
THE WEIL-CHATELET GROUP OF AN ELLIPTIC CURVE

Let K be a field and let E/K be an elliptic curve. A torsor of E/K is a curve C/K

that become isomorphic to E over some algebraic extension. The degree of a torsor is

the minimal degree of a field extension L/K over which C,E are isomorphic. As a trivial

example, every elliptic curve is a torsor of itself, and has degree 1. For a more interesting

example, consider the curve:

C : w2 = au4 + cu2 + du + e

Then C is a torsor of the elliptic curve:

E : y2 = x3 + cx2 − 4aex− 4ace + ad2

Note that E and C are necessarily isomorphic over K(
√
a), so this torsor has degree at most

2. The torsors of E (up to K-isomorphism) form a group, called the Weil-Chatelet group of

E. The goal of the REU will be to develop tools for studying this group. In other words,

we want to find equations representing every torsor starting from the equation of the elliptic

curve.

Our strategy is based on the following observation. Let C,E be as above. Observe that

the elliptic curve E necessarily has a pair of points (c,±
√
ad) defined over K(

√
a). We will

call these points witnesses of C. Now, starting from an equation for E and the witness

(c,
√
ad), we can actually recover the original equation for C (we can read off 3 of the

coefficients directly, and we can solve for e from the remaining data).

If we start from the equation of E, say given in the short form:

y2 = x3 + fx + g

we can find every witness (c,
√
ad) by plugging c into the cubic and taking the square root

of the result. Doing this for every c ∈ K will give us every witness, and hence every torsor

given by an equation of this form.

• Problem 1: Witnesses of torsors of degree 2,3 have very nice characterizations (in

the degree 2 case they have a rational x-coordinate and in the degree 3 case they

have a rational y-coordinate). Students can work on finding characterizations of

witnesses of higher degree; to my knowledge, nothing has been written about this in

the literature (I came up with the low degree characterizations myself), and the low

degree characterizations were not difficult to find.
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Furthermore, in degree 2,3, it is very easy to read off the equation of the torsor

directly from the witness. If students are successful with the first part of problem 1,

they can try to determine whether the witness lets you recover the original equation

for the torsor as it did in the low degree cases..

• Problem 2: To each witness, we can associate an algebra given by generators and

relations. If two witnesses give rise to isomorphic algebras, that means the torsors

they represent are isomorphic, and we will want to know when this happens.

For witnesses of degree 2, the answer is known. Students interested in this project

can start working on the the degree 3 case immediately.

• Problem 3: In the example above, we saw how to obtain the formula for E from

the coefficients of C when C is a torsor of degree 2. Mathematicians have had

similar formulas for torsors of degree 3,4 since the 19th century. but the formulas for

torsors of degree 5 and higher were discovered in the last few years by Tom Fisher.

Unfortunately, Fisher’s paper is less explicit than one might hope - he never actually

writes down an explicit function that you can plug your coefficients into. It would

be helpful to have somebody work on writing a computer program based on Fisher’s

results that would take as input the coefficients of a torsor of high degree and that

would output the coefficients of the associated elliptic curve.
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