ON TWISTED FORMS AND RELATIVE ALGEBRAIC K-THEORY

A. AGBOOLA AND D. BURNS

Abstract. This paper introduces a new approach to the study of certain aspects of Galois module theory by combining ideas arising from the study of the Galois structure of torsors of finite group schemes with techniques coming from relative algebraic K-theory.

1. Introduction

Let R be a Dedekind domain with field of fractions F , and suppose that G → Spec(R) is a finite, flat, commutative group scheme. In recent years, there has been some interest in the study of Galois structure invariants attached to torsors of G. The original motivation for this work arose from the study of the Galois module structure of rings of integers: if X → Spec(R) is a G-torsor, then we may write X = Spec(C), and in many cases, the algebra C may be viewed as being an order in the ring of integers of some (in general wildly ramified) field extension of F . The case in which G is a torsion subgroup scheme of an abelian variety is particularly interesting: here the corresponding torsors are obtained by dividing points in the Mordell-Weil group of the abelian variety, and this enables one to relate questions concerning the Galois structure of rings of integers to the arithmetic of abelian varieties. This approach was first introduced by M. J. Taylor (see [31], [30], [13]), and has since been developed in greater generality by several authors (see for example [3], [6], [12], [26]).

The main goal of this paper is to show that combining ideas arising from the study of Galois structure invariants attached to torsors of G with techniques from relative algebraic K-theory yields a natural refinement and reinterpretation of several different aspects of Galois module theory. At the same time, we shall also see that this approach also gives fresh insight into a number of old results. We remark that techniques involving relative algebraic K-theory have already played an essential role in the formulation of an equivariant version of the Tamagawa Number Conjecture of Bloch and Kato, and in the description of its consequences for Galois module theory (see [10], [11]).

We now give an outline of the contents of this paper. In §2, we recall the definition of a fibre product category, and we introduce the notion of a generalised twisted form. This is a generalisation of the usual notion of a twisted form or principal homogeneous space of a Hopf algebra (see Remark 2.4). An example of such an object may be given as follows. Suppose that A is a finitely generated R-algebra which spans a semisimple F -algebra A, and let E be an extension of F . Then

Date: Final version, March 23, 2005. 1

a generalised E-twisted A-form is given by a triple [M, N; ι], where M and N are finitely generated, locally free A-modules, and ι : M ⊗_R E^∼−→ N ⊗_R E is an isomorphism of A ⊗_F E-modules. We discuss two particular examples of generalised twisted forms that provide motivation for our later work. The first example arises via finite Galois extensions of number fields, while the second is constructed using torsors of finite, flat, commutative group schemes.

It follows from the definition that generalised twisted forms may be classified by appropriate relative algebraic K-groups. (For example, the generalised twisted forms [M, N; ι] described above yield classes in a relative algebraic K-group that we denote by K_0(A, E).) In §3, we recall the basic facts concerning relative algebraic K-theory that we use, and we then give a Fröhlich-type ‘Hom-description’ of relative algebraic K-groups of the form K_0(A, E). This description may itself be of some independent interest.

Suppose now that F is a number field. In §4, we define the notion of a metric μ on a finitely generated, locally free A-module M. Following [17], we then define an arithmetic classgroup AC(A) which classifies metrised A-modules (M, μ). There is a natural homomorphism ∂_{A,F} c from the relative algebraic K-group K_0(A, F^c) to AC(A) (where F^c denotes an algebraic closure of F ). Proposition 4.11 implies that if (M, N; ι_1) is a generalised F^c-twisted A-form with M and N both locally free A-modules, then for any metric μ on N, the image of the class (M, N; ι_1) under ∂_{A,F} c measures the difference between the elements of AC(A) which are associated to (M, ι^∗_1(μ)) and (N, μ), where ι^∗_1(μ) is the metric on M which is obtained from μ via pullback by ι_1. This result is of interest since, in many of the examples that occur in Galois module theory, canonical metrics on locally free A-modules can be shown to be equal to, for instance, the pullback of the trivial metric on A by a natural homomorphism.

In §5, we give two applications of the approach described in this paper to the study of Galois structure of rings of integers in tamely ramified extensions. For the first application, we combine our work with results of Bley and the second-named author from [9] and we obtain a natural strengthening of a result of Chinburg, Pappas and Taylor concerning the Hermitian Galois structure of rings of integers. For the second application, we describe how certain natural torsion Galois module invariants first introduced by S. Chase (see [14]) are related to certain ‘equivariant discriminants’ that take values in a relative algebraic K-group.

The remainder of the paper is devoted to describing how the methods we develop may be applied to the study of the Galois structure of torsors in several different contexts. In §6, we discuss reduced resolvends associated to torsors. This notion was first introduced by L. McCulloh in a different setting (see [24]). We use a different approach from McCulloh’s (see [3]), and we give a new characterisation of reduced resolvends as being primitive elements of a certain algebraic group.

We then introduce a natural refinement of the class invariant homomorphism first studied by W. Waterhouse in [33]. Our refined homomorphism takes values in a suitable relative algebraic Kgroup. We show that the homomorphism is injective, and that its image admits a precise functorial description in almost all cases of interest. This extends a result of the first-named author in [2].

Finally, we explain how the approach described in this paper enables one to refine McCulloh’s results on realisable classes of rings of integers of tame extensions by considering invariants that lie an appropriate relative algebraic K-group, rather than in a locally free classgroup. This gives a relationship between McCulloh’s realisability results, and the work of Chase concerning certain torsion Galois modules. It also yields realisability results in certain arithmetic classgroups. We find that, in general, the collection of realisable classes in the relative algebraic K-group does not form a group.

Acknowledgements. We would like to thank the Mathematics Department of Harvard University for its hospitality while a part of this work was carried out. We are also very grateful to the referee of this paper for a number of very helpful remarks. The research of the first-named author was partially supported by NSF grants DMS-9700937 and DMS-0070449.

Notation. Throughout this paper, all modules are left modules, unless explicitly stated otherwise.

For any field L, we write L^c for an algebraic closure of L, and we set Ω_L := Gal(L^c/L). If L is either a number field or a local field, then O_L will denote its ring of integers.

If L is a number field, we write S_f (L) (resp. S_∞(L)) for the set of finite (resp. infinite) places of L. If v is any place of L, then we write L_v for the local completion of L at v. For any O_L-module P , we shall usually set P_v := P ⊗_{OL} O_{Lv} .

If S_1 ⊂ S_2 are rings, and if A is any S_1-algebra, then we often write A_{S2} for A ⊗_{S1} S_2. We also often use similar notation M_{S2} := M ⊗_{S1} S_2 for any S_1-module M.

The symbol ζ(A) denotes the centre of A.

For any isomorphic A-modules M and N, we write Is_A(M, N) for the set of A-equivariant isomorphisms M^∼−→ N.

Throughout this paper, R denotes a Dedekind domain with field of fractions F . We write R^c for the integral closure of R in F^c. We also allow the possibility that R = F , in which case of course R^c = F^c.

Finally, we remark that if G and H are two groups, then we sometimes use the notation g × h (rather than (g, h)) for an element of the product G × H. □

2. Twisted Forms and Fibre Product Categories

2.1. Fibre product categories. Let F_i : P_i → P_3, i ∈ {1, 2} be functors between categories and consider the fibre product category P_4 := P_1 ×_{P3} P_2. Explicitly, P_4 is the category with objects (L_1, L_2; λ) where L_i is an object of P_i for i ∈ {1, 2} and λ : F_1(L_1)^∼−→ F_2(L_2) is an isomorphism in P_3. Morphisms α : (L_1, L_2; λ) → (L^′_1, L^′_2; λ^′) in P_4 are pairs α = (α_1, α_2) with α_i ∈ Hom_{Pi} (L_i, L^′_i) so that the diagram F_1(L_1)^{F1(α1 )} −−−−→ F_1(L^′_1) λ λ_′ F_2(L_2)^{F2(α2 )} −−−−→ F_2(L^′_2) in P_3 commutes. Such a morphism α is an isomorphism in P_4 if and only if the morphisms α_1 and α_2 are both isomorphisms. (The reader may consult [7, Chapter VII, §3] for more details concerning fibre product categories.)

2.2. Generalised twisted forms. For any ring Λ we write P_Λ for the category of finitely generated projective Λ-modules.

Recall that R is a Dedekind domain, with fraction field F . Suppose that A is a finitely generated R-algebra which spans a semisimple F -algebra A. For any extension Λ of R we write P_A ×_Λ P_A for the fibre product category with F_1 and F_2 both equal to the scalar extension functor − ⊗_R Λ from P_A to P_{A⊗RΛ}.

Definition 2.1. We shall refer to an object of the category P_A ×_Λ P_A as a generalised Λ-twisted A-form. We abbreviate this terminology to generalised twisted form, or even just twisted form, when both A and Λ are clear from the context. □

Example 2.2. (Classical) Suppose that F is a number field, and let L/F be any finite extension. We write N for the normal closure of L over F and we let Σ_F (L, N) denote the set of distinct F -embeddings of L into N. Set H^L_F := ∏ Σ_F (L,N) Z, and write Aut(L/F ) for the group of F -

automorphisms of L. Then there is a canonical N[Aut(L/F )]-equivariant isomorphism π^{L,N}_F : L ⊗_F N^∼−→ H^L_F ⊗_Z N which is given by mapping each primitive tensor l ⊗ n to the vector (σ(l)n)_σ .

Now suppose that S is any subring of F and let G be a subgroup of Aut(L/F ). Then for any projective S[G]-submodule L of L such that L ⊗_S F = L, the triple (L, H^L_F ⊗_Z S; π^{L,N}_F ) is a generalised N-twisted S[G]-form.

In special cases there are canonical choices of L. For example, if S = F , then one can take L = L. In addition, if L is a tamely ramified Galois extension of a field K with Gal(L/K) = G and S = O_F for any subfield F of K, then one can take L to be any G-stable fractional ideal of O_L (see [32]). □

Example 2.3. (Geometrical) Let R be any Dedekind domain, with field of fractions F . (We allow R = F .) Suppose that G → Spec(R) is a finite, flat, commutative group scheme, and let G^∗ denote its Cartier dual. Write A := O_G∗ and A := A ⊗_R F . It is shown by Waterhouse in [33, Sections 1 and 2] (see also [22, éxposé VII] or [25]) that there is a canonical isomorphism of groups

H^1(Spec(R), G) ≃ Ext^1(G^∗, G_m).

This implies that given any G-torsor π : X → Spec(R), we can associate to it a canonical commutative extension 1 → G_m → G(π) → G^∗ → 1. (1) The scheme G(π) is a G_m-torsor over G^∗, and we write L_π for its associated G^∗-bundle.

