ON THE GALOIS STRUCTURE OF EQUIVARIANT LINE BUNDLES
ON CURVES

By A. AceooLA and D. Burns

Abstract. Let k be afinite field, and let X be a smooth, projective curve over k with structure sheaf
O. Let G be afinite group, and write Cl (O[G]) for the reduced Grothendieck group of the category
of O[G]-vector bundles. In this paper we describe explicitly the subgroup of CI (O[G]) which is
generated by the classes arising from G-stable invertible sheaves on tame Galois covers of X which
have Galois group G.

Introduction. Let k be afinite field of characteristic p, and let G be afinite
abelian group. Suppose that f: Y <— X is a tamely ramified Galois covering
of smooth projective curves over k, with Galois group G. (We shall refer to
such coverings as “tame G-covers’ of X). In this paper we study the structure of
G-stable line bundles on such curves'Y.

In order to be more precise we let Cl (Ox[G]), respectively Cl (k[G]), denote
the reduced Grothendieck group of Ox[G]-vector bundles, respectively of finitely
generated k[ G]-modules which are cohomologically trivial for G. Suppose that A
isa G-stable line bundle on Y. Then f..4 is an Ox[G]-vector bundle, and it gives
rise to a class (f..A) € Cl (Ox[G]). We shall say that an element of Cl (Ox[G])
isrealizable if it may be obtained in this manner for some choice of Y and A.

We shall combine techniques of [C], [M] and [Bu] to obtain an explicit
description of the subgroup Rx(G) of Cl (Ox[G]) which is generated by the subset
of realizable classes. In conjunction with a Riemann-Roch theorem, these results
are sufficient to describe explicitly those elements of Cl (k[G]) which arise as the
image of the vector bundles f..4 under the refined Euler-Poincaré characteristic
map introduced by Chinburg in [Chl], [Ch2] (see aso [Ch,E]). Such a result
is of interest in the context of “relative Galois module structure in a geometric
setting” as indicated by Chinburg on p. 446 of [Ch2].

It is at the outset clear that there are differences between the case we consider
here and the analogous number field case. For example, if k° is an algebraic
closure of k then any connected, finite, étale Galois cover of X xy k® has a group
which is a quotient of the topological fundamental group of a Riemann surface
of genus equal to the genus of X (cf. [SGA1], exp. X). Since any tame cover of
X of p-power degree is necessarily étale it follows that not all abelian p-groups
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1122 A. AGBOOLA AND D. BURNS

can occur as Galois groups of tame covers of X. By contrast, one knows that
any finite abelian group can be redlized as the Galois group of a tamely ramified
extension of number fields. Perhaps more strikingly, we shall see that, in contrast
to all “realizability results’ for number fields (cf. for example [M], [BY], [M0]),
the set of elements of Cl (Ox[G]) which arise from the structure sheaves of tame
Galois G-covers Y <— X do not in general form a subgroup. (It is however true
that the subset of elements realized by structure sheaves of &ale G-covers of X
is a subgroup of Cl (Ox[G]).)

An outline of the contents of this paper is as follows. In §1, we describe
various preliminary results concerning Cl (Ox[G]). For brevity we shall only
discuss the special cases which are relevant to the arguments of this paper (that
is, either p 1 #G or G is cyclic of p-power order). A more systematic treatment
of Grothendieck groups of vector bundles on certain types of ringed spaces over
finite fields can be found in [A,Bu].

Let ;R (G) denote the subset of Pic(Ox[G]) which is given by the classes
arising from structure sheaves of tame G-covers of X. In §2 we give an explicit
description of the subsets :R(G) and Rx(G) in the case of étale covers of p-
power degree (see Theorem 2.5) and that of tame covers of degree prime to p
(see Theorem 2.9). These results are then used in §3 to describe the image in
Cl (K[Q]) of the refined Euler characteristic map of Chinburg.

In §4 we explain briefly how realizable classes in characteristic p also give
rise to classes in Grothendieck groups of categories of modules over rings of
characteristic 0. Such classes arise naturally in connection with certain Adams-
Riemann-Roch type theorems (cf. [Bu,Ch], [Ch,E,RT]).

In §5, we describe how the results of [M] may be used to prove Theo-
rem 2.9 (i) and (ii). Finaly, in §6, we give a proof of Theorem 2.9 (iii) and (iv),
using arguments along the lines of those contained in [Bu].

Acknowledgments. The authors are very grateful to both T. Chinburg and
H. W. Lenstra for illuminating discussions and correspondence concerning this
work.

1. Reduced Grothendieck groups of vector bundles. In this section we
record some basic properties of the Grothendieck groups we shall use to classify
the structure of vector bundles. For brevity, we shall only deal with the special
cases which are needed for the results of this paper. A more systematic treatment
of Grothendieck groups of bundles on certain types of ringed spaces over finite
fields can be found in [A,Bu].

We shall throughout write Ox for the structure sheaf of X, Ky for the function
field of X, and kx for the field of constants of X. When there is no danger of
confusion these will be abbreviated to O, K, and k respectively.

We first give some general remarks on the classifying groups to be used
here. To do this we let O[G] denote the ringed space on X given by U +—
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O(U)[G] for each open subset U of X. We let V(O[G]) denote the category of
vector bundles (that is, locally-free modules) over O[G], and we write Ko(O[G])
and CI (O[G]) for the Grothendieck group and reduced Grothendieck group of
V(O[G]) respectively.

Note that if U isany nonempty affine open subset of X then the section func-
tor ' (U, ) isexact on V(O[G]) and so induces a homomorphism from Ko(O[G]),
respectively Cl (O[G]), to the Grothendieck group Ko(O(U)[G]), respectively re-
duced Grothendieck group CI (O(U)[G]), of the category of locally-free O(U)[G]-
modules. In thisway the classin Ko(O[G]), respectively Cl (O[G]), of abundle £
uniquely determines the class in Ko(O(U)[G]), respectively Cl (O(U)[G]), of the
space of sections £(U) for each nonempty affine open subset U of X. However,
not even the stable k[ G]-isomorphism class of the global sections of a bundle is
in general determined by its class in Ko(O[G]). Moreover, if V is a bundle, then
knowledge of the class of V(U) in Ko(O(U)[G]) for each open affine subset U
of X isin general not sufficient even to determine the class of V in Cl (O[G]).

For any ringed space A we write det 4 for the determinant (that is, top exterior
power) functor on the category of A-vector bundles.

ProposiTiON 1.1. The functor detpg induces an isomorphism between
Cl(O[G]) and Pic(O[G]).

Proof. We let foig: X(O[G]) — X denote the affine spectrum of O[G] (cf.
[EGA1], Chapter 1, §9). For each natural number n the direct image functor forg) «
is exact from the category of bundles on X(O[G]) which are of constant rank n to
the category of O[G]-bundles on X which are of rank n. This functor has an (ex-
act) two-sided inverse and so induces isomorphisms Cl (X(O[G])) = CI (O[G])
and Pic(X(O[G])) = Pic(O[G]). Taken together these isomorphisms reduce the
proof of Proposition 1.1 to showing that deto, ., induces an isomorphism be-
tween CI (X(O[G])) and Pic(X(O[G])). Moreover, since each connected com-
ponent of X(O[G]) is a noetherian curve which possesses ample line bundles,
this follows directly form ([F.L], Chapter V, Corollary 3.10 and appendix, and
Chapter 111, Theorem 1.7). O

CoroLLARY 1.2. If £ isan invertible O[G]-module then the following condi-
tions are equivalent:
(i) L hastrivial classin Cl (O[G]).
(i) Lisafree O[G]-module.
(iii) L isastably free O[G]-module.

Proof. Since detpjg) £ = £ the implication from (i) to (ii) is a consegquence
of Proposition 1.1, whilst those from (ii) to (iii) and (iii) to (i) are obvious. 0O

For the purposes of this paper it will suffice for usto have explicit descriptions
of Pic(O[G]) for the cases that G is a cyclic p-group or has order coprime to p,
and so we shall only discuss these special cases.
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To deal with the case that G is cyclic of p-power order we use the Witt vector
cohomology groups of Serre. For each positive integer i we thus let W, denote
the sheaf of Witt vectors of length i on X as introduced in [S1]. If G has order
pN then for each positive integer i we let r; denote the least positive integer such
that p'i > pN/i.

Let T be an indeterminate. For each k-algebra A the group A[G]* can be
identified with the group of units of the ring R(A) := A[T] /(TPN). We fix such
an identification by choosing a generator g of G and letting the classt of T in
R(A) correspond to the element g<1 € A[G]. We write E(<) for the Artin-Hasse
exponential function on Witt vectors, and recall that each element . of R(A)* can
be written uniquely as a product

a =g X H E(ait),
1<i<pN
@p=1

where here ag € A", and each o € W;,(A) ([S2], Chapitre V, Proposition 9). By
applying this decomposition with A = O(U) for each open subset U of X one
obtains an isomorphism of sheaves of groups on X

(1.1) oGI* = 0* x [[ W

1<i<pN
ip=1

We let W(O[G]) denote the direct sum

Pic(O)® P H'(Xza, W)

1<i<pN
@p=1

In conjunction with the canonical identification Pic(O[G]) ¥ H(Xza, O[G]*)
one obtains from (1.1) an isomorphism (dependent upon the choice of generating
element g)

(1.2) 0y: Pic(O[G]) = W(O[G)).

We now turn to consider the case that p 1 #G. In order to describe realizable
classes in this case it is convenient to first reinterpret Pic (O[G]) in terms of the
class group introduced by Chapman in [C]. To do this we fix an algebraic closure
k¢ of k and a separable algebraic closure K¢ of K which contains k°®. We let Qy
and Qg denote the Galois groups of k°/k and K¢/K respectively. We let K’ denote
the field K @y k® which is a Galois extension of K (in K€) of group Q. For each
group G we set G = Hom (G, (k%)*), and we let Rg denote the ring of k°-valued
characters of G. For each group G which has order coprime to p the Chapman
class group ChCl (O[G]) is as an abstract group equal to Homg, (Rg, Pic(K")),
and is such that each O[G]-bundle V gives a natural class [V] € ChCl (O[G]).
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We shall only need to describe [V] explicitly for the case of a line bundle V.
In this case the stalk Vy is freely generated over Ox[G] by an element vy, say,
for each x € X. We write X for the set of closed points of X. Since each point
X € Xp is a specialization of the unique generic point n of X there is a natural
map from each Vy to the generic stalk V,,. In this way each stalk Vy can be
regarded as an Oy[G]-lattice in the free K[G]-module V,,, so that vy = Ay -V,
for a unique \x € K[G]. For each integer s we let Mg(K’) denote the ring of
s x s matrices with coefficients in K’, and let GLg(K’) denote the unit group of
Ms(K’). We extend each representation y: G <— GLg(K’) of G to a K’-algebra
homomorphism ¥: K'[G] &— Mg(K’), and define

D(V) =) Vel (det (X (Axw))W

where here w runs through the places of K’, Val,, (<) denotes the valuation of K’
corresponding to w, and x(w) € X correspondsto the prime divisor of K which lies
beneath w. It is not difficult to see that each D(V),, belongs to Div (K’). Further-
more, writing [D(V,] for the image of D(V), in Pic(K’), [D(V),] is independent
of the choice of each A\w) and is such that the map [V] € Hom(Rg, Pic(K'))
defined by sending each character x to the class [D(V),] actually belongs to
Homg, (Rg, Pic(K")) (cf. [C], Lemmas 1 and 2 and Proposition 1).

ProrosiTion 1.3. (Chapman, [C]) Let G be a finite abelian group which has
order coprime to p. Then the map

bora): Pic(O[G]) = Homg, (Rs, Pic(K"))

which is induced by sending each line bundle £ to the element [ £] defined above
is an isomorphism.

