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Ricci Curvature and Betti Numbers

By Guofang Wei

ABSTRACT. We derive a uniform bound for the total betti number of a closed manifold
in terms of a Ricci curvature lower bound, a conjugate radius lower bound and a diameter
upper bound. The result is based on an angle version of Toponogov comparison estimate
for small triangles in a complete manifold with a Ricci curvature lower bound. We also
give a uniform estimate on the generators of the fundamental group and prove a fibration
theorem in this setting.

1. Introduction

Let M be a compact Riemannian manifold of dimension n. In [G1] Gromov proved the following
celebrated result for manifolds with lower sectional curvature bound.

Theorem 1.1 (Gromov). Givenn, D > 0, H, and afield F, if

Ky > H, diam(M") < D,

then

> b'(M"; F) < C(n, HD?). (1.1)

For manifolds with just Ricci curvature bounded below Gromov showed that (see [GLP]) if
Ricy > H, diam(M") < D, then b;(M; R) < C(n, HD?). For higher betti numbers this
estimate does not hold anymore (see, e.g., [SY]). Recently Perelman [P1] showed that the estimate
(1.1) is not valid even with an additional lower bound on volume. (Note that in this case the manifolds
cannot collapse.)
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For the class of manifolds M" satisfying
Ricy > (n — 1)H, conjugate radius > ry, diam(M) < D, (1.2)

we have the following estimate for betti numbers.

Theorem 1.2 (Uniform betti number estimate). For the class of manifolds M" satisfying
(1.2), we have

Y b (M") < C(n, H,r, D).

Remark. The class of manifolds satisfying (1.2) could have infinitely many different homo-
topy types, €.g., the space forms.

We also have

Theorem 1.3. For the class of manifold M" satisfying (1.2), the fundamental group can be

generated by s < s(n, H, rq, D) elements, where s(n, H, ry, D) is a constant depending only on
n, H, Fo, D.

Theorem 1.4. Givenn, iy > 0, ry > 0, there exists a positive number €(n, iy, ry) such
that if complete manifolds M", N™ satisfying Ricy > —1, conjy, > ro, |[Knyl < 1, injy > ig and
dy(M, N) < €(n, iy, ro), then there exsits a fibration f: M — N.

Forp,q € Mlete,,(x) =d(p,x)+d(q,x) —d(p, q). We have

Proposition 1.5. There exists an €(n, H, ry, 8) > 0 such that for any § > 0 if a manifold
M" has a metric with Ric > H, conjugate radius > ry, and for some p,q € M e, ,(x) < € for
all x, then any x € M — {B;(p) U B;s(q)} is a regular point for p as well as for q.

Assuming 7 (M) is finite and with additional upper bound on sectional curvature, it is proved
in [PZ] that the manifold M" is a twisted sphere when n £ 3, and M or a double cover of M is a
lens space when n = 3.

Combining Proposition 1.5 with a resuit in {GP] immediately gives

Corollary 1.6. There exists an €(n, ry, 8) > 0 such that for any § > 0 if a manifold
M" has a metric with Ric > (n — 1), conjugate radius > ro, and diam > 17 — €, then any
x € M — {Bs;(p) U Bs(q)} is a regular point for p as well as for q, where p,q € M with
pg| = diamy,.
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Theorem 1.2 and 1.4 are not true without the conjugate radius lower bound (see [SY, A2]). But
the results all hold with sectional curvature lower bound instead of conjugate radius lower bound (see
[G1], [Y], [GP]). In this case Theorem 1.4 can be strengthened so that f is an almost Riemannian
submersion and the fibre is a manifold of almost nonnegative sectional curvature (see [Y] for detail,
and also [F], [CFGY); Corollary 1.6 can be strengthened so that it is true for § = 0, proving that M"
is a twisted sphere (see [P2]). So far the only natural way to obtain conjugate radius lower bound is
via sectional curvature upper bound. But one can easily construct examples of manifolds satisfying
(1.2) where the sectional curvatures are not uniformly bounded.

The class of manifolds satisfying (1.2) could collapse, e.g., the space forms. In the noncollapsing
case (i.e., with an additional lower bound on the volume), this class is well understood. In fact, by
[CGT] the injectivity radius can be bounded below by Ricci curvature, conjugate radius, and volume
lower bounds. (This is pointed out to me by Peter Petersen.) Combining this with [AC] one knows
that the class of manifolds satisfying (1.2) and with volume bounded below are C“ compact. See
[A1], [W] for other results in the noncollapsing case. Thus our results here can be thought of as a
first step in understanding the manifolds with Ricci curvature lower bound which could collapse.