Let π_0 : G → Spec(R) denote the trivial G-torsor. Then, over Spec(R^c), the G-torsors π and π_0 become isomorphic, i.e. there is an isomorphism X ⊗_R R^{c ∼}−→ G ⊗_R R^c of schemes with G-action. Hence, via the functoriality of the construction in [33, Section 2], we obtain an A⊗_R R^c-equivariant isomorphism ξ_π : L_π ⊗_R R^{c ∼}−→ A ⊗_R R^c. (2) We refer to ξ_π as a splitting isomorphism associated to π. Then the triple (L_π, A; ξ_π) is a generalised R^c-twisted A-form. □

Remark 2.4. The line bundle L_π in Example 2.3 may be described explicitly in the following way (see [33, Section 4]). For any G-torsor π : X → Spec(R) as above, the structure sheaf O_X is an O_G-comodule, and so it is also an A-module (see [16, Proposition 1.3]). As an A-module, O_X is locally free of rank one, and so it gives a line bundle M_π on G^∗. Then it may be shown that L_π = M_π ⊗ M^{−1}_{π0} . The line bundle M_π is a principal homogeneous space, or twisted form of the Hopf algebra A in the sense of, for example [31] or [13], and this is the motivation for Definition 2.1 above. □

3. Relative algebraic K-theory

3.1. Basic theory. Let Λ be any extension of R, and let A be a finitely generated R-algebra which spans an F -algebra A. In this subsection, we shall recall some basic facts concerning the K-theory of categories of the form P_A ×_Λ P_A. Further details of these results may be found in [29, Chapter 15] and [19, Section 40B].

Definition 3.1. A short exact sequence of objects in P_A ×_Λ P_A is a sequence

0 → (L_1, L_2; λ)^{(α1,α2)}−−−−→ (L^′_1, L^′_2; λ^′)^{(α′1,α′2)}−−−−→ (L^{′′}_1, L^{′′}_2 ; λ^{′′}) → 0 (3)

such that (α_1, α_2) and (α^′_1, α^′_2) are morphisms in P_A ×_Λ P_A, and such that

0 → L_1^{α1}−→ L^′_1^{α′1}−→ L^{′′}_1 → 0 and 0 → L_2^{α2}−→ L^′_1^{α′2}−→ L^{′′}_2 → 0

are exact sequences of R-modules. □

Definition 3.2. We write [L_1, L_2; λ] for the isomorphism class of an object (L_1, L_2; λ) of P_A ×_Λ P_A. We define the relative algebraic K-group K_0(A, Λ) to be the abelian group with generators the isomorphism classes of objects of P_A ×_Λ P_A and relations

(i) [L^′_1, L^′_2; λ^′] = [L_1, L_2; λ] + [L^{′′}_1 , L^{′′}_2 ; λ^{′′}] for each exact sequence (3); (ii) [M_1, M_2; η ∘ η^′] = [M_1, M_3; η^′] + [M_3, M_2; η].

It may be shown that every element of K_0(A, Λ) is of the form [L_1, L_2; λ] (see [29, Lemma 15.6]). However, the natural map from the set of isomorphism classes of objects of P_A ×_Λ P_A to K_0(A, Λ) is very far from being injective (for example, the image of the element [A^n, A^n; 1_{AΛ} ] under this map is zero for every positive integer n). □

For any ring Λ we write K_0T (Λ) for the Grothendieck group of the category of Λ-modules which are both finite and of finite projective dimension. Then there are natural isomorphisms

K_0(A, F )^∼−→ K_0T (A)^∼−→ ⨁ v K_0T (A_v) (4)

where v runs over all finite places of R (see the discussion following (49.12) in [19]). The first isomorphism in (4) is defined in the following way. If M is any A-module which is both finite and of finite projective dimension, then (since R is a Dedekind domain), there exists an exact sequence of A-modules of the form 0 → O^φ−→ Q → M → 0 in which P and Q are both finitely generated and projective. The first isomorphism of (4) sends (P, φ, Q) to the class of M.

For any ring S we write K_i(S) (i = 0, 1) for the algebraic K-group in degree i of the exact category P_S . We recall that if R → Λ is any homomorphism of rings, then there is a long exact sequence of relative algebraic K-theory

K_1(A)^∂ 2 A,Λ −−−→ K_1(A_Λ)^∂ 1 A,Λ −−−→ K_0(A, Λ)^∂ 0 A,Λ −−−→ K_0(A) → K_0(A_Λ) (5)

(see [29, Theorem 15.5]). Here the homomorphism ∂^2_{A,Λ} is the natural scalar extension morphism. The homomorphism ∂^0_{A,Λ} is defined by

∂^0_{A,Λ}([L_1, L_2; λ]) = [L_1] − [L_2].

In order to describe ∂^1_{A,Λ}, we first recall that K_1(A_Λ) is generated by elements of the form (V, ϕ), where V is a finitely generated free A_Λ-module and ϕ ∈ Is_{AΛ} (V, V ). If T is any projective Asubmodule of V such that T ⊗_R Λ = V , then ∂^1_{A,Λ} is defined by setting

∂^1_{A,Λ}((V, ϕ)) = [T, T ; ϕ].

This definition is independent of the choice of T .

Remark 3.3. Let E be any extension of F . When A_E is a semisimple algebra, it is often convenient to compute in K_1(A_E ) by means of the injective ‘reduced norm’ map

nrd_{AE} : K_1(A_E ) → ζ(A_E )^×.

This map sends the element (V, ϕ) to the reduced norm of ϕ, considered as an element of the semisimple E-algebra End_{AE} (V ).

If A is commutative, then the determinant functors over A_E and A combine to induce canonical isomorphisms of K_1(A_E )/ im(∂^2_{A,E} ) with A^×_E/A^× and of ker[K_0(A) −→ K_0(A_E )] with Pic(A).

Hence the exact sequence (5) implies that in this case, the group K_0(A, E) may be identified with the multiplicative group of invertible A-modules in A_E . □

Proposition 3.4. If E is any extension of F , then the following sequence is exact;

0 → K_1(A)^{f1}−→ K_1(A_E ) ⊕ K_0(A, F )^{f2}−→ K_0(A, E) → 0. (6)

Here f_1(x) = (∂^2_{A,E} (x), −∂^1_{A,F} (x)), and f_2(y_1, y_2) = ∂^1_{A,E} (y_1)+ι_{A,E} (y_2), where ι_{A,E} : K_0(A, F ) → K_0(A, E) is the natural scalar extension morphism.

Proof. We first observe that f_1 is injective because the scalar extension map ∂^2_{A,E} is injective. Next, we note that upon comparing the exact sequences (5) with Λ = E and Λ = F , one obtains a commutative diagram:

K_1(A)^{f3}−→ K_1(A_E )^∂ 1 A,E −−−→ K_0(A, E)^{f4}−→ K_0(A)^{f5}−→ K_0(A_E ) ‖ ‖^{∂2}A,E ι^{A,E} ‖ ‖^{ιA,E} K_1(A)^{f6}−→ K_1(A)^∂ 1 A,F −−−→ K_0(A, F )^{f7}−→ K_0(A) −→ K_0(A).

In this diagram, the morphisms ι_{A,E} and ι_{A,E} are the natural scalar extension morphisms, and are therefore injective. (We remark that in fact the injectivity of ι_{A,E} follows from the injectivity of ∂^2_{A,E}, as may be shown by an easy diagram-chasing argument.)

We now show that f_2 is surjective. Suppose that z ∈ K_0(A, E). Then, as f_5(f_4(z)) = 0 and ι_{A,E} is injective, we may choose z_1 ∈ K_0(A, F ) such that f_7(z_1) = f_4(z). We then have that z − ι_{A,E}(z_1) = ∂^1_{A,E} (z_2) for some z_2 ∈ K_1(A_E ). It is easy to check that f_2(z_2, z_1) = z, and so it follows that f_2 is surjective.

It now remains to show that Ker(f_2) = Im(f_1). Suppose that y_1 ∈ K_1(A_E ) and y_2 ∈ K_0(A, F ) are such that ∂^1_{A,E} (y_1) = ι_{A,E} (y_2) = y ∈ K_0(A, E), say. We have to show that there exists y^′ ∈ K_1(A) such that ∂^2_{A,E}(y^′) = y_1 and ∂^1_{A,F} (y^′) = y_2.

Now f_5(y) = f_4(∂^1_{A,E} (y_1)) = 0, and so it follows that f_7(y_2) = 0. Hence there exists y_3 ∈ K_1(A) such that ∂^1_{A,F} (y_3) = y_2. We now deduce that f_3(y_4) = ∂^2_{A,E}(y_3) − y_1 for some y_4 ∈ K_1(A). Set y^′ = y_3 − f_6(y_4). It is easy to show that ∂^2_{A,E}(y^′) = y_1 and ∂^1_{A,F} (y^′) = y_2. This completes the proof. □

3.2. Hom-descriptions. Recall that R is a Dedekind domain with field of fractions F . Suppose now that F is a number field, and let Γ be a finite group upon which Ω_F acts (possibly trivially). Let A be a finitely generated R-subalgebra of F^c[Γ] such that there is an equality

A ⊗_R F^c = F^c[Γ]. (7)

Under this condition, for any extension E of F , we shall give a description of K_0(A, E) in terms of idelic-valued functions on the ring R_Γ of F^c-valued characters of Γ. This description is modeled on the ‘Hom-descriptions’ of class groups introduced by Fröhlich (cf. for example [20, Chapter II]). It will be useful in later sections, and is itself perhaps also of some independent interest.

Let Γ̂ denote the set of F^c-valued characters of Γ. The group Ω_F acts on R_Γ according to the following rule: if χ ∈ Γ̂ and ω ∈ Ω_F , then for each γ ∈ Γ one has (ω ∘ χ)(γ) = ω(χ(ω^{−1}(γ))).

We fix an embedding of F^c into E^c and we view each element of Γ̂ as taking values in E^c. For each element a of GL_n(A_E ) we define an element Det(a) of Hom(R_Γ, (E^c)^×) in the following way: if T is a representation over F^c which has character ϕ, then Det(a)(ϕ) := det(T (a)).

This definition depends only upon the character ϕ, and not upon the choice of representation T .

We write J_f (F^c) for the group of finite ideles of the field F^c, and we view F^× as being a subgroup of J_f (F^c) via the natural diagonal embedding. If a is any element of GL_n(A ⊗_F J_f (E)), then the above approach allows one to define an element Det(a) of Hom(R_Γ, J_f (F^c)). We set U_f (A) := ∏ v∈S_f (F ) A^×_v ⊂ (A ⊗_F J_f (F ))^×.