Proof. Thisresult is not stated explicitly in [C] and so we shall quickly sketch
aproof. For each K-algebra A we let J¢ (A) denote the associated group of ideles.

For each O[G]-line bundle £ we choose an element ({x)xex, € [Ixex, KIG]*
as above. The (Yx)xex, € Jk(K[G]), and the association £ — (Ax)xex, induces a
well-defined group isomorphism

Kk (K[G])
(KIGD* [Txex, (OKGD)*

Let B be a k-algebra. Since p 1 #G we may identify (B ®k k°)[G] with the
B @y k-algebra of functions from G to B @y k¢ with pointwise operations; so we
have (B ®x k9)[G] = Map (G, B @ k) where, if 5 € (B @k k9)[G] and y € G
then 5(x) := x(B) for each y € G. The group of units (B ®y k%)[G]* may thus be
identified with Hom (Z[G], (B @ k°)*), and so by taking fixed points under the
action of Qi one obtains an identification B[G]* = Homg, (Z[G], (B @k k)*).

Pic(O[G]) =
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By applying this isomorphism with B equal to K and Oy for each x € Xo one
obtains an isomorphism

J(KIG]) ~ Homg, (Re, [Txex, (KX)*)
(KIGD* TTxex, (OX[G])*  Homgy (Rs, (K')*) Homg, (Ra, [Txex, (Ox @k K%)*)’

Thereis anatural morphism from this quotient to the group Homg, (R, Pic(K'))
and, by using the fact that Pic (X) has Galois descent as a functor on Spec (K)¢,
one can show that this morphsim is bijective (cf. [C], Theorem 1). O

This“Hom-description” of Pic (O[G]) iswell adapted to explicit computation
of arithmetical classes (cf. §5 and §6). It is also amendable to studying functorial
behavior under extension or restriction of scalars. In thisdirection it is convenient
to record the following result:

Lemma 1.4. Let G be a finite abelian group which has order coprime to p.
The for each subgroup J of G there is a natural morphism ind$: Pic(O[J]) —
Pic(O[G]) which isinduced by the functor @035 O[G]. If we also let ind? denote
the homomor phism

Homg, (Ry, Pic(K')) — Homg, (Rs, Pic (K)

whichisinduced by the restriction map on characters R — Ry, then thefollowing
diagram commutes

Pic(O[J]) (zféx[-i;» Homg, (Ry, Pic(K"))
ind?l lind?
Pic(O[G]) ggg_) Homg, (Ra, Pic(K")).
Proof. Just as for ([F], Theorem 12). O

2. Realizable bundle classes. Throughout this section G is afinite abelian
group. We write R%(G) for the subset of Pic(O[G]) given by the classes of
structure sheaves in all tame Galois G-covers of X, and we let 2Rx(G) denote the
subgroup of Pic(O[G]) which is generated by the classes of arbitrary G-stable
invertible sheaves arising from tame Galois G-covers of X. Our aim in this section
is to explicitly describe the subsets R%(G) and Rx(G).

We let P, respectively H, denote the maximal subgroup of G which has order
a power of p, respectively order coprime to p. For any tame G-cover f: Y ©&— X
we let fP: Y(p) — X, respectively f’: Y(p') — X, denote the subcover which
corresponds by Galois theory to the subgroup P, respectively H, of G (so that
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Ky(p = K§ and Ky(pyy = K¥). Since f is tame the morphism f’ is necessarily
étale. We first record an easy reduction step.

Lemma 2.1. For any G-stable invertible sheaf A on Y, the O[G]-bundle f,.A
isisomorphic to a bundle fP A’ ®¢ /Oy for some G/P-stable invertible Oy(p)-
sheaf A" on Y(p). Moreover, if P is the direct product of cyclic groups P;, i =
1,2,...,s,andf/: Y(p')i — Xisthe subcover of f’ corresponding to the subgroup
[Ti<j<s j Pj of P, thenthe O[P]-bundlef Oy isisomor phicto thetensor product
f1.Ov(py ©@0 13 0v(p), ®0 -+ ®0 T Ov(p)s:

Proof. Let U be any affine open subset of X. The induced morphism Y —
Y(p) is étale and hence the G-stable ideal f,.A(U) of f.Oy(U) is of the form
A'(U)f.Oy(U) for some G/P-stableideal A'(U) of fPOv(p)(U). In addition, since
Kv(p) and Ky() are linearly digoint and of coprime ramification over K thereisa
natural isomorphism f.Ov(U) = ffOY(p)(U) ®o() fLOy(py(U) (cf. the argument
of ([L2], §l1.3, Proposition 17)), and so one has

(2.1) f.A(U) = A'(U) @0y frOv(p) (V).

It is clear that the O[G/P]-sheaf U — A’(U) is equal to fP A’ for some G/P-
stable invertible Oy(p)-sheaf A" and that the isomorphisms (2.1) glue to give an
isomorphism f,. A = fPA’ @0 fLOy(p).

A similar argument will prove the second assertion. m|

This result implies that when one analyzes the contribution from the étale
cover f'; Y(p') — X to the redizable classes in ClI (O[G]) it is sufficient to
consider only the structure sheaf Oyy).

We next note that the module structure of the space of global sections of the
structure sheaf is always easy to determine.

ProrosiTion 2.2. Letf: Y — X beaGaloisG-cover of X. If Gy isthe subgroup
of G which corresponds by Galoistheory to the maximal constant field extension of
K in Ky then Ovy(Y) isk[G]-isomorphic to k[G/Go]. In particular, if f istame then
f.Oy hastrivial classin Cl (O[Q]) if and only if Ky is a constant field extension
of K.

Proof. The maximal constant field extension of K in Ky is Kky with ky equal
to the constant field Oy(Y) of Y. The first assertion thus follows by the normal
basis theorem. If now f arises by base changing X through a (constant) field
extension k' of k then f.Oy(U) = O(U)K for each affine open subset U of X.
One checks easily that any explicit isomorphism k' = k[G] extends to give an
isomorphism of O[G]-modules between f,.Oy and O[CG]. Finally, we recall that
if f.Ov hastrivia classin Cl (O[G]) then it is a free O[G]-module of rank 1 (cf.
Corollary 1.2). By taking sections over X it follows that ky is isomorphic to k[G]
and hence that Ky must be a constant field extension of K. O
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2.1. Etale covers of p-power degree. In this subsection we shall describe
the subset of Pic(O[P]) which arises from the classes of structure sheaves in
étale Galois P-covers of X.

From Proposition 2.2 the module structure of the space of global sections
of the structure sheaf of an &tale P-cover is explicitly known. We note now that
the P-structure of the restriction of the structure sheaf to each proper affine open
subset of X is also easily described.

Lemma 2.3. For each nonempty affine open subset U of X the restriction of
f,Oy(y) to U isafreerank one O |y [P]-module.

Proof. Here we set O’ = f/Oy(y). By Noether’s theorem (cf. the proof of
[F], Chapter I, Theorem 3) one know that O’ is an invertible O[P]-module, and
that the “trace element” 3" p g induces a surjective morphism of O[P]-modules
0" — O. For any nonempty affine open subset U of X we write (U, P) for
the augmentation ideal of O(U)[P]. Since O(U)[P] is I(U, P)-adically complete
one has a natural isomorphism Ko(O(U)[P]) = Ko(O(U)) (cf. [Bal, p. 449,
Proposition 1.3(0)) and so O'(U) = O(U)[P]y for any element y € O'(U) for
which }~gcpgy € O(U)".

Rather than referring to [Ba] to obtain such a description of @’(U) one can
also proceed more directly in this case as follows. for each x € U there exists
yx € O which freely generates the stalk O over O4[P]. Moreover, there exists
y € O'(U) such that >-ypgy € O(U)*. For each x € U we choose \x € Ox[P]
such that y = A\yyx. With e: K[P] — K denoting the augmentation map one has
>gep Y = €(Ax) 2ogep OYx SO that in particular e(Ax) € Ox. But Ox[P] is a local
ring with maximal ideal given by those elements whose image under ¢ liesin the
maximal ideal of Ox. Thus one has Ay € Ox[P]* so that Ox[P]y = Ox[P]Axyx =
Ox[Plyx = O, for each x € U. Since clearly O(U")[Ply C O'(U’) for each affine
open subset U’ C U it followsthat O’ (U’) isafree O(U’)[P]-module with basisy.
Any such element y thus induces an isomorphism of O |y [P]-modules between
o |U and O |U [P]. O

To proceed further we now specialize to the case that P is a cyclic group
of order pN (as indeed we may by Lemma 2.1). We first recall that in this case
Artin-Schreier theory gives a description of the group ©1(X, P) of isomorphism
classes of P-torsors over X (or equivalently, of éale Galois P-covers of X) in
terms of Witt vector cohomology groups.

If A is any abelian group with an endomorphism « then we shall write
A=l and A,_; for the subgroup {a € A: ca = a} and the quotient of A by
{aa<a: ac A} respectively.

ProrosiTioN 2.4. (Serre, [S1], Proposition 13; [Mi], Chapter 3, Proposi-
tion 4.12) Choose a generator g of P, and so identify P with Z/pN. Then there
are natural homomorphisms 64 and ¢4 (dependent upon the choice of g) and a
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short exact sequence of abelian groups

0 — WK1 <% 71X, P) £ HY(Xzar, Wh)FL — 0.

(Here F isthe map induced by the Frobenius endomorphismt — tP of k.)

In this case one knows also that the map
yp: (X, P) — Pic(O[P])

which isinduced by sending a P-torsor f: Y — X to the class of the bundle f,Oy
is a homomorphism (cf. [W], Theorem 5). The kernel of p can be described in
terms of symmetric Hochschild cohomology (cf. ibid., p. 182) but it is for our
purposes more convenient to relate this kernel directly to the short exact sequence
of Proposition 2.4. In the statement of the next result we shall use the notation
of Proposition 2.4.

THeoReM 2.5. The kernel of ¢p coincides with the image of 6g. In particular,
the set R (P) isa subgroup of Pic (O[P]) which isisomorphic to H(Xza, W) 2.

Noting that R$(P) = Image (yp) it is at once clear that if ker (p) = | mage (dg)
then the second assertion of Theorem 2.5 follows from Proposition 2.4. To prove
Theorem 2.5 it therefore suffices to show that ker (1p) = Image(égy), and to prove
this equality we shall simply describe both sides explicitly.

LEmmA 2.6. Letf: Y — X be an éale Galois P-cover of X. Then ¢p(Y) =0
if and only if there exists a subgroup Q of P such that the generic fibre of Y isthe
Galois P-algebra [Jgcp/q Kq Where here Kq is the constant field extension of K of
group Q (with respect to some identification of Gal (Kq/K) with Q).

Proof. The generic fibre Y,, of Y is a Galois P-algebra over K so that there
is a subgroup Q of P, and an unramified Galois field extension L of K of group
(isomorphic to) Q, such that Y,y = [gep/q L. If now L corresponds to the étale
Q-cover f': Z — X then f.Ov = [[4ep/q frOz and so, upon taking sections over
X, one obtains a k[P]-module isomorphism between ky and indg kz. Now, as a
conseguence of Proposition 2.2, one knows that

Yp(Y) =0 ky = K[P] < kz = K[Q]
and this last isomorphism is valid if and only if Z is the Q-cover of X. O

We must now be more precise concerning the map 6y used in Proposi-
tion 2.4. We let Xp, X1,...,Xn—1 be N independent indeterminates. For each
vector a € Wi(K) we let (Xp, X1, ..., Xn_1; @) denote the ideal of the polyno-
mial ring k[Xo, X1, ...,Xn—1] which is generated by those relations between the
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indeterminates which are equivalent to the equality

(22) F(XO,X]_, e ,XN_]_) <=>(XO, Xl, A ,XN_]_) -«
in WN(k[Xo,Xl, ey XN

We define an action of P on the k-algebra

k(a) = k[Xo, Xl, ... ,XN_l]/(Xo, Xl, .. 1XN—1; a)

by specifying that the action of the chosen generator g should be that induced by
the automorphism of Wiy(k[Xo, X1, . .., Xn—1]) given by

(23) (XO,X]_, - ’XN—l) — (Xo,Xl, . 1XN—1) +1
in WN(k[Xo,X]_, . ,XN_]_]).