We refer to [Co}, [CC] for some recent significant developments for Ricci curvature.

The essential tool in proving Theorems 1.2 and 1.3 and Proposition 1.6 is an angle version
Toponogov comparison estimate for Ricci curvature which we state below. First we introduce some
notations.

In the paper, a geodesic triangle {}y, V1, ¥2} consists of three minimal geodesics, y;, of length
Lly;1 = I;, which satisfy

Yilli) = i1 (0)mod 3 (1 =0, 1,2).

The angle at a corner, say ¥4(0), is by definition, Z(—y,(l2), ¥,(0)). The angle opposite y;
will be denoted by «;.

Theorem 1.7 (Toponogov-type comparison-estimate). For any € > 0 there is a con-
stantr = r(n, €, H, ry) > 0 such rthat if manifold M" is a complete Riemannian manifold with
Ricy > H, conj > ro, and {¥y, 1., Y2} is a geodesic triangle contained in B, (r) for some p € M,
then there is a geodesic triangle {Vy, V1, ¥2} in the Euclidean plane with L[y;1 = L[y;]1 = ; and

2 2. =1
l:—l + i+1 i ) — €. (13)

= —1
o; > O; — € = COos
2041y

Note thatin [DW] a hinged version of a Toponogov-type comparison estimate for Ricci curvature
is given. Contrary to the original Toponogov comparison theorem the angle version here cannot be
derived from the hinged version directly. Instead, the angle version here and the hinged version in
[DW] are a kind of complement to each other.
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It is not clear whether the other natural version of the angle comparison estimate, namely
a; > u@; (0 < @ < 1), as suggested by the hinged version in [DW], is true or not. This was kindly
pointed out to me by P. Petersen.

The basic structure of the proof of Theorems 1.2, 1.3, and 1.4 and Proposition 1.5 is the same as
in the case with sectional curvature lower bound. In the presence of sectional curvature lower bound
we have the powerful Toponogov comparison theorem. Here we try to replace that by Theorem 1.7,
the Toponogov comparison estimate. There are situations where the rigid structure of the Toponogov
comparison theorem is essential. But, as we will see, the Toponogov comparison estimate suffices for
the above results. There is also the problem of going from local to global in applying Theorem 1.7.
That is dealt with differently in each case.

Theorem 1.7 depends essentially on the result of [AC]. To apply the C®-compactness of [AC],
we pullback the metric to the tangent space by the exponential map, and this is where the conjugate
radius comes in. The difficulty with lifting triangles is overcame by relating the angle comparison
radius (see §2 below for the definition) on the manifold with the angle comparison radius on the
tangent space (with a different base point). We also used the regularity result of Calabi and Hartman
for geodesics [CH].

Acknowledgments. [ would like to acknowledge interesting discussions with Shunhui Zhu
concerning [DW] which leads to the rescaling argument used here. Thanks are also due to Peter
Petersen and Rugang Ye for pointing out gaps in the earlier versions of this paper and for constructive
suggestions. I am also grateful to M. Anderson, J. Cheeger, D. Gromoll, D. Moore, K. Grove, and
S. Zhu for helpful discussions and comments.

2. Angle comparison for Ricci curvature

In this section we prove the angle comparison estimate (Theorem 1.7) following the ideas of
fAC]. In order to get the desired C*-convergence, we lift everything to the tangent space and this
is exactly where the hypothsis on the conjugate radius comes in. We consider balls for which (1.3)
holds for any geodesic triangles inside it and show that we have a uniform positive lower bound for
the radius.

For the applications in this paper, we can take € = 7 /36. For the sake of simplicity of notation
we will show Theorem 1.7 for this particular €. The general case is exactly the same.

Definition. Let M" be a Riemannian manifold and p € M a fixed point . We define the
angle comparison radius at p

liz—l +li2+l - ]12> T

L = r v ’ » CB F), o > Sw] E A
(p) = max {r [Y{y0. v1. 2} C B,(r) o ( 2yl 36
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Thus r,.(p) is the radius of the largest geodesic ball about p on which the angle version of
Toponogov estimate (1.3) holds. As p varies, r,.(p) defines a function on M. We first note that
r..(p) is strictly positive for any fixed compact smooth Riemannian manifold.