We then define a homomorphism

Δ_{A,E} : Det(A^×) →

Hom(R_Γ, J_f (F^c))^{ΩF}

Det(U_f (A))

× Det(A^×_E ); θ → (θ, θ^{−1}). (8)

Theorem 3.5. Under the above conditions, there is a natural isomorphism h_{A,E} : K_0(A, E)^∼−→ Cok(Δ_{A,E}). (9) Proof. From (4) and the isomorphisms of [20, Chapter II, (2.3)], it follows that there is an isomorphism h_1 : K_0(A, F )^∼−→

Hom(R_Γ, J_f (F^c))^{ΩF} Det(U_f (A)) . Also, the isomorphisms K_1(A_Λ) ∼= Det(A^×_Λ ) of [loc. cit., Chapter II, Lemma 1.2 and Lemma 1.6] for Λ ∈ {E, F } induce an isomorphism

h_2 :

K_1(A_E ) Im(∂^2_{A,E} ) ∼−→ Det(A^×_E ) Det(A^×) . It follows that there is a natural isomorphism Coker(f_1) ≃ Coker(Δ_{A,E} ), where f_1 is defined in the statement of Theorem 3.4. The desired result now follows from the fact that Theorem 3.4 implies that there is a natural isomorphism Coker(f_1)^∼−→ K_0(A, E). □

Remark 3.6. An explicit description of the isomorphism h_{A,E} may be given as follows. Suppose then that [X, Y ; ξ] is an element of K_0(A, E) for which X_F and Y_F are free A-modules of the same rank (by [28, Lemma 15.6] any element of K_0(A, E) is of this shape). Then for any choice of isomorphism θ ∈ Is_A(X_F , Y_F ) one has

[X, Y ; ξ] = [X, Y ; θ_E] + [Y, Y ; ξ ∘ θ^{−1}_E ] = [X, Y ; θ_E] + ∂^1_{A,E} ((Y_E , ξ ∘ θ^{−1}_E ))

in K_0(A, E). The element h_{A,E} ([X, Y ; ξ]) of Cok(Δ_{A,E} ) is then represented by the pair (h_1([X, Y ; θ]), h_{2,E} ((Y_E , ξ ∘ θ^{−1}_E ))). □

Definition 3.7. A finitely generated A-module M is said to be locally free if M_v is a free A_vmodule for all places v in S_f (F ). It follows easily from this definition that if M is a locally free A-module, then it is projective and the associated A-module M_F is free. □

Remark 3.8. If [X, Y ; ξ] is an element of K_0(A, E) for which both X and Y are locally free A-modules, then one can give an explicit representative for h_{A,E} ([X, Y ; ξ]) as follows.

For any ordered set of d elements {e^j : 1 ≤ j ≤ d} we write e^j for the d × 1 column vector with j-th entry equal to e^j .

We choose an A-basis {y^j } of Y_F and, for each v ∈ S_f (F ), an A_v-basis {y^j_v} of Y_v and an A_v-basis {x^j_v} of X_v. Let μ_v be the element of GL_d(A_v ) such that y^j_v = μ_vy^j. We choose θ ∈ Is_A(X_F , Y_F ). Since {θ^{−1}(y^j)} is an A-basis of X_F , there exists an element λ_v of GL_d(A_v) such that x^j_v = λ_vθ^{−1}(y^j ). Finally we let μ ∈ GL_d(A_E ) denote the matrix of ξ ∘ (θ^{−1} ⊗_F E) with respect to the A-basis {y^j } of Y_E . Then h_{A,E} ([X, Y ; ξ]) is represented by the function ∏ v∈S_f (F ) Det(λ_vμ^{−1}_v )

× Det(μ) ∈ Hom(R_Γ, J_f (Q^c))^ΩF × Hom(R_Γ, (E^c)^×).

This construction will be used in the proof of Proposition 4.11. □

Examples 3.9. Suppose that F is a number field, and let R = O_F .

(i) Suppose that A = R[G] (see Example 2.2). Then condition (7) is satisfied if we take Γ = G, viewed as a trivial Ω_F -module.

(ii) In Example 2.3, set Γ = G(F^c), endowed with the natural Ω_F -action. Then G ⊗_R F^c is a finite constant group scheme over Spec(F^c), and so its Cartier dual G^∗ ⊗_R F^c is equal to Spec(F^c[Γ]) (see e.g. [34, Section 2.4]). Hence A = O_G∗ satisfies condition (7). Furthermore, in this case the description of Theorem 3.5 may be interpreted more explicitly as follows.

Let J_f (A) denote the group of finite ideles of A, i.e. if M is the (unique) maximal R-order in A, then J_f (A) is the restricted direct product of the groups A^×_v with respect to the subgroups M^×_v for all places v ∈ S_f (F ). Define a map

Δ^′_{A,E} : A^× →

J_f (A) U_f (A) × A^×_E ; a → (a) × a^{−1}.

Then, taken in conjunction with Remark 3.3, the result of Theorem 3.5 implies that there is a natural isomorphism K_0(A, E)^∼−→ Cok(Δ^′_{A,E} ). (10) □ 4. Metrised structures

In this section we let R denote the ring of algebraic integers in a number field F . We fix an R-order A in a finite dimensional F -algebra A, and we continue to assume that the condition (7) is satisfied.

For each ϕ ∈ Γ̂ we write W_ϕ for the Wedderburn component of F^c[Γ] which corresponds to the contragredient character ϕ of ϕ. For any F^c[Γ]-module X we then set

X_ϕ := top⋀ F^c ((X ⊗_F c W_ϕ)^Γ),

where ‘

⋀_{top}

F^c ’ denotes the highest exterior power over F

c which is non-zero, and Γ acts diagonally on X ⊗_F c W_ϕ.

For each v ∈ S_∞(F ) we fix an embedding σ_v : F^c → F^c_v (which induces the place v upon restriction to F ), and we also identify F^c_v with C.

For each complex number z we write z for its complex conjugate.

4.1. Metrised A-modules.

Definition 4.1. Let X be a finitely generated locally-free A-module. A metric μ on X is a set {μ_{v,ϕ} : v ∈ S_∞(F ), ϕ ∈ Γ̂} where, for each v ∈ S_∞(F ) and ϕ ∈ Γ̂, μ_{v,ϕ} is a hermitian metric on the complex line (X ⊗_R F^c)_ϕ ⊗_F c_{,σv} C. If x ∈ (X ⊗_R F^c)_ϕ ⊗_F c_{,σv} C, then we shall write μ_{v,ϕ}(x) for the length of x with respect to the metric μ_{v,ϕ}.

A metrised A-module is a pair (X, μ) consisting of a locally-free A-module X and a metric μ on X. □ Example 4.2. (Classical) In this example we adopt the notation of Example 2.2. We take A to be Z[G], so that Γ = G (viewed as a trivial Ω_Q-module). Via the fixed embedding σ_∞ : Q^c → C restricted to the normal closure N of L, we identify Σ_Q(L, N) with the set Σ(L) of embeddings of L into C. We remind the reader that if X is a finitely generated, locally free A-module, then any G-equivariant positive definite hermitian form on X_C induces a metric on X in a natural way (see e.g. [17, Definition 2.2]).

We write μ_{C[G]} for the G-equivariant positive definite hermitian form on C[G] which satisfies

μ_{C[G]}( ∑ g∈G x_gg, ∑ h∈G y_hh) = ∑ g∈G x_gy_g.

(i) There is a G-equivariant positive definite hermitian form μ_L on H^L_Q ⊗_Z C which is defined by the rule μ_L( ∑ σ∈Σ(L) z^′_σ, ∑ τ ∈Σ(L) z_τ ) = ∑ σ∈Σ(L) z^′_σ z_σ. For each ϕ ∈ Ĝ, we write μ_{L,∞,ϕ} for the metric on (H^L_Q ⊗_Z Q^c)_ϕ that is obtained as the highest exterior power of the metric on

(H^L_Q ⊗_Z W_ϕ)^G = (H^L_Q ⊗_Z C) ⊗_C (W_ϕ ⊗_Qc_{,σ∞} C)^G

which is induced by μ_L on H^L_Q ⊗_Z C and by the restriction of μ_{C[G]} on W_ϕ ⊗_Qc_{,σ∞} C.

(ii) There is a G-equivariant positive definite hermitian form h_L on C ⊗_Q L which is defined by the rule h_L(z_1 ⊗ m, z_2 ⊗ n) = z_1z_2 ∑ σ∈Σ(L) σ(m)σ(n). We recall that in [17, §5.2] this form is referred to as the ‘Hecke form’.

For each ϕ ∈ Ĝ we write h_{L,∞,ϕ} for the metric on (L ⊗_Q Q^c)_ϕ that is obtained as the highest exterior power of the metric on

(L ⊗_Q W_ϕ)^G ⊗_Qc_{,σ∞} C = ((C ⊗_Q L) ⊗_C (W_ϕ ⊗_Qc_{,σ∞} C))^G

which is induced by h_L on C ⊗_Q L and by the restriction of μ_{C[G]} on W_ϕ ⊗_Qc_{,σ∞} C.

We set h_{L,•} := {h_{L,∞,ϕ} : ϕ ∈ Ĝ}. If L is any full projective Z[G]-sublattice of L, then the pair (L, h_{L,•}) is a metrised Z[G]-module. □

Example 4.3. (Geometrical) In this example we adopt the notation of Example 2.3.

(i) For each v ∈ S_∞(F ) and ϕ ∈ Γ̂, the space (A ⊗_F F^c)_ϕ ⊗_F c_{,σv} C identifies naturally with C and so is endowed with a metric μ_{A,v,ϕ} coming from the standard metric on C. The set μ_A := {μ_{A,v,ϕ} : v ∈ S_∞(F ), ϕ ∈ Γ̂} is then a metric (‘the trivial metric’) on A.

(ii) It is shown in [6, §2] that, for each place v ∈ S_∞(F ) and character ϕ ∈ Γ̂, the space (L_π ⊗_R F^c)_ϕ ⊗_F c_{,σv} C may be endowed with a canonical ‘Neron metric’ || · ||_{v,ϕ} which is constructed by using canonical splittings of the extension (1). (These canonical splittings are analogous to the canonical splittings of extensions of abelian varieties by tori that may be used to define Néron pairings on abelian varieties (see e.g. [23]).) Let || · ||_π denote the family of metrics {|| · ||_{v,ϕ} : v ∈ S_∞(F ), ϕ ∈ Γ̂}. Then the pair (L_π, || · ||_π) constitutes a metrised A-module. □

4.2. Arithmetic class groups. In this subsection we use idelic valued functions on R_Γ to define a group which classifies the structure of metrised A-modules. All of the constructions in this subsection are motivated by those of [17, §3.1, §3.2].