With respect to this action the natural morphism
Xg(a) = Spec (K()) X spec (k) X — X
is a P-torsor over X, and the homomorphism &g is induced by setting
6(0) 1= (Xg(@)) € THX, P).

Before starting the next result we recall that the group Wn(K)e—1 is cyclic of
order p". For each integer i with 0 < i < N we let P¥) denote the subgroup of
P of order pN-—'.

Lemma 2.7. Let o € Wy(K) bealift of a generator of the group Wy (K)r—1, and
fixaninteger i with O <i < N. Then asj varies over the set of integers which are
coprime to p the class 6g(pija) varies over the set of elements of 71(X, P) which
arise fromthe P-torsor associated to the constant P®-cover X; of X with respect to
the different possible identifications of Gal (X;/X) with P®).

Proof. We write V for the “Verschiebung” operator on Witt vectors. Thus, for
any vector a = (ag,a1,...,an_1) € Wn(k) one has Va = (0,ag,a1,...,an_2) €
Wn(K). Using the identity Vo F = FoV = p (cf. [S1], Chapter |I, §6) one
can show that since « is a lift of a generator of Wy (K)g_1 there exists a vector
B = (bo,by,...,bnoi—1) € Wh—i(K) with by € k\(F < 1)k and which is such
that p'ae = VI3 € W (K). We recall that since by € k\(F < 1)k, the algebra k(5)
identifies with the unique field extension k; of k which has group P® (cf. [L1],
Chapter 8, Exercises 42-47).

We now consider the algebra k(p'a). If i = 0 then o = 3 0 that k(c) = k(5)
trivialy. If i > 1 then from (2.2) (with « replaced by p'«) we deduce that

F(Xo, Xi,... ,Xi_l) <=>(XO, Xi,... ’Xi—l) =0 in VVi(k[Xo,Xl, A ,Xi_l]).
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It follows that the image of the vector (Xo, X1, ..., Xi—1) in Wi(k(p'a)) in fact
lies in Wi(Fp) € Wi(k(p'a)). For each v € Wi(Fp,) we let k(p'a), denote the
k-algebra obtained from k(p'e) by setting (Xo, X1,...,Xi_1) = ~; then there is
a direct product decomposition k(p'a) = I, ew ) k(P'a),. With respect to the
given action (2.3) the action of g° induces an isomorphism of k-algebras between
k(p'a), and k(p'a).+s. It follows that each k-algebra k(p'a)., admits an action of
P® = (g}, and isin fact isomorphic to k(p'a)o as a Galois k[PM]-algebra. Now
the relations defining k(p'e)o are equivalent to

F(O,...,O,Xi,Xi+1,...,XN_1)<:>(O,...,O,Xi,xi+1,...,XN_1)
= p'a in WN(k[XO, Xl, .. ,XN,]_]),

that is, to

VI(FOK, Xist, - - -, Xne1) <K, Xist, - - -, Xne1) <3)
=0 in Wn(K[Xo, X1, .- ., Xn_1]),

and since V' is injective this is equivalent to
FOGi, Xiv, o, Xn—1) €K, Xisg, - Xn—1) =8I0 Wi—i(KEX, - Xn-al).

Each Galois k[P(]-algebra k(p'«), is therefore isomorphic to k(3).

At this stage we have shown that for each integer i with 0 < i < N the
agebra k(p'«) is isomorphic to the Galois P-algebra over k which has splitting
field the unique extension k; of k of group P (with respect to some identification
of Gal (ki /k) with P®)). To conclude the proof of Lemma 2.7 we now merely note
that if j is coprime to p then the map

(Xo, X]_, .. ,XN,]_) — j(Xo, Xl, .. XNl) in WN(k[XO, Xl, A ,XN,]_])

induces an isomorphism of Galoisk[P]-algebras from k( p'a) to the algebrawhich
as a k-algebra is equal to k(p'ja), but has a P-action obtained by composing the
action (2.3) with the automorphism g — ¢ of P. m|

The equality Image(6g) = ker (p) is an immediate consequence of Lem-
mas 2.6 and 2.7, and so we have now completed the proof of Theorem 2.5.
|

Taken together with the isomorphism (1.2) (with G = P) the results of Propo-
sition 2.4 and Theorem 2.5 give a commutative diagram in which both the row
and column involving 71(X, P) are exact (and in which the map Ag is defined by
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the regquirement that the diagram should commute):

Pic (O[P]) S H(Xzar, O[P]*) <:%§i>—> W(O[P])

pr Tkg

6, o
0 w5 Wn(KF_1 AN (X, P) PN H1Xzar, WN)TL @ 0.

o

Wn(K)F-1

|

0

Since 6y is an isomorphismit is clear from this diagram that R%(P) (= mage (vp))
isin general much smaller than Pic(O[P]). By using the description of the map
¢g givenin ([Mi], p. 127) (after identifying P with Z/pN viathe chosen generator
g) itisinfact not too difficult to describe the map Ay explicitly. However, it would
seem to be more difficult to describe the composite map fgo \g in terms of natural
operations on Witt vectors. (Partial results in this direction are discussed in [A,
Bu)).

2.2. Tame covers of degree prime to p. We now turn to consider the
Galois H-cover fP: Y(p) — X. In this section we shall state realizability results
anaogous to those of [M] and [Bu]. To do this we shall need some further
notation (and we follow that of [M]).

Recalling that H := Hom (H, (k°)*), we define a homomorphism det: Ry — H
by setting

det (Z axx) = H X (ay € Z).

xeﬂ xeﬂ

With Ay, denoting the kernel of det there is a natural restriction map
Rag,: Homg, (R4, Pic(K')) — Homg, (Ag, Pic(K")).

We let H(<1) denote the group H which is endowed with a structure as Q-
module via the inverse cyclotomic character. We choose a root of unity p in k¢ of
order equal to the exponent of H. Following McCulloh [M] we shall in §5 define
a natural Qg-equivariant “Stickelberger type” map ©y ,: Ay — Z[H(<1)], the
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transpose of which gives rise to a map
O}W: Homg, (Z[H(+<1)], Pic(K')) — Homg, (An, Pic(K')).

For each Qg-orbit T of H(<1) we let Kt denote the (constant) field extension
of K which corresponds by Galois theory to the pointwise stabilizer of T in Q.
We fix an isomorphism

Homg, (Z[H(<1)],Pic(K') = €  Pic(Ky).
TeQk \H(-1)

(The precise choice of this isomorphism doesn’'t matter in what follows.) We
define a “prime element” of Dreag\H(-1) Pic (Kt) to be any element which is
nonzero in precisely one component, that corresponding to Tp € Qk\H(<1) say,
and in this component is the class of a prime divisor of Ky, which is of relative
degree one in Kr,/K. We let Fx denote the subset of Prcq, (1) Pic(Kr)
which consists of arbitrary finite sums of prime elements which lie over distinct
prime divisors of K.

If Y is a smooth projective curve with constant field | then for each point
y € Yo we let |y denote the residue field of the stalk Oy, and we let d, denote the
positive integer defined by #y = #%. The degree of a divisor D = 2oy, VY €
Div (L) is defined to be deg, (D) := >"ycy, nydy, and we call #%9 ©O) the “norm”
of the divisor D.

For any strictly positive integer N and function field L we let DivN (L) denote
the subgroup of Div (L) given by those divisors whose norm is congruent to
1 modulo N, and we write PicN (L) for the image of DivN (L) in Pic(L). We
let PicN (O[H]) denote the subgroup of Pic(O[H]) consisting of those elements
whose image under the isomorphism 6o (cf. Proposition 1.3) can be represented
by homomorphisms which are valued entirely above PicY (K). We let C(H) denote
the set of cyclic subgroups of H.

In addition to the above notation we let R o(H), respectively R (H), denote
the subset of Pic(O[H]) given by the classes of structure sheaves in al étale,
respectively tame, Galois H-covers of X. We write Rx o(H), respectively £x(H),
for the subgroup of Pic(O[H]) which is generated by the classes of arbitrary H-
stable invertible sheaves arising from étale, respectively tame, Galois H-covers
of X. In §5 and §6 we shall prove the following theorem.

THEOREM 2.8.

(i) R%o(H) = kenel(Rag,).

(i) RY(H) = Rag (©} ,(Fxn))-
(i) Rxo(H) = RY o(H) + ind?l} Pic(0).
(iv) Rx(H) = (RX(H)) + X cceqm) indg Pic™ (O[C]).
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Remarks 2.10. (i) We shall see in §5 that the subgroup @}, ,(Fx+) which
occurs in statement (ii) is independent of the choice of p.

(ii) The above description of R (H) is a geometric analogue of McCulloh's
description of the realizable classes arising from relative abelian extensions of
number fields (cf. [M]). The geometric interest of such analogues is pointed out
by Chinburg in ([Ch2], Introduction). The description of $x(H) is an analogue
of the main result of [Bu].

(iii) It follows from this description that §R9<’O(H) is always a subgroup (this
can also be seen via the approach of §2.1), whilst R)(H) is in general not a
subgroup (cf. Remark 5.7).

3. Realizable Euler characteristic classes. Let now X be any scheme
which is proper and of finite type over a Noetherian ring A. In [Chl] Chin-
burg has shown how to attach to each Ox[G]-vector bundle V a natural Euler
characteristic class YRI'g(V) in the Grothendieck group CT(A[G]) of the category
of finite generated A[G]-modules which are cohomologically trivial for G (see
aso [Ch2], [Ch,E]). In particular, if the order of G is coprime to the residue char-
acteristic of each P € Spec (A) then yRI'g(V) coincides with the usual Lefschetz
trace Lx g(V) := Yjso (1) (H'(X,V)) € CT(A[G]) = Go(A[G]). More generally,
use of the Cech hypercohomology complex of V (with respect to any open affine
cover of X) gives one an algorithm for computing xRl (V). For example, if X
is a smooth projective curve over a finite field A = k, and £ is a G-stable Well
divisor on atame Galois G-cover f: Y — X then Chinburg has in this way given
the following more explicit description of yRI'g( f.£) (cf. [Chl], Theorem 2.18).

Choose any nonempty affine open subset U of X. Then there exists an element
B € Ky such that O(U)[G]S has finite index in f.£(U), and for each x € X\U
the stalk of f,.£ at x has finite index in O4[G] 3. Writing gy for the genus of Y
then for each such choice of element 5 one has an equality

(3.1) YRMg(f.L) =1 <oy)KG]) + <%> N Z <(9;<[§]5> ,
xexX\U * =X

in CT(K[G]) = Ko(K[G]).