Lemma 2.1. Forany fixed M, and p € M, we have

rq..(p) > 0.

Proof. Let —K (K > 0) be a lower bound on B,(1) of the sectional curvature of M.
Applying the Toponogov comparison theorem reduces to the case where M has constant sectional
curvature — K. Now by rescaling, instead of considering triangles of smaller and smaller size, we
consider a sequence of metrics of constant sectional curvature —K, where K — 0. An easy
computation gives

¢ {cosh x/fl,_| cosh \/—I?l,-H — cosh x/fl,-
o; = cos
sinh \/El,‘_] sinh \/Egé—{»l

JES Y e L

—1 i—1 i+] i

= COS I 4+ 0(K)},
o ( 20l oK)

where o(K ) is uniform in {/; < l};;,. Therefore there exists Kg > 0 such that for any K < Kj,

and[; <1,
2 P T
a; > cos™' ot =0y hall
2l iy 36

This implies, via rescaling, r,.(p) > 0. (]

What we would like to have is, of course, a uniform bound. For this purpose we now prove the
following basic property about the angle comparison radius.

Proposition 2.2. If (M,, g;, p,) converges to (M, g, p) in the C* topology, then
Fao(p) < lim; , o Fae(Pi)- 2.1
In particular, if the limit (M, g, p) is the Euclidean space, then
Iim r,.(p;) = 4o00.
=0

To prove Proposition 2.2, one needs the following result of Calabi and Hartman [CH] on the
smoothness of isometries.
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Theorem 2.3 [CH]. Let (M, g) be a C* Riemannain manifold with respect to some coor-
dinate. Then its geodesics are C"* with respect to the same coordinate. Moreover, the C'*® norm of
the geodesics can be bounded by the C* norm of the metric.

An immediate corollary of this result is the following lemma.

Lemma2d4. If(M], g, p;) convergesto (M", g, p)in C topology, then for any geodesic
triangles {y{, yi, va} in B, (r) C M, for some r > 0, a subsequence of {y,, ¥, v} converges
10 a geodesic triangle {yy., y1, 2} in M in C** topology, o' < a.

Proof of Proposition 2.2. If(2.1)does nothold, then there exsitsan€ > 0and a subsequence
which we still denote by {i} such that for i large

rm‘(pi) < rm'(p) — €.

So there are geodesic triangles {y4, ¥{, ¥4} in B, (rac(p) — 5), for which the angle comparison
estimate (1.3) does not hold. By Lemma 2.4 a subsequence of {y;, Y|, ¥, } converges to a geodesic
triangle {¥o, 1, 2} in By (rac — 5) C M. If {5, y1, ¥} is a nontrivial triangle (i.e., at least one of
the sides has positive length), then we have a contradiction (since angle converges to angle). In the
case {Yo, V1, ¥2} is a point, we rescale the metrics before passing to the limit. That is, we let g; be one
of the vertices of the geodesic triangle {y(, ¥/, yi},I' = max{l), li, i}, and g; = (I')%g;. Since
lim;_ L' = 0asi — 00, (M, g, q,) converges in C*-topology to the Euclidean space. Now the
geodesic triangles {¥(, ¥/, y4 } are contained in B,, (2) in the rescaled metric g;, so a subsequence
converges to some nontrivial geodesic triangle {¥y, 1, Y2} C R". But {y4, 1, ¥»} does not satisfy
the angle comparison estimate (1.3), which is also a contradiction. [

We now turn to the proof of the angle comparison estimate.

Proof of Theorem 1.7. We show that r,.(p) has a uniform lower bound depending only
on the bounds

Ricy > H, conj > ry. 2.2)

To establish this lower bound on r,.(p), we argue by contradiction. Thus if Theorem 1.7 were false,
then there must exist a sequence of Riemannian manifods (M, g;) satisfying (2.2) but with

v 2 Fae(pi) = 0

for some p, € M;. Rescale the metric g; by r,~‘2, i.e., define metrics h; = r; 2 g;. Thus r,.(p;) = 1
for (M;, h;), while