We write |Δ|_A for the homomorphism

Det(A^×) →

Hom(R_Γ, J_f (F^c))^{ΩF} Det(U_f (A))

× Hom R_Γ, ∏ v∈S_∞(F ) R^×_{>0} ; θ → (θ, |θ|) where |θ| is the homomorphism which sends each ϕ ∈ Γ̂ to the element ∏ v∈S_∞(F ) |σ_v(θ(ϕ))|^{−1} ∈ ∏ v∈S_∞(F ) R^×_{>0}.

Remark 4.4. We caution the reader that the definition of the homomorphism |θ| given above is slightly different from that used in [17, §3.1]. Our |θ|(ϕ) is equal to |θ|(ϕ)^{−1} in the notation of [17]. This reflects our definitions of Δ_{A,E} in (8) and h_{A,E} in (9). Our normalisation is also consistent with the definition of the Hermitian classgroup given in [21, Chapter II, §5]. □

Definition 4.5. We define the arithmetic classgroup AC(A) of A to be the cokernel of |Δ|_A. □

Remark 4.6. When F = Q and A = Z[Γ] for some finite group Γ, then it is easy to show (taking into account Remark 4.4 above) that AC(A) is isomorphic to the arithmetic classgroup A(A) which is described in [17, Definition 3.2]. □

We now suppose given a metrised A-module (M, μ). Let M have rank d over A, and choose an A-basis {m^j} of M_F and, for each v ∈ S_f (F ), an A_v-basis {m^j_v} of M_v. Then there exists an element λ_v of GL_d(A_v ) such that m^j_v = λ_vm^j .

For each element m of M_F we set

r(m) := ∑ γ∈Γ γm ⊗ γ ∈ M ⊗_R F^c[Γ]. For each element w of W_ϕ we have

r(m)(1 ⊗ w) ∈ (M ⊗_R W_ϕ)^Γ.

Let {w_{ϕ,k} : k} be an F^c-basis of W_ϕ which is orthonormal with respect to the restriction of μ_F c_{[Γ]} to W_ϕ. Then the set {r(m^j)(1 ⊗ w_{ϕ,k}) : j, k} is an F^c-basis of (M ⊗_R W_ϕ)^Γ, and so the wedge product ⋀ j ⋀ k r(m^j)(1 ⊗ w_{ϕ,k}) is an F^c-basis of the line (M ⊗_R F^c)_ϕ.

Definition 4.7. We define [M, μ] to be the element of AC(A) which is represented by the homomorphism on R_Γ which sends each character ϕ ∈ Γ̂ to ∏ v∈S_f (F ) Det(λ_v)(ϕ)× ∏ v∈S_∞ (F ) μ_{v,ϕ} ⋀ j ⋀ k r(m^j )(1 ⊗ w_{ϕ,k}) ⊗_{F c,σv} 1 1 ϕ(1)

∈ J_f (F^c)× ∏ v∈S_∞(F ) R^×_{>0}.

It can be shown that [M, μ] is independent of the precise choices of bases {m^j }, {m^j_v} and {w_{ϕ,k}}. □

4.3. The connection to generalised twisted forms. Let E be any field which contains F^c and which is such that, for each v ∈ S_∞(F ), the fixed embedding σ_v : F^c → C factors through an embedding σ̃_v : E → C.

The map π_E : E^× → ∏ v∈S_∞(F ) R^×_{>0}; e → ∏ v∈S_∞(F ) |σ̃_v(e)| induces a homomorphism ε : Det(A^×_E ) ≃ Hom(R_Γ, E^×) −→ Hom(R_Γ, ∏ v∈S_∞(F ) R^×_{>0}).

Then, via the Hom-descriptions of Theorem 3.5 and Definition 4.5, it is not hard to see that the map δ : Hom(R_Γ, J_f (F^c))^{ΩF} Det(U_f (A))

× Det(A^×_E ) −→

Hom(R_Γ, J_f (F^c))^{ΩF} Det(U_f (A))

× Hom(R_Γ, ∏ v∈S_∞(F ) R^×_{>0})

given by x_1 × x_2 → x_1 × ε(x_2) induces a homomorphism ∂_{A,E} : K_0(A, E) → AC(A).

Lemma 4.8. There is a natural isomorphism ker(∂_{A,E} )^∼−→

Hom(R_Γ, ker(π_E )) [Hom(R_Γ, ker(π_E )) ∩ Det(A^×)] ∩ Det(U_f (A))

. (11) (In the denominator of the right-hand side of (11), the first intersection takes place in Hom(R_Γ, E^×) ≃ Det(A^×_E ), and then the second intersection takes place in Hom(R_Γ, J_f (F^c)).) Proof. Set N_1 :=

Hom(R_Γ, J_f (F^c))^{ΩF}

Det(U_f (A))

× Det(A^×_E ), and write N_2 := δ(N_1). Then there is a commutative diagram: 0 −→ Hom(R_Γ, ker(π_E )) −→ N_1^δ−→ N_2 −→ 0 Δ_{A,E} |_{Δ|A} Det(A^×) Det(A^×).

Applying the Snake Lemma to this diagram (and taking into account Theorem 3.5 and Definition 4.5) yields the sequence Hom(R_Γ, Ker(π_E)) → K_0(A, E)^{∂A,E}−−−→ AC(A) → 0, and it is easy to check (again using Theorem 3.5) that this implies the desired result. □ Given an explicit element of K_0(A, E) we now aim to describe its image under ∂_{A,E} .

Definition 4.9. Let X_1 and X_2 be finitely generated locally-free A-modules and suppose that ξ ∈ Is_{AE} (X_{2,E} , X_{1,E} ). For each place v ∈ S_∞(F ) and character ϕ ∈ Γ̂ we write

ξ_{v,ϕ} : (X_2 ⊗_R F^c)_ϕ ⊗_F c_{,σv} C^∼−→ (X_1 ⊗_R F^c)_ϕ ⊗_F c_{,σv} C

for the isomorphism of complex lines which is induced by ξ. If h is any metric on X_1, then the pullback of h under ξ is defined to be the metric ξ^∗(h) on X_2 which satisfies ξ^∗(h)_{v,ϕ}(z) = h_{v,ϕ}(ξ_{v,ϕ}(z)) for each v ∈ S_∞(F ), ϕ ∈ Γ̂ and z ∈ (X_2 ⊗_R F^c)_ϕ ⊗_F c_{,σv} C. □

Example 4.10. (i) (Classical) An explicit computation shows that, in the notation of Example 4.2, one has (π^{L,N}_Q )^∗(μ_{L,•}) = h_{L,•}.

(ii) (Geometrical) We use the notation of Example 4.3. If ξ_π is any isomorphism as in (2), then it follows from [6, Remark 2.3] that ξ_π induces an isometry between L_π endowed with the Néron metric || · ||_π and A endowed with the trivial metric. (Note that the map which is denoted by ξ_π in [6] is equal to ξ^{⊗e}_π in our present notation, where e denotes the exponent of the group scheme G.) Hence we have that (ξ_π ⊗_Rc F^c)^∗(μ_A) = || · ||_π. □

Proposition 4.11. Let (X, Y ; ξ) be any object of P_A ×_E P_A for which X and Y are both locally free A-modules. Then, for any metric ρ on Y , one has

∂_{A,E} (h_{A,E} ([X, Y ; ξ])) = [X, ξ^∗(ρ)] − [Y, ρ] ∈ AC(A).

Proof. We use the notation introduced in Remark 3.8.

It is clear that ∂_{A,E} (h_{A,E} ([X, Y ; ξ])) is represented by the homomorphism which sends each character ϕ ∈ Γ̂ to ∏ v∈S_f (F ) Det(λ_vμ^{−1}_v )(ϕ) × ∏ v∈S_∞(F ) |σ̃_v(Det(μ)(ϕ))|. (12)

For each element x of X_{i,ϕ} := (X_i ⊗_R F^c)_ϕ ⊗_F c E (where i = 1, 2) and each place v ∈ S_∞(F ), we write [x]_v for the image of x in X_{i,ϕ} ⊗_{E,σ̃v} C = (X_i ⊗_R F^c)_ϕ ⊗_F c_{,σv} C.

Using this notation, the element [X, ξ^∗(ρ)], resp. [Y, ρ], is represented by the homomorphism which sends each character ϕ ∈ Γ̂ to ∏ v∈S_f (F ) Det(λ_v)(ϕ) × ∏ v∈S_∞(F ) ρ_{v,ϕ} ⋀ j ⋀ k r(ξ ∘ ψ(y^j ))(1 ⊗ w_{ϕ,k}) v

1 ϕ(1)

, (13)

resp. ∏ v∈S_f (F ) Det(μ_v)(ϕ) × ∏ v∈S_∞(F ) ρ_{v,ϕ} ⋀ j ⋀ k r(y^j)(1 ⊗ w_{ϕ,k}) v

1 ϕ(1)

. (14)

For each z = ∑ γ∈Γ c_γ γ ∈ E[Γ] we set z := ∑ γ∈Γ c_γ γ^{−1}, and we extend this convention to matrices over E[Γ] by applying it to individual entries. Now

ξ ∘ ψ(y^j ) = ∑ l μ_{l,j}y^l where μ_{l,j} is the (l, j)-component of the matrix μ, and so r(ξ ∘ ψ(y^j ))(1 ⊗ w_{ϕ,k}) = ∑ l r(y^j )(1 ⊗ μ_{l,j}w_{ϕ,k}). This implies that ⋀ j ⋀ k r(ξ ∘ ψ(y^j ))(1 ⊗ w_{ϕ,k}) = Det(μ)(ϕ)^{ϕ(1)} · ⋀ j ⋀ k r(y^j)(1 ⊗ w_{ϕ,k}).

But Det(μ)(ϕ) = Det(μ(ϕ)), and so for each v ∈ S_∞(F ) one has ρ_{v,ϕ} ([⋀ j ⋀ k r(ξ ∘ ψ(y^j ))(1 ⊗ w_{ϕ,k}) ] v ) 1_{ϕ(1)}

ρ_{v,ϕ} ([⋀ j ⋀ k r(y^j)(1 ⊗ w_{ϕ,k}) ] v ) 1_{ϕ(1)} = |σ̃^v (Det(μ)(ϕ))| ∈ R^×>0.

It is now clear that the expression (13) is equal to the product of the expressions (12) and (14), and this immediately implies the claimed equality. □

5. The classical case

In this section we give two applications of our approach in the context of Example 2.2. We thus fix a finite tamely ramified Galois extensions of number fields L/K, with F ⊆ K, and we set G := Gal(L/K). Our interest is in the element

δ^L_{OF [G]}(O_L) := [O_L, H^L_F ⊗_Z O_F ; π^{L,N}_F ] ∈ K_0(O_F [G], N).

