds for all h € C§° (B.(R)).
Recall the f-Laplacian of M} is

Af=A—Vf-V.

Given the normalized form of integral in Proposition 1.3, we denote the normalized L” norm
for function A by

1Al z,5.r)y = [1Pllp.f..(r) (VOl; (B (R))) 7,
and

IR o (R) = sup (7[ e‘atAf(t,G)dG/\dt>p
B.(R)

:cEM”

with the same A(t,0)df A dt as above. It easy to observe that

(1.3) 1l 55,0 < €% IRl a(R),
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and the normalized L* norm is independent of f satisfying ||A[|%, ;5 () = supp,(r)h- By
employing above Sobolev inequality (1.2), we extend the maximum principle in [10, 17] to

integral Bakry—Emery Ricci curvature situation.

Theorem 1.4. Let M} be a complete smooth metric measure space. Assume that J.f > —a
along all minimal geodesic segments for some constant a > 0. For p > %, there exists an
e =¢(n,p,a) >0 and C' = C(n,p,a) > 1 such that if &(p, f,a,1) < e and R < 1, then for any

function u : Q(C B,(R)) C M} — R with Ayu > h, we have

supu < supu + C - R? - [ ey
Q 09

Also we have the gradient estimate.

Theorem 1.5. Let M} be a complete smooth metric measure space. Assume that d.f > —a
along all minimal geodesics for some constant a > 0. For p > 2, there exists an e = e(n, p,a) > 0
and C(n,p,a) > 1such that if &(p, f,a,1) < eand R < 1 and w is a function on B, (R) satisfying

Afu = h,
then

sup [Vul? < Cnp, @) B2 | (I8l 1.5,0m) " + (Il g, 000)°]
B(x,g)

An outline of this paper is as follows. In §2, we review the Laplacian and volume comparison
for integral Bakry—Emery Ricci curvature. In §3, we define local Dirichlet isoperimetric and
Sobloev constants, as well as their normalized form in smooth metric measure space, moreover,
we estimate the the normalized isoperimetric constant for integral Bakry—Emery Ricci curvature,
see Theorem 1.1. In §4, as an applications, we establish the maximum principle (Theorem 1.4)
and gradient estimate (Theorem 1.5) in a complete smooth metric measure space with integral
Bakry-Emery Ricci curvature. In Appendix, we give the proof of equivalence between the two
constants defined in §3.
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Nunez-Zimbron, for his interest and helpful conversations. The second author is supported by
National Science Foundation under Grant No. DMS-1506393.

2. PRELIMINARY

In this section, we review Laplacian and volume comparison for smooth metric measure
spaces. Let M} be a complete smooth metric measure space and 7(y) = d(y,z) be a distance
function from x € M}. Assume that f satisfies 0,f > —a along all minimal geodesic segments
for some constant @ > 0. By choosing the Euclidean space with a weighted function as the model
space, that is R? = (R”,an,e_hdvol) with h(z) = —alz| for x € R™, then the f-Laplacian

error term is )
n J—
P(y) = (Afr — — a) .
r +

Wei-Wylie [21] has proved Ricy— > 0 yields Ayr < %=L + q, that is || Ricy_ ||, 14(r) = 0 implies
that ¢» = 0. In [22], this has been extended to integral Bakry—Emery Ricci curvature bound
following the work of Petersen-Wei [10] for integral Ricci curvature.
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Theorem 2.1. ([22, Theorem 1.1]) For any p > %, we have
(2.1) [¥ll2p.r.a(r) < Cn,p) [[IRics— lp.a(r)]?

1
with C(n,p) = <W> *. Moreover, let B,(ry) and B,(r1) be geodesic balls centered at

N

2p—n
with radius ro > r; > 0, we have

22 (AT (AT < o) (1 Rl galra))

where V(n, a,t) denote the volume of geodesic ball By(t) in the model space R

[SIE

Remark 2.2. In fact, the proof of [22, Theorem 1.1] gives the following normalized form of
Laplacian comparison

(23)  Wlalr) < COup) (IRicsl g, ()" = Clup)r™ (5l fr07)

Remark 2.3. Here we choose the power 2p rather than 2p — 1, so the explicit expression of
C(n,p,a,rs) similar to the one in [10, Lemma 2.1] rather than the one in [22]. If we denote
the volume of (n — 1)-dimensional unit ball in R™ and the weighted volume of geodesic sphere
dBy(t) by w, and A(n,a,t), respectively. Then A(n,a,t) = w,t" 'e* and