. 2 .
Ric > Hr; — 0, conj oy, 4y = ro/ri = +00.
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Since r,.(p;) = 1, we have a geodesic triangle {;j, ¥/, ¥3} C B, (2) such that one of its angles
does not satisfy the angle comparison estimate (1.3). Without loss of generality we assume the angle
is at the vertex q{, = yzi (0) and denote it by «). Let B,;G(ro/ r,) be the ball of radius ry/r, in the
tangent space T, M; with the pullback metric 4;. We show that

Fac(y) < 6. (2.3)

To prove this, note that for { large we can lift the geodesics y{, yzi to minimal geodesics )71’, )72'
in By (ro/r,) with L(y|) = L), L33 = L), 7)) = 7300 = g, and & =
L(=7{ D). 75(0)) = @ Connect ¥{ (0) and 7, (1) by a minimal geodesic 7, then

L(7) > L(y).

(This was pointed out to me by Rugang Ye.) This implies that the comparison angle for &{), 0:1’0 is
greater than or equal to the comparison angle for ¢, &} Therefore

s = 4
— = a() - L
6 36

~ 0 ~i
ay =y =

(98]

i.e., the geodesic triangle {7], 7|, 73} does not satisfy the angle comparison estimate (1.3), which
proves (2.3).

On the other hand the injectivity radius of B(;(/)(ro/r,) is equal to ry/r,. By [AC] (the version
for manifolds with boundary) a subsequence of the manifolds (B,;:} (ro/r;), h;, p;) converges in
the C* topology, @’ < «, to a complete (noncompact) C* Riemannain manifold (N, k, §), with
g = lim g;. Moreover by [AC, Propositions 1.2, 1.3] N is isometric to R", with the canonical flat
metric. But r,. = +00 for R". By Proposition 2.2 this contradicts (2.3). O

3. Uniform betti number estimate

The proof will use the original ideas of Gromov [G1], but we will follow more closely the
beautiful exposition of Cheeger [C].

To localize the problem, Gromov introduced the content of a ball,

cont(p,r) = > _ dimIm(H;(B,(r)) — H,(B,(5r))).
Note that if » > diam(M), then cont (p,r) = Y_. b'(M). Thus the basic idea is to estimate
cont(p, r) in terms of that of smaller balls (using the Mayer—Vietoris principle).

Now there are two ways of reducing the size of the ball. First by the Mayer-Vietories principle,
one has [C, Corollary 5.7]
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Lemma 3.1. Let N(10°""r, r) be the number of balls in a ball covering B,(r) C
!
U,N=| B,,,(IO_“H'“r). Then

—n+ 1 .
cont(p, r) < (n+ 12V max cont(p’, 107/r).
p'eEB,(r).j=1....n+l

The second reduction is the compression; for its definition we refer to [G1], [C]. The content
of a ball is bounded from above by that of its compression.

Combining the two, we first compress the ball until it is incompressible, then reduce to a ball
of one-tenth of the size and compress again. The number of steps to go from B, (r) to a contractible
ball is defined to be the rank, rank (p, r). (For the precise definition, see [G1], [C].) Clearly, by
Lemma 3.1 together with the fact that content does not decrease under compression and the definition
of rank, we have [C, Corollary 5.13]

Lemma 3.2. Let N(10°"*"r, r) be as in Lemma 3.1. Then

cont(p,r) < ((n+ 1)2N<lo—n.u,r_”)mnk(lm.

The number N (10~“*"r r) is known to be uniformly bounded in the presence of a Ricci
curvature lower bound.

Proposition 3.3 (Gromov) (see [C, Proposition 3.11]. Let the Ricci curvature of M"
satisfy Ricyn > (n — 1)H. Then givenr,€ > 0 and p € M", there exists a covering, B,(r) C
U'lvB,,, (€), (piin By(r)) with N < N(n, Hr?, r/€). Moreover, the multiplicity of this covering
is at most No(n, Hr?).

The key ingredient in the estimate of the rank is the following lemma of Gromov. In the Gromov’s

proof of the uniform betti number estimate (Theorem 1.1), the sectional curvature hypothesis is only
used here.

Lemma 3.4 (Gromov’s lemma). Let g, be critical with respect to p and let q, satisfy

[pg2| > vipql,

for some v > 1. Let yy, y» be minimal geodesics from p to q,, q, respectively and put 8 =
L(y{(0), ¥30)). If Ky > H. (H < 0) and |pgs| < D. then

0> cos”! tanh(«/—H D/v)
- tanh(vV—HD) |’
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Correspondingly, we prove the following local version of this lemma for Ricci curvature.