5.1. Arithmetic classes. In this subsection we combine Proposition 4.11 with a result of Bley and the second named author in [9] in order to describe an explicit homomorphism which represents the element δ^L_{Z[G]}(O_L). We then explain how this yields an explicit homomorphism which represents the element [O_L, h_{L,•}] of AC(Z[G]). We show that this description of [O_L, h_{L,•}] gives a natural refinement of a result of Chinburg, Pappas and Taylor in [17].

Before stating our explicit description of the class δ^L_{Z[G]}(O_L) we must introduce some notation. For each character ϕ ∈ Ĝ, we write τ(K, ϕ) for the Galois-Gauss sum associated to ϕ, and we let ϵ(K, ϕ) denote the epsilon constant which arises in the functional equation of the Artin L-function attached to ϕ (see [20, Chapter I, §5]). With respect to the canonical identification ζ(C[G]) =

∏_^ G C (which is induced by the fixed embedding σ_∞ : Q^c → C) we then set ϵ_{L/K} := (ϵ(K, ϕ))_ϕ ∈ ζ(C[G])^×.

This element is the natural epsilon constant which is associated to the ζ(C[G])-valued equivariant Artin L-function of L/K, and it actually lies in ζ(R[G])^×. The last fact implies that we may therefore choose an element λ = (λ_ϕ)_ϕ ∈ ζ(Q[G])^× ⊂ ζ(C[G])^× such that λϵ_{L/K} ∈ Im(nrd_{R[G]}) (15) (see [9, §3.1]). We write d_K for the absolute discriminant of K.

We write ι : N → C for the embedding induced by restricting σ_∞ to N, and we use this to view δ^L_{Z[G]}(O_L) as an element of K_0(Z[G], C) (using the inclusion K_0(Z[G], N) ⊆ K_0(Z[G], C) induced by the functor − ⊗_{N,ι} C).

We can now state the main result of this section.

Theorem 5.1. Let λ be any element of ζ(Q[G])^× which satisfies (15). Then the class δ^L_{Z[G]}(O_L) in K_0(Z[G], C) is represented by the homomorphism which sends each character ϕ ∈ Ĝ to λ^{−1}_ϕ ∏ v∈S_f (K) y_v(ϕ) × λ_ϕτ(K, ϕ)|d_K |^{ϕ(1)2} . (16)

Here y_v denotes the ‘unramified characteristic’ function on R_G defined in [20, Chapter IV, §1].

We shall derive a description of the class δ^L_{Z[G]}(O_L) from certain results in [9]. For the reader’s convenience we first recall some notation from loc. cit. Definition 5.2. (See [9, §3.2]) Set H_L := ∏ Σ(L) Z. The groups G and Gal(C/R) act on Σ(L), and

they endow H_L with the structure of G × Gal(C/R)-module. For any Gal(C/R)-module X, write X^+ and X^− for the submodules on which complex conjugation acts by +1 and −1 respectively.

There is a canonical C[G × Gal(C/R)]-equivariant isomorphism ρ_L : L ⊗_Q C^∼−→ H_L ⊗_Z C; l ⊗ z → (σ(l)z)_{σ∈Σ(L)} .

We write π_L for the composite R[G]-equivariant isomorphism given by L ⊗_Q R = (L ⊗_Q C)^+ ρ_L −→ (H_L ⊗_Z C)^+ = (H^+_L ⊗_Z R) ⊕ (H^−_L ⊗_Z (i · R)) ×(1,−i) −−−−−→ (H^+_L ⊗_Z R) ⊕ (H^−_L ⊗_Z R) = H_L ⊗_Z R.

We now define the G-equivariant discriminant δ_{L/K} (O_L) of O_L by setting δ_{L/K} (O_L) := [O_L, H_L; π_L] ∈ K_0(Z[G], R).

In what follows, we shall in fact view δ_{L/K} (O_L) as an element of K_0(Z[G], C) via the natural inclusion K_0(Z[G], R) ⊆ K_0(Z[G], C). □

Proof of Theorem 5.1. It follows from results in [9, see especially Lemma 7.4 and Corollary 7.7] that the class δ_{L/K} (O_L) is represented in the Hom-description of Theorem 3.5 by the element of Hom(R_G, J_f (Q^c))^{ΩQ} × Hom(R_G, C^×) which sends each character ϕ ∈ Ĝ to λ^{−1}_ϕ ∏ v∈S_f (K) y_v(ϕ) × λ_ϕϵ(K, ϕ),

where y_v is as defined in the statement of Theorem 5.1.

For each place v ∈ S_∞(K), we let G_v denote the decomposition group of v in G. If ϕ ∈ Ĝ, we let V_ϕ be a representation space for ϕ, and we define a complex number w_∞(K, ϕ) by setting w_∞(K, ϕ) := ∏ v∈S_∞(K) i^{− codim(V Gvϕ )}.

We may identify H_L with H^L_Q via our fixed embedding ι : N → C. By comparing the homomorphisms π^{L,N}_Q ⊗_{N,ι} C and π_L ⊗_R C, it may be shown that the element δ_{L/K} (O_L) − δ^L_{Z[G]}(O_L) of K_0(Z[G], C) is represented by the element of Hom(R_G, J_f (Q^c))^{ΩQ} × Hom(R_G, C^×) which sends each character ϕ ∈ Ĝ to 1 × w_∞(K, ϕ).

In addition, for each ϕ ∈ Ĝ one has ϵ(K, ϕ) = τ(K, ϕ)w_∞(K, ϕ)|d_K |^{ϕ(1)2} (17) (see [9, (13) and the displayed formula which follows it]).

It now follows that δ^L_{Z[G]}(O_L) is represented by the homomorphism which sends each character ϕ ∈ Ĝ to λ^{−1}_ϕ ∏ v∈S_f (K) y_v(ϕ) × λ_ϕτ(K, ϕ)|d_K |^{ϕ(1)2} , as claimed. □

Corollary 5.3. Let λ be any element of ζ(Q[G])^× which satisfies (15). Then the class [O_L, h_{L,•}] in AC(Z[G]) is represented by the homomorphism which sends each character ϕ ∈ Ĝ to λ^{−1}_ϕ × |λ_ϕτ(K, ϕ)|(|G|^{[K:Q]}|d_K |)^{ϕ(1)2} . Proof. We first observe that Example 4.10(i) and Proposition 4.11 imply that

[O_L, h_{L,•}] = [H^L_Q, μ_{L,•}] + ∂_{Z[G],C}(δ^L_{Z[G]}(O_L)) ∈ AC(Z[G]). (18)

It follows via an explicit computation (using, for example, [17, Lemma 2.3]) that the class [H^L_Q, μ_{L,•}] is represented by the homomorphism which sends each character ϕ ∈ Ĝ to 1×|G|^{[K:Q] ϕ(1)}2 .

Combining this with (18) and Theorem 5.1, we deduce that [O_L, h_{L,•}] is represented by the homomorphism which sends each ϕ ∈ Ĝ to λ^{−1}_ϕ ∏ v∈S_f (K) y_v(ϕ) × |λ_ϕτ(K, ϕ)|(|G|^{[K:Q]}|d_K |)^{ϕ(1)2} .

The desired result now follows from this description upon noting that, as a consequence of [20, Chapter IV, Theorem 29(i)], the homomorphism which sends each ϕ ∈ Ĝ to ∏ v∈S_f (K) y_v(ϕ) × 1

belongs to the image of |Δ|_A. □ It is often convenient to replace AC(Z[G]) by weaker classifying groups. As an example of this, we shall now explain how Corollary 5.3 yields a natural refinement of [17, Theorem 5.9].

We first quickly recall the definition of the ‘tame symplectic arithmetic classgroup’ A^s_T (Z[G]) of Z[G] from [loc. cit., §4.3]. We write R^s_G for the subgroup of R_G which is generated by the irreducible symplectic F^c-valued characters of G, and we write Det^s(−) for the restriction of the function Det(−) to R^s_G. Let T denote the maximal abelian tamely ramified extension of Q in Q^c, and set Ẑ = lim←−_n Z/nZ. Then we write Det(Ô_T [G]^×) for the direct limit of Det(Ô_N [G]^×), where N runs over all finite extensions of Q in T and Ô_N denotes the ring of integral adeles Ẑ ⊗ O_N . Definition 5.4. The tame arithmetic symplectic classgroup A^s_T (Z[G]) of Z[G] is defined to be the cokernel of the map

Det^s(Q[G]^×) −→

Det^s(Ô_T [G]^×) Hom(R^s_G, J_f (Q^c))^{ΩQ} Det^s(Ô_T [G]^×)

× Hom(R^s_G, R^×_{>0})

which is induced by the diagonal map

Δ^s : Det^s(Q[G]^×) −→ Hom(R^s_G, J_f (Q^c))^{ΩQ} × Hom(R^s_G, R^×_{>0}); θ → (θ, θ^{−1}). □ We write θ^s_T : Hom(R^s_G, J_f (Q^c))^{ΩQ} × Hom(R^s_G, R^×_{>0}) −→ A^s_T (Z[G]) for the natural surjective map, and π^s_T : AC(Z[G]) −→ A^s_T (Z[G]) for the homomorphism induced by restricting an element of Hom(R_G, J_f (Q^c))^{ΩQ} × Hom(R_G, R^×_{>0}) to R^s_G, and then applying θ^s_T .

Definition 5.5. Let Pf(O_L) denote the ‘Pfaffian’ element of Hom(R^s_G, J_f (Q^c)) which is defined (in [loc. cit., Def. 5.8]) as follows: for each ϕ ∈ R^s_G one has

Pf(O_L)(ϕ)_p = ∏ p (−p)^{12 fp(ϕ,IndGIp up)}

where here p runs over all elements of S_f (K) which divide p, f_p is the residue class extension degree of p in K/Q, I_p is the inertia subgroup of any fixed place of L which lies above p, u_p is the augmentation character of I_p and (−, −) is the standard inner product on R_G. □

We remark that the image of [O_L, h_{L,•}] under π^s_T is equal to the element χ^s_T (O_L, det h_•) defined in [17, §4.3]. This implies that the following result is equivalent to [loc. cit., Th. 5.9(a)].

Corollary 5.6. The class π^s_T ([O_L, h_{L,•}]) is represented by the homomorphism which sends each symplectic character ϕ ∈ Ĝ to

w_∞(K, ϕ)Pf(O_L)(ϕ) × (|G|^{[K:Q]}|d_K |)^{ϕ(1)2} .