C(n,p,a,ry) = C(n,p) /07‘2 tA(n,a,t) (ﬁ)lﬂ}p dt

n,a,t

< Cn,p) /0 A, at) < /0 tA(n,O,s)ds)<H21p) dt

n

= Cn,p)emr, ™.
Hence, (2.2) 1mphes that

(L@;) > (;En’m;);p[l_cm Py (V(n,a,72)% ([Ricy [} 10(2)

D=

|

VOlf( (T’Q n,a,r
ar QL
(2.4) > ¢ (:—;) ’ [1 — C(n,p)e(H%) 72 (p, f,a 7“2)] ,

where C'(n, p) is a constant depends on n and p. Hence, there exists a constant eqg = £o(n, p, a, o) >
0 such that if &(p, f,a,ry) < &g, then

—arg n
(2.5) voly(w,r) (i) Y < 1.

volg(x,rg) — 2 To

For rq < 1, from (2.4), it is easy to observe that there exists a ¢g = €9(n, p, a), independent of
r, such that (2.5) holds for &(p, f,a,rq) < €.

Remark 2.4. The scale invariant %(p, f, a,r) has the curvature inequalities. For any r; < ro,
and E(p, f,a, ) < €9, on one hand,

A G g L et o)

21
S 2% 72 <ﬁ) R(p7 f,(l,TQ)-

T

R(p? fa a, Tl)

IN

(2.6)
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Hence, k(p, f,a,r1) < ¢ holds for r; < 2_2?%”6_2;%2"7’2. On the other hand, if &(p, f,a,r1) < €,
using the same method as in [17, Section 2.3] and volume doubling property (2.5), we have

p

_ 1 r »
’i(p) f7 a, TQ) = T% sup <WA — p];c_e tAf(t, Q)det)

n
a:EMf

2
g (Tﬁ) 2%671’%(1)7 f7 a, Tl)‘

(&1

(2.7)

Hence, it is sufficient to work for the case &(p, f,a, 1) is small and then scale the metric to
obtain the curvature condition.

3. LoCAL DIRICHLET ISOPERIMETRIC CONSTANT ESTIMATE

In this section, we introduce the local isoperimetric and Sobolev constants in smooth metric
measure spaces motivated by classical ones in [0, 12]. Furthermore, we estimate the normalized
form of the constants.

Definition 3.1. Let B,(r) be a geodesic ball with 0B,(r) # @ in a complete smooth metric
measure space Mp. For n < a < oo, the Dirichlet a-isoperimetric constant of B,(r) is defined
by
1¢(052
D, s (By(r)) = inf Vol (99)
2 vol (Q)'a

where €2 is an open submanifold of B,(r) with 0Q N JB,(r) = @.
Clearly, ID,, s (B;(r)) is a scale invariant and 1D ¢ (B,(r)) is a weighted Cheeger constant.
Definition 3.2. The Dirichlet a-Sobolev constant of B,(r) C M} is defined by

Vh )
SDa, 7 (Be(r)) = inf IV )
N 1| R )

Y

where the infimum is taken over all h € C§° (B,(r)).

For convenience, we normalize the two kinds of constants above as following:
) 1D, (B (1)) = 1oy (Bu(r) voly (Bo(r)
SD;, ; (Bz(r)) = SDa s (Bx(r)) voly (B (r)) = .

To estimate ID7, ; (B.(R)), we need several lemmas. By suitable modification of Gromov’s
observation [7, 11], we can show

Lemma 3.3. Let M} be a complete smooth metric measure space. Assume that 0,f > —a
along all minimal geodesic segments for some constant a > 0. Let S be any hypersurface
dividing M}’ into two parts M;, M,. For any subsets W; C M;, there exists x; in one of Wj,
say Wi, and a subset W in another one, W5, such that the unique minimal geodesic joint x;
and any zo € W meet S at ¢ with

(3.2) d(z1,q) > d(x2,q),
and
(3.3) voly (W) < 2vol (W),
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Analogous to [10, Lemma 4.2], we have the following volume estimate by using Laplacian
comparison method in smooth metric measure space.

Lemma 3.4. Let My, S, W and z; be as in Lemma 3.3. Then for any p > &

(3.4)  vol;(W) < 2" {e®Dvol (') + e“* 5P C(n, p) (R(p, f, a, D)) vol;(B(z, D))| ,

where D = sup d(z1,z) and S’ is the set of intersection points with S of geodesics v,,, for all
zeW

zeW.