Lemma 3.5. Ler g, be critical with respect to p and let g, satisfy

|pg2| = vipgil,

1+sin %

for some v > = 1.1959404 . ... Let y,, y2 be minimal geodesics from p to q,, ¢

T _gin &
COSs E—Sln %

respectively and put 6 = L(y,(0), ¥,(0)). IfRicyy > (n — 1) H, conj > roand |pq,| < ro.(P)/4

then
oz (4 (1r3) )
cos sin — sin— | - | — —.
- 36 36/ v 36

Proof. Put [pq|| = x, |q1g2] = ¥, |pg:| = 7. Let o be minimal from g to g,. Since g,
is critical to p, there exists 7, minimal from g, to p with

6 = L(0'(0), T(0)) <

o] R

Letd, 6, be the corresponding angles in R?. Then by applying Theorem 1.7 to the geodesic triangle
{1, 2, 0}, we have

- T
6 =6 — —.
36
Therefore
_ 19
9| < -7
36
Now
22 = x4 y* = 2xycos b
< x*4yr—2x cos(ﬂ> 3.D
= y Yy cos 36 ) :
and
y2 = xz + Z2 —2xz COSé. (3-2)

Combining (3.1) and (3.2) gives

5 < 197
ZCos X — ycos —,
= y 36
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which gives

- X 4+ ysin Z
cosf < ———3
z
x+(x-|—z)sin%
< ;

since y <x 42
Z

=

< [ -

T AN .
< sin— + (l =+ sin —) — since
36 36/ v

N =

Therefore

_ bid T\ 1
6 > cos™! (sin— + (l + sin —) —) .
36 36/ v

Now applying Theorem 1.7 to the geodesic triangle {1, y», 0} gives

1 T
l>cos"(sin—n—+(l+sin£>—)———>O_ O

0>60—-—>
36 36 36/ v 36

Corollary 3.6. Letq,, ..., qn be a sequence of critical points of p, with

IPpgivil = 1lpgil (u > 1.196).
IfRicyy > H, conj > ry, and | pgn| < ro.(p)/4, then
N < N, Hr2).
Proof. This is standard. We follow the one in {C]. Take minimal geodesics, y; from p to g;.
View {y/(0)} as a subset of $"~! C M. Then Lemma 3.5 gives a lower bound on the distance, 6,

between any pair y,'(0), ¥;(0). The balls of radius 6/2 about ¥/(0) € S"~' are mutually disjoint.
Hence, if we denote by V,_, ((r), the volume of a ball of radius r on S"~', we can take

V()
VnAl.l (9/2) '
where V,_; 1 (;r) = VoI(S"~") and 6 is the minimum value allowed by Lemma 3.5, O

Now the size of rank(p, r) is related to the existence of critical points as follows [C, Lemma
6.4].

Lemma 3.7. Let M" be Riemannian and let rank (r, p) = j. Then there exists y € B,(5r)
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and x;, ..., x; € B,(5r), such that for all i < j, x; is critical with respect to y and

\Y%

5
lx; y| > lei—lyl'
Combining Lemma 3.7, Corollary 3.6, and Lemma 3.2 gives

Proposition 3.8. For manifolds satisfving (1.2)

Z.H) Jorall r <r,/4,

cont(p,r) < C(n,r],
where ¥, is the angle comparison radius defined in Section 2.

Using Proposition 3.8 and Lemma 3.1 inductively completes the proof of Theorem 1.2,

4. Uniform estimate of generators of fundamental groups

As in [G2], [BK] we use the short basis trick to prove Theorem 1.3. To localize the problem,
we introduce

771(17"') =Im (JTI(B])(r) - .7T|(M)),

where the map is induced by inclusion. The following lemma is a weak version of the Van Kampen
theorem, which can be found in [M].

Lemma 4.1. If{B, (r)} is a ball covering of M, then 7t\(M) is generated by {mr\(p,, r)}.

From this lemma and Proposition 3.3, we see that it suffices to establish the estimate for

generators of T (p, r)) forall p € M and ry = é min{r,., ry}. To show this, first we have

Lemma 4.2. The fundamental group 7,(B,(r|)) (and hence 7,(p, r,)) is generated by
geodesic loops at p of length < 2ry.

