ON RUBIN’S VARIANT OF THE p-ADIC BIRCH AND
SWINNERTON-DYER CONJECTURE

A. AGBOOLA

ABSTRACT. We study Rubin’s variant of the p-adic Birch and Swinnerton-Dyer conjecture
for CM elliptic curves concerning certain special values of the Katz two-variable p-adic

L-function that lie outside the range of p-adic interpolation.

1. INTRODUCTION

Let E/Q be an elliptic curve with complex multiplication by O, the ring of integers of an
imaginary quadratic field K (necessarily of class number one). Let p > 3 be a prime of good,
ordinary reduction for E; then we may write pOx = pp*, with p = 7Ok and p* = 7*Ok.

Set Koo := K(Er), K i= K(Ero), and R = K K% Write Ko, (resp. KZ) for the
unique Z, extension of K unramified outside p (resp. p*). Let O denote the completion
of the ring of integers of the maximal unramified extension of Q,. For any extension L/K
we set A(L) := A(Gal(L/K)) = Z,[[Gal(L/K)]], and A(L)o := O[[Gal(L/K)]]. We write
X (L) (resp. X*(L)) for the Pontryagin dual of the p-primary Selmer group Sel(L, E;)
(resp. the p*-primary Selmer group Sel(L, E +)) of E/L.

Let

¢ Gal(K/K) — Aut(Er~) = Of, = ZJ,
¢ Gal(K /K) — Aut(Eree) = Of . = Z

denote the natural ZX-valued characters of Gal(K /K) arising via Galois action on Er~ and
E,+= respectively. We may identify ¢ with the Grossecharacter associated to E (and *
with the complex conjugate ¢ of this Grossencharacter), as described, for example, in [14,
p. 325]. We write T (resp. T™) for the p-adic (resp. p*-adic) Tate module of E.

The two-variable Iwasawa main conjecture (proved by Rubin [16]) implies that X (R.)

is a torsion A(R)-module whose characteristic ideal in A(Rx)o is generated by a twist of
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2 A. AGBOOLA

Katz’s two-variable p-adic L-function £, by the character 1. The function £, satisfies a
p-adic interpolation formula that may be described as follows (see [14, Theorem 7.1] for the
version given here, and also [6, Theorem I1.4.14]). For all pairs of integers j, k € Z with
0 < —j < k, and for all characters x : Gal(K(E,)/K) — K™, we have

Lo(reHix) = A Ly~ " x7,0). (1.1)

Here L(@/ﬁk%_jxfl,s) denotes the complex Hecke L-function, and A denotes an explicit,
non-zero factor whose precise description need not concern us here.
Define

Ly(s) == Lo <9 >"71), Ly(s) = Ly(y™ <™ >7)
for s € Z,. The character 1 lies within the range of interpolation of £,, and the p-adic Birch

and Swinnerton-Dyer conjecture for E (see [1, pages 133-134], [12, Theorem V.8]) predicts
that ord,—; Ly(s) is equal to the rank r of £(Q), and that

L) L e®)) ()
i 250 ~ g )]+ (1= 22 - (1 208

) () ()] - Ruc

where 71 is a topological generator of Gal(K../K), III(K)(p) is the p-primary component of
the Tate-Shafarevich group II(K) of E/K, Rk, is the regulator associated to the algebraic
p-adic height pairing

{, }kyp:Sel(K,T") x Sel(K,T) — Ok

on E/K (see [10]), and the symbol ‘~’ denotes equality up to multiplication by a p-adic
unit.

On the other hand, the character ¢* lies outside the range of interpolation of £, and
the function Lj(s) has not been studied nearly as much as Ly(s). The only results con-
cerning Lj(s) of which the author is aware are due to Rubin (see [14], [15]). When r > 1,
Rubin formulated a variant of the p-adic Birch and Swinnerton-Dyer conjecture for Lj(s)
which predicts that that ord,—; L;(s) is equal to r — 1, and which gives a formula for
lim,_1[L;(s)/(s — 1)""']. Under suitable hypotheses, Rubin showed that his conjecture
is equivalent to the usual p-adic Birch and Swinnerton-Dyer conjecture, and he proved both
conjectures when » = 1. In the case r = 1, he then used these results to give a striking
p-adic construction of a global point of infinite order in F(Q) directly from the special value
of a p-adic L-function.

When r = 0, however, the above analysis breaks down, and the situation is less clear. The
functional equation satisfied by L, (see [6, II §6]) shows that ord.—; Ly(s) and ord.—; Lj(s)
have opposite parity, and so when » = 0, one expects that ord,_; L;(s) is odd. This may

perhaps be viewed as being an analogue of a similar exceptional zero phenomenon observed
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in the work of Mazur, Tate and Teitelbaum concerning p-adic Birch and Swinnerton-Dyer
conjectures for elliptic curves without complex multiplication (see [9], [8]). As Rubin points
out (see [15, Remark on p. 74]), it is reasonable to guess that ord,—; L;(s) = 1. If this is so,
then one would like to determine the value of lim, ., [L;(s)/(s — 1)].

In this paper we study an Iwasawa module naturally associated to L;(s) via the two-
variable main conjecture and, among other things, we prove that the above guess is indeed
correct. The Iwasawa module in question is the Pontryagin dual X« (K2, W*) of a certain
restricted Selmer group Xy« (K% ,W*). This restricted Selmer group is defined by revers-
ing the Selmer conditions above p and p* that are used to define the usual Selmer group
Sel(KZ ,W*). The two-variable main conjecture implies that a characteristic power series
Hyi € A(KL) of Xp« (KX, W*) may be viewed as being an algebraic p-adic L-function cor-
responding to Ly(s). We study Lj(s) by analysing the behaviour of Hp.

A special case of our results may be described as follows. We define a compact restricted
Selmer group Y- (K, T*) C H'(K,T*). The O p--module - (K, T*) is free of rank |r — 1],
and if » > 1, then it lies in the usual Selmer group Sel(K,T™) associated to 7. The
Op p--rank of ¥« (K, T*) governs the order of vanishing of L;(s) at s = 1 in the same way
that the Ok y-rank of Sel(K,T) determines ords—; Ly(s). We also define a similar group
SP(K, T) C HY(K,T), and we explain how to construct a p-adic height pairing

[ ko 2p(K,T) x Xpe (K, T*) — Ofe e

If » > 1, then in fact ¥,(K,T) C Sel(K,T), X (K,T*) C Sel(K,T*), and, if the p*-adic
Birch and Swinnerton-Dyer conjecture is true, then the p-adic height pairing [, |k - is non-
degenerate. We conjecture that [, |k is also non-degenerate when r = 0 (see Remark
6.6).

Define

W (K) == Ker |H(K,E) - [[ H'(K., B)| |
vtp

and write e p) (K)(p*) for its p*-primary subgroup. Let e (K)(p*),aiv denote the quo-
tient of Il,ei(y) (K) (p*) by its maximal divisible subgroup. It may be shown that I, ) (K) (p*)
has O p--corank one, and that I ) (K)(p*), 4 is finite.
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Theorem A. Suppose that [, |k p is non-degenerate, and let vy be a topological generator of
Gal(KC%,/K). Then, if r = 0, we have ords=y Ly(s) = 1, and

Li(s
lim p( ) ~
s—>13—1

log, (¥ (7)) - (1 = ¥(p*)) -

|t p) (1) (P*) / aiv |
[HY(Kp, T) : locp (E,(K, T

where Ry 15 a p-adic regulator associated to |, |k -

: RK,p*7

We also obtain an exact (but much less explicit) formula for lim, ., Lj(s)/(s — 1) by
applying the methods of [14] in our present setting (see Theorem 9.5 below).
Suppose now that r > 1, and assume that II(K)(p) is finite. Then E(K) ®o, Ok p is a

free Ok p+-module of rank r, and the kernel of the localisation map
E(K) Qo OKJJ* - E(KP*) R0k OKJJ*

has Ok p--rank r — 1. Let y,...,y,—1 be an Ok p+-basis of this kernel, and extend it to
an Ok y+-basis y1, ..., Yr—1,Yp of E(K) ®0, Ok p-. We write x1,...,2,_1,y, for a similarly
constructed O p-basis of F(K) ®o, Ok,p. The following result is a direct consequence of
Rubin’s precise formula for lim,_[L;(s)/(s — 1)""'] (see [14, Corollary 11.3]). We give a
new proof of this result which is different from that contained in [14]. In particular, our
proof gives an alternative way of viewing the somewhat unusual regulator R defined in [14,

§11].