In genera, the map V — xRIg(V) induces a homomorphism xRl G:
Ko(O[G]) — CT(A[G]) (cf. [Ch2], Remark 2.7). Moreover, from ([Ch2], Re-
mark 2.8) one knows that yRIc(O[G]) = x(O)(A[G]) (where x(O) denotes the
Euler characteristic of ) and hence one has a stable Euler characteristic ho-
momorphism YRIg: Cl (O[G]) — CT(A[G])/(A[G]). (Similarly, if the order of
G is coprime to the residue characteristic of each p € Spec(A), then we write
Lxc: Cl(O[G]) — CT(AIG])/(A[G]) for the stable Lefschetz trace homomor-
phism.) In this section we use the results of §2 to describe explicitly the subgroup
YR c(Rx(G)) C CI (K[G]) of realizable Euler characteristic classes associated to
a smooth projective curve X which has finite constant field k.
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Identifying H with the quotient G/P thereis an isomorphism ¢&: ClI(K[H]) —
Cl (kK[G]) which is induced by inflating modules from H to G and then taking
projective envelopes over G (cf. [S3], 1, §1.4). On the other hand, given any
étale Galois P-cover e2 W — X of X one can construct a natural homomorphism
fe: Rx(H) — Rx(G) in the following way. If f: Y — X is any Galois H-cover
of X, £ is a H-stable invertible Oy-sheaf, and h: Z — X is the tame G-cover
of X which has function field equal to the compositum of Ky, and Ky, then
Lemma 2.1 implies that f.L£ ®¢ e.0w is O[G]-isomorphic to h, M for some
G-stable invertible Oz-sheaf M. The assignment (f.L) — (f.£ ®p €,0Ow) thus
gives rise to a well-defined homomorphism 6, from Rx(H) to Rx(G).

For any commutative ring A we let Sy denote the set of isomorphism classes
of finitely generated simple A-modules.

Lemma 3.1. For each éale Galois P-cover e W — X of X the following
diagram commutes:

xR
Rx(G) as=— ClI(KQG])

94 T@S

Ru(H) ias O (KH]).

Proof. Let f: Y — X be a Galois H-cover of X, and let h; Z — X be the
corresponding tame Galois G-cover of X, described above. We let O1 and O,
denote the structure sheaves of Y and W respectively. For each H-stable invertible
O1-sheaf L£1 we wish to prove the following equality in Cl (K[G]):

(3.2) YR G(F.L1 ®0 €,02) = ¢ o Ly (f.L1).

To do this we choose a closed point xo € X and let U denote the affine open
set X\{Xo}. By Lemma 2.2 we may choose 3, € e.02(U) such that e.0,(U) =
O(U)[P] 2. Notein particular that 3~ gcp 932 € O(U)* = k*. Choosing an element
a2 € K which has a pole of sufficiently high order at Xp and has no poles on U
we can ensure that a3, € e,0,(U) and e,02x, C Ox,[Plaz32. We also choose
a free generator (35 of the stalk e,0,yx, over Ox[P], and let v € Ox[P] be
defined by (3, = A\2a23,. Note that since both 3 .p 982 and 3-gcp g3, are units
at xp the augmentation e(\2) of A has the same Xp-valuation as does o, 1
Choosing now an element /31 € f,.£1(U) such that both O(U)[H] /31 has finite
index in f,.£1(U) and f, L1, has finite index in Oy,[H] 31, we shall compute the
Euler characteristic YRI (L1 ®0 e.02) via the formula (3.1) with respect to
the element 31 ®k a2 € K3. In thisway, one checks that YRIg( f.L1®0 €.02)
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is egual to

(3.3) ( f.L1(U) ®@o) €:02(V) ) (OXO[H]ﬁl ®oy, OxO[P]Oé252>
O(U)[H] 51 ®@ou)y O(U)[Plazs: fiL1x @0y, €02x
_ ( f.L1(U) @0y O(U)[P] B2 ) @(OXO[H]ﬁl R0, OxO[P]asz>
O(U)[H]Br2 ®ouy O(U)[P] 52 fiL1x, @0y, Ox[PlA2c252
_ ( f.L1(U) ®ow) O()[P] ) @(OXO[H]ﬁl R0y, OxO[P]>
O(U)[H] 102 ®@ou) O(U)[P] £ L1x ®0y, Ox[PIA2

_( fLu) Oxo[H]B1 ®0y, Ox[P]
= (6o *471) ‘i’<f*£m S0y ox(,[p]M) -

Recadlling that iX,H(@ = YRy (<) we can again apply (3.1) (this time with G
replaced by H, and the element 3 taken to be «»f3;1) in order to compute the
right-hand side of (3.2). In this way one sees that the equality (3.2) follows from
(3.3) if one hasin ClI (k[G]) an equality

(3.4

<OXo[HW1 B0, OXO[P]> - (el o, gey) .

£ L1x @0y, Oxo[PlA2 £ L1x

Note that (3.4) would in turn follow if we could show that the left-hand side
class of (3.4) considered as a function of \; € Ox,[P] depended only upon its
augmentation e(A2). Indeed, if this is the case then we may in (3.4) replace )\,
by a5 ! and in this case the equality of (3.4) is straightforward to verify.

We now write O for Ox,, and A\, respectively A1, for the group ring O[G], re-
spectively O[P]. For each element 1 € O[H]* we consider the functionc,: A} —
Cl (k[G]) obtained by defining c, (A1) for each A\; € A] to be the class of the
k[G]-module C,, (A1) := (A/A(1 ® A1)). Our proof of (3.2) is completed by the
next result.

Sus-Lemma 3.2. For each choiceof ;. € O[H]* thefunction ¢, factorsthrough
the augmentation homomorphisme: A; — O*.

Proof. For each M € §qg we let Py denote its projective envelope. For
each such M we define an integer c,m(\1) by the isomorphism C,(\1) &
BMeSeg CuM (A1)Pm. The key point in proving this sub-lemmais to compute each
of the integers ¢, m (A1) by taking into account the fact that each M is the inflation
fromH = G/P to G of asimple k[H]-module M’. To do this we let Jac (k[G]) de-
note the Jacobson radical of k[G]. The quotient k|G] / Jac (K[G]) identifieswith the
semisimplering PMeSgg km where here ky isthe finite field extension of k of car-
dinality #Homg (M, M). The module M corresponds to a character xm: G — Ky
the restriction to P of which is trivial. Note that C,(\1)/ Jac(K[G])C. (A1) =
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@MGS([G]C%M(/\J-)M' But, setting A= N/ Jac (K[G])A\, one has

Cu(M)/ Jc(KG)Cu(A1) X A/Au@ A1) = €D (O@kku/xm(1® A1)O @kk),
MESk[G]

and so since ym (i ® A1) = xwmr()e(A1) the result is clear. O

From Lemmas 2.1 and 3.1 one has

YRT6(Rx(G)) = XRMG ( > eeértx(H)> = paLxn(Rx(H))
e W—X

(with the sum taken over all étale P-coverse: W — X of X) and so we are reduced
to considering realizability issues for Galois H-covers of X. In this semismple
setting we must give a Hom-description of the reduced Lefschetz trace. This is
possible as a consequence of the Riemann-Roch theorem for line bundles on X.
To be more specific we need a little more notation.

We fix an algebraic closure Qf of Q. For any finite field k of characteristic
p we let W(k) denote the Witt ring of k (that is, the unique absolutely unramified
characteristic 0 local ring with residue field k (so that W(K) C Qf)), and we
write K(k) for the field of fractions of W(k). For any finite group | we set
It = Hom (I, Q5"), and we let R, denote the ring of Qf-valued characters of I.
For any field extension F of K(k) in Qf we set QF = Gal (Q5/F). For any choice
of uniformizing parameter = of F there is a natura injection

(35) Diine: Ko(K[11) < Homa, (R p, Q5)

which isdefined in the following way: if P isaprojectivek[1]-module then thereis
aprojective W(K)[1]-module P which is unique up to isomorphism and is such that
PRwok = P. If PowgQ has character 3= ¢+ myx then D, - (x) = 7 . In
the case k = IF, and F = Q, the injection D, g, 1,p Was introduced by Chinburg in
order to relate de Rham structure invariants to invariants of functional equations
of L-functions (cf. [Ch2], §4). Letting I:|omQF (R p, QF") denote the quotient of
Homgq (R.,p,Qg*) by the subgroup generated by DyF, ~ (K[1]) there is induced
a natural injection

(36) Dirime: ClH(K[I]) — Homog (Rip, QF°).

We first note that the homomorphism ¢§ is easily described in terms of these
Hom-descriptions.
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Lemma 3.3. For each choice of F and ¢ as above the following square com-
mutes:

DkFHw
Cl (k[H]) PR HomQF (Rap Q5)
o) e |
DkFGw

Cl (K[G]) PR Homg, (Rap, Q)

Proof. The homomorphism ¢f sends the class of a projective k[H]-module
M to the class of the projective k[G]-module K[P] @k M. In addition, if M is any
projective W(K)[H]-module satisfying M®@wkk = M then Mg := W(K)[P] @wxM
is a projective W(K)[G]-module satisfying Mg @wk) k = k[P] @M. We now write
(& e)e and (<) for the standard pairings on the character rings Rg, and
Rn,p respectively. Applying Frobenius reciprocity we obtain for each character
Y € Rgp the equalities

(XM ¥)a = (ind3 xm, ¥)c = (xm, resS ¥,
and this in turn implies the commutativity of the above sgquare. O

We shall now give a Hom-description of the Lefschetz trace Ex H. To do this
we first note that, since p { #H, the groups | f and i (=Hom(l, (k°)*)) correspond
bi Jectlvely For each element ¢ € 1T we write ¢ for the corresponding element
of T, and we let K(¢) denote the field extension of K obtained by adjoining the
values of ¢. We define a homomorphism

(37) Dx i Homg, (Ru, Pic(K') — Homg,, (Rrp, QF)

. __degk(s h(¢) . ,
by setting Dxn(h)(¢) = TK(K) for each h € Homg, (Ry,Pic(K’)) and
¢ elf.

ProposiTion 3.4. Sat F = K(K). Then the following square commutes:

Pic (O[H]) S5 QKHD
9O[H]l bkavH’”Fl
Hommg, (Ru, Pic(K")) < Fomg, (R pr Q5.

Proof. We write x(£) for the Euler characteristic of a locally-free O-sheaf L,
and for each k[H]-module M we write M* for the dual module Homy (M, k). For
each invertible O[H]-module £ and each ssimple module V € Sqn; we let Ly
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denote the O-sheaf HO(H, £ ®y V). This sheaf is locally-free of rank dimy (V),
and from the argument of ([E,L], Lemma 2.2) one has

Lxn(£) = > (x(Lv-)/ dimg (V)IV] € Go(K[H]).
VeESH;

For each character ¢ < I it follows that

DG H,me LxH(L @opH) F 1) (9)
— 7T'(:X(]:V*)*X(ﬁv*))/ dimy (V)

(3.8) Dk Hore LxH(L)()

where here F is any free rank one O[H]-module and g% occurs in the character
of the simple k[|H]-module V. We now fix a character ¢ < If, and let V be
the corresponding simple k|H]-module (as in (3.8)). We let k' denote the field
extension of k which is generated by the values of qAS Thus we have KK' = K(¢).
We set X' = X xx K, O = Oy, and for any O-sheaf M we let M’ denote the
corresponding O’'-sheaf M ®y k' obtained by base-extension.