Proof. For any closed curve ¢ at p contained in B, (r|), we can choose an r| < r| such that
c is contained in B,(r}). Now the same argument as in the proof of Proposition 2.1.5 of [BK] shows
that ¢ is represented as a product of geodesic loops at p of length < 2r| < 2r,. O

Now represent each element of 77, ( p, 1) by a shortest geodesic loop @ at p and call |o| = I{«)
the length of the homotopy class. We point out that this may not be possible for (B, (r))). Note
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also that & is not necessarily contained in B,(r;). We now pick a short basis {a, ..., a,} for
my(p, ry) as follows:

(1) « represents a nontrivial homotopy class of minimal length.

2)Ifay, ..., a; have already been chosen, then o, | represents a homotopy class of minimal
length in the complement of the subgroup generated by {cy, .. ., a;}.

Lemma 4.3. We have

lar] < o] < -+ .1
and
lojer; ' | > max{lo ], a1} 4.2)
Furthermore,
loei| < 2ry.

Proof. Equations (4.1) and (4.2) are clear by definition (otherwise ¢; or «; were not chosen
minimally). To see the last statement we assume on the contrary that

loe| > 2ry.

By Lemma4.2, [«,] is a product of homotopy classes represented by geodesic loops of length < 2ry.
At least one of the class, say {a, ] is in the complement of the subgroup (a, ..., a4_;), otherwise
[ar] € {a), ..., ;) contradicting the choice of «;;. But then

o | < 2ry < oyl

also contradicting the minimality of . O
Lemmad4.4. We have uniform bound on the number of elements in a short basis {«y, . . . , &}
of mi(p, n):

72 n—1

Proof. By definition a;, r; are geodesic loops of M at p of length |o;|, |o;| respectively.
Moreover, a,-aj_l is hom~otopic to a geodesic loop «;; of M of length |a,aj-" |. Welifta;, o, a;;to
the universal covering M and obtain a triangle with edge lengths |c; |, |ct;], Ia,-(xj_' |. Note that the
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triangle is contained in B;(6r) and the conjugate radius of M is also equal to ry. Thus Theorem 1.7

applies. In particular, the angle opposite to [oz,»ozj_‘l is greater than or equal to % — f—ﬁ = ‘:—g

Now the proof of Corollary 3.6 gives (4.3). U

5. Fibration theorem

We first construct the map f: M — N asin [F], [Y].

By the definition of the Hausdorff distance, if dy; (M, N) < €, then there exsits a metric d on
the disjoint union of M and N satisfying the following:

(1) The restriction of d to M and N coincide with the original Riemannian distance of M
and N.

(2)Foreveryx € M,y € N, thereexistx’ € N,y € Msuchthatd(x, x’) <€,d(y, y') <e.
Hence we can take a discrete subset {m;} C M and {m} C N such that

(1) They are 7¢-dense in M and N respectively,

Q) d(m;i,m;) > €, d(m;,m)) > e foralli # j,

3 d(m;,m}) < e.

LetR = }tmin{io, o, Yack, S = #{m;} = #{m'},0 < R,and x: [0, 00) — [0, 1]asmooth
function such that
x() =0 ift >o
x(@®) =1 ift <3ic

x'(t) <0 if%a<t<a.
Then we define fy: N — RSand fy: M — R% by

fv(x) = (x(dx, mp))),

f\~eB,,,, (€) d(x’ )’)dy
vol(B,, (€)) '

fux) = (X(

Since |Ky| < 1 andinjy > i, fy is an embedding. Let A'(N) be the normal bundle of fy(N) in
RS and N3(N) = {v € N(N)}|v| < 8}. Then there exists § > 0 such that the normal exponential
map restricted to A5 (N) is a diffeomorphism between N5 (N) and Bs( fy (N)), the §-neighborhood
of fy(N). Letw: Bs(fy(N)) — fy(N) be the projection along the fibre of normal bundle.
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Now the map f = fy' om o fu: M — N is well defined. From the construction we see that
d(x, f(x)) < t(e)foreachx € M.Here 7(€) isapositive number depending onlyon €, n, iy, ry
and satisfying lim._ o t(€) = 0.

From now on, we use a notation 7(a, . . ., b|c) to denote a positive number depending only on
n, ip, rpanda, ..., b, c and satisfying lim._¢ 7(a, ..., b|c) = Ofor fixed a, ..., b.