Theorem B. Suppose that v > 1 and that [, |y is non-degenerate. Then ord,—; Ly(s) =
r—1, and
Li(s
i e
s—1 (S — 1)""_1

log, (* ()]~ - p~2 - [UI(K) (p*)] - Log g o (yp+) - 108 (W) - R (1.2)

where logp .. (resp. logp,) denotes the p*-adic (resp. p-adic) logarithm associated to E.

An outline of the contents of this paper is as follows. In Section 2 we recall some basic
facts about twists of Iwasawa modules and derivatives of characteristic power series, and
we apply these results to describe the relationship between L;(s) and a characteristic power
series Hy € A(KZ) of Xy (KX, W*). In Section 3 we define various Selmer groups, and we
establish some of their properties. We describe how to construct an algebraic p-adic height
pairing on restricted Selmer groups in Section 4. In Section 5 we calculate (under certain
hypotheses) the leading term of a characteristic power series Hp € A(F%) of X, (FL, W™),

where F'/K is any finite extension, and F := FK? . In Section 6 we study restricted Selmer
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groups over K, and we show that, under certain standard assumptions, ord,—; L;(s) = |r—1].
We then give the proof of Theorem A in Section 7, and that of Theorem B in Section 8.
Finally, in Section 9, we explain how the methods of [14] may be used to give a formula for

the exact value of lim, ., L(s)/(s — 1) when r = 0.

Acknowledgements. I am very grateful indeed to Karl Rubin for extremely helpful con-
versations and correspondence. Parts of this paper were written while I was visiting the
Université de Bordeaux I and the Centre de Recherches Mathématiques at the Université

de Montreal. I thank these institutions for their hospitality and support.
Notation and conventions. For each integer n > 1, we write
’Cn = K(Eﬂ-n>, IC:; = K(Eﬂ-*n)

For each place v of K, we write k, for the residue field of v, and E, /k, for the reduction
of the elliptic curve E modulo v. We set W := E,« and W* := F .

Throughout this paper, F' denotes a finite extension of K, and we set

Fn=FK,, Fo:=FKs, F,o:=FK,,
Fr=FK.,, F.=FK,, F.:=FK,,

n

Too i= FR.

For any extension L/K we write M(L) (resp. M*(L)) for the maximal abelian pro-p
extension of L which is unramified away from p (resp. p*), and we set

X(L) = Gal(M(L)/L), X*(L):= Gal(M*(L)/L).

We let B(L) (resp. B*(L)) denote the maximal abelian pro-p extension of L which is un-
ramified away from p (resp. p*) and totally split at all places of L lying above p* (resp. p),

and we write
V(L) :=Gal(B(L)/L), Y*(L):= Gal(B*(L)/L).

If M is any Z,-module, then My;, denotes the maximal divisible submodule of M, and
we set M aiy := M/Mgiv. We write My for the torsion submodule of M, and M A for the
Pontryagin dual of M. If M is a torsion O c-module, with q € {p, p*}, then we write To(M)
for the g-adic Tate module of M.

We set Dy, := K, /Okp and Dy 1= Kp« /O pr.
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2. TWISTS AND DERIVATIVES

In this section we shall recall some basic facts concerning twists of Iwasawa modules and
derivatives of characteristic power series. We then apply these results to a twist of the Katz
two-variable p-adic L-function £, by the character ¢*.

Let G := Gal(§/F), and suppose that p : Gr — Z) is any character. Then we have a
twisting map

Tw, : A(Gr) — A(GF)
associated to p which is induced by the map g — p(g)g for all g € Gp. If M is a finitely

generated A(Gr)-module with characteristic power series fys, then a routine computation
shows that Tw,(f) is a characteristic power series of M(p™!) := M @ p~'.
Set ‘H := Ker(p). Then there is a natural quotient map

HQF/H : A<gF) - A(gF/H)7

and g, ;2(Tw,(fa)) is a characteristic power series of the A(Gp/H)-module M (p™") @4 g,
A(Gr/H). If p1 : Gr — 2 is any character which factors through Gr/H, then

[Tw,(far)l(p1) = Mg m(Tw, (far)l(p1), (2.1)

and there is an isomorphism
M(p™") ®a(ge) MGr/H) = (M @ngp) AMGr/H))(p™")

of A(Gr/H)-modules. Hence we may study the values of Tw,(fy) at characters p; which
factor through Gr/H by studying the values of g, (Tw,(fa)) at such characters.

Suppose now that p is of infinite order, and let N be a finitely generated A(Gr/H)-module
with characteristic power series fx € A(Gr/H). We may write

Gr/H~AxG,

where |A| is prime to p, and G ~ Z,. Let v be a fixed topological generator of Gp/H, and
let Il : A(Gr/H) — A(G) be the natural quotient map. We identify A(G) with Z,[[t]] in
the usual way via the map Ig(y) — 1 +¢.

Let Ig, /1 denote the augmentation ideal of A(Gr/H), and suppose that n > 0 is the
largest integer such that fx € Ig,_, and fy ¢ Ig:/lH. It is not hard to check that Ig(fn)(t)

is a characteristic power series of the A(G)-module N2, and that

((y— 1) f) (1) = DeUn)) (2.2)

tn
t=0

where 1 denotes the identity character of Gr/H.
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For any character v : Grp/H — ZX, we set 9, := v(y) 'y — 1. Then if m > 0 is any

p Y
integer, it follows from the definitions that we have

(@, fn)(w) = [(vy = )7 Tw, (fx)](1), (2.3)
where Tw, : A(Gr/H) — A(Gr/H) is the twisting map associated to v.

We now recall how (2.3) is related to derivatives of certain p-adic analytic functions as
described in [14, §7]. Write < v >: Gp/H — Z) for the composition of v with the natural
projection Z; — 1+ pZ,, and suppose that x : Gr JH — Z; is any character of order prime
to p. The map from Z, to C, given by s — fx(vx < v >*7!) defines an analytic function
on Z,. Define

ord,, (fn) = ords—1 fn(vx <v >8_1),

and set

1 /d

D fuln) = o (4 vl <v =)

s=1
We write

¥ (vx) =D fy(vy),
and we extend these definitions to A(Gp) via the quotient map Ilg, ;. A routine calculation

shows that we have
D™ (9} (vx)) = {log, (1(7))}",
and
D () fv) (vx) = {log, (1))} " [ (vx) = [{log, (¥(1))}" Tw, (fx)](x).  (2:4)
We can now see from (2.2), (2.3) and (2.4) that if n, := ord,(fy), then we may write
fnv =9™F, with F, € A(Gr/H), and we have

= D0 F,)(v)
= [{log,(v(v)}™ Tw, (F))(1)
= {log, ()} - Te(Tw, (F.))(0)

e (Tw, (fn))
tw

= {log, (v(7))}™ - (2.5)