Proof. Upon computing the image under π^s_T of the class represented by the explicit homomorphism described in Corollary 5.3, one finds that it suffices to prove the following result: if f denotes the homomorphism which sends each symplectic character ϕ ∈ Ĝ to λ_ϕw_∞(K, ϕ)Pf(O_L)(ϕ) × |λ_ϕτ(K, ϕ)|^{−1}, then θ^s_T (f) = 0.

To prove this we first observe that there exists a finite tamely ramified abelian extension N of Q and an element u of Ô_N [G]^× such that, for each symplectic character ϕ ∈ Ĝ one has

Pf(O_L)(ϕ) = τ(K, ϕ) · Det(u)(ϕ).

This can be seen, for example, to be a consequence of the argument which proves [17, Proposition 5.11]. Hence one has θ^s_T (f) = θ^s_T (f^′), where f^′ is the homomorphism which sends each symplectic character ϕ ∈ Ĝ to λ_ϕw_∞(K, ϕ)τ(K, ϕ) × |λ_ϕτ(K, ϕ)|^{−1}. Now the equality (17) combines with the containment (15) to imply that, for each symplectic character ϕ ∈ Ĝ, the real numbers λ_ϕ and w_∞(K, ϕ)τ(K, ϕ) have the same sign (note that ϕ = ϕ if ϕ is symplectic). This implies that the element Φ of Hom(R^s_G, (Q^c)^×)^{ΩQ} which sends each symplectic character ϕ ∈ Ĝ to λ_ϕw_∞(K, ϕ)τ(K, ϕ) actually belongs to Det^s(Q[G]^×). In addition, since for each symplectic ϕ ∈ Ĝ one has w_∞(K, ϕ) = ±1, it also implies that λ_ϕw_∞(K, ϕ)τ(K, ϕ) = |λ_ϕτ(K, ϕ)|. This in turn implies that f^′ = Δ^s(Φ), and hence that θ^s_T (f^′) = 0, as required. □

5.2. Torsion modules. In this subsection we shall indicate how certain natural torsion Galois module invariants introduced by S. Chase (see [14], [20, Notes to Chapter III]) are related to the element δ^L_{OK [G]}(O_L).

We first recall that there is a natural O_L[G]-equivariant injection ψ_{L/K} : O_L ⊗_{OK} O_L −→ Map(G, O_L); ψ_{L/K} (l_1 ⊗ l_2)(g) = g(l_1)l_2.

The cokernel Cok(ψ_{L/K} ) of ψ_{L/K} is finite, and is of finite projective dimension as an O_L[G]- module because L/K is tamely ramified. Hence Cok(ψ_{L/K} ) determines a class in K_0T (O_L[G]). This class has been studied by Chase and other authors, and it gives information regarding the O_K [G]-module structure of O_L.

We write i_{L/K} : K_0(O_K [G], L) −→ K_0T (O_L[G]) for the composite of the natural scalar extension morphism K_0(O_K [G], L) −→ K_0(O_L[G], L); [X, Y ; i] → [X ⊗_{OK} O_L, Y ⊗_{OK} O_L; i] and the first isomorphism of (4) with A = O_L[G].

Lemma 5.7. The class of Cok(ψ_{L/K} ) in K_0T (O_L[G]) is equal to the image of δ^L_{OK [G]}(O_L) under i_{L/K} . Proof. There is an O_L[G]-equivariant isomorphism θ : Map(G, O_L)^∼−→ H^L_K ⊗_Z O_L; θ(ϕ) = (ϕ(g))_g .

The stated result follows from the definition of isomorphism in P_{OL[G]} ×_L P_{OL[G]} (see §2.1) and the commutativity of the following diagram in P_{L[G]}: L ⊗_K L^{ψL/K}−−−−→ Map(G, L) id θ L ⊗_K L^π L,L K−−−−→ H^L_K ⊗_Z L Here π^{L,L}_K is as defined in Example 2.2. □ We remark that Chase has given an explicit description of Cok(ψ_{L/K} ) as an O_L[G]-module (see in particular Theorem 2.15 of [14]). Hence, Lemma 5.7 shows that Chase’s results may be naturally reinterpreted in terms of equivariant discriminants.

6. Torsors We shall now apply the methods developed in this paper to the ‘geometrical’ setting of Example 2.3.

6.1. Reduced resolvends. In this subsection, we shall discuss reduced resolvends coming from torsors of finite group schemes. This notion was first introduced by L. McCulloh (see [24], and the references contained therein). Our approach will be rather different from McCulloh’s, and will use ideas that first appeared in [6] and [3].

We use the notation of Example 2.3. Set Γ := G(R^c) = G(F^c).

Definition 6.1. We define

H(A) := {α ∈ A^×_Rc | α^ω = g_ωα for all ω ∈ Ω_F , where g_ω ∈ Γ}, H(A) := H(A)/Γ, H(A) := H(A)/(Γ · A^×).

(Note that we allow the possibility that R = F , in which case we have A = A.) □

We suppose for the moment that R is a local ring, and we let π : X → Spec(R) be a G-torsor. Then the line bundle L_π associated to π (see Example 2.3) is isomorphic to the trivial line bundle on G^∗. Let s_π : A^∼−→ L_π be any trivialisation of L_π. Recall from Example 2.3 that over Spec(R^c), π becomes isomorphic to the trivial torsor π_0, i.e. there is an isomorphism i : X ⊗_R R^{c ∼}−→ G ⊗_R R^c of schemes with G-action. This isomorphism is not unique. If i^′ is any other such isomorphism, then i^{−1}i^′ : G ⊗_R R^{c ∼}−→ G ⊗_R R^c is also an isomorphism of schemes with G-action, and so is given by translation by an element of Γ.

Let ξ_π : L_π ⊗_R R^{c ∼}−→ A ⊗_R R^c be the splitting isomorphism corresponding to i, and consider the map from A_Rc to itself defined by A_Rc^{sπ ⊗RRc} −−−−−→ L_π ⊗_R R^{c ξπ}−→ A_Rc . This is an isomorphism of A_Rc -modules, and so it is given by multiplication by some element r(s_π) in A^×_Rc . We refer to r(s_π) as a resolvend of s_π. Note that r(s_π) depends upon s_π as well as upon the choice of ξ_π.

If ω ∈ Ω_F , then ξ^ω_π = g_ωξ_π, for some g_ω ∈ Γ. Since s^ω_π = s_π, we deduce that r(s_π)^ω = g_ωr(s_π), and so r(s_π) ∈ H(A). As i is only well-defined up to translation by an element of Γ, it follows that changing our choice of ξ_π alters r(s_π) by multiplication by an element of Γ (see also [13, Lemmas 1.2 and 1.3]). Hence the image r(s_π) of r(s_π) in H(A) depends only upon the trivialisation s_π. We refer to r(s_π) as the reduced resolvend of s_π.

We next observe that changing our choice of trivialisation s_π alters r(s_π) by multiplication by an element of A^×. It follows that the image of r(s_π) in the group H(A) depends only upon the isomorphism class of the G-torsor π.

The following result was first proved by McCulloh in the case in which G is a constant group scheme [24, §1 and §2]. In the generality given below, it is due to Byott [12, Lemma 1.11, Proposition 2.12]. A different proof of this result is given in [3].

Theorem 6.2. Suppose that R is a local ring. Then the map

H^1(Spec(R), G) → H(A); π → [r(s_π)]

is an isomorphism. □

We shall now show that, for any field F , the subgroup H(A) of A^×_F c /(Γ · A^×) has a natural functorial description. In order to do this, we first make the following definition.

Definition 6.3. Let R be any commutative ring, and suppose that F is any contravariant functor from the category of finite, flat, commutative group schemes over Spec(R) to the category of abelian groups.

If G is any finite, flat, commutative group scheme over R, let m : G×G → G denote multiplication on G, and write p_i : G × G → G (i = 1, 2) for projection onto the i-th factor. Let m^∗, p^∗_i : F(G) → F(G × G) denote the homomorphisms induced by m and p_i respectively. An element x ∈ F(G) is said to be primitive if m^∗(x) = p^∗_1(x) · p^∗_2(x). (Note in particular that it follows that the subset of primitive elements of F(G) is a group.)

It is sometimes helpful to formulate this definition in terms of Hopf algebras rather than group schemes. This may be done as follows. Each functor F as above naturally corresponds to a covariant functor F from the category of finite, flat, commutative and cocommutative Hopf algebras over R to the category of abelian groups. For any such Hopf algebra A, let Δ : A → A ⊗_R A denote the comultiplication on A. Define i_1, i_2 : A → A ⊗_R A by i_1(a) = a ⊗ 1 and i_2(a) = 1 ⊗ a for each a ∈ A. Write Δ^∗, i^∗_1, i^∗_2 : F(A) → F(A ⊗_R A) for the homomorphisms induced by Δ, i_1, and i_2 respectively. Then an element y ∈ F(A) is primitive if Δ^∗(y) = i^∗_1(y) · i^∗_2(y). □

Theorem 6.4. The group H(A) is equal to the subgroup of primitive elements of the group A^×_F c /(Γ· A^×).

Proof. Suppose first that a ∈ H(A), with a^ω = g_ωa for all ω ∈ Ω_F . We have that A_F c = F^c[Γ], and the comultiplication map Δ : A_F c → A_F c ⊗_F A_F c is induced by Δ(γ) = γ ⊗ γ for γ ∈ Γ. This implies that, for all ω ∈ Ω,

Δ(a)^ω = (g_ω ⊗ g_ω)Δ(a), i_1(a)^ω = (g_ω ⊗ 1)i_1(a), i_2(a)^ω = (1 ⊗ g_ω)i_2(a).

Hence we have that Δ(a)[i_1(a)i_2(a)]^{−1} ∈ (A_F c ⊗_F A_F c )^{ΩF} = A ⊗_F A. This implies that the class of a in A^×_F c /(Γ · A^×) is primitive.

Suppose conversely that a ∈ A^×_F c represents a primitive class in A^×_F c /(Γ · A^×). For each ω ∈ Ω_F , write a^ω = u_ωa. We wish to show that u_ω ∈ Γ for all ω.

Since a ∈ A^×_F c represents a primitive class in A^×_F c /(Γ · A^×), we have

Δ(a) i_1(a)i_2(a) = (g ⊗ h)β, where g, h ∈ Γ, and β ∈ (A ⊗_F A)^×. Hence if ω ∈ Ω_F , then β^ω = β and [ Δ(a) i_1(a)i_2(a) ]_ω = (g^ω ⊗ h^ω)β = (g^ωg^{−1} ⊗ h^ωh^{−1}) ( Δ(a) i_1(a)i_2(a) ) . (19)

On the other hand, we also have that [ Δ(a) i_1(a)i_2(a) ]_ω = Δ(u_ω) i_1(u_ω)i_2(u_ω) ( Δ(a) i_1(a)i_2(a) ) . (20)

Hence (19) and (20) imply that Δ(u_ω) i_1(u_ω)i_2(u_ω)

= g^ωg^{−1} ⊗ h^ωh^{−1}. (21)

Therefore, in order to prove that u_ω ∈ Γ, it suffices to prove the following assertion. Suppose that u ∈ A^×_F c satisfies Δ(u) i_1(u)i_2(u)

= e ⊗ f, (22) with e, f ∈ Γ. Then u ∈ Γ.