For any locally-free O-sheaf M the Riemann-Roch theorem (cf. [H], Chap-
ter 4, §1 or [We], Chapter V1) gives an equality

(39 X(My-) = degy (My-) +ranko (My-(1 <gx))
where here gx is the genus of X, and hence one has

(3.10) X(Fv+) <x(Ly+) = degy (Fv-) <degg (Lv+)
= degy ) (R V<) < degy () (Ly-)-

For each character € 1 which occursin V we let V,. denote the correspond-
ing representation of H over k/, and we let e, denote the primitive idempotent
#H) "1 ey ©(h~Hh of K[H]. We may suppose that F and £ have the same
generic stalk. We let ¢y € F(X) be a generator of F over O[H], and for each
X € Xo we let £y be generator of the stalk £y over O4[H]. Since ¢y is a generator
of the generic stalk of £ over K[H] there exists for each x € Xy a unique element
Ax € K[H]* such that ¢x = A\xlo. Computing the stalk at a point X' € X; which
lies over x € Xg one has

Ly = EPHUMH, (L @ Vier)x)
K|V

= P HOUH, (Lx @ K)x Bk Vicr)
K|V
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= P e.(Ox[H] @k K)x bx

K|V
= P r(A)ex(lo) Oy,
K|V
and similarly
(3.11) Fu-x = EP exto) Oy

K|V

From (3.10-11) it follows that

X(Fve) &x(Lv=) = &) ) degy Valw (k)X

xX'exy K|V

@Z degy ) ( Z Valy (/‘f()\x))xl)

v =y
sdimg (V) degy) Borr (£(2)),

with the last equality following form the Qk-equivariance of degy ), the explicit

description of fopHy on the class of £ (cf. Proposition 1.3), and the fact that g%
is a constituent of V. Putting together this expression with that of (3.8) and the
definition (3.7) of the homomorphism Dx y one can now check directly that the
square in Proposition 3.4 commutes. O

Remark 3.5. Note that the map Dx y of (3.7) factors through the homomor-
phism

Ragy: Homg, (Ry,Pic(K")) — Homg, (Ag, Pic(K")),

as used in Theorem 2.9. Indeed, since Homg, (; Pic(K’)) is contravariant left
exact one has a natural identification of ker (Ragy) with Homg, (H, Pic(K")).
The claim now follows since Homg, (H, Pic(K") = Homg, (H, Pic(K)tors) =
Homg, (H, Pic® (K")).

The degrees of those divisor classes which occur in the descriptions of The-
orem 2.9 are straightforward to compute and so via Lemma 3.1, Lemma 3.3 and
Proposition 3.4 this result gives an explicit description of the realizable subsets
YR 6(RY(9)), XRMa(Rx(G)) etc., of CI(K[G]). We shall for brevity leave the
derivation of such explicit results to the reader. However, we note in passing
that it may well be interesting to compare the results obtainable in this way
with previous results of Ellingsrud and Lonsted [E,L] and Nakgjama [N1], [N2]
and [N3].
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Let us now fix afinite field k of characteristic p and a finite abelian group G.
It seems natural to define the “realizable subsets’ §R(k’(G) and Ry(G) of CI (K[G])
by setting

RUG) = Y resilP KRM(RR(G)),
X

and

R(G) = > regilP {RM6(Rx(G),
X

where here the sums are taken over all smooth projective curves X such that
kx 2 k, and resdiS): CI (k([G]) — CI (K[G]) is the homomorphism induced by
restriction of scalars. (This point of view is for example naturally suggested by
the results in [Bu, Ch] and [Bu].) To give explicit “Hom-descriptions’ of R2(G)
and Rk(G) by using the above results it is clearly sufficient for us to interpret
restriction of scalars in terms of Hom-descriptions.

LemmA 3.6. Let k' bea subfield of k. Let F be a subfield of Qg which contains
W(K), and let F’ be any subfield of F which contains W(K'). We let

NF/F’: HomQF (RH,D!Q([:)*) - |:|OrnQ|:/ (RH,D’QB*)

be the homomorphism defined by g /e/h(x) = Moear /o h(x?)" . If F/F
is unramified, respectively totally ramified, and nrs = =g, respectively mg =
Normeg /r 7, then the following square commutes:

DkFHme .
Cl(k[H]) <«sms=s- Homg (Rap, QF)

re{,l lj\fp/,:/

INDI(’,F’H,W ’ -
Cl (K[H]) e Flomg,, (Rup, QF).

Proof. We write res for both of the functors reswgﬁ?gm] and reﬁjm]. Welet T
be a transversal to Qr and Q. Let M be a projective k|H]-module, with M a
projective W(k)[H]-module satisfying M @wk) kK = M.

If F/F' is unramified then res(M) is a projective W(K')[H]-module for which
res(M) Ow(k!) K = res(M). Now res(M) Ow(k') Qg Y BieTM QW(k) t QB, and so
for each x € Ry p one has

C Vi ~(PEw, %,
Bie e, 0 TES(M)(y) = st WIOGB)

_ = et (POW Q)
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— 2 tet (POWKCEX")
TF

= Ngjpr o Dk,F,H,WF(M)(X)’

which is as is required.

We now assume that F /F’ istotally ramified. In this case, if Mg is a projective
W(K')[H]-module which satisfies Mg Qw(k') K' = res(M) then Mg := Mo ®w(k)
W(K) is a projective W(k)[H]-module which is such that Mg ®wgqo k = M. From
Nakayama's lemma it follows that M and M are isomorphic W(k)[H]-modules.
It follows in particular that XP&wigQ8 = XPoyqe) Q8 and so this character is fixed
under the action of Qp.. For each character i) € Ry, one therefore has

— - t t—1
Neser o Dk e (M) = [ <7TF Pow G >>

teT
(Norme g (g)) ~ (POweo Cov)
D Fr H,mp (M)(¥),

asisrequired. m]

Note that since any field extension F /F’ contains an intermediate field Fo such
that F/Fo is totally ramified and Fo/F is unramified this last result is sufficient
to deal with arbitrary restriction of scalars.

4. Characteristic zero realizable classes. In this section we shall outline
how invertible sheaves on tame Galois G-covers of X also naturaly give rise
to classes in Grothendieck groups of certain categories of modules over rings of
characteristic 0. Aside from any intrinsic interest such classes may have, they also
arise in the context of obtaining explicit analogues of known Adams-Riemann-
Roch formulas. We shall however confine ourselves here to a brief discussion of
this aspect of the theory, and defer a more detailed treatment to elsewhere.

For any Dedekind domain Rwe let Ko T(R[G]) denote the Grothendieck group
of the category of finite locally-freely-presented R[G]-modules. We let A denote
the ring of algebraic integersin a number field K, and for each p € Spec(A)g we
let k() denote the residue field of the completion of A at p. There is a canonical
isomorphism

(4.1) KoT(AIGD) ¥ [ KoT(AJIG]).
peSpec (Ao

Furthermore, for each o € Spec(A)g, and any choice of uniformizing parameter
7, of A, the natural surjection

Homg,  (Rep, Q") — KoT(A,[G])
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(cf. [F], 112.3) annihilates the subgroup generated by D) k,,G,x, (K(9)[G]) (cf.
Remark 3.5). In conjunction with the injection Dy, k,, ., Of (3.6) the isomor-
phism (4.1) therefore gives a natural homomorphism

Oapkc: Cl(KIG]) — KoT(A[G]),

where here p € Spec(A)o and K is finite field such that W(k) C A,,. We define
the “geometrically realizable” subset of KoT(A[G]) to be

RTIOMO(G) 1= > Oapkc(RUG)),
P

and

RTEM(G) = 3% a0k (Ri(G)),
o k

where here the sums are taken over al primes ¢ € Spec(A)y and al
finite fields k such that W(k) C A,. The images R¥°™(G), respectively
RIO™(G) of RTIO™O(G), respectively RTIF™(G), under the natural surjection
KoT(A[G]) — CI (A[G]) are then natural geometric counterparts to the subsets
Rao(G), respectively Ra(G), of “arithmetically realizable” classes of ClI (A[G])
as considered in [M] and [Bu].

Examples 4.1. (i) A celebrated theorem of M. Taylor ([T]) implies that
Rz0(G) = {0}, and a geometric analogue of Chinburg ([Ch2], Theorem 6.13)
that R¥°™°(G) = {0}.

(ii) If G is an elementary abelian group of |-power order then one knows that
Rz(G) = > cec (G) indg Cl (Z|C]) (cf. [Bu], Theorem 1 and Remark 1.2(ii)). On
the other hand, one can use the results of §2 and §3 to show that %5 "(G) C
>_cec©) indS Cl (Z[C]) and is in addition annihilated by | < 1.

A more careful analysis of the material of §2 and §3 would allow one to de-
scribe explicitly the subsets %Tﬁ{eom'o(G), RTIM(G), RI™(G) and §R§1e°m'°(G)
in terms of the appropriate Hom-descriptions. It may well be interesting to sys-
tematically compare results obtainable in this way with the results in [M] and
[Bu] concerning the classes R 0(G) and Ra(G). However, for brevity, we shall
forego any such explicit analysis here.

We comment finally upon the connection between our results and certain
types of Adams-Riemann-Roch theorems. An explicit analogue of the equivariant
Adams-Riemann-Roch theorem is known for the subgroup of KoT(A[G]) which
is generated by classes arising from (differences of) G-stable invertible sheaves
in tame Galois G-extensions of K (cf. [Ch,E,RPT], Theorem 3.6). The techniques
of [Bu,Ch] on the other hand afford an explicit interpretation of the Cassou-
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Nogues-Taylor-Adams operators on the subgroups RT3 (G) of KoT(A[G]) and
Ra(G) of ClI (A[G]). Since explicit interpretations of the Cassou-Nogues-Taylor-
Adams operators on all elements of either KoT(A[G]) or Cl (A[G]) still seem to
be difficult to obtain (see for example [K]) it is of some interest to know just
how big the subgroups Ry(G), RT3 (G), Ra(G), etc., can be.

5. Classes arising from structure sheaves. In this section we describe
how the results of [M] may be adapted to give a proof of Theorem 2.9 (i) and
(ii). We shall follow [M] very closely and so we refer to this paper for the details
of most of the proofs, rather than repeating them word for word here.

We recall that X is a smooth projective curve with constant field k = ky, and
function field K = Kx. Galois K[H]-algebras (or, aternatively, Galois H-covers
of X) are classified by continuous homomorphisms

h: QK—>H

Corresponding to each such homomorphism h we have a Galois H-extension Ky,
of K given by

Kn := Mapg, ("H,K°)

where here "H is the left Q-set consisting of the set H with Qg acting by left
multiplication via h, and Kp, is the algebra of K®-valued functions on H which
preserve the action of Qk. So, for a € K, we have a(h(w)s) = a(s)“ for each
se Handw € Q. It is clear that the Galois H-extensions K}, of K all lie in the
KC-algebra Map (H, K°).

Set KM = (KoK (M) the fixed field of ker(h). Then Ky is isomorphic as a
K-algebra to a product of [H: h(Qk)] copies of KM: this isomorphism depends
upon a choice of coset representatives for h(Qk)\H.

We shall now describe the “resolvend map”

Th: Map(H,K® — K°[H].
This is defined by associating to each element a € Map (H, K°) its “resolvend”

@ =) aes .

seH

This map T is an isomorphism of K°-vector spaces (but not of algebras since it
does not preserve multiplication). For a € Map (H, K®) we have

acKpofy@® =fa@hw) foral we Q.

(Here Qk acts on K°[H] via its natural action on the coefficients.)
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We say that an element a € K, generates a normal basis of K,/K if Kp =

K[H]a. The use of resolvends enables one to give the following criterion for
a € Ky, to be a normal basis generator of Ky,/K.