Proof. Let I' C S, be the set of unit vectors v such that v, = 7;,., for some x5 € W. Using
the polar coordinate (6,t) € S,, x R* and e~/dvol = A(0,t)dd A dt. Recall that [22, Theorem
3.1], we have

8 .Af n—1 .Af
3.5 — =(A
( ) 8t tnfleat < f t a) tnfleat — wtn leat

with ¢ = (Aft — "T_l — a)+. Integrating (3.5) from ¢ to s gives

Ay(s,0) < (;)"‘1 eols=t) (Af(t,ﬁ) + / S wAf(w)dz)
<2l (Afte /¢Afz9)dz>

for any § <t < s. For any 6 € I, let 51(0), s2(f) respectively the minimum and maximum
radius such that exp,, (s;#) € W, and s(f) such that exp, (s(f)f) € S. Then Lemma 3.3
implies that 2s(6) > s2(0) > s1(0) > s(6). Thus,

s2(0)
volg (W) §/ Ag(s,0)dsdb

s1(0)

s2(0)
(3.6) < gnlens 9>// (Af )+/ WA (1, 0)dl> dsdd
s1( (6)

<2 te®Pp (/ Ag(s( )d0+/ /Wtf s e)dsde)

vol(S') = Ar(5(6).9) d9>/Af

r cosa(f

On the other hand,

where a(f) is the angle between S and the radlcal geodesic exp,, (s#). Applying above result,
Holder inequality, (1.3), and Laplacian comparison (2.3) successively in (3.6), we obtain

vol (W) < 2" 7" D [voly(8') + [ 1.5.,, ()]
< 272D [voly(8') + 1631, volf<Bx1<D>>]

(
< 2" 1eal ) :Volf(S/) 5 (][5, 5.0 (D) vol (B }
1
( 2

<2 tetPp -Volf S+ e%C(n,p) Y (k(p, f,a, D)) vol;(B(z, D))
the required estimate. ]

Lemma 3.4 enable us to obtain a local Cheeger’s constant estimate.
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there exists
< % which 1is

Lemma 3.5. Let M7, S, W and z; be the same as in Lemma 3.3. For p >
e = e(p,n,a) such that if &(p, f,a,1) < ¢, then for a geodesic ball B = B,(r),
divided equally by S, we have

vol (B, (r)) < 2"re®vol; (SN B,(2r)) .
Proof. To begin with choosing W; = B,(2r) N M; with M; as in Lemma 3.3, then
voly (B N M) = voly (B N M) < min {vols (W), vols(W5)} < 2vol(W),
and D < 2r and S" C SN B,(2r). Thus, by Lemma 3.4, we have
voly (By(r)) < 4voly (W)
< 2" 127 voly (S N B,(2r)) + ) C(n, p) (R(p, f, a, 27"))% volp(B,(2r))| .

n
29
r

(3.7)

Next we aim at canceling the curvature inequality. Since volume doubling property (2.5) implies
that

V(n,a,2r)

(3.8) VOlf(Bx(QT)) <2 V(n,a,r)

voly (By(r)) < 27 e volp(By(r))

holds for &(p, f,a,2r) < e9. From the curvature inequality (2.6) and r < %, the curvature

condition reduces to k(p, f,a,1) < 27%67%50, as well as,

-

2

3=

(3.9) 5 Cn,p) (R(p, f,a,2r))? < 5 C(n, p) (2 eri(p, f.a, 1))

Inserting (3.8) and (3.9) into (3.7) gives

N

(3.10) voly (B,(r)) < 2" 2e% vol; (S N B,(2r)) + 22"+2+ﬁ62“+%0(n,p) (R(p, fya,1))2.

Here we used r < % Hence, we can get the required result by choosing
o o -2
g(n,p,a) = min {237@%, (2 : 22”“*%@2“50(71,19)) }

and regrouping (3.10). O

Volume doubling property (2.5) indicate that the volume quotient of concentric geodesic ball
lower bound by a function of the quotient of corresponding radius. Next theorem not only offer
the other direction but also extend [10, Theorem 3.3] to the case of integral Bakry—Emery Ricci
curvature. Actually, by fixing the upper bound % and the bigger radius 1, we obtain the other
radius.

Theorem 3.6. Let M} be a complete smooth metric measure space with d,f > —a along all
minimal geodesic segments for some constant a > 0. For p > %, there exists € = ¢(n,p,a) > 0
and rg = ro(n,a) > 0 such that if &(p, f,a,1) < e, then

volf(By(ro)) < 1

(3.11) voly(B,(1)) ~ 2

, Vo € M.

