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Soft Materials / Complex Fluids
* Microstructure interactions on the order of KgT.
» Properties arise from balance of entropy-enthalpy.
» Solvent plays important role (interactions / dynamic responses).

Approaches
« Atomistic Molecular Dynamics.
« Continuum Mechanics.
» Coarse-Grained Particle Models (solvated or implicitly treated).
» Challenges from phenomena spanning wide temporal-spatial scales.

Simulation Aims
» Investigate how larger-scale mechanics arise from microstructure interactions / kinetics.
» Capture roles of solvent mediated interactions efficiently (i.e. continuum level).
» Resolve microstructure mechanics and dynamics.
« Computational efficiencies allow for accessing larger length and time-scales for
investigating wider class of phenomena.
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Fluctuating Hyaredynamics

Brownian Motion: Molecular Collisions Continuum Gaussian Random Field

0
(3ij(x, )Xk (y,s)) = 2ukpT (0ixdj1 + 0udjr) d(x — y)o(t — s). -

Challenges for analysis and numerical methods presented

Fluctuations arise from spontaneous momentum
from the d-correlation in space-time.

transfer from molecular-level collisions.
Stochastic model of thermal fluctuations captured Fluid-structure interactions: How to incorporate tractably?
through random stress 2 ~ Gaussian.
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Fluid-Structure nteractions

Deserno et al.

Song, J., Luo, H., Hedrick, T.L. Peskin,C and McQueen, D. et al. Atzberger, P.,Sigurdsson, J. et al.
Griffith et al.
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Backgreunad

Equilibrium Statistical Mechanics (Canonical Ensemble)

Consider a system with states X which have energy E[X]. At equilibrium in
the NVT ensemble, the probability of observing state X is given by

p(X) = %EXP [—%1 -

The Z is the partition function Z = [, exp(—E/ksT) dX, kg is Boltzmann's
constant, T is temperature.

Fluctuation-Dissipation Principle

A spontaneous perturbation of the system due to fluctuations relaxes the
same way as a small externally induced perturbation of the system.

Stochastic Differential Equations (SDEs) and Dynamics

The dynamics of many systems can be modeled using Stochastic Differential
Equations (SDEs) of the general form

dXt = a(Xt)dt + b(Xt)dWr_

Here, we use Ito’s interpretation with a(x) giving the drift, b the covariance,
and dW,; increments of the Weiner process.

Consider the Stochastic Differential Equation (SDE)
dXt = a(Xt)dt =+ b(Xt)th

with the change of variable Y; = f(X;) with f € C?(Q). The process Y;
satisfies the SDE given by

dY, = VFf(X,)dX, + %dXtTVZf(Xt)dXt,

with conventions [dW,]i[dW;]; = djidt and dtdt = 0 = dt[dW,];.
More explicitly, we can express this as

dY, = (Vf(Xt)a(Xt) + %Tr [b(Xt)TVZf(Xt)b(Xt)]) dt + VF(Xe)b(Xe)dWe.

Fluctuation-Dissipation Principle and Ito’'s Lemma

Consider a system with energy E[X] = %XTC_IX that has linear dynamics
dX: = LX;dt + QdW;. To obtain the equilibrium (steady-state) probability

density p(X) = (1/Z) exp [—%] we must have that

QR =-LCc-CcTL".
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Backgreunad

Fluctuation-Dissipation Principle and Ito’s Lemma

Consider a system with energy E[X] = X" C~'X that has linear dynamics
dX: = LX:dt + QdW;. To obtain the equilibrium (steady-state) probability

density p(X) = (1/Z) exp [—%%l] we must have that

Q" =—Lc—c"L".

This follows since C: = (XX, ) := E [X.X,'| satisfies by Ito's Lemma
dC; = {(dXeX!) + (XedX.) + (dX:dX,) = ( LX)+ (X X)L + QQT) dt
— (Lct +C/ LT + QQT) dt.
At steady-state we have dC; — 0 and C; — C, which gives

0=LC.+C/LT +QQ".

Consequence for modeling: If we know the equilibrium fluctuations have covariance structure C then the
fluctuation-dissipation principle can be used to determine @ for how to thermally force the system.
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Stechastic Euleraniliagrangian viethed s (SELNVIS) o Eluid-Structurelnteractions

Fluid Equations

Lu+AY(v—-—Tu)]+ A+ f,.
0

v

Energy and Dissipation

Elu,v,X] = %p/r; lu(x)|[*dx + %m||v||2 +®(X) p(-) =(1/Z)exp [—%]
- [ p H(L—ATT) p AT ] C:lp_lksTd(x—)/) 0 ]

m~Tr —m T 0 m ks Td;
QRT =—LCc-CTL"

Thermal Fluctuations

(Fom ($)EL.(1)) = —(2kpT) (L — AYT) 5(t — s)
(Fou(s)FL. (1) = (2kT)Yo(t —s)
Fom($)FLL () = —(2kpT)AYS(t — s).

Peskin, Kramer, Atzberger 2007, Atzberger 2011
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N

Operators:
L ——> Fluid dissipation (viscosity).
T ———> Structure “slip” relative to local flow field.