ProrosiTiON 5.1. For a € K}, we have
Kn = K[H]a < Th(a) € (K[H])*.
Proof. Exactly as in Proposition 1.8 of [M]. O

We shall now consider the group Hom (Qk, H). We begin by considering the
following exact sequence of Qx-modules (here Qk acts trivialy on H)

(5.1) 1—H— (KH])* — (K[H])*/H — 1.
It may be shown that taking Qg-cohomology of (5.1) yields the exact sequence
(5.2) 1—H = (K[HD* = H(K[H]) — Hom(Qk,H) — 1

where here H(K[H]) = (K[H])*/H)®k (cf. [M], 1.19).
Setting

HK[H]) :={a e (K[H]D* | a*"LeH foral weQ}
we have H(K[H]) = $(K[H])/H. Note also that
HK[H]) = {fu(d@) | K[H]Ja=Ky for some he Hom(Qk,H)}.
We recall (from the proof of Proposition 1.3) that there is a natural identifi-

cation (K[H])* = Homg, (Z[H], (K%)*).
Now consider the exact sequence

(5.3) 0—Ay > ZIAIBA -1
where here det: Z[H] — H is defined by

det (Z axx> = H X (ay €7),

xeﬂ xeﬂ

and Ay denotes the kernel of det. Applying the functor Hom («; (K°)*) to (5.3)
yields the exact sequence

(5.4) 1 — Hom(H, (K%*) — Hom (Z[H], (K%)*) — Hom (A, (K9)*) — 1.
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We identify the terms of the sequence (5.4) with the corresponding terms of the
sequence (5.1) as follows:

Hom(H, (K%*) < H
(5.5) Hom (Z[H], (K®)") < (K°[H])"
Hom (Ag, (K)*) < (K[H])*/H

These identifications allow us to give an alternative description of the middle
portion (K[H])* — H(K[H]) for the sequence (5.2): we have

Homo, (ZIA], (K9)*) st Hom, (Ag. (KY)) = Homa, (Ag, (K')),

where here the map rag,, denotes restriction to Ay (that is, restriction to augmen-
tation).

Suppose that a € Ky, generates a normal basis of Ky /K. Its resolvend (@)
is @ homomorphism from Z[H] to (K)*. We let ry(a): An — (K°* denote the
restriction of Ty(a) to Ay, and we call ry(a) the reduced resolvend of a. Thus,
ru(a) may be identified with the coset of Ty(a) in (K¢[H])*/H, and we have

H(K[H]) = {ru(a@) | K[Hla= K, for some he Hom(Qx,H)}.

We shall now discuss tame H-extensions of K. For each closed point x € Xg
we choose and fix an agebraic closure K of the completion Ky of K at x, and
an embedding ix: K¢ — K¢ of K€ into K¢, and we let iy: Qk, — Qx denote
the corresponding embedding of absolute Galois groups. (We shall regard ix and
iy as inclusions and so shall suppress them from the notation when there is no
danger of confusion.)

If he Hom(Qg,H) we set hy ;= hoiyx € Hom(Qg,H). Then

(Kx)hx = Kh ®k Kx

and we have Ky, C (Ky)n,. We let Op,, respectively 0%, denote the integral closure
of Ox in (Ky)n,, respectively Kg.

We write Qt, respectively Q&X, for the Galois group of the maximal tame
extension K!/K, respectively K!/Ky, of K, respectively K. Then iy restricts to
T Qk — Qk, and a Galois H-extension Ky/K is tame if and only if the
homomorphism h: Qg — H factors through the quotient map Qx — Qk, or
equivalently, if and only if K" C K'. So, if we regard Hom (Q}, H) as a subset
of Hom (Qk, H) then Ky /K istame if and only if h € Hom (Q}, H). In this case,
we shall also say that h “istame” (a similar discussion holds with K replaced by
Kx). Hence, h is tame if and only if hy is tame for al x € Xo.

We let HY(K[H]) (:= $'(K[H])/H)) denote the pre-image of Hom (Qf, H)
under the connecting homomorphism c: H(K[H]) — Hom (Qk, H) (with similar
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notation for Ky). Similarly, we let QY denote the Galois group of the maximal
unramified extension K /Ky in K, and we write H™ (K«[H]) (:= $H™ (K«[H])/H)
for the pre-image of Hom (Q}', H) under c.

We shall now describe integral versions of (5.1) and the constructions that
arise therefrom. For each x € Xy we consider the exact sequence

1—H— (OHD* — (OJH]D*/H — 1.

It may be shown that taking Qg,-cohomology of this sequence yields an exact
sequence

1 — H — (O«H])" — H(O«H]) — Hom(QK,, H) — 1

(cf. [M], 2.12). Here
(5.6) H(Ox[H]) = (OTH])* /H)**x = $(Ox[H])/H,
where

H(O[H]) = (Ox[HD)" N H(K«[H]).
Hence we have

H(OL[H]) = {ru(ay) | Ox[H].ax = (Ox)n, for some hy € Hom(QY , H)}
and
H™ (K«[H]) = H(Ox[H]). ragy ((Kx[HD)"),

or equivalently

H™(Ke[H]) = H(O[H]).(KAH])".

We aso observe that since the characteristic of k does not divide #H it follows
from (5.6) and (5.5) that

(5.7) H(OLH]) = Hom (Ag, (09"« for al x € Xo

(cf. [M], Theorem 2.14).

We now take an H-cover f: Y — X of X, and we let h: Qx — H be the
corresponding continuous homomorphism. Set Oy, := f.Oy; then Oy, is a rank
one locally free O[H]-module. Let n denote the generic point of X; then we have
that (On), = Kn. For each x € X the stalk (Oy)x is freely generated over Oy[H]
by an element ay, say. (We refer to ax as a normal integral basis of (Oy)x over
Ox.) Furthermore, each (On)x may be regarded as an Ox[H]-lattice in the free
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Kn-module Ky, (cf. the discussion immediately preceding Proposition 1.3), and so
ax = cxa, for a unique ¢, € (Ky[H])*. Then (cx)xex, € Jk(K[H]) and it follows
from the proof of Proposition 1.3 that (Cx)xex, IS representative of the class of
the O[H]-module Oy, in Pic (O[H]).

The equation ay = cxa,, may be expressed in terms of resolvends. We have

Th(ax) = cx.Th(ay)

in $H(Kx[H]), and this implies that

ru(ax) = ragy (c)ru(ay,)
in H(K\[H]), that is
ragy; (Cx) = ru(ay)ru(@) .

Next, we observe that if ragy (c,) = ragy (cx) for al x € X then ¢ = cxs¢ with
sc € H for all x. Thus (s)x € [Txex (Ox[H])* and so (c,)x determines the same
classin Pic(O[H]) as does (cx)x. Hence in fact (rag(cx))x determines the class
of Op in Pic(O[H]).

Now ragy (cx) is not arbitrary, but has in fact a nice local decomposition.
This decomposition involves the Stickelberger map which we shall now define.

We fix aroot of unity  in k¢ of order equal to the exponent of H. For y € H
and s € H we let (x, s),, denote the unique rational number lying between 0 and
1 for which x(s) = &P M-S and we extend this to give a Q-bilinear map

()ut QAT x QH] — Q.
The Stickelberger map (relative to )
O . QIH] — QIH]
is then defined by

Onu(@) =Y (a,9),s foreach e QHI.
seH

For any w € Qg on has

(5.8) O e = Opy 0w
The Stickelberger module is then defined to be

S 1= On . (ZIH]) N Z[H],
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and is independent of the choice of i as a consequence of (5.8). We define
H(<«1) to be the group H endowed with an Qg-module structure via the inverse
cyclotomic character.

The following result is proved exactly as in [M] (see Propositions 4.3 and
4.5 (ibid.)), and so we shall not repeat the proof here.

ProposiTion 5.2. (i) For each o € Z[H] we have Oy (o) € Z[H] if and only
if « € Ay. In particular therefore, O, defines by restriction a homomor phism
On,.: Ay — Z[H] and one has §4 = On . (Ag)-

(ii) Thelinear transformation Oy, Q[H] — Q[H]( 1) preservesthe action
of Qk.

Proposition 5.2 implies that the transpose map
©h,,: Hom(Z[H]( 1), (K9)*) — Hom (Ag, (K9)*)

isan Qk-homomorphism, where Qk acts on homomorphismshby f«(x) = f(XWl)“’
(for each w € Q), and G‘H‘M(f) =f o0 On,,. Hence we aso have the homomor-
phism (which we also denote by @} ,) given by

Ol,: Homo, (Z[H]( 1), (K%)") — Homa, (Ag(KY*) = H(K[H]).

For each Qg-orbit t of H( 1) we let K(t) denote the constant field extension
of K which corresponds by Galois theory to the pointwise stabilizer of t in Q.
Then we have an isomorphism

Mapg, (H(<1),K) > [ K.
teH(—1)/Qk

For each x € Xo we also let A denote Map,, (H(+1), 0F), and we let KA
denote Mapg, (H(<1), K©). Then the transpose Oy ., May be expressed as a map
G)}W: (KA)Y* — H(K[H]).

If for each x € Xy we let KyA denote MapQKX (H(&1), KY) then there are
corresponding local homomorphisms G)}w: (KN)* — H(K«[H]).

We now turn to describe the natural decomposition of the resolvends of local
normal integral basis generators which we referred to above. For each x € Xg
this involves the determination of a distinguished set of coset representatives for
HY(K«[H])/H™ (Ky[H]) of the form G)}W(fx) for suitable elements fy of (Ky/\)*.

We shall for the moment fix a point x € Xo. We let 7(= 7x) denote a fixed
generator of the maximal ideal my of Oy, and we let g denote the order of the
residue field Ox/my. The field K} is obtained by adjoining all roots of unity to
Kx. The group QF := Gal (K} /Ky) is procyclic and is generated by the Frobenius
automorphism ¢(= ¢x) of K} /Kx which is given by ¢(¢) = £€% for each root of
unity ¢. The field KL is obtained by adjoining to K the values 7'/" for all
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integers n coprime to p. The group Gal (K!/KI") is also procyclic, and we fix
a generator o of it. We fix a coherent set of radicas {x/"} for all integers n
coprime to p such that (/™))" = 71/™ Then this gives a collection {yn} of
roots of unity defined by

0_(7T1/n) — Mnﬂ-l/n-

We let ¢ also denote the unique lifting of = from QY to QY which fixes the
distinguished elements 72/ for each n coprime to p. Then Q! is generated by o
and ¢ and we have pocop— = ¢9. (Thislast equality can be seen by comparing
the effects of both sides on the elements 71/ and 1.) The abeliniazation QY
of Q! is given by

(Q)* = (0) x (9),

where here we write o and ¢ for the obvious images of o and ¢. Note that & is
of order q<1 whilst (¢) is procyclic. We remark that since H is abelian we have

Hom (Q%, H) = Hom ((QY)®, H),

and this is why we are interested in the group (Q4)%.

There is a natural homomorphism h — h(c) from Hom (Q%, H) to H which is
given by “evaluating at .” The kernel of this homomorphism is Hom (Q7", H).
We let H(g_1) denote the subgroup of H consisting of elements of order dividing
g «<1. Since h(o) can take any value in Hq—1) we have the following sequence
of isomorphisms

H(K([HI)/H™ (Ke[H]) = Hom (Q}, H)/ Hom (Q},H) = Hg-1).
We shall now describe a section of the induced homomorphism H'(Ky[H]) —
H(g-1); this section depends upon the choice of distinguished prime element .
For each s € Hg 1)y we define

fxs € (Ke\)™ = Homg, (Z[H(=1)], (KR)")

by setting (for each t € H)

) ::{ T ift=s#1

1, otherwise.

ProPosiTIoN 5.3. Supposethats € Hq—1) hasorder e, andleth, € Hom (QY, H)

be defined by hy(ox) = sand h(¢x) = 1. The Kx = Kx(vrx/ ®) and e u(Txs) = rr(by)
where by generatesa normal integral basis of (Ox)n, over Oy. In partlcul ar we have
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Ol .(fxs) € H'(K«[H]), and O} ,(fxs) is sent to s under the map H'(K«[H]) —
Hig-1)-

Proof. The proof of this result is identical to that of Proposition 5.4 of [M].
|

As section to the homomorphism H'(K«[H]) — H—1) we shall take the map
S— 9}4,“( fxs)-

The local decomposition theorem below reflects the fact that any tame exten-
sion of Ky with ramification index e is contained in the compositum of Ky(7/€)
and an unramified extension. It is proved in exactly the same manner as Theo-
rem 5.6 of [M].