In order to establish this, we argue as follows. Suppose first that u = a_γ γ for some γ ∈ Γ. Then Δ(u) i_1(u)i_2(u) = a_γ (γ ⊗ γ) a^2_γ (γ ⊗ γ) = 1 a_γ 1_Γ ⊗ 1_Γ,

and so in this case u satisfies (22) if and only if a_γ = 1. Hence we may assume that u = ∑ γ∈Γ a_γ γ with a_{γ1} a_{γ2} ≠ 0 for some γ_1 ≠ γ_2.

Under this assumption, (22) implies that ∑ γ a_γ γ ⊗ γ = (e ⊗ f) ∑ β,β^′ a_βa_β′ (β ⊗ β^′) = (e ⊗ f)[a^2_{γ1} (γ_1 ⊗ γ_1) + a^2_{γ2} (γ_2 ⊗ γ_2) + a_{γ1} a_{γ2} (γ_1 ⊗ γ_2) + (other terms)]. (23) If e = f, then (23) implies that a_{γ1} a_{γ2} (γ_1 ⊗ γ_2) = 0, whence it follows that a_{γ1} a_{γ2} = 0, which is a contradiction. On the other hand, if e ≠ f, then we see from (23) that a^2_{γ1} = a^2_{γ2} = 0, which is also a contradiction. Hence u ∈ Γ as claimed.

This completes the proof of the result. □

6.2. Class invariant maps. We retain the notation established in the previous section. In this subsection we describe a natural refinement of the class invariant homomorphism introduced by Waterhouse in [33].

Suppose that F is a number field. Then the class invariant homomorphism ψ is defined by ψ : H^1(Spec(R), G) → Pic(G^∗); π → (L_π).

Remark 6.5. In general ψ is not injective (see e.g. [1], [26], [28]). It is known that the image of ψ is always contained in the subgroup PPic(G^∗) of primitive classes of Pic(G^∗) (see e.g. [15]). It is shown by the first-named author in [2] that if the composition series of every geometric fibre of G → Spec(R) of residue characteristic 2 does not contain a factor of local-local type, then the image of ψ is in fact equal to PPic(G^∗). □

Now suppose that π : X → Spec(R) is a G-torsor, and fix a choice of isomorphism ξ_π as in (2). For ease of notation, we use the same symbol ξ_π for the map L_π ⊗_R F^{c ∼}−→ A_F c induced by (2). In general the element [L_π, A; ξ_π] ∈ K_0(A, R^c) depends upon the choice of ξ_π.

Recall that there is a natural morphism

ι_{A,R}c : K_0(A, R^c) → K_0(A, F^c)

arising via extension of scalars from R to F . The image of ι_{A,R}c ([L_π, A; ξ_π]) under the isomorphism (10) with E = F^c may be described as follows. Choose any trivialisation s_π : A^∼−→ L_π ⊗_R F . For each finite place v of F , choose a trivialisation t_{π,v} : A_v^∼−→ L_π ⊗_R R_v. It is easy to check that the isomorphism A_v^{tπ,v}−−→ L_π ⊗_R F_v^{(sπ ⊗F Fv)−1} −−−−−−−−→ A_v is given by multiplication by r(t_{π,v}).r(s_π)^{−1} ∈ A^×_v . Then Remark 3.8 implies that a representative of the image of ι_{A,R}c ([L_π, A; ξ_π]) under the isomorphism (10) is given by ∏ v∈S_f (F ) (r(t_{π,v}).r(s_π)^{−1}) × r(s_π) ∈ J_f (A) × A^×_F c . (24)

Observe that if we change the choice of splitting isomorphism ξ_π, the element r(s_π) is altered by multiplication by an element of Γ. This motivates the following definition:

Definition 6.6. Let Δ^{′′}_{A,F} c denote the composition of the homomorphism

Δ^′_{A,F} c : A^× −→

J_f (A) U_f (A) × A^×_F c defined in Example 3.9(ii) with the quotient map J_f (A) U_f (A) × A^×_F c −→ J_f (A) U_f (A) × A^×_F c Γ . We define K_0(A, F^c) to be the quotient of K_0(A, F^c) defined by the isomorphism

K_0(A, F^c) ≃

J_f (A) U_f (A) × A^×_F c Γ Im(Δ^{′′}_{A,F} c )

. (25)

We write K_0(A, R^c) for the image of K_0(A, R^c) under the composite of the scalar extension map ι_{A,R}c and the natural projection map K_0(A, F^c) → K_0(A, F^c). □

Lemma 6.7. The natural projection map K_0(A, F^c) → K_0(A, F^c) is bijective if and only if the points of Γ = G(F^c) are fixed by Ω_F .

Proof. It is clear that the stated projection is bijective if and only if Γ ⊆ A^×_v for all v ∈ S_f (F ), i.e. if and only if Γ ⊆ A^×. But this last condition obtains if and only if the points of Γ are fixed by Ω_F . □

It follows from (24) that the class of ι_{A,R}c ([L_π, A; ξ_π]) in K_0(A, F^c) is represented by ∏ v∈S_f (F ) (r(t_{π,v}).r(s_π)^{−1}) × r(s_π) ∈ J_f (A) × H(A).

It is easy to check that this class is independent of the choice of splitting isomorphism ξ_π and that it depends only upon the isomorphism class of the G-torsor π : X → Spec(R). Theorem 6.8. The map ψ : H^1(Spec(R), G) → K_0(A, R^c); π → ι_{A,R}c ([L_π, A; ξ_π]) is an injective group homomorphism.

Proof. Let us first show that ψ is a group homomorphism. Suppose that π and π^′ are G-torsors. Let ξ_π and ξ_π′ denote splitting isomorphisms associated to π and π^′ respectively. It follows from the functoriality of Waterhouse’s construction in [33] that there is a canonical isomorphism L_π ⊗_A L_π′ ≃ L_{π·π}′ and that the map ξ_π ⊗_{ARc} ξ_π′ : (L_π ⊗_R R^c) ⊗_{ARc} (L_π′ ⊗_R R^c)^∼−→ A_Rc ⊗_{ARc} A_Rc^∼−→ A_Rc is a splitting isomorphism associated to π · π^′. Since in K_0(A, R^c), we have [L_π, A; ξ_π] + [L_π′ , A; ξ_π′ ] = [L_π ⊗_A L_π′ , A; ξ_π ⊗_{ARc} ξ_π′ ], (cf. for example [8, proof of Lemma 2.6(i)]), it follows that ψ(π) + ψ(π^′) = ψ(π · π^′), as required.

To show that ψ is injective, we argue as follows. If we compose the natural injection H^1(Spec(R), G) → H^1(F, G) with the isomorphism H^1(F, G) → H(A) afforded by Theorem 6.2, then we obtain an injection H^1(Spec(R), G) → H(A). It follows easily from the definitions that this injection is the same as the homomorphism obtained by composing ψ with the inclusion K_0(A, R^c) ⊆ K_0(A, F^c) and the natural projection K_0(A, F^c) → A^×_F c Γ · A^× . This implies that ψ is injective. □

Remark 6.9. Let ϕ ∈ Γ̂. Then for each γ ∈ Γ and v ∈ S_∞(F ), the complex number σ_v(ϕ(γ)) is a root of unity and hence has absolute value 1. This implies that the morphism ∂_{A,F} c : K_0(A, F^c) → AC(A) defined in §4.3 induces a morphism K_0(A, F^c) → AC(A). Upon composing this morphism with ψ we obtain a morphism ψ̂ : H^1(Spec(R), G) → AC(A) ≃ ^Pic(G^∗) which was first introduced and studied by the first-named author and G. Pappas in [6]. In turn, upon composing ψ̂ with the natural surjection AC(A) → Pic(G^∗) we obtain the homomorphism ψ : H^1(Spec(R), G) → Pic(G^∗) which was introduced by Waterhouse in [33]. □ Write P K_0(A, R^c) for the subgroup of primitive elements of K_0(A, R^c).

Theorem 6.10. (i) The image of ψ lies in P K_0(A, R^c).

(ii) Suppose that the composition series of every geometric fibre of G → Spec(R) of residue characteristic 2 does not contain a factor of local-local type. Then the image of ψ is equal to P K_0(A, R^c).

Proof. (i) Recall from Example 2.3 that we have a canonical isomorphism Ext^1(G^∗, G_m) ≃ H^1(Spec(R), G).

Composing this isomorphism with ψ gives a homomorphism κ_G∗ : Ext^1(G^∗, G_m) → K_0(A, R^c) whose image is the same as that of ψ. It follows from the functoriality of Waterhouse’s construction in [33] that the homomorphism κ_G∗ is functorial in G^∗.

Let m : G^∗ × G^∗ → G^∗ denote multiplication on G^∗, and write p_i : G^∗ × G^∗ → G^∗ (i = 1, 2) for projection onto the i-th factor. Let m^∗, p^∗_i : Ext^1(G^∗, G_m) → Ext^1(G^∗ × G^∗, G_m) be the homomorphisms induced by m and p_i. Then it follows from standard properties of the functor Ext^1 that m^∗(x) = p^∗_1(x) + p^∗_2(x) for all x ∈ Ext^1(G^∗, G_m) (see e.g. [27, Proposition 1 on p. 163, and p. 182]). Since κ_G∗ is functorial in G^∗, this implies that κ_G∗ (x) is a primitive element of K_0(A, R^c).

(ii) It is shown in [3] that there is a natural isomorphism Ker(ψ) ≃ H(A). From [2, Theorem 1.3], we know that, under the given hypotheses, we have that Im(ψ) = PPic(G^∗). Since ψ is injective, this implies that there is an exact sequence 0 → H(A) → Im(ψ) → PPic(G^∗) → 0. (26) Next, we observe that upon comparing the exact sequences (5) with Λ = R^c and Λ = F^c, we obtain a commutative diagram of short exact sequences

0 −−−−→ cok[K_1(A) → K_1(A_Rc )] −−−−→ K_0(A, R^c) −−−−→ ker[K_0(A) → K_0(A_Rc )] −−−−→ 0 ι^{A,Rc} ⊆ 0 −−−−→ cok[K_1(A) → K_1(A_F c )] −−−−→ K_0(A, F^c) −−−−→ ker[K_0(A) → K_0(A_F c )] −−−−→ 0.