Our proof follows the idea in [0, Theorem 3.3], but using the approach directly runs into
obstacle. The difficult was conquered by repeating the process of choosing the radius £ — 1
times with k& depends on a.
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Proof. For any x € M} and i =2,--- ,k, let r; = 1, choose points x; € B,(r;—1) with r; < %ri_l

Tzl T

and d; = d;(x, z;) = =" > 7"1 1, then
Bx(“) C B:pl(dl + 7”1') \ Bxl( i — 7”1') C B%(dl + 7’1) C Bx(ri,l), 7= 2, 3, s ,k.
Moreover,

voly (B (1)) < voly (Bg,(d; +1;) \ By, (di — 1)) <1 voly(By, (di — i)
VOlf (Bx(ri—l)) - VOlf (Bxl(dz +TZ)) - VOlf(Bzi(di —f-?"z))

By (2.4), we have

zZi;Eg 231233 > (Zf;:j)nea(dﬁm) [1 —C(n,pe (142 )a %(p,f 0.d, —i—n)rp
> (555) e [1- conpetr B et s )

M\H

(d +7~Z) n,p)e(43)%235 53 (p, f,a, 1)}%,
(

Here we used curvature inequality (2.6) and d; + r; < 1 in the second inequality. Choose a
q¢ = q(n) such that

l—q (3 "

1+q¢ \4)

then for any r; < %qri_l, since d; > %7“@‘—1, we have

Choose ¢ < ¢( such that

2 2
(3.12) (1 )92 7 (p, £ a, 1)) "> 3
Then
volg (B, (d; — 1)) S 3 .2 e
voly(By,(d; +1;) — 4 ° '3 27
and
voly(By(r:)) <1 ¢
voly(By(ri—1)) — 2
Hence,

M _ d vol (B, (1)) B - oo\ A1
VOlf<Bm<T1>) B ]‘_!VOIf<Bm(TZ-_1)) o <1 )

with r, = (%)kil r1. We choose the integer k = k(a) such that

. 1 —
2 - 2 2 '

Since r; = 1, so the proof is complete by choosing ro = 7 and € < gq satisfying (3.12). U

We now turn to prove the Theorem 1.1.
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Proof of Theorem 1.1. Our first step is to show the estimation (1.1) holds for some radius
ro = 1o(n,p,a) if &(p, f,a,1) < & for some small constant ¢; = £;(n, p,a) > 0. By Theorem
3.6, we assume that e; = £1(n, p, a) is chosen such that

VOlf(By(QTD))
voly(By(15)) ~ =2
holds for some rq = 79(n,a). Given any yo € M7, let 2 be a smooth subdomain of By, ().

Assume that () is connected and its boundary S = 02 divides M} into € and Q°. For any
y € €, let 7, be the smallest radius such that

Yy er

(3.13) voly (By(ry) N Q) = vols (By(r,) NQ°) = %Volf (By(ry)) -

From Q C By(2rq) and voly(B,(2rg)) < 5 vols (B,(55)), it follows that r, < 7. Since  has a
covering
Q C UyGQBy(Zry>,

thanks to Vitali Covering Lemma (cf.[13, Section 1.3]), there exists a countable family of disjoint
balls { By, (2r;)} such that Q C U; B, (10r;). On one hand, choosing ¢ such that &(p, a, f,7) < €
for all » < 1, and using volume doubling property (2.5) leads to

vol;(Q) < ZVOlf ((10r;)) <2-10"- Z eV voly (By, (r;))

(3.14) <2-10"- ") voly (By, (i)

Moreover, choosing £; as in Lemma 3.5 and using the disjoint of the balls {B, .(27"@-)} gives

(3.15) vols(0Q)) > Zvolf (By,(2r;) N S) > 2~ (e~ ZVOlf (1)

Combining (3.14) with (3.15) we obtain

VOlf(893 > 10*(”*1)2*(n+4*%)e*2a+% >_i voly (By, (7’1'))7“511
(vols(€2)) = (22 voly (By, (r ')))T
I T R T i voly (By, (1)
(3.16) >_i (voly (By, ()
> 97110220 inf voly (By, (ri)) ri-
b (voly(By (1))
> 27110720 mf [ VOIJ% (By,(r:))]| -

7“

)
))“

-1

—1

On the other hand, since d(y;,yo) < ro, then By (ro) C B,,(2r9). Using the volume doubling
property (2.5) with r; < 5 and (3.13) yields

2

voly (By,(ri)) > e~ 10 voly (By,(55)) = (10r:)"e 10 voly (Byy(ro))