THEOREM 5.4. (Local decomposition theorem) Supposethat hy € Hom (QY, H).
If ax isa normal integral basis generator of (Ox)n, over Oy then we have

r.H (aX) = Oh,u( fX,S)uXi

where here hy(oy) = s € Hg—1) and ux € H(Ox[H]).

Conversely, let s € Hig—1) and ux € H(Ox[H]), and let hy be the image of
O . (fxs)ux under the connecting homomorphism H'(Kx[H]) — Hom(Q}, H).
Then hy(ox) = s, and (Ox)n, has a normal integral basis generator ax over Oy for
whichry(ay) = G} o (Fxs)Ux. O

We can now turn to consider realizable classes.

We let Jx(KA) denote the restricted direct product of the (KyA)* with re-
spect to the subgroups A% for x € Xo. We let H(A(K[G])), H'(AK[G])) and
H™(A(K[G])) respectively be the restricted direct products of the groups H(Ky[H]),
HY(K[H]) and H"™ (Kx[H]) with respect to the subgroups H(Ox[H]). Then we
may define maps

Oh i I (KA) — H(AK[H]))

ragy: Jk(K[H]) — H(A(K[H]))
componentwise in the obvious manner. It is easy to check that these maps are
well defined. Furthermore, since the characteristic p of K does not divide #H we
have (cf. (5.7))
Oh . () € Homay (Ag, (09)*) = H(OKHI).
We define the unit idele groups

UN) = T A, UOIH]) = [] (O«HD*,  HAO[HD) = [ H(OLH])
XEXo XEXo XEXo
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so that both
©h (UMW) € H(A(O[H]), and  ragy (U(O[H])) € H(A(O[H])).

We let
Al (KA)" — k(KA),  X: H(K[H]) — H(AK[H]))

denote the principal idele maps given by the natural diagonal embeddings. Then
we have

AHY(KIHD)) = A(H(K[HD) N HY(AKKIHD),

and

AH™(K[HD)) = ACH(K[HD) N K™ (A(K[HD)).

For each x € Xo we let Fx( C (Kx/\)*) be the set of all fys for s € Hg_1). As
g <1 isthe order of the group of roots of unity in Ky we have that s € Hg—1) if
and only if Ky(s) = Ky, and so Fyx = {fxs | Kx(s) = Kx}.

We let Fxy C Jk(KA) be the subset of ideles f for which fy € Fx for
all x € Xp. It is easy to see that if f € Fxn then fx = 1 for al but finitely
many x € Xo. We refer to the nontrivial elements of Fx C Fxn as the “prime
F-elements’ lying over x. It follows that elements of Fxy are finite products
of prime F-elements lying over distinct x € Xp. From Proposition 5.3 we have
@}w(f) € HYA(K[H])) for al f € Fxn.

We let

Ik (K[H])

pi K (K[H]) — (K[H])*U(O[H])

= Pic(O[H])

denote the natural quotient map (cf. Proposition 1.3). The following theorem gives
the decomposition of a tame global resolvend. It is proved in exactly the same
manner as Theorem 6.7 of [M] (and thus depends crucially upon Theorem 5.4).

THeEOREM 5.5. (Global Decomposition Theorem) Let h € Hom (Qk, H), and
let ap: Y, — X denotethe corresponding Galoiscover of X. Supposethat K[H].b =
Knh. Then h istame if and only if there are elements ¢ € Jk(K[H]), f € Fxny and
u € H(A(O[H])) such that

A(ru (b)) = (ragy (€)™ '04,,(f).u.

Furthermore, if thisis the case then p(c) isthe class of an, Oy, in Pic(O[H]) and
f isunique. More precisely, we have f = ( fx)x where, for each x € Xp, fx = fxs with
s = hy(ox). In particular, therefore, fx # 1 if and only if hy isramified, and sof =1
if and only if his unramified. O



GALOIS STRUCTURE OF EQUIVARIANT LINE BUNDLES 1153

We can now give the following characterization of realizable classes in
Pic(O[H]).

THEOREM 5.6. Suppose that ¢ € Jx(K[H]). Then

(i) p(c) € REo(H) if and only if ragy, (¢) € A(H(K[H])). H(A(O[H]));

(i) p(c) € RY(H) if and only if ragy, (c) € A(H(K[H]))
H(AOIHD)OY . (FxH)-

Proof. Suppose now that h € Hom (Qk,H), and let an: Y, — X denote the
corresponding Galois H-cover of X. Suppose further that p(c) is equa to the class
of an, Oy, in Pic(O[H]). Let K[H].b = Ky. Then it follows from Theorem 5.5
that there exist elements ¢’ € Jk(K[H]), f € Fxn, and u € H(A(O[H])) for
which

p(0) = p(c)
and
Aru(b)) = (ragy () 04 ,(f).u,

(with f = 1 if and only if h is unramified). Hence we have

ragy; (¢') € A(H(K[H]))-H(A(O[H]))
if h is unramified, and more generally

ragy (¢') € AH(KIHD)H(AOTHD)O . (Fx ).
Now ¢1¢’ € (K[H])*U(O[H]) and so it follows that
ragy, (¢™'c) € A(H(K[H])YH(AO[H])).

This proves the “only if” parts of (i) and (ii).

Suppose conversely that ragy, (c) € )\(H(K[H]))H(A(O[H]))G)L’M(FX,H). Then
we have that

ragy (©) = A(ru(be)) "us®h , (1)

where K[H].by = Ky for some h € Hom (Qg, H), u1 € H(A(O[H])) and f; €
FX,H-

If f = 1 then Theorem 5.5 implies that h is unramified and that p(c) is the
class of Oy, . This completes the proof of (i). The “if” part of (ii) is on the other
hand an immediate consequence of Theorem 5.5. O
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We note that, in the statement of Theorem 5.6 (ii), the subgroup &}, 1(FxH)
is actually independent of the choice of 1 (as a consequence of (5.8)).

We shall now derive the assertions of Theorem 2.9 (i) and (ii) as a conse-
guence of Theorem 5.6. To do this we observe that the homomorphism

ragy: Jk(K[H]) — H(A(K[H]))
induces upon restriction to augmentation a homomorphism

Ragy: Pic(O[H]) = Homg, (Ru,Pic(K') = (K[Ij?)(fu[?é)[H])
H(A(K[H])

7 AH(KIHD) H(AOTHD)

> Homg, (An, PicK’)),

whilst the map G}W: Jk (KA) — H(A(K[H])) induces a map
G)tH‘M: Homg, (Z[H](<1), Pic(K')) — Homg, (Ay, Pic(K')).

Theresult of Theorem 2.9 (i) and (ii) isthus simply the trand ation of Theorem 5.6
via these homomorphisms into the Hom-description of Proposition 1.3.

Remark 5.7. Notethat if f € Fxy andc € Raggl(G)&"N(f)) then deg (c(x)) >
0 for al characters x € H. Furthermore, deg (c(x)) = O for all characters y if and
only if f =1, that is, if and only if the corresponding Galois cover of X is étale.
Hence, in general, R%(H) is not a subgroup of Pic(O[H]) (cf. Remark 2.10 (iii)).

6. Classes arising from general invertible sheaves. In this section we
shall prove parts (iii) and (iv) of Theorem 2.9, the notation of which we shall
continue to use. The argument given here is modelled on that of [Bu].

We shall first show that

(6.1) Rx(H) € (RX(H)) + > indd Fic*® (0[C]),
CeC(H)

and that

(6.2) Rxo(H) € Ry o(H) +indfy, Pic(0).

These inclusions will be seen to be a consequence of the functorial behavior of
Chapman’s Hom-description (cf. Proposition 1.3 and Lemma 1.4) together with
some standard properties of tame local extensions.

We suppose then that the class ¢ € Pic(O[H]) is realizable, corresponding to
a Galois H-cover f: Y — X of X, an identification of Gal (Y/X) with H (which
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we henceforth suppress) and a H-stable invertible Oy-sheaf A. Since
¢ = (f.A) = (£.0yv) + ((f.A) ©(£.0y)) € Pic(O[H])

and obviously (f.Ovy) € RY(H), respectively (f.Oy) € §R§’<’O(H) if fisétale, we
shall only need to show that the class ¢’ := (f,.A) <(f,Oy) satisfies

(6.3) ¢ e > indd Pic™ (O[Q)),
CeC(H)

respectively

(6.4) ¢ € ind, Pic(0)

if f isétale. We shall prove these using the Galois resolvent techniques discussed
by Chapman in [C].

For each field F ¢ K€ and each character y € H we let F,, denote the field
extension of F generated by adjoining the values of . For each point x € X we
choose afree Ox[H]-generator a; x, respectively ap x, for the stalk Ay, respectively
Oy x. For each x € X, each x € F|, and bothi =1 and i = 2, we define a Galois
resolvent

@x | x) = 3 h@,)x(?) e K,
heH

The quotient (a1x | x)/(azx | x) belongs to K,.. Furthermore, as a simple con-
sequence of the considerations of ([C], pp. 21-23) one knows that under the
isomorphism forH; of Proposition 1.3 the class ¢’ corresponds to the function
g € Homg, (R4, Div (K’)) which is defined at each character x H by

— . (al,v(v’) | X) ’ .
(6.5) alx) : ;Val\, <7(a2’v(w) |x)>v € Div(K,),

where here v’ runs over the prime divisors of K, Val, denotes the valuation of
K, corresponding to v’, and v(v’) is the prime divisor of K lying beneath v’. We
write Supp(OQy, A) for the set of prime divisors of K at which the stalks of f,Oy
and f,.A differ. For each v € Supp(Oy, A) we let g, € Homg, (R4, Div (K')) be
defined at each character y € H by

— (v [ X)),/ ;
v(x) = %Valvl ((az,v | X)> v/ € Div(K,),

where here the summation is taken over al prime divisors v’ of K, which lie
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above v. It is clear that

(6.6) g= > o

veSupp (Oy,A)
For each v € Supp (O, A) we let | (v) denote the inertial subgroup of v in H.

LemmA 6.1. For each primedivisor v € Supp (Oy, A) onehasg, = 9y ores',,*(v)
for afunction @, € Homg, (Ri(v), Div (K’)) which is supported entirely above v.

Before proving this lemma we note that it is sufficient to prove the desired
inclusions (6.3) and (6.4). To see this we note firstly that sincev is tamely ram-
ified in Ky/K the inertial subgroup I(v) is cyclic. In addition, since H is abelian
the tameness of v in Ky /K aso implies that the norm of v is congruent to 1 mod-
ulo # (v) and so Lemma 6.1 impliesthat &, representsaclassin Pic? ) (O[1(v)]).
Finally we use the equality g, = Qy o res'ﬂ(v) of Lemma 6.1 in conjunction with
Lemma 1.4 to deduce that g, represents a class in indj},, Pic" ") (O[I(v)]). The
inclusions (6.3) and (6.4) are therefore an immediate consequence of the decom-
position (6.6).

Proof of Lemma 6.1. It is sufficient for us to show that for each prime divisor
v’ of K, over v thevaluation Val,/ ((a1y | x)/(a2v | X)) depends, as afunction of
X, only upon the restricted character reéﬁ(v) x. Indeed, if this is the case then we
can define a function §, € Homg, (Ri«), Div (K’)) by setting for each ¢ € I(v)"

B (®) =) if xeH and red,x =4,

and then obviously gy = @y o resif,y.