To prove that f is a fibration, it suffices to see that f is of maximal rank. The basic lemma
follows. (This corresponds to Lemma 2.6 in [Y] and Lemma 2.1 in [F}.)

Lemma 5.1. Letv, 1,1’ be positive numbers withl <1 < R, and let ¢;: [0, ;] — M and
¢;: [0, 1)1 = N(i = 1,2) be minimal geodesics with ¢;(0) = ¢,(0), ¢}(0) = ¢;(0) such that

d(c;(0),c(0)) < v, dci(t),cit) <v, I/10<t <, I'JI0<tn <.

De| Dc;, Doy

Denote 6 = Z(D“ 0), D‘Z(O)) 6 = L(1(0), 52(0)). Then we have

16— 6| < t(l)+r(l,l'lv)+t(1,l'|e)+;—6. (5.1

Proof As in [Y, Lemma 2.5] we may assume [ = [, Let ¢ be the geodesic such that ¢(0) =
c1(0), 2 a =(0) = D"(O) Takeapomtx € N suchthatd(x’, c(t)) < €. Letc: [0,1,] > N
be a minimal geodesxc joining ¢;(0) to x’. Then by Theorem 1.7

3\)1:'

where 6 denote the comparison angle in the Euclidean plane. By the Toponogov comparison theorem
0 <0,
where 6’ denote the comparison angle in the sphere. Therefore
0>0 —t()—tdlv) — %. (5.2)

e,
dt

Denote 8, = Z( =(0) 24 (0)), 0, = Z(%(O) —2(0)). Then similarly we have

’odt

6, _>_91’—r(l)—t(l|v)—t(l|e)—:—6. (5.3)

Since |d(c'(ty), €| (t))) — (t; + t))] < 2€ + 4v, we have

‘ ( D g, —(0))—n’gr(1|e)+r(1|v). (5.4)
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Note that 8 + 8, = m, Z(%i(O), %(O)) < 6" 4 6,. Combining inequalities (5.2), (5.3), (5.4)
yields (5.1). |

By Lemma 5.1 and the construction of fy and fy, we have the following lemma (for details

see [Y, Lemma 2.8]).

Lemma 5.2. For each x € M and unit vector §' € Ty N, let ¢ [0,t'] — N be the
geodesic such that %(0) =&, <t < R, | > 0. Take a minimal geodesic c: [0,t] - M
such that c(0) = x, d(c(t),c'(t")) < € and put & = %(O). Then we have

, b4
ldf () —&'l < 1(0) + (0, l]€) + %
Now it is clear that when o, € are sufficiently small, f is a submersion, hence a fibration.

6. Proof of Proposition 1.5
For py, p € M, the excess function e, ,,: M" — R is defined by
€p.pi (P) = d(po, p) +d(p1, p) — d(po, p1)-
It measures the “excess” in the triangle inequality.

Note that the excess function is “monotonic™ in the following sense. If p;, pj are any two
points lying on a minimal geodesic connecting py, p and p,, p respectively, then

ep().p](p) > ep[’,.p/,([?)- (61)
This is an easy consequence of the triangle inequality.

Now Proposition 1.6 follows from Theorem 1.7 and (6.1).

Proof of Proposition 1.6. It suffices to prove that the angle between any minimal geodesic

Y1, ¥» from x to p and from x to g respectively is > Z. Let p’, q" € y, y; such that |xp’| =
|xq'| = min{r,./4, 8}. By (6.1)

ep’.q’(-x) _<_ ep.q(x) S €. (62)

Applying Theorem 1.7 to the triangle p'xg’, we have

PP+ IxqP —1pg' P
2lxp'llxq’| 36

/Lp'xq" > cos
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2 /
e, (x)—de,  (x)|xp| b4
=cos ' |—1— 4 P4

2|xp’|? 36

wI( pr3 ) T
cos -1+ —1}-—.
lxp’| 36

v

Here the last inequality follows from (6.2). Now it is clear that there is an €(n, 8, rg, H) such that
the angle L pxq = (p'xq’ > Z. 0J

2

Corollary 1.6 follows from Proposition 1.5 and the following lemma (cf. [GP, Lemma 1]).

Lemma 6.1. Let M be a complete Riemannain manifold withRicy, > n— 1, diam > 7 —€,
and let p,q € M with | pq| = diamy,, then

epq(x) < k(e) forallx € M, (6.3)

where k (€) is a positive function of € and k(€) — Oase — 0.
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