=0
We shall now apply the above discussion to the case in which FF = K, M = X(R),
p=v=0" H=Gal(R/KL), G=Gal(K/K) and x = 1.
Recall that the two-variable main conjecture asserts that X(R) is a torsion A(Ru)-

module, and that the Katz two-variable p-adic L-function £, is a characteristic power series
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of X(Rx) in A(Rx)o. We therefore see that Twy«(L,) € A(R)o is a characteristic power
series of X(Rs)(¥* ). Let Ix+ denote the kernel of the natural map A(Rx) — A(KZL).
Fix any characteristic power series Hx € A(K%) of the A(KZ% )-module

X (Roo) (V) @) (M(Roo) /s, ) 2 X (Roo) (0" 1) Mice, X (Re) (0°7).
Then we deduce from (2.1), (2.2) and (2.5) that
orde= Ly(s) = ordi= Hr, (2.6)
and if we set ny- 1= ord,=; Ly(s), then
Hg
| (2.7)

t=0

£4°0) = iy D~ om0 )

¢

where ‘~’ denotes equality up to multiplication by a p-adic unit (in fact, in this case, we

have equality up to multiplication by an element of O*).

3. SELMER GROUPS

In this section we shall define various Selmer groups that we require, and establish some
of their properties.

For any place v of F, we define H(F,,W) to be the image of E(F,) ® D, under the
Kummer map

E(F,)® D, — HY(F,, W),
and we define Hj(F,, W*) in a similar manner. Note that H;(F,, W) = 0if v { p. We also

set
H}(F,, Exn) == Im[E(F,)/n"E(F,) — H'(F,, Em)),
H(F,, Epen) := Im[E(F,) /7" E(F,) — H'(F,, Ex))].

Suppose that M € {W, W* E;n, Ex«n} and that q € {p,p*} . If c € H'(F, M), then we
write loc,(c) for the image of ¢ in H'(F,, M). We define
e the true Selmer group Sel(F, M) by

Sel(F, M) = {ce H'(F,M) | loc,(c) € H{(F,, M) for all v} ;
e the relazed Selmer group Sel.q(F, M) by
Sely(F, M) = {c € H'(F, M) | loc,(c) € H}(F,, M) for all v not dividing p} ;
e the strict Selmer group Sels, (L, M) by

Selg, (F, M) = {c € Sel(F, M) | loc,(c) = Ofor all v dividing p} ;
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e the g-strict Selmer group Selg,(q)(F, M) by
Selgir(q) (F, M) = {c € Sel(F, M) | loc,(c) = Ofor all v dividing q} ;

e the g-restricted Selmer group (or simply restricted Selmer group for short when q is
understood) X4(F, M) by

Yq(F, M) ={c € Selya(F, M) | loc,(c) = 0for all v dividing q} .

(The terminology ‘restricted Selmer group’ is meant to reflect a choice of a combination of
relaxed and strict Selmer conditions at places above p.)
We also define

Selo(F,T) := lim Selo(F, Exn),  Sels(F, T*) := lim Sely(F, Eyen),

Sa(F,T) :=im X4(F, Exn),  3q(F,T%) := lim Sq(F, Egen).

If L/K is an infinite extension, we define
Selo(L, M) = lim Sel;(L', M), (L, M) = lim (L', M),
Selo(L,T) = lim Selo(L',T), Selo(L,T*) = lim Sel; (L', T*),

where the direct limits are taken with respect to restriction over all subfields L' C L finite
over K.

For any extension L/K, we set
Sely (L, M)" = X»(L, M), Sq(L, M) = X4(L, M).
Theorem 3.1. Let L be any field such that F3, C L C . Then there is an isomorphism
X (L, W) = X(L)(¢"7) (3.1)
of A(L)-modules.

Proof. This is simply the analogue for restricted Selmer groups of a well-known theorem of
Coates concerning true Selmer groups (see [4, Theorem 12]). We first observe that, since

Fr C L, we have isomorphisms of A(L)-modules
X(L)(¥* ) ~ Hom(T*, X (L)), X(L)(¢* " ~ Hom(X (L), W*).
Hence, in order to establish the desired result, it suffices to show that there is a natural
isomorphsim
e (L, W*) = Hom (X (L), W™"). (3.2)
This may be proved in exactly the same way as [4, Theorem 12]. O
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The following result is a ‘control theorem’ for restricted Selmer groups.

Proposition 3.2. (a) Let Iz: denote the kernel of the quotient map Ilz: : A(§o) —
A(FL). Then the kernel of the restriction map

is finite. A characteristic power series in A(FZ%) of the Pontryagin dual of the cokernel of
this map 1s given by
er = (=0 () [ = (),
vlp*

where 7y is a topological generator of Gal(FX /F), and, for each place v of FZ lying above
p*, 7 denotes a topological generator of Gal(Fy, ,/F,) < Gal(Fy /F).

Hence if f € AN(Fw) is a characteristic power series of Xy (Fio, W*), then ex' g (f) €
A(FL) is a characteristic power series of Xy« (Fi, W*).

(b) Suppose that L is any field such that FF C L C F*

(oo

and write Iy, for the kernel of the
quotient map A(FZ) — A(L). Then the restriction map

EP*(La W*) - EP* (f;m W*)[IL]

18 an isomorphism.

Hence the dual of this restriction map is an isomorphism of A(L)-modules:
Xy (Fos W) ML X e (Foo, W) = X (L, W),

Proof. Let N denote the maximal extension of §. that is unramified away from all places

of §~ lying above p. Consider the following commutative diagram:

locy,
0 —  Zp(FL, W) —— HW/FLW)  —= Tl H N/ FL, W)

| ! !

0 —— Sy (Foos W) I ] —— HYN[Fooy WH[Ipe ] —2 HY N, /T oo W)

vlp*
in which the vertical arrows are the obvious restriction maps.
Applying the Snake Lemma (together with the inflation-restriction exact sequence) to this
diagram yields the exact sequence
0 — Ker(a) = H' o/ Foos W) 2 [ [ H' B0/ Foon W) —
v|p*

— Coker(ar) = H*(Foo/ Fi, W*) &5 [ [ H? Boors/ Fi s W*) — 0. (3.3)
vlp*
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Now,
H (§oo/ Foo, W) 2= Hom(Gal(Foe / F2,), W),
[[H Goon/Fiors W*) =~ [ [ Hom(Gal(Foo,o/ Fre ), W), (3.4)
vlp vlp
and, as Gal(Foo/FL) ~ A x Z, with p{ A, we have

H*(§oo/ Fios W) 2 H'(§oo/ Foo, W) = W7,

L1 Goe /P W) = [ T H G/ Flas W) = [ [

v|p* vlp* vlp*

We now deduce that g; is non-zero, and therefore has finite kernel (since H*(Fo0/F, W*)
is divisible), and that go is injective. It follows from (3.3) that Ker(«) is finite, and that
there is an exact sequence

0 — Ker(e) = H' (Foo/ Fi, W) &5 [ [ H' Boorv/ Fio s W*) — Coker(a) — 0. (3.5)
vlp

It follows from (3.4) that

Charp(rs ) (H' (§oo/ Fio W) =7 — 7 (y);
AN

Characre) | [T H! Goon/Fron: W) | =T (00 — " (w))-

vlp* vlp*
Hence we deduce from (3.5) that
Chary(ry ) (Coker(a) = ep = (v =" (1) [ (30 — ¥ (1)),
vlp*
as asserted.