To proceed, set N = Ky and let E denote the compositum NK, . Fix an embed-
ding j: E — K{ such that j |, corresponds to v/, and let w be the prime divisor
of N which corresponds to the restriction j |n. We let Ny o denote the maximal
unramified extension of K, in Ny, and we identify the groups Gal (Nw,/Nw,0) and
I(v) via the embedding j |n. With Og denoting the valuation ring of Ny o one
knows that the stalks Ay and Oy are free Op[l (v)]-modules. Furthermore, from
the arguments of Theorem 19 and Theorem 25 (ii) of [F] (cf. adso [Bu], (2.6-7))
one knows that for any choice of free Oo[l(v)]-generators ¢y, respectively cow,
of Ay, respectively Oy, thereis a unit A\ of the valuation ring of the closure of
JE in K§ such that

(6.7)

- ((al,v | X)> _ Cow | resy(i o)) |
(a2v | x) (Cow | reﬁ*(v)(j ox))

By taking v’-valuations of this equation we see that the v’-valuation of (ajy |
x)/(azyv | x) depends asafunction of y only upon the restricted character res'ﬂ(v) X-
O
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Having proved (6.1) and (6.2) our proof of parts (iii) and (iv) of Theorem 2.9
will be complete if we can prove that

(6.8) (RY(H)) + >~ indf Pic” (O[C]) € Rx(H),
CeC(H)

and

(6.9) R 0(H) +indfy, Pic(0) € Rxo(H).

We shall deal firstly with the inclusion (6.8). To prove this it is obviously
sufficient to show that ind2 Pic“ (O[C]) C Rx(H) for any cyclic subgroup C of
H. To this end we henceforth fix a cyclic subgroup C of H and set n = #C. For
each character x € C we let C, denote its kernel and set n, = #C, . The field
K, isthus a (constant) field extension of K of degree n/n,. We let D(C) denote
the set of equivalence classes of C under the relation of Qk-conjugacy. Since Ky
depends only upon the element D = D, of D(C) to which x belongs we shall
also denote it by Kp. One has

Homg, (Re, Pic"(K")) =~ € Homg, (Z[D], Pic" (Kp)),
DeD(C)

and so we shall need to show that

(6.10) S indf Homg, (Z[D], Pic" (Kp)) € fogrRx(H).
DED(C)

The first step in verifying this inclusion is for us to observe that each group
Pic" (Kp) is generated by the classes of prime divisors.

LemmA 6.2. For eachclassD € D(C), and for each strictly positiveinteger N,
the group PicN (Kp) is generated by the classes of prime divisors.

Proof. For this argument we let P PicN (Kp) denote the subgroup of PicY (Kp)
which is generated by the classes of those prime divisors which belong to
DivN (Kp). If p | N then PicN (Kp) = 0 and so the lemma is obviously true in this
case. We therefore suppose that p t N. In this case, one knows (for example, as
a conseguence of the Weil estimate for the number of points on a variety over
a finite field) that there exist prime divisors on Kp which have norm congruent
to 1 modulo N, and hence the subgroups PicN (Kp) and P PicN (Kp) are both of
finite index in Pic (Kp). If H isthe Hilbert class field of Kp the from global class
field theory it follows that there are fields L1 and L, corresponding to the groups
PicN (Kp) and PPicN (Kp) respectively, which are such that Kp € Ly C L, C H.
The prime divisors of Kp which split completely in L;/Kp are precisely those
which have class in PicN (Kp), and so coincide with those prime divisors of Kp



1158 A. AGBOOLA AND D. BURNS

which split completely in L, /Kp. Using this fact the Tchebatarev theorem implies
that L1 = Ly, and from this it follows that P PicN (Kp) = PicN (Kp). O

The set of subgroups of C corresponds bijectively to the set of positive
divisors of n (as C is cyclic) and so is linearly ordered. Since the group Rx(H)
consists of arbitrary finite linear combinations of realizable elements, this means
that (6.10) can be obtained as a consequence of Lemma 6.2 taken in conjunction
with the following result.

ProPosITION 6.3. Let xo € C, with yo € Do say, and choose a prime divisor
o of Kp, which has norm congruent to 1 modulo n. Then o) Rx(H) contains
an element of the formindX g for some function g € Homg, (Rc, Pic" (K’)) which
satisfies the following property: for each character y € C for which n, > n,, one
has

_J) o ifx=xo
Q(X)‘{o, if D,, # Do.

To prove this proposition we shall simply construct Galois H-covers of X
which possess H-stable invertible sheaves which give rise to classes represented
by the kind of function described in the above statement.

We now fix a character o and a prime divisor ¢ as in the statement of
Proposition 6.3, and we let p denote the prime divisor of K lying beneath . We
choose a maximal cyclic subgroup C' of H which contains C, and a subgroup J
of H for which H = C’ x J (such a subgroup J must exist). Since p has norm
congruent to 1 modulo n the Grunwald-Wang theorem (cf. [Ar,T], Chapter 10,
§2) alows us to choose a cyclic extension F of K of degree #C' in which the
inertial and decomposition subgroups of p coincide, and are of order n. By again
using the Grunwald-Wang theorem we may choose a Galois extension F; of K
which is digoint from F/K, has group isomorphic to J, and in which p splits
completely. We fix an identification of Gal (F1/K) with J. We let N denote the
compositum FF;, and next specify an identification of Gal (F/K) with C’, and
hence of

Gal (N/K) = Gal (N/F1) x Ga (N/F) ¥ Gal (F/K) x Gal (F1/K)

with H. For this we let M denote the subfield of F which corresponds to the
kernel of any element of Dg, with L the maximal extension of K in F in which p
is unramified. ThusL C M and Gal (F/L) = C. We write Ko for the completion
of K at p, choose and fix an embedding jo: K¢ < K§ which corresponds on Kp,
to p, and we write Mg for the completion of M at the place corresponding to jo.
The completion of L at the place corresponding to jg is Ko and so we can identify
Gal (M/L) and Gal (Mp/Kp) via the embedding jo |m-

To proceed further we must now recall some basic facts concerning
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the arithmetic of Mg/Ko. We recall first that since Mp/Kp is totally and
tamely ramified each element of Gal (Mo/Ko)" is valued in K§. In addition,
if for each character x € Gal (Mo/Ko)" we write e, for the idempotent
#Gal (Mo/Ko) ™ X gecal (Mo/ko) X(97 1) Of Ok[ Gal (Mo/Ko)] and we let Valg
denote the standard valuation on Mg, then the group Gal (Mo/Kop)" possesses
a cononical generator xw,/k, Which is such that for each X € Mg and x €
Gal (Mo/Ko)" for which e x # 0 has

(6.11) Valg(eX) > Vao(x), with equality here if and only if y = X“Vﬂ;,gf

(cf. Proposition 1 of [Be]). Now any isomorphism between Gal (F/K) and C’
induces an isomorphism between Gal (F/L) and C, and so allows us to regard
Xo as an element of Gal (M/L)" = Gal (Mp/Kp)". We choose an isomorphism
between Gal (F/K) and C' which is such that, upon regarding xo as a character
of Gal (Mo/Ko) via this isomorphism, one has jo o xo = xmy/k, (it is not difficult
to see that such a choice of isomorphism must exist).

For each intermediate field N’ of N/K we write fy: Y(N') — X for the
corresponding cover of curves, and we let P(N’) denote the invertible Oy(r)-
sheaf which corresponds to the divisor of N’ obtained by summing over all prime
divisors lying over p.

We set f = fy, and for each integer m, and each point x of X, we choose a
free Ox[H]-generator amx of stalk f.(P(N)™)y. For each pair of integers mand n
we define a function gm, on H by setting

Omn(x) = Z valy

v/[p

(an,p | X) ’ :
(am’p | X)) v' € Div(K,),

where here the sum is over al prime divisors v/ of K, lying over p. Note in
particular that under the Hom-description used above (cf. (6.5)) the function gmn
represents the image under 6o of the class

c(m,n) == (f.P(N)") &(f.P(N)™) € Pic(O[H]).

Welet f’: Y(F) — Y(L) be the morphism of curvesinduced by fr. For each point
y of Y(L), and each integer m, we choose a freg Ov(u)y[C]-generator by of the
stalk f(P(F)™M)y. We define a function gy, on C by setting

* (bms(s’) | X) .
=Y Valy g

where here s’ runs over the prime divisors of L, lying above p and S(S) is the
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prime divisor of L which lies below s. The fact that p is chosen to split in the
extension F1L/K is now reflected in the following result.

LEmMMA 6.4. For each character y € H one has

Imn(X) = Gmn( reSCH X) € Div (Ly).

Proof. We choose an embedding j: NK, — K¢, and let w, v/, t, s and
s denote the prime divisors of N, K, F, L,, and L which correspond to the
respective restrictions of j.

The maximal unramified extension of K, in Ny is K, itself, and so the
argument leading to (6.7) here implies that the coefficient of v/ in the divisor
gmn(x) € Div(K,) is equal to the v'-valuation

(o | rES)(j o x)))
valy ((cm,w resT)(j 0 )

(6.12)

where here cmy and ¢, are free O, 1 (p)]-generators of the stalks (P(N)™)y, and
(P(N)")y respectively.

Under our chosen identification of H with Gal (N/K) we have C = I(p) <
Gal (N/K). In addition, since p splits completely in F1L/K there are identifi-
cations Ny = Ft, (P(N)™)yw = (P(F)™) for each integer m, and Ls = K,,. Just
as above, we can deduce that the coefficient of s in the divisor gy, ,(rest x) €
Div (L) is equal to the s-valuation

(Couw | restlyy (j o x)))
(G | Testlyy (o)) )

(6.13) Valg (

Sincel, ¢ =K, thislast expression is equal to (6.12), and the claimed equality
of divisors now follows immediately from this. O

From Lemma 1.4 (with G=H and J = C) and Lemma 6.4 it follows that
c(m,n) = ind? &(m, n)
with &(m, n) € Pic(O[C]) the class whose image under fo(c] corresponds to the

function gy, ,. We shall thus obtain a proof of Proposition 6.3 by choosing integers
m and n according to the following lemma.

Lemma 6.5. For each character x € C for whichn, > n,, onehas

* _) o ifx=x0
Gin, () = { 0, ifx € Do.
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Proof. We shall use the same notation as in the proof of Lemma 6.4. In
addition, for each xy € C we let C, denote the kernel of x, and we set Fx = FCx,
Ny =#Cy withng =ny,, and o =3 ccc, € € Z[Cy]. We let Val, (<) denote the
standard valuation on FX, and we write x for the element of (C/C,)" induced
by x.

For each integer m one has

(Cmw [jox) = (nx)_1QO>?(UXCm,W),

and as a consequence of (6.11) one knows that the valuation of this element
depends only upon the character j o x and the valuation Val, (o, Cmw). Now if
n, > ng then Val, (o, c1w) = Va, (o, Cny+1w) = 1 and this quickly implies that
01 ne+1(X) = 0. One needs slightly more of an argument to deal with characters x
for which n, = no. Indeed, in thiscase Val, (o, C1w) = 1 whilst Val,, (o Crgr1w) =
2. By using (6.11) one computes in this case that

_ — Valx (QOX(UXCI.W))a ifjo X # XMo/Ko
Valx (e]ox(Uanoﬂ,w)) - { VaIX (Qoi(axcl,w)) + n/nx’ if J o ;: XMo/Kov

and thisin turn implies that

(Cow [Jox) 1, ifjoXx = XM/ke

This equality is enough to imply the stated result since, given our chosen iden-
tification of C with Gal (F/L), one has jo o xo = xm,/k, fOr an embedding
jo: NK,, — Kg which corresponds on K, , to the prime divisor o. O

We must finally check that (6.9) is true. To do this we choose for each class
¢ € Pic(O) adivisor d € Div(K) which has class ¢. We let f: Y — X denote
the trivial H-torsor over X, and write Dy for the (H-stable) invertible Oy-sheaf
which corresponds to the divisor d. It is straightforward to check that the class
of (f.Dy) (f.Oy) in Pic(O[H]) is equa to ind?l} ¢, and since f is étale this
proves (6.9).
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