Inserting above inequality into (3.16), we obtain
vol f (aQ)

a a 1 1
T > 5 107 2"e 20w Ton vol? (By,(ro)) > 107220 vol7 (By,(ro))-
(volp(£2)) =
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Hence,

_ 1, VOlf(aQ) —9n —92
vols (B(yo,70)) ™ inf § —————= » > 10" "e™ ",
s (Blwo. o)) Q {Volf(Q)n1

Our task now is to show (1. 1) holds for any radius R < 1 and for &(p, f,a,1) < g9 with g9 =
ga(n,p,a) > 0. Let r| = R + < - After a scaling, its sufficient to check that E(p, fya,m) < e1.
Choose g5 satisfying &9 g 50, then (2.5) holds for all R < 1. Now if r; <1, by (2.6),

R(p7faa77"1) < 2% PR (p,f a, 1) < 2pep62

Ifl1<r < %, then by (2.7) we have

n+1 n+1

R(p, fra,m) <27% 71R(p,f a,1) < 276%7"0_262.
Using the two cases, let
€9 = min{27%67%61, 27%6_ﬁ7€81,€0}.
The proof is complete by setting e = &,. O

Theorem A.1 in appendix implies that the normalized constants in (3.1) is equivalent, that
is
ID;, ; (Bo(R)) = SDj, ; (B:(R)).

Hence, Theorem 1.1 gives the following Sobolev inequality.

Corollary 3.7. If &(p, f,a,1) < ¢ for the € in Theorem 1.1, then for any R < 1,

(3.17) VRIS 4.5, (r) = 107" R~ 1||h|| n_ fB.(R) VN E o (Bi(R)).
and
* n—2 —2n _—2a p— * )

Applying (3.17) to = , together with Holder inequality we can get (3.18).
The first eigenvalue of f- Laplaman is defined by

fB (R) |Vh| dvoly
M(By(R)) = inf
1(Ba(R) = Inf, [y H2d vl

As in Cheeger’s inequality [0] we have

Corollary 3.8. With the same set up as Theorem 1.1. For p > 2, there exists ¢ = e(n,p,a) > 0
such that &(p, f,1) < e, then for any R < 1, the first eigenvalue of Dirichlet f-Laplacian has
lower bound

M(BA(R) > Cln.p,a)R>, C(n.p.a) = % 10
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Proof. Suppose Ath = —Ah for some A > 0, and normalized h such that fBI(R) h?e~fdvol = 1
and h =0 on 0B,(R). Then using (3.18) we have

% 2 n—2

A= (1980 )" 2 (50—

2
—2n —2a p—1 *
1 107" ™R ||h||f"2,f,Bz(R))

(Tl _ 2)2 —4n —4a p— * 2
=z —4(n — 1>210 nele g2 (||h||2,f,BE(R)>
(n—=2)" 4 dapo
- " n a '
i =1) 0"™e™™R

The proof is completed. l

4. APPLICATIONS

In this section, we prove the maximum principle and gradient estimate for integral Bakry-

Emery Ricci curvature with the help of the normalized local Dirichlet Sobolev constant estimate.
Let Cs(€2) be the normalized local Sobolev constant of Q C B,(R) C M7, that

Obviously, C4(2) is the smallest constant such that (4.1) hold for all h € C§°(€2). Since

h € C°(B,(R)), then (3.18) gives

2(n—1)
n p—

(4.2) C,(Q) < Cu(B.(R)) < 107¢* R,
Theorem 4.1. Let M} be a smooth metric measure space and Q C B,(R) C M} be a domain.
For p > % and any function u with u|sq = 0, we have

lull%e.; < CE(Bo(R)C(n, p)IA pullp.s.5.(r)
where C'(n,p) is a constant depends on n and p.

The proof of this result is quite similar to the one used in [17, Theorem 3.1] with s = % due
to the Sobolev inequality and the self-adjoint of Ay, and so is omitted.

Corollary 4.2. With the same assumption as in Theorem 4.1, for p > 2 and any function

2
u:QC M} — R with Aju > —h, where f is nonnegative on 2, we have
supu < supu + C(n,p) - G5 (Ba(R)) - Al 0.

Proof. Without lossing of generality, we can assume that sup u(x) = 0. Then the Dirichlet
€0
problem

(4.3)

A =—Xv inQ,
v=10 on 0f).

Hence u — v is f-subharmonic, and u —v < 0 on 9€2. By the Maximum principle we get u < v
in , that is supu < ||v||e,s. Using Theorem 4.1 we complete the proof. UJ

Combining Corollary 4.2 with (4.2) gives Theorem 1.4.