(b) In this case we consider the commutative diagram

loc,*

0 ——  Sp(LW?)  —— H'WN/LW) =5 Tl H'WN/Lo, W)

ﬁll ,6’2J ﬁ3l
0 —— Sy (Fo, W[I] —— H'N/F, W) =25 T, HYNF W)
We have that
Ker(3;) = HY(FL/L,W*) =0,

Ker(ﬁ3) = HH1<‘¢:O,U/LU7 W*> = 07
v|p*
Coker(3,) = H*(F~/L,W*) =0,
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(see [12, p. 40], for example), and so the Snake Lemma implies that (3; is an isomorphism,

as claimed. O

Corollary 3.3. For any field L with FF C L C F* , we have an isomorphism

X (L, T7) = X (Foo) (") /I (X (Foo) (0°7) (3.6)
of A(L)-modules.
Proof. This follows directly from Proposition 3.2 and Theorem 3.1. 0J

Remark 3.4. If we take F' = K in Proposition 3.2, then it is easy to check that ex €
A(KE)*. We therefore see from Proposition 3.2(a) and Corollary 3.3 that the element
Hy € A(KY) fixed in Section 2 is a characteristic power series of X« (K%, W*). O

Definition 3.5. For any finite extension F//K and any prime q of K we define

H‘I(F)rel(CI) = Ker H1<F7E>_>HH1(FU7E) )
vfq

and we set

E14(F) :=Ker | E(F) @0, Ox,q — | [ E(F.)

v|g

U

Lemma 3.6. Let F//K be any finite extension, and let q € {p,p*}. Then X4(F,T,) is a free

Ok q-module.

Proof. Tt follows from the definitions that Y o(F, Ty)iors  Sel(F, Ty). The desired result now

follows from the fact that the restriction of the localisation map

Sel(F, T,) — HE(FU) ®ox Ok .q

vlq
to Sel(F, Ty)tors is injective. O
4. THE p-ADIC HEIGHT PAIRING ON RESTRICTED SELMER GROUPS

In this section we shall explain how the methods described by Perrin-Riou in [10] and [12]

may be used to construct a p-adic height pairing
[, }F,p* : Zp(F, T) X Ep* (F, T*) — OK,p*-

We begin by describing the p-adic Leopoldt hypotheses with which we shall work.
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Definition 4.1. Let M /K be any finite extension, and consider the diagonal injection
i 2 O3 — ] Okt
vlp

Let in(Of;) denote the p-adic closure of i (Oj;) in [],,, Of;,, and set
§(M) = rkz(Oy;) — rkz, (ir(Of))).

The weak p-adic Leopoldt hypothesis for F asserts that the numbers 6(L’) are bounded as
L’ runs through all finite extensions of F' contained in FZ%. The strong p-adic Leopoldt
hypothesis for F asserts that the numbers §(L') are all equal to zero.

We remark that the strong Leopoldt hypothesis is known to hold for all abelian extensions
of K (see [2]). O

Recall that B(F7 ) denotes the maximal abelian pro-p extension of 7 which is unramified
away from p and totally split at all places above p*, and that Y(F%) = Gal(B(FL)/FL).

The main ingredient in the construction of [, |Fp+ is the following result.

Theorem 4.2. If the weak p-adic Leopoldt hypothesis holds for F then there is a natural
1somorphism
Uy : 5y(F,T) = Hom(T*, Y(F2,)) G Fe/F),

The proof of this theorem is very similar to that of [10, Théoréme 3.2]. We shall therefore
just describe the main outlines of the proof, and we refer the reader to [10] for some of the
details which we omit.

In order to describe the proof of Theorem 4.2, we require a number of intermediary results.
Lemma 4.3. There is an isomorphism of Gal(F/F)-modules
HY(F, Exn) = Hom(Epen, F2XJFP"), fs f. (4.1)
For each place v of F, there is also a corresponding local isomorphism
HY(F;

n,v’

Eyn) = Hom( B, Fi% | FirP™).
Proof. See [10, Lemme 3.8]. The isomorphism (4.1) is defined as follows. Let f € HY{(F*, Exn),

and write

Wy, - Eﬂ—n X Eﬂ*n — /,Lpn
for the Weil pairing. We identify F*/F:*P" with H'(F;, pupn) via Kummer theory. If
U € Epen, then f(u) € H'(F:, ppn) is defined to be the element represented by the cocycle
o = wn(f(0),u)

for all o € Gal(F/F}). O
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Lemma 4.4. For each place v of F with v { p*, there is an isomorphism
B(F;,)/7"B(Fs,) = Hom(Bewr, OF, [OF2").
Proof. See [10, Lemme 3.11]. O

Corollary 4.5. Suppose that h € HY(F}, Ew). Then h € Sy(Fr, Er) if and only if, for
each u € En, the following local conditions are satisfied:

(a) ﬁ(u) € f,’jzpn for all v | p;

(b) p" | vfn(ﬁ(u)) for all v { p*.

(Note that we impose no local conditions at places lying above p*.)

Proof. This follows directly from Lemmas 4.3 and 4.4. U

In what follows, we set G,, :== Gal(F;/F), and we write J,, for the group of finite ideles
of F. We let V,, denote the subgroup of .J,, consisting of those elements whose components

are equal to 1 at all places dividing p and are units at all places not dividing p*. We set

Ci= TV Q= 1 (F5),
vlp

and we note that the order of €2,, is bounded as n varies.

Proposition 4.6. There is an eract sequence
Hom(Eyen, Q,)" — Hom(Egen, Cp)¢" 2 ¥ (F, Egn) — 0.

Proof. The proof of this Proposition is identical, mutatis mutandis, to that of [10, Proposition
3.13). O

Now let 7/, be the map obtained from 7, via passage to the quotient by the kernel of 7,
and write C,,(p) for the p-primary part of C),. Then it may be shown exactly as on [10, pp.

387-389] that passing to inverse limits over the maps 7! yields an isomorphism
=5 lin EP(F, Eﬂ-n) = ZP(F7 T) = HOm(T*, lln Cn(p))Gal(]:;O/F)'

(Here the inverse limit lim C, (p) is taken with respect to the norm maps 7, — F.%;.)

The proof of Theorem 4.2 is completed by the following result.

Proposition 4.7. If the weak p-adic Leopoldt hypothesis holds for F', then there is an iso-
morphism
Hom(T™, liLnCn(p))Gal(f;o/F) ~ Hom(T™, y(f;o))Gal(fé‘o/F)'

Proof. This may be shown in the same way as [10, Lemme 3.18]. U
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We now explain how the isomorphism ¥ may be used to construct a p-adic height pairing
[ rpe  Sp(FLT) X Spe (F, T%) — O e
We first recall (see Proposition 3.2(b)) that the restriction map
Yo (F,W*) = Epe (Fog, W) (4.2)
is injective, and that there is a natural isomorphism (see Theorem 3.1)
Yo (Fio, W) = Hom (X (FL), W*). (4.3)

It follows from the local conditions defining the restricted Selmer group X, (F, W*) that
(4.2) and (4.3) induce an injection

Yo (F,W*) — Hom(Y(FL,), W), (4.4)
and taking Pontryagin duals yields a surjection
Hom(T™, Y(FL)) — Xp (F,W7). (4.5)
Composing this with the natural surjection
X (B, W) =[S (F, W) iy
and taking Gal(FZ /F)-invariants yields a homomorphism
Bp : Hom (T, Y(F2)) S e/T) — (S (F, V) ai] .
Next, we observe that we have a canonical isomorphism
(S (F, W) aiy]" =~ Homop, . (T (Zp (F, W )aiv ), Ok )
= Homo, . (Lo (e (F,W™)), Ok ),
where the last equality holds because
T (B (F, W )aiy = Tpe (B (F, W),
Also, for each n > 1, we have a surjective map
Epr (F, Epan) — Zge (F, W) gom
with finite kernel. Via passage to inverse limits, these yield a map
Yo (F,T%) — Tye (S (F, W)

which is an isomorphism because ¥y (F, T*) is O p--free (see Lemma 3.6).