Now, since A is commutative, the second and fourth terms of the lower sequence can be identified with A^×_F c /A^× and Pic(A) respectively (cf. the end of Remark 3.3). Further, the image of the natural composite morphism

K_1(A_Rc ) → K_1(A_F c ) → cok[K_1(A) → K_1(A_F c )] ∼= A^×_F c /A^×

is equal to A^×_Rc /A^×. Upon identifying Pic(A) with Pic(G^∗) the above diagram implies that there is an exact sequence 1 → A^×_Rc A^×

→ ι_{A,R}c (K_0(A, R^c)) → Pic(G^∗).

It is easy to see that this in turn induces an exact sequence 1 → A^×_Rc Γ · A^×

→ K_0(A, R^c) → Pic(G^∗). (27)

Since Im(ψ) ⊆ P K_0(A, R^c) it follows from (26) that the natural map P K_0(A, R^c) → PPic(G^∗) is surjective. Hence Theorem 6.4 implies that (27) induces an exact sequence

0 → H(A) → P K_0(A, R^c) → PPic(G^∗) → 0. (28)

We now see from (26) and (28) that Im(ψ) = P K_0(A, R^c), as asserted. □

6.3. Rings of integers. In this subsection we shall briefly explain how McCulloh’s results on realisable classes of tame extensions in [24] can be naturally lifted to the corresponding relative algebraic K-group. Proposition 5.7 implies that such realisability results in the relative algebraic K-group are related to those of Chase in [14].

Suppose that F is a number field with ring of integers R. Let G be any finite, constant abelian group scheme over Spec(R), and set Γ := G(F^c). Then in this case, we have G = Spec(B) and G^∗ = Spec(A), where B = Map(Γ, R), A = R[Γ].

Write G_F and G^∗_F for the generic fibres of G and G^∗ respectively. Note that, since G_F is a constant group scheme over Spec(F ), Lemma 6.7 implies that K_0(A, F^c) is canonically isomorphic to K_0(A, F^c).

Now suppose that π : X → Spec(F ) is a G_F -torsor, and write L_π for its associated line bundle on G^∗_F . Then X = Spec(C_π), where C_π is Galois algebra extension of F with Galois group Γ.

Definition 6.11. We say that π is tame if it is trivialised by a tamely ramified extension of F . Equivalently, π is tame if and only if the extension C_π/F is tamely ramified.

We write H^1_t (Spec(F ), G_F ) for the subgroup of H^1(Spec(F ), G_F ) consisting of isomorphism classes of tame G_F -torsors. □

Let O_π denote the integral closure of R in C_π. If π is tame, then Noether’s theorem (see e.g. [20, Chapter I, §3]) implies that O_π is a locally free, rank one A-module, and so it yields a line bundle on G^∗ which we shall denote by M_π. Let π_0 : G_F → Spec(F ) denote the trivial G_F -torsor, and set L_π := M_π ⊗ M^{−1}_{π0} .

It follows from the definitions that there is a natural isomorphism L_π ⊗_R F ≃ L_π. If we make this identification, then any choice of splitting isomorphism ξ_π for π gives a class [L_π, A; ξ_π] in K_0(A, F^c). This class is independent of the choice of ξ_π. Hence we obtain a map

ψ_t : H^1_t (Spec(F ), G_F ) → K_0(A, F^c); π → [L_π, A; ξ_π]. (29)

If F is a number field, then a representative in J_f (A) × A^×_F c of ψ_t(π) may be given exactly as in the previous section. It may be shown via an argument very similar to that given in Theorem 6.8 that the map ψ_t is injective. However, in general, ψ_t is not a group homomorphism (see Remark 6.13 below).

Definition 6.12. We say that an element of K_0(A, F^c) is realisable if it lies in the image of ψ_t. □ The general strategy for describing the set of realisable classes in K_0(A, F^c) is as follows. Let

j : J_f (A) × [A^×_F c /Γ] → K_0(A, F^c)

denote the obvious quotient map afforded by (25) (together with Lemma 6.7), and write H(A (A)) for the restricted direct product of the groups H(A_v) with respect to the subgroups H(A_v). Then the obvious natural maps A^×_v → H(A_v) induce a homomorphism

rag : J_f (A) → H(A (A)).

Suppose that c := c_{fin} × c_∞ ∈ J_f (A) × [A^×_F c /Γ] satisfies j(c) ∈ Im(ψ_t). McCulloh shows that the idele rag(c_{fin}) admits a special type of decomposition (see [24, Theorem 5.6]). It is a straightforward exercise to use the results of [24] to characterise the image of ψ_t in a manner similar to that given in [24, Theorem 6.7]. We omit the details in order to keep this paper to a reasonable length.

Remarks 6.13. (i) McCulloh has shown that the image of the map obtained by composing ψ_t with the quotient map K_0(A, F^c) → Pic(G^∗) is a subgroup of Pic(G^∗) (see [24, Corollary 6.20]). On the other hand, by using the description of the image of ψ_t mentioned above, it may be shown that in general, Im(ψ_t) is not a group. This situation is very similar to that which obtains in the case of realisable classes in classgroups of sheaves discussed in [4, Remark 2.10(iii)].

(ii) By composing ψ_t with the natural morphism ∂_{A,F} c : K_0(A, F^c) → AC(A) defined in §4.3, we obtain a map ψ̂_t : H^1_t (Spec(F ), G_F ) → AC(A).

The results of [24] may also be used to give a description of Im(ψ̂_t). It follows from Proposition 4.11 that such a description may be viewed as a realisability result for certain metrised A-modules (cf. Remark 6.9). □

References

[1] A. Agboola, Torsion points on elliptic curves and Galois module structure, Invent. Math., 123, (1996), 105–122.

[2] A. Agboola, Primitive elements and realisable classes, Compositio Math., 126, (2001), 113–122. [3] A. Agboola, Galois modules and p-adic representations, preprint.

[4] A. Agboola, D. Burns, On the Galois structure of equivariant line bundles on curves, Amer. J. Math.

120 (1998) 1121-1163.

[5] A. Agboola, D. Burns, Grothendieck groups of bundles on varieties over finite fields, K-theory 23 (2001), 251–303.

[6] A. Agboola, G. Pappas On arithmetic class invariants, Math. Annalen 320 (2001), 339–365. [7] H. Bass, Algebraic K-theory, Benjamin, New York, 1968.

[8] W. Bley, D. Burns, Equivariant Tamagawa Numbers, Fitting Ideals, and Iwasawa Theory, Compositio Math., 126, (2001), 213–247.

[9] W. Bley, D. Burns, Equivariant epsilon constants, discriminants and étale cohomology, Proc. London Math. Soc. 87 (2003), 545–590.

[10] D. Burns, Equivariant Whitehead torsion and refined Euler characteristics, Proceedings of the 7th Annual Meeting of Canadian Number Theory Association, E. Goren, H. Kisilevsky (eds.), CRM Proceedings and Lecture Notes, 36 (2004), 35-59.

[11] D. Burns, M. Flach, Tamagawa Numbers for motives with (non-commutative) coefficients, Documenta Math. 6 (2001), 501–570.

[12] N.P. Byott, Tame realisable classes over Hopf orders, J. Algebra 201 (1998), 284-316. [13] N.P. Byott, M.J. Taylor, Hopf orders and Galois module structure, In: Group Rings and Class Groups, K.W. Roggenkamp, M.J. Taylor (eds.), D.M.V. Seminar 18, Birkhäuser, Boston, 1992.

[14] S. Chase, Ramification Invariants and Torsion Galois Module Structure in Number Fields, J. Algebra 91 (1984), 207-257.

[15] L. Childs, A. Magid, The Picard invariant of a principal homogeneous space, J. Pure and Appl. Alg. 4 (1974), 273-286.

[16] T. Chinburg, B. Erez, G. Pappas, M.J. Taylor, Tame actions for group schemes: integrals and slices, Duke Math. J. 82 (1996), 269-308.

[17] T. Chinburg, G. Pappas, M.J. Taylor, Arithmetic classes of metrised complexes and epsilon constants, Ann. Scient. Éc. Norm. Sup. 35 (2002), 307–352.

[18] C. Curtis, I. Reiner, Methods of Representation Theory, Volume I, Wiley 1981. [19] C. Curtis, I. Reiner, Methods of Representation Theory, Volume II, Wiley 1987. [20] A. Fröhlich, Galois Module Structure of Algebraic Integers, Ergebnisse 3, Springer, Berlin, 1983. [21] A. Fröhlich, Classgroups and Hermitian modules, Prog. in Math. 84, Birkhäuser, Boston 1984. [22] A. Grothendieck et al., Groupes de monodromie en géometrie algébrique, Lecture Notes in Math. 288, Springer, Berlin 1970.

[23] B. Mazur, J. Tate, Canonical height pairings via biextensions. In: Arithmetic and Geometry vol. 1, M.

Artin, J. Tate (eds), Birkhäuser, 1983, pp. 195–237.

[24] L. McCulloh, Galois module structure of abelian extensions, Crelle 375/376 (1987), 259-306 [25] G. Pappas, Galois modules and the theorem of the cube, Invent. Math. 133 (1998), 193-225 [26] G. Pappas, On torsion line bundles and torsion points on abelian varieties, Duke Math. J. 91 (1998), 215–224.

[27] J. P. Serre Algebraic groups and class fields, Springer, Berlin, 1988.

[28] A. Srivastav, M. J. Taylor, Elliptic curves with complex multiplication and Galois module structure, Invent. Math., 99, (1990), 165–184.

[29] R. Swan, Algebraic K-theory, Lecture Notes in Math. 76, Springer, Berlin, 1968. [30] M. J. Taylor, Relative Galois module structure of rings of integers and elliptic functions II, Ann. Math.

(2) 121, (1985), no. 3, 519–535.

[31] M. J. Taylor, Mordell-Weil groups and the Galois module structure of rings of integers, Ill. J. Math. 32 (1988), 428–452.

[32] S. V. Ullom, Normal bases in Galois extensions of number fields, Nagoya Math. J. 34 (1969), 153–167. [33] W. Waterhouse, Principal Homogeneous spaces and group scheme extensions, A. M. S. Transactions 153 (1971), 181-189.

[34] W. Waterhouse, Introduction to affine group schemes, Springer, 1979.

Dept. of Math., University of California at Santa Barbara, CA 93106, U.S.A. E-mail address: agboola@math.ucsb.edu

Dept. of Math., King’s College London, Strand, London WC2R 2LS, England E-mail address: david.burns@kcl.ac.uk