Following the idea in [10, Theorem 5.2], we use the standard and powerful Nash-Morser
iteration and establish the gradient estimate. We give the detail of proof due to there are still
many differences.
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Theorem 4.3. Let M} be a complete smooth metric measure space. Assume that M7 satisfies
O.f > —a along all minimal geodesic segments for some constant a > 0. For p > 7, u is a
function on B,(R) with « = 0 on 0B, (R) and satisfying

Afu = h,
then

2 V01f (B:(R))

2 < — T * 2 % 2
sup, [Vuf? < Clnp) R s 1035 1. 0) " + (el g )

B(z,7)

x {R—ch (Bo(R) (1 +a+RC2 (B(R)) e¥h(p, f. B)) + (B CI(BoR)eb A(p. f. ) } k

Proof. By scaling we assume R = 1. We omit the volume form e~/d vol for convenience. From
the Bochner formula, we have

(4.4)  Af|Vu* = 2| Hessu|? + 2(Vu, VAu) + 2 Ricy (Vu, Vu) > 2(Vu, Vh) — 2| Rics_ |v.
Let v = [Vul> + ||A]ly ; and v = [Vu|? if h is constant. For any n € C§° (B,(1)), I > 1, we have

/\V(nv’)P = —/ (') [o'Apm +2(Vn, Vo) + nA o]
= /U2l(—T]AfT]) —Q/UZ(Vn,anl) —Z/UZUQZ_IAfv—l(l — 1)/7]21)2l_2|VU|2
< /vzl(—nAm)Jr%/v”Wn\“rZ_Tl/UQIWIIQ
1/ 20?71 (2(Vu, Vh) — 2| Ricy_ |v) —Z_Tl/nzywly?
:/021(—77Af77)+_#/le\Vn]2—21/ 2V, Vh>+2l/ v?| Ricy_ |.

Here we used Young’s inequality 2zy < ea® + 1y® with ¢ = = ;L and (4.4) in the inequality.
Integrating by parts and using |Vu| < v gives

(4.6)
—2l/7721)2l_1<Vu,Vh)

=21 / o =h? 4 4l / nhv? =1 (Vn, Vu) + 21(20 — 1) / n?hv® =% (Vu, Vo)
2 21172 -1 ! i 1 !
<2l | n*v* hS+2 2V’ "2 h (\/Zv |V7}|> +2 (4l —2)n' " 2h §n|VU |
1
= [6] + (41 — 2)?] /772v2[1h2 + l/v21|V77\2 +1 / V(') — UZVT]‘Q
1 1
< (161* — 101 + 4) /n2v2’1h2 + (l + 5) /vﬂwny? + 5yV(mﬂ)F.

Here we used the L? Holder inequality and
PV P = [V ') — o' Vn|* < 2V ()] + 20" |V
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Inserting (4.6) into (4.5) and regrouping gives

21
/|V(17vl)|2 < /v% (—2nAm) + (l——l + 20 + 1) /1}2l|V77|2

(4.7)
+ 4(81* — 51 + 2) /772U2l_1h2 + 4l / n*v?| Ricy_ |.

In order to control Ayn, choose a cut-off function ¢ € C§° (B,(1)) such that 0 < ¢ < 1. For
0<r<1,¢)=1fortel0r], ¢(t) =0fort>1, and ¢ <O0. Thendeﬁnen( ) = ( (v))
and r(y) = d(x,y) be a distance function from x. Thus |Vn| = |¢|, and

Ap=¢" +¢'Agr
-1
> ¢+ o (w+”7+a>

> —|¢"| =14l | —alg],

where ¢ = (Apr — 21 — ) Hence, for [ > "5, (4.7) becomes

/\V nvh)|? < C(n)l / [([¢"] + [¢|r " + a) nv* + |¢/[umv® + |¢'Pv™ + n?h*0* " + n*o® | Ricy_|] .

Notice that this formula remains valid for [ = 1. Indeed,

2
< 20|Vn|* + 21*| Hess ul?,

|Vf|ku|
V2

and

/772| Hessu|* = — / Viu (2nVinV,;Viu + n°V;Apu + n*(Ricy); Viu)

1
< 5/772|Hessu|2+3/|V77|2v+2/772h2+/n2|Ricf_ |v.