It follows from the above discussion that we may view Jr as a homomorphism

Bp - Hom(T*, Y(FL))GalF/F) HomOK,p*(ip%Fa T7), Ok ).
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We thus obtain a map
BpoWp: Sp(F,T) — Homo, . (Sp: (F,T%), Ok ),
and this yields the desired pairing
[ rpe 2 Sp(F,T) X X (F, T*) — O e

It is natural to conjecture that this pairing is always non-degenerate (see Remark 6.6).
If z1,..., 2, is an Ok y-basis of SP(F, T) (resp. if y1, ..., ym is an Ok y--basis of Sp*(F, T*)),

then we define the regulator Ry associated to [, |pp« by

Ry = det([zi, yj]rpe)- (4.6)

5. THE LEADING TERM

We retain the notation of the previous section. Write I'p := Gal(F% /F), fix a topological
generator vp of I'p, and identify A(FZ) with the power series ring Z,[[¢]] via the map
v — t+ 1. Let Hp € A(FZL) be a characteristic power series of X, (F%,W*). In this
section we shall calculate the leading coefficient of Hp, assuming that the strong Leopoldt

hypothesis holds for ' and that [, |F, is non-degenerate.

Proposition 5.1. Suppose that F satisfies the strong p-adic Leopoldt hypothesis. Then the
A(FZL)-module Xp«(F%, W*) has no finite, non-trivial submodules.

Proof. 1t is straightforward to show that a slight modification of the arguments given in
[7, §4] establishes the fact that if F' satisfies the strong p-adic Leopoldt hypothesis, then
the A(F%)-module X (FZ) has no finite, non-trivial submodules. For brevity, we omit the

details. The desired result now follows from Proposition 3.2 and Theorem 3.1. 0J

Theorem 5.2. Let Hp € A(FZ) be a characteristic power series of Xy (Flo, W*). Assume
that the strong p-adic Leopoldt hypothesis holds for F, and that [, |pp- is non-degenerate.

Set m :=1ko, . (Xp(F,T*)). Then ord;—g Hr =m, and

Hp .
t_m ~ ‘Ep*<FaW )/div‘ : RF,p*' (51)

t=0

Proof. We begin by noting that there is a surjective homomorphism

XF'* (F:oa W*) - [Zp* (F7 W*)div]/\-
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This implies that Hp is divisible by t™. If we write Z,, for the kernel of this map, then the

Snake Lemma yields the following exact sequence:
0= (Zo)" = X (FL, W' 55 (S (F W) —
— (Zoo)rp = Xp (F, W)rp =[S (£, W )aiw]" — 0.
The kernel of the last map
X (Fos WH)re = [Spe (F. W) a]”
is dual to the cokernel of the map
Spe (B, W) gy — Sy (FL, WHEF.

Since Ly (F, W*) =~ S (F%, W*)'r (via Proposition 3.2(b)), it follows that this cokernel is
isomorphic to Xy« (F, W) qiy, which is finite.

We therefore deduce that the multiplicity of ¢ in Hp is equal to m if and only if (Z)r,. is
finite, which in turn is the case if and only if the cokernel of F is finite. Recall (see Theorem
3.1)

Xpe (B, WHEF ~ Hom(T*, X (F2,))CaF/F),
and that the homomorphism £ may be written as the following composition of maps

Hom(T*, X(Fy,)“=/T) — Hom(T™, Y(E,)) /) — 8y (F, W)Y — [Spe (F, W) jan]”

(see (4.4), (4.5)). Hence the cokernel of £ is finite if and only if the p-adic height pairing
[, ]Fp is non-degenerate.
We now see that if [, |+ is non-degenerate, then (Zy)r, is finite. This implies that

(Zso)''F is also finite, whence it follows via Proposition 5.1 that (Z)'F = 0. Hence we have

H
ol (el ~ (5 (B W) pa| | Coker (€|
t=0
Now
| Coker(Er)| = [(Sp: (F, W*)ai)" : €p(Xp- (F, W5)TF)]
= [T (S (F, W) : Wi (Sp(F, T))]
= Ry - [Ker(Spe (F, T*) — Tpe (Spe (£, WH)))]
= RF,P
Hence

Hp

bl ~ | (F, W) s div| - Rppe,
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as claimed. O

6. RESTRICTED SELMER GROUPS OVER K

In this section we shall analyse various properties of restricted Selmer groups over K. The
main tool for doing this is the Poitou-Tate exact sequence (see e.g. [5, Theorem 1.5] or [11,
Proposition 4.1.1]).

We write Sp for the set of places of F' lying above p, and G, for the Galois group over

F of the maximal abelian extension of F' that is unramified away from all places in Sg.
Proposition 6.1. There are isomorphisms

Selg(F, T*) ~ H*(Grs,, W)", Sely(F,T) ~ H*(Gps,, W*)".
Proof. The middle of the Poitou-Tate exact sequence yields

0 — Sely(F, Exen)" — H*(Grys,., Ex) — @ H*(F,, Exn).
vESE
Dualising, and using the fact that, via Tate local duality, we have H%(F,, En)" ~ H°(F,, E )
for each place v of F' gives
P HO(F,, Exn) = H*(Grsp, Exn)" — Selyu(F, Epen) — 0.
vESE
By passing to limits we obtain
P H(F,, T*) — H*(Gpse, W)" — Sely(F, T*) — 0,
vESE

and this establishes the first isomorphism, since the first term of this last sequence is equal
to zero.

The second isomorphism may be proved in a similar manner. [l
Recall that r = rko, (F(K)).
Proposition 6.2. Suppose that r > 1. Then

rko, . (Sely: (K, T%)) = tko, . (Selsts(pe) (K, T™))
= rko,,. (Sel(K,T")) — 1.

Proof. Since r > 1, the image of the localisation map

Sel(K, T*) — E(Kp) ® Oy
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is infinite. The result now follows from the fact that

I‘koK’p*[E(Kp )®0Kp*] —l“koKp HE ®0Kp* = 1

vlp

Lemma 6.3. (a) The cohomology group Hj(Ky-,T) is finite, and

[H (K, T)| ~ | By (e )| ~ 1= (p")

in Z,.
(b) We have
H}(Kp*a T) = Hl(KP*aT)torSa
and H' (K-, T)/H;(Kpye, T) is Og pe-free of rank one.
Proof. Part (a) follows directly from [4, Lemma 1].

To prove part (b), we observe that, via Tate local duality, the dual of H (K-,
is equal to E(Ky+) ® D+, and this last group is divisible of O p«-corank one.

Proposition 6.4. (a) Suppose that r > 1. Then
rko, . (Selet (K, T%)) = ko, . (Sel(K,T™)),

and
[Selia (K, T%) : Sel(K, T*)] ~ | Ey- (ky-)|.
(b) Suppose that r = 0. Then

rko, . (Selyet (K, T%)) = 1.

Proof. The Poitou-Tate exact sequence yields

0 — Sel(K,T*) — Sel,o (K, T) EB Hl K T — Sel(K, W)".

vlp

The cokernel of « is the Pontryagin dual of the image of the localisation map

Sel(K, W) — €D H}(K,, W),
vlp

and so has O p--rank one if » > 1 and rank zero if r = 0. As

rkOK,p* [®U\p(H1<KU> T*)/H}(Kv, T*))] =1,

19

T)/H}(Ky,T)

O

(6.1)

we therefore deduce that rko, . (Seliet (K, T*)) is equal to ko, . (Sel(K,T*)) if r > 1, and
is equal to one if = 0. In particular, we have that Sel,q (K, T*)/Sel(K, T*) is finite if 7 > 1.
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Now suppose that r > 1. As H'(K,, T*)/H (K, T*) is O p--free of rank one (Lemma
6.3(b)) and Sel,oi (K, T*)/Sel(K, T*) is finite, (6.1) implies that there is an exact sequence

_)Selrel(K,T*) HY (K, T)
Sel(K, T*) H}(Kye, T%)

2, Sel(K, W)
Since E(Ky-)®D, = 0, it follows that o is the zero map. The dual of H' (K-, T*)/H (K-, T*)
is isomorphic to H}(Kp*,T ), and Lemma 6.3(a) implies that
[H (K, )| ~ | Ep (Kye ).

Hence [Sel,q (K, T*) : Sel(K, T*)] ~ | By (kp+)|, as claimed. O
Proposition 6.5. Suppose that r > 1. Then

S (K, T*) = Selgu(p) (K, T%).
In particular, we have

ko, - (S (K, T%)) = ko, . (Sel(K, T%)) — 1.
Proof. From Proposition 6.4(a), we have
rko, . (Selet (K, T%)) = ko, . (Sel(K,T™)).

This implies that

tkoy . (S (K, T%)) = tko,. . (Selur(p) (K, T"))
— ko, (Sel(K, T7)) — 1, (6.2)

It follows from the definitions of i]p* (K, T*) and Sélstr(p*) (K, T*) that we have the following
exact sequence
5 H(Ky, T*)

fAT

— Coker () — 0,

where 3 is induced by the obvious localisation map. From (6.2), we see that ¥, (K, T*)/ Sélstr(p*) (K, T™)
is finite. Hence, as H' (K, T*)/H}(K,, T*) is O pe-free of rank one (see Lemma 6.3(b)), it
follows that (3 is the zero map. This implies that

Sy (K, T*) = Selg(pr) (K, T™)

as claimed.

The final assertion of the Proposition is a direct consequence of Proposition 6.2. U
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Remark 6.6. Suppose that » > 1. Then it follows from Proposition 6.5, together with
the definition of [, |k, that the pairing [, |k is simply the restriction of Perrin-Riou’s
algebraic p-adic height pairing {, }xp+ to Sélstr(p*)(K ,T*) x Sélstr(p)(K ,T). Hence, if r > 1
and {, }ky* is non-degenerate, then so is [, |k p+. We conjecture that the pairing [, |k p is

also non-degenerate when r = 0. 0
Proposition 6.7. Suppose that r = 0. Then
rko, . (Spe (K, T)) = 1.
Proof. We have an injection
0 — Xy (K, T%) — Sel,q (K, T%),

and we know that rko, . (Sel,et (K, T*)) = 1 (Proposition 6.4(b)). Hence ko, . (Xp (K, T%))
is either zero or one.

Suppose that rkoK’p*(f]p*(K, T*)) = 0. Then the proof of Theorem 5.2 shows that the
characteristic power series Hx € A(KZ) of Xy« (K,W*) does not vanish at ¢t = 0. This
implies that ord,—; L;(s) = 0 (see (2.6)). On the other hand, it follows from the functional
equation satisfied by the two-variable p-adic L-function £, (see [6, Chapter II, §6]) that the
orders of the zeros at s = 1 of L(s) and Ly-(s) have opposite parity. Since r = 0, the order
of M(K) is known to be finite (see [13]), and so

ords=y Ly(s) = rko, . (Sel(K,T7)) = 0.

This implies that ord,—; L;(s) > 1, which is a contradiction.

It therefore follows that rko,. . (¥ (K,T*)) = 1 as claimed. O

Corollary 6.8. Assume that [, |k is non-degenerate.
(a) If r > 1 and (K )(p*) is finite, then
orde= Ly(s) =7 — 1.
(b) If r =0, then
orde= Ly(s) = 1.
Proof. This follows directly from Propositions 6.5 and 6.7, and (2.6). U

Remark 6.9. Corollary 6.8(b) confirms the expectation expressed in [15, Remark on p.74]
(see also [14, §11, Remarks(2)]). It would be interesting to know if there is any way of
showing that rko, . (3p(K,T*)) = 1 when r = 0 without appealing to the functional
equation satisfied by L,. O
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Proposition 6.10. (a) Suppose that r > 1, and assume that TL(K)(p*) is finite. Then
lei(p) (K) (p*) 4s also finite, and we have

|Mher() (5) (p7)| = [HI(K) (p)] - [E(Kp) @ O p : locy(Sel(K, T))].
(b) Suppose that r = 0. Then Wl p) (K)(p*) has Ok p+-corank one.

Proof. (a) For each n > 1, we define B,, via exactness of the sequence

0 — W(K)gen — H'(K, E)gen — [ [ H'(Ky, E)gen — By — 0.

Then there exists a map h,, : H' (K, E)« — B,, and the sequence

0 — (K ) gor — My (K )gon — H' (Kp, E)pon 22 B, (6.3)

is exact. Passing to direct limits over n in (6.3) yields the sequence

lim h,

0 — HI(K)(p") = e (K)(p*) — H' (K, E)(p") —— lim B, (6.4)

It follows from a theorem of Cassels (see [3, p.198]) that the dual of B, is isomorphic
to Sel(K, E,n). Tate local duality implies that the dual of H'(K,, E)y« is isomorphic to
E(Ky)/m"E(K,) and that the kernel of lim h, is isomorphic to the dual of the cokernel of
the localisation map

locy : Sel(K, T) — FE(K,) ® Ok .
If » > 1, then this cokernel is finite, and we therefore deduce that
[[Trei) (5) (p7) = TI(K) (p7)] = [B(K}) ® O : locy(Sel(K, T))].
Hence, we have
[lrerp) (K) (0°)] = [II(K) (0°)] - [E(Ep) @ Orcp : locy(Sel(K, T))]

as claimed.

(b) If 7 = 0, then Sel(K, T') is trivial, because II(K) is known to be finite, and E(K)(p) =
0. This implies that Coker(loc,) = E(K,) ® Ok, is Ok p-free of rank one. It now follows
from (6.4) that [T (/) (p*) has Ok p--corank one. O

Proposition 6.11. Suppose that r > 1, and assume that (K )(p*) is finite. Then

| S (5, W) saiv| = Mt (K) (07| - [B(Epr) @0y O : Locye (Sel(K, T7))].
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Proof. Let y, ..., yr—1 be an Ok y+-basis of Ey p«(K), and extend it to an O p=-basis yi, ..., Yr—1, Yp=
of E(K) ®o, Ok, There is an exact sequence

0 — Ogp - Ypr — E(Kp) R0y Ok pr — U — 0,
with
U] = [E(Kp+) ®0y Ok pr 2 1ocp: (E(K) ®0, Ok p+)]

= [B(Ky) @0, Ok.p+ : locy-(Sel(K, T%))].

Tensoring this sequence with D, yields an exact sequence
0=V = (Okp  Yp) Qo Dy = E(Kp+) @0y Dy — 0,

with |U| = |V|. As

E(K) ®o Ok p = E1p(K) @ (Ok pr - Ype),
it follows that the kernel of the localisation map

E<K) ZoP% DP* - E(KP*) ZoP% DP*
is isomorphic to (Ej g (K) ®o, Dy) & V.
Define

(K ), == Ker | H'(K,E) - [[ H'(K,, E) | :
vip
then we have an exact sequence

0 — E(K)® Dy — Selye (K, W*) — 1L (K)(p*) — 0.