Next we use C; denote Cy(B,(1)) for simplicity. Let 3 = -5, applying Sobolev inequality
(4.1), then for [ > "5 and [ =1,

() 2
=(1) Bz (1)

(4.8) < CEC(H)ZQf (1" + 1|~ + @) o™

2(1

2

Vv (nvl)

+ 0820(71)[2][ N (|§0l|¢77v2l + |90,|2U21 —|—772h2021_1 + n2v21| Rin_ |) )
Bz (1
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The integration involving Bakry—Emery Ricci curvature can be estimated as follows,

p—1

p
/ R | < Ricy- g (7[ Ko )
b=lg B2 (1-q)
< ElRics- 0 (£ ) T (f orey)
1
a B n
< HR(p, £,1) [(][ <n%”>) - (f ?7)]
2 (1) «(1)

where ¢ = ¢(n,p) = 22(7;:’;) > 0 determined by ¢ + (1 — ¢)8 = p%l, we also used Young’s
inequality

=

* 1 1
-’E?/§5$b+5_%ybavmayzoyb>1y b_*_’_g:]-)
where
(1-q)(p—1)8 (p—1)q

-1

By choosing ¢ = (40520(71) eri(p, f, 1)) , we obtain
CSZC(n)F][ n*v*| Ricy_ |
(1)

1 % a 2;)2377,
<3 (£ ore) e (Cocnp p )T
By (1) By (1)

For the term £, *h*v* 1, since v > ||R2|]F ;5 (), we have

(4.9)

p1
][ Ph2?1 < . 1 ][ P2h2? < (][ (772h202l)pfl) "

Now the same argument as above with ¢ = (4C2C (n)12)”" gives

1 % _2p
(4.10) CSQC(n)ZQJ[ n2h2,02171 <= (][ (7721}21)&> + C(n,p) (0312) 2p—n][ 772,021.
B.() 4 \Jb.) B

(1)
For the term with v, applying Holder inequality, (1.3) and the Laplacian comparison (2.3) gives
2 2 / 2 2 201 120
czeme f < CECEIE Ny 19947 g
(4.11) < C3C()Pe ||9]l3y,0,6(1) - !|77¢'02l|!’;§751,f731(1)

< C2C(n)Pe* C(n,p) (F(p, f,1))

=

/20| *
'H’WU HQ;%I,f,Bx(l)'
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Note that for o = 5(7;72) =25 7 < 1, we have

2p—1

2p
||n¢/v2l||»% — f 2 21 |¢ |2 21) 2p— 1:|
p— Bz

—1

np+2p—n 21;7
< (][ 7 21 5) ( |¢/|202l)7m+n21;—n) n(gp_l)] ’
B.(1)
(412) . 2p—1
2
< 2 21 B noa\ P
< chl
Bz(1)
< £< 2 21 5) |q§’]2v2[,
Bm(l) B (1)

where we used Holder inequlity due to p > 2 implies that — — < 1 in the second inequal-

. "
ity. By setting ¢ = <4C§C(n)12650(n,p) (R(p, f,1))" ) and 1nserting (4.12) into (4.11) we
obtain

< | ’
ciemef s < (£ o)
Bz (1) =(1)

+(Cler e e f ) F (0P

x

(4.13)

Inserting (4.9), (4.10), (4.13) into (4.8) gives

1

(f ) <aciewef (i1+ 2 a) g
(1) Bx(1)

(4.14) +4C2C ()l (1 + C212er C2(n, p)R(p, f, 1)>][ |¢'*0*
B.(1)
+C(n,p) (C22) 5" [1 + <€%F~'(p, f, 1))2p_”] <][ 772'02[) -
Ba(1)
Define [; = 5,7 > 0, and r; = 2 Z;‘:O 27771 Choose cut-off function n; = ¢;(r) € C5° (B (r;))
such that

n =1 on B(w,rin); |¢ <27, |of] <222
Then (4.14) becomes

lv

*
B, f, B (rit1)

< Cnp) {03 (8%) (1+ 0+ C2ebip, £,1)) + (C26%) ™

BihﬂBz(ri)

= [1 + (e%/?;(p, 1, 1)) 21,2_””} } llv]l%

< C(n.p)B" {03 (1+a+ C2ebr(p. 1.1)) + O [1 + (e*ilp, £,1)) } } ol

B, f,Ba(r:)

where s = max{4 b —}. Then substituting 7; into the estimate and running the iteration from
1 =0 gives

(4.15) Il g0y < Clnp) AR ol g0
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A=C? (1 +a+ Cleri(p, f, 1)) + Cﬁ‘% 1+ <€%R(p, 1, 1)) 2’??"} :

For n € C{°(B,(1)) with n = 1 in B,(2) and

Finally, we estimate the term |v||
|Vn| < 5, then

l)vaﬂ')(%)'

voly (Be(1)) voly (By(1)) ][ 2 2
4.16 vl 3y < —————=||v = n” (|Vul* + [|h]|; .
( ) “ HLf’BI(i) VOlf (Bx(é)) “ HLf,BI(l) VOlf (B$<3>) Ba(1) (| | H ||p,f,Bw(1))