Now consider the following commutative diagram, in which the vertical arrows are the

obvious localisation maps:
0 — E(K)® Dy —— Selya(K,W*) —— ILag(K)(p*) —— 0
0 — E(Kp)® Dy —— HY(Kp, W) —— HY(Kp, E)(p*) —— 0
Applying the Snake Lemma to this diagram yields the exact sequence
0 — (Ep(K)®Dp) ®V — Epe (K, W*) — i) (K)(p*) — 0.

As 111, (K) (p*) is finite (see Proposition 6.10) and E y«(K) ®o, Dy is divisible, it follows
that

S (K W) ja = W (K) (p°)] - V]
— [ (K) (0] - [B(Kyr) @0, Oscpe : locy (Sel(K, T))],
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as asserted. O
7. PROOF OF THEOREM A
Proposition 7.1. Suppose that r = 0. Then

K)re ")/ div
S (K, W) yaiv] ~ (1= (p*)) - [T et ) (), v |

[H Ky, T)  locy-(Sp (K, T))]

Proof. Consider the following diagram in which all columns are exact and f;, fo are the

obvious localisation maps:

0 " Ep*<K,W*> — H-Irel(p)<K)<p*>

0 — E(K)®Dp =0 —— Sela(K,W") ——  MLa(K)(p*) —— 0
fi f2
0 —— E(Kp*)®Dp* - Hl(Kp*aW*) - Hl(Kp*aE)(P*) — 0

E(Ky)® Dy ——  Coker(f;) ——  Coker(f)
Applying the Snake Lemma to this diagram yields an exact sequence
0 — Zp (K, W") — ey (K)(p*) = E(Kp+) ® Dype — Coker(f1) — Coker(fy) — 0. (7.1)
Let us first determine Coker(f;). The Poitou-Tate exact sequence gives
0 — Xp (K, W") — Selya (K, W) , HY Ky, W*) — Yo(K, T) — H*(Grs,, W?),
where Gk g, denotes the Galois group over K of the maximal extension of K that is un-
ramified away from p. Since r = 0, Propositions 6.1 and 6.2 imply that H*(Gg s, W*) =0,
and so we have
Coker(f;) =~ %, (K, T)". (7.2)
In particular, it follows from Lemma 3.6 and Proposition 6.7 that Coker(f;) is divisible of
Ok p=-corank one.

In order to determine Coker( f;), we observe that E(K+)® Dy~ is divisible of O y--corank

one, and the kernel of the map
E(Kp) ® Dy« — Coker(f1)

in (7.1) is isomorphic to Mlye(p) (K)(p*)/Ep- (K, W*). This last group is finite, because both
,ei(py (K) (p*) and Xy« (K, W*) have Ok y--corank one (see Propositions 6.10(b) and 6.7). It
therefore follows that Coker(fy) = 0.
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From (7.1) and (7.2), we obtain the sequence

1) () ()

S (k) E(Ky) ® Dy — Sy(K, T)" — 0. (7.3)

Dualising this sequence yields

0 sty o L) {mren )(K)(lo*)]A o

H}(Kp*,T)

We therefore have

rel(p) () (p*) e (p) () (p*)
s ] |- e
_ T-Urel(p( )(9%) ) div
S (K, W) ) div

= [H'(Kp, T) oy (Sp(K, T))] - [ H} (K T)[ 7,

which in turn implies that

* |LHre1 (K)(p*) div,
Sy (B W) | = o 0 e [H (K T)).
[H' (K-, T') : locy (Xp(K,T))]
Since
[Hp(Kp, T)] ~ 1= (p")
(see Lemma 6.3), we finally obtain
[T ) e p) (97) v |

[ (B W) e~ (U= 0 00) - G ) oy (53 (B, 7))

as claimed. 0

Proof of Theorem A. We first note that, as [, |k is non-degenerate (by hypothesis),
we have ords—; Ly(s) = 1 (Corollary 6.8(b)). Hence from (5.1), (2.7), Proposition 7.1 and

Remark 3.4, we have

L(s) Hy
: p *
‘ll_l}} s—1 ~ logp(w <7>> . t t=0
~log, (V" (7)) - | Zp (K, W) | - R pe
|1y () (97) / div|

~ log, (V" (7)) - (1 = ¥(p*) -

[HY(Kp,T) : locpy(X,(K,T))] R pe-

This completes the proof of Theorem A. O
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8. PROOF OF THEOREM B

Suppose now that r > 1. Then E(K)®Of p- is a free O p--module of rank r. Proposition
6.2 implies that the kernel of the localisation map

has Og p«-rank r — 1. Let y1,...,y,—1 be an Ok p--basis of this kernel, and extend it to an

Ok p-basis Y1, ..., Yr—1,Ypr of E(K) ® O p+.
Proposition 8.1. With the above assumptions and notation, we have
[E(Kp) @0y Oxp  locy (E(K) ®oy Ok p)] ~ p_l IOgE,p* (Yp+),
where logg .. denotes the p*-adic logarithm associated to E. Similarly, we also have
[E(Ky) @0y Ok p 2 locy(E(K) ®o, Ok p)] ~p~! log g »(Yp),
when y, € E(K,) ®o, Ok p 1s defined analogously to yp-.
Proof. We give the proof of the first assertion; that of the second is of course essentially

identical.

We first observe that, from the definitions, we have
[E(Ky) @0y Ok pe 2 locy (E(K) @0, Ok p)] = [E(Kp) @ O e : 10Cps (Ofc pr - Yp+)].
Let Ey denote the kernel of reduction modulo p* of E, so we have an exact sequence
0 — Ey(Ky) — E(Kp) — Ep(kp) — 0.
Set
Z = Ogp - Ypr, Zo:=locy(Z)NEy(Kp), C:=locy(Z)/Zy.

Write Ay for the restriction of locy- to Z. We have the following commutative diagram:

0 — Z —_— A — C R0y Ok p — 0
J’ [ s

0 —— Ey(K;) ®ox Oxpr — E(Kp) @oi Orpr — Ly (k) @0 Orcpr —— 0

Observe that p is injective since Ay- is injective, and that Ep*(kp*) ®ox Ok p+ = 0 because

Eye (ky)(p) = By (k) (p) (see e.g. [12, p. 28]). Applying the Snake Lemma to the diagram

yields the exact sequence
0 — Ker(p") — Coker(p) — Coker(Ap+) — 0,

and so we have

| Coker(Ap+) ~1.| Coker(p)|.

= |C ®0y Ok p
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Set k = [Z : Zy] = |C @ Ok p-

isomorphism

; then ky,- is an O p--generator of Z;. Since there is an

logp e+ Eo(Ky+) = POk pe,
it follows that we have
| Coker(p)| ~ p_l 1OgE,p*(kyP*) = k/’p_l logE,p* (Ype)-

Therefore

| Coker(Ap+)

~p M logpg p (Ype),
and this establishes the desired result. |

Corollary 8.2. Suppose that v > 1 and assume that (K )(p*) is finite. Then

| MWy (B (07)] = p~" - LK) ()] - 1og g, (yp)-
Proof. This follows directly from Propositions 6.10(a) and 8.1. O

Proof of Theorem B. By hypothesis, [, |k is non-degenerate, » > 1, and HI(K)(p) is
finite; hence we have that ord.—; L;(s) = r — 1 (Corollary 6.8(a)). Proposition 6.11 and
Corollary 8.2 imply that

[Spe (5, W) s aiv| = |Mhieio (K) (07)] - [E(Epr) @0y O+ locys (Sel(K, T*))]
~p - (K ()] - 1og g e () - Log g o (u1p).
We therefore deduce from (5.1), (2.7) and Remark 3.4 that
L*
lim—p(s) ~
s—1 (S — 1)7"*1

log, (* (Y]~ - p~2 - [II(K) (p*)] - 10g 5 - (yp+) - 1085 (Up) - R

as asserted.

This completes the proof of Theorem B. 0

9. CANONICAL ELEMENTS IN RESTRICTED SELMER GROUPS

The goal of this section is to explain how the methods of [14] may be used to produce an
exact formula for lim, ., Lj(s)/(s —1) when r = 0 (see Theorem 9.5 below). The arguments
involved are quite similar to those of [14], and so, in what follows, we assume that the reader
has a copy of [14] and is willing to refer to it from time to time for some of the details we

omit.
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We begin by introducing the following notation (some of which differs from that of [14]):
Upp = units in K, , congruent to 1 modulo p;

Up,p+ 1= units in K, ,« congruent to 1 modulo p*;

Usop := @Unmv Usopr = @Un,p*;

U, p = units in K , congruent to 1 modulo p;
U, p+ := units in K7 . congruent to 1 modulo p*;

Ul = lm Uy,

n,ps

U;:O,p* = l&l Un’p*,
where all inverse limits are taken with respect to norm maps. We also set

&, := global units of ,,, &, := global units of K;
n = the closure of the projection of &, into U, p;

:= the closure of the projection of £’ into U}

n np*a

£ =1imE,, & :=lmE,.
pa— pa—

Remark 9.1. Note that since the strong Leopoldt conjecture holds for all abelian extensions
of K (see [2]), we have that

E,~E, Rz Z,, ?Z ~ EZ Rz Ly,
and so we may also view £, as being a submodule of Us p+ and E; as being a submodule

of UZ, ,- We shall do this without further comment several times in what follows. O

Proposition 9.2. There are natural injections

p: Hom(T", (UL, , ® Q) [E) S5/ o $, (K, T),
p" : Hom(T, (U ,p®Q)/ ) S (KT

Proof. The proof of this result is essentially the same, mutatis mutandis, as that of [14
Proposition 2.4]. The map p is defined as follows.

For any f € Hom(7T™,(UZ , ® Q)/E.)GKL/K) and any integer n > 1, we define f, €
Hom(E,m, & /E:7" ) GalRee/ K ) to be the image of f under the following composition of maps:

Hom (7™, (UZ, p ® Q)/g )Gal (K/K) Hom(T*, (U ,® Q)/g )Gal (K% /K)
— Hom(Em, & /8*” )GallRee /5

where the first arrow is the map induced by the natural projection U, , — U, and the

n,p’

second arrow is induced by raising to the p"-th power in Uy .
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Recall that, for each n > 1, there is an isomorphism
P s HYK, Exn) S Hom(Eypen, KX/ KP" ) GallR0 /5O
(see e.g. [14, Lemma 2.1] or [10, Lemme 12]). We define

p(f) = lp — D) pp (f)] € lim H' (K, Ern).

It is not hard to check from the definition that p is injective. It follows from Theorem 3.1,
Proposition 3.2, and Corollary 3.3 that p,!(f,) € X,(K, Fx) if and only if the restriction
of p1(fn) to H (R, Exn) is unramified outside p*. It may be shown via an argument very

similar to that given in [14, Lemmas 2.1 and 2.3] that this in fact the case. U

We shall now explain how elliptic units may be used (following [14]) to construct canonical
elements
st € S,(K,T), st € S (K, T%)
when 7“ = 0. These are the analogues in the present situation of the elements x,(,l) € Sel(K, T)
and x ) e Sel(K, T*) constructed in [14] when r = 1.
Let COo C &, and C C &% denote the norm-coherent systems of elliptic units constructed

in [14, §3], and write Co and C. for the closure of Co, in € and C% in £X respectively. Set
J i =Ker(¢* : AKL) — Z,), J:=Ker(v: AMKs) — Zp),

and let ¥* be the generator of J* fixed in [14, §6] (so ¥* = v*(y~1) — 1, where v is any
topological generator of Gal(K; /K) satisfying log,(v*(v)) = p). Write § C Og for the
conductor of the Grossencharacter associated to E, and let N(f) denote the norm of this
ideal. Fix B € E;/ Gal(K/K), and generators w of T and w* of T* according to the recipe
described in [14, §6]. Let

O5(N(f)'w*) € C, C UL, ® Q
denote the elliptic unit constructed in [14, §3].

Suppose that ¢ is a positive integer such that
C,,CI'€,CUL,®Q and C,CT'(UL,®Q).

Proposition 9.3. There exists a unique homomorphism a,(f) € Hom(T*, (U, , ® Q)/E.)
such that

oy (w)”" = Op(~N() " w")
in & | TE.,
Proof. Theorem 7.2(i) of [14] implies that U , contains no ¥*-torsion elements. The exis-

tence of a,gt) therefore follows via an argument very similar to that of [14, Theorem 4.2]. O
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We set

sff) = p(a,(f)), s = p(o

t
¢ ())’

p*
where of course the definition a'(ai) € Hom(T, (Usp ® Q)/Es) the same, mutatis mutandis,
as that of a,(,t).

Remark 9.4. In fact the only non-zero values of s,(@t) and sl(f*) occur when r =0 and t = 1:
(a) Suppose that 7 = 0. Then L,(1) # 0, and so we have (via [14, Theorem 7.2(i)], for
example):
Coo CEw ClUnp®Q and Coo ZI(Usp® Q).
In particular, we have that Coo € TE C Usp ® Q. Similar remarks imply that also
E; Z I*E; C UL ® Q. Applying Remark 9.1, we deduce that
C. LT, C UL, ®Q. (9.1)

Now suppose in addition that [, |5, is non-degenerate. Then Theorem A implies that

ords—; Ly(s) = 1, and so from [14, Theorem 7.2(i)], we have

C CT(UL,® Q). (9.2)
We now deduce from (9.1) and (9.2) and the definition of p that sg,l) # 0.
A similar argument shows that s;(,i) # 0 also.

(b) Suppose now that » > 1. Assume that II(K)(p) is finite, and that the height
pairing [, |k p is non-degenerate. Then Theorem B (or [14, Corollary 11.3]) implies that
orde=; Ly(s) = r — 1, and so it follows from [14, Theorem 7.2(i)] that

C.CIT" ' (UL,2Q). (9.3)
On the other hand, Theorem 4.2 and Proposition 4.4 of [14] imply that
C,CIT" '€, CUL,®Q, C,ZLI"E, CUL,®Q,
and so applying Remark 9.1, we deduce that
C,CI" '€, CUL,®Q, C,ZI"E CUL,®Q. (9.4)

It now follows from (9.3) and (9.4) that s,(f) =0for 1 <t <r—2and that s,(f) is not
defined for t > r — 1.

(¢) Suppose that r = 0, but that ord,—; Lj(s) > 1 (so, in particular, the pairing [, |k p- is

degenerate, which we expect never to happen). Then an argument similar to that given in
(b) above shows that s,(gl) =0, and that s,(f) is not defined for ¢ > 1. O
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Theorem 9.5. Suppose that r =0 and that [, |k p+ is non-degenerate, so ord—; Ly(s) = 1.

Then Li(s) ®
- Ly(s) “1 _r(p : (1), «
lim —— =N~ (-1 (1 — ) Tim log, (apn(w"))-
Proof. This may be shown in exactly the same way as [14, Proposition 9.4(ii)]. O

Remark 9.6. The precise relationship between Theorem A and Theorem 9.5 is not clear,

and it would be interesting to obtain a better understanding of this. ([l
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