4 1

Using the integrating by parts and Young’s inequality, we have

][ n*|Vul* = —2][ n{(Vn, Vu)u —][ n*hu
B.(1) Ba(1) B.(1)

1 1
< —][ n*|Vul* + 2][ IVn|2u? + —][ (n*h* + n*u?) .
2 /. Bu(1) 2 JB.1)

Regrouping above inequality and inserting it into (4.16) gives

voly (Bz(1))

T 3y = ———F——~+ 4][ V772u2+][ n2u2+][ n’h? + ||h2 |
s voly (Ba(1)) { B (1) v B (1) B, (1) WLZE
voly (Bx(1)) " 2 ) >
S ARGRE) 101 (Julls..00)° + 2 (1Bl p.m.00) 7] -
T4
Combing (4.15) with (4.17) yields

vols (B,(1)) X 5 . )
VOI;(T%)) [(||h||2p,f,Bz(1)) + (HUHQ,f,Bz(l)) }

v
(4.17)

sup |Vul® < C(n,p)
B(a.})

4p a an %
x {03 (1 Fa+ C2R(p, f, 1)) Woie {1 + <65R(p, f, 1)) g } } .
Thus we can get the desired result by scaling. U

Combining Theorem 4.3, local Sobolev constant estimate (4.2), with the volume doubling
property (3.18) gives Theorem 1.5.

APPENDIX A. EQUIVALENCE OF ISOPERIMETRIC AND SOBOLEV CONSTANTS FOR
WEIGHTED MEASURE

In this appendix we show the equivalence between the local isoperimetric and Sobolev con-
stants defined in Section 3 by adapting the proof of [12, Theorem 9.5]. A special case of Theorem
A.1 can be found in [8, Proposition 1.1].

Theorem A.1. For all n < a < 0o, we have
(A.1) IDg, f(Bz(R)) = SDgy f(Bi(R)).

Proof. Let o be (n—1) dimensional Hausdorff measure. We omit the weighted measure e~/ d vol
for convenience. For Q C B,(R) with QN IB,(R) = @, let Q. = {y € Q : d(y,00) > }.
Constructing a function by

: B(R)\Q

d(y,0B.(R)), Q\ Q.

: Q.

he(y) =

—oe O
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Since the distance function d is Lipschitz, then h, is Lipschitz with h.|aq = 0. Applying Sobolev
inequality to h. gives

a—1

o 1

(A.2) /Bw(R) |Vhe| > SD, ¢(B:(R)) (/BZ(R) \hslal> > SD,, (B.(R)) vol () = .

As well as, Coarea formula implies that

£

(A.3) lim |Vhe|e ! dvol = lim1 o (0)dt = o (002).

Combining (A.2) with (A.3), together with Definition 3.1, we have ID, ¢(B;(R)) > SDq, f(B.(R)).
To see that ID, (B, (R)) < SD, ¢(Bz(R)), its suffices to show that

a—1

(A.4) /zm) [Vh| > 1D, ;(B.(R)) (/Z(R) h&) ’

hold for hlpp,(ry = 0. Without loss of generality, we may assume h > 0. Let B, := {y €
B.(R)|h(y) > t} to be the sublevel set of h. By co-area formula,

a—1

(A.5) /B (R)|Vh|= /O o/ (0B)dt > 1D 4(Bu(R)) /0 Oovol (B, dt.

Let i}
F(s) = (/ VOl - (Bt)dt) P —— / = vol(By)dt.
0 a—1 0
Obviously, F'(0) = 0 and

(07 a—1 «

F'(s) = ( /0 Svol = (B) dt)allvolfa (B,) —

§aT vol(Bs).

a—1 a—1

Since By C B, for t < s, then [ Vol (Bt) dt > svol o (BS) yields F'(s) > 0, hence F(s) > 0.
Applying this inequality to (A.5) ylelds

a—1

(A6) /Z(R) |Vh|21Da7f(Bx(R))< o /Oootal—lvolf(Bt)dt) "

a—1

Integrating by parts and using the co-area formula,

e 1 tﬂ 1 d B
@ / to-1 VOlf(Bt)dt = / / / Uf 8 dt
a—1/ dBs |Vh|
/ / dO'f (9Bt _/ hﬁ_
os, |Vh| (R)

Inserting above equality into (A.6) gives (A.4). O
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