[' —— Kinematic particle velocity for given flow.

A ——— Induced fluid force density from particle.

Notation:
u =u(x,t) —> Fluid velocity.
X = X(q,t) —— Structure configuration
v =v(q,t) —— Structure velocity.

UC Santa Barbara
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CouplingiOperatorsalmmersed Boundany/Approach

Conservation of total momentum da(x)

JofAF )i~ [sF(a)da -

.
integrates to one Y

—0

Peskin 2002
Peskin delta-function

Conservation of energy

(overdamped limit)

Elu,X] =1 [ plu(y)|*dy + ®(X)

Adjoint condition

fs(ru)(CI) -F(q)dq = fQ u(x) - (AF)(x)dx
|——) <F11, F> = <11, AF> — s “ = AT»

a Atzberger 2011

Non-dissipative coupling - requires operators be adjoints!

2016 Atzberger & Sigurdsson
Useful for deriving operators modeling fluid-structure interactions. Surface operators from reference fields
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Immersed Boundany:Methed Coupling,and

Peskin Delta-Function
Coupling operators: Immersed Boundary Method ) _
a(x i

rul = [ 6a(x = XUI@)u(x, t)dx . E

222
232288 %

A[F] = 6q.(x — XUl F
ch\ — ATn

Peskin 2002

Effective IB Hydrodynamic Coupling Tensor

! i | IB close to RPY
[ N 1 /

Hydrodynamic Coupling

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 Atzberger 2011
r (mesh widths)

RPY Tensor: Rotne & Prager 1969, Yamakawa 1970

Paul J. Atzberger http://atzberger.org/ UC Santa Barbara


http://atzberger.org/

Couplingi@pEeratersihased oniEaxen Relations

Adjoint condition

Js(Tu)(q) - F(q)dq = [, u(x) - (AF)(x)dx

(T'a, F) = (u, AF)

. “Tr . AT
a Kernel Function I'=A

(a)

(Translation-Translation)

Faxen Kinematic Relations=> I .

.
F[ﬂ.l = Z < nn(}?’m — {X—:m =+ Z)) U >.5'T,|z|=H&I15'.ﬂ
0.8}

3 R

3
biu=ops ; (m(Ym — (Xew +2)) (2 X Um) )5, AT £ osl h\\
f; “.‘ Q

Adjoint Condition > A .
Ao(xm) = ({ m0(Xm = (Xew+2)) g 1y ) F

ﬁl(xm) - _2—}?;2 (< Enlixm o (X:m + E)) >E';..|z|=H) x T.

Atzberger 2011
UC Santa Barbara
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Couplingi@pEeratersihased oniEaxen Relations

H, (1) 8xna’

«To =™

! [5(Pw)(@) - Pla)da = [ u(x) - (AF)(x)dx
(T'w,F) = (u, AF)

_Kernel Function o = AT

Adjoint condition

(Rotation-Rotation)

0.12;

-0.02

-0.047

-

-0.06
2

3 4 5 6 7 8 9 10 11 12 13 14 15
rla’

Excellent agreement forr > 2a! Atzberger 2011

H, (r) 8zna’

0.25

0.2+

0.1F

0.05+

0.15+

(Rotation-Translation)
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dime-ScalesieiibynamicsiandiNumen caliStilfn ess

™= 4:2#9 Taifr(a) ~ f)_i N
A=10nm:T1=103ns raitrf(1nm) &~ 10%ns
A =1000nm : T = 10ns Tairf(10nmM) &~ 103ns n >
Stiffness

Thermal fluctuations excite all fluid modes.
For regime | formulation (additional sources):
* microstructure inertia
» fluid-structure slip —Y (v —Tu)
Elasticity of microstructures.
Equilibration time-scales of system vary over wide range.

Approaches
 Perturbation analysis of SPDEs : reduced descriptions.
» Develop stiff stochastic time-step integrators.
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\VIOG ElLREMUCTIGN MBI SIGCHASTICSYSIEMS
Stochastic differential equation:

] 0*
dZ(t) = a(Z(t))dt + b(Z(t))dW, > Ac=a-—+obbl
Backward-Kolomogorov PDE:

u — A
at > u(z,t) = EV0[f(Xy)]

u(z,0) = f(2)
Perturbation Analysis:
u(z,t) = uo(z,t) +ui(z,t)e + ug(z,t}eg oot un(z, ) + -

Split operator into “slow” and “fast” parts: z = (z5,z) invariant distribution 7%%
1 ~
Ae — leow + Lfast —_—> Lfast — E (L2 + EL2), L;\Ij =0, f\deZf =1

average drift part remainder

—> Lgjow = El + Ly —> L = qu(zflzs)leodef, Ly = Lgjow — L1
_ 1 ~ 1
Ac =L +e€Le, Le= (Ll + Lz) + E—sz

€
ls > 0: compare orders
A= le + EEO leading order dynamics. EO = — / N\ (L1 + fxg) L2_1L1dzf

Reduced dynamics:

A=a Lo L. 2 > dZ, = A(Z;)dt + B(Z,)dW,

Atzberger & Tabak 2015
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Summary. ofi Regimes for SELLMS

Stochastic Eulerian Lagrangian Methods (SELMs) Microstructure density matched with fluid

3
Fluid dynamics: Fluid-structure dynamics: m & pt

9 dp
Pk = HAU=Vp+ A[T(v—Tw)] +£,, P o AL Vx (X)) @. TN Som

. — dX
Viow =0 P I T V(X)) ¢ O

. dt
Structure dynamics:
dX Vx - A = Tr[VxA] o
—_— = Vv Phase space compressibility (p,X).
dt Thermal Fluctuations:

dv T (v—-Tu)-Vx®X|+(+F,. (Benm ()& (1)) = — (2kBT) L(t — )

m
dt (G (5)GT. (1)) = (2kpT) YT 5(f — )

thm

Thermal Fluctuations (gthm(S)GT (t» =0.

(o ()L, (1) — (2kgT) (A — ATT) §(t — 5)
< Structure momentum no longer tracked.

(Fo(s)FL () (2kpT) T 6(t — 5) - Removes a source of stiffness. _ _
(fbhm(s)FT (t)) _ (2kBT) AT:’J'(t . s). » Non-conjugate Hamiltonian formulation yields metric-factor in phase-space.

thm

Microstructure-fluid stress balance

Microstructure-fluid no-slip coupling (S-Immersed-Boundary)

Fluid-Structure Equations: T—oo Fluid-Structure Equations:

d) dX .

d_lt) =p 1p + A[-Vx®(X)) A+ g T = Hepou[-Vx (X)) + hepm

% = p*lrp Hepig = F(*pﬁ)ilA
Thermal Fluctuations: Thermal Fluctuations:

(B (5)8in (1)) = — (2kBT) LO(t — 5). (B (5)105,,, (1)) = (2k8T) Hspra 0(F — s).
 Structure dynamics no-longer inertial. * Fluid momentum no longer tracked.
» Removes additional sources of stiffness. « Balance of hydrodynamic stresses with elastic stresses.
» Regime of the Stochastic Immersed Boundary Method. » Removes additional sources of stiffness.
» Phase-space metric reflected in the drift term. * Regime of the Stokesian-Brownian Dynamics (Brady 1980, McCammond 1980’s).

» Phase-space metric reflected in the drift term.
Atzberger & Tabak 2015
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Spatialfandiliemporal DISCHENZatION'S

Fluctuation-Dissigaiiorn Balarnce
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Stechasticiimmersed Boundany:Methoed

Numerical Discretization

Fluid-structure equations

Fluid:
p%?t} = pAu(x,t) — Vp(x,t) + F,..(x,1)
V- u(x,t) =0.
Microstructure:
(5] .
dth(t) = [ a0~ XU 0)uCx, 1)dx
F,.(x,t) = i Fllg, (x - X[j](t))
j=1

Thermal fluctuations

Fthm(x, t) = Fdrift (X, t) ‘|' Fstoch (X, t) ~ Gaussian

(Foan(x,)FT  (y,5)) = —2kpTulAd(x — y)d(t — s)

A
F o = —kpT Z Vx[j] éa(x - X[j] (t))

j=1

Peskin 1972, Atzberger, Peskin, Kramer 2007, Atzberger, Tabak 2015
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NumenrcaliVietheds:andiSpatial [DIScretization

“avg. random fluxes”
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o 2 .
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©
=
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3
1 i 7 L]
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0.5 _ 3
0
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y 14 ¥
Atzberger 2010

Dissipation rates not the same for continuum and discrete system.
Thermal forcing should be based on the spatial discretization method.

(£) (€) (£)
0 Uiie — 20" Ui,

Lu + Au [Lu];” = Zk: A2

1 2 A3 E
Elu] = 503208 pu) = (1/2) exp |1

) T’ ke T

B

Cij — méﬁ
(Fom ()L (1)) = — (LC + CL") 6(t — s)

Papers on methods for:
* Finite Difference Methods
(Peskin, Kramer, Atzberger 2007).
« Adaptive Meshes (Atzberger 2010).
* Finite Element Methods

* Meshless Methods
(Gross, Atzberger 2020).

(Plunkett, Pazner, Atzberger 2014, 2019).

1000

Numerical Discretization

G (%)

Peskin 1972, Atzberger, Peskin, Kramer 2007,
Atzberger, Tabak 2015

Paul J. Atzberger

http://atzberger.org/

UC Santa Barbara


http://atzberger.org/

dime-ScalesieiibynamicsiandiNumen caliStilfn ess

™= 4:2#9 Taifr(a) ~ f)_i N
A=10nm:T1=103ns raitrf(1nm) &~ 10%ns
A =1000nm : T = 10ns Tairf(10nmM) &~ 103ns n >
Stiffness

Thermal fluctuations excite all fluid modes.
For regime | formulation (additional sources):
* microstructure inertia
» fluid-structure slip —Y (v —Tu)
Elasticity of microstructures.
Equilibration time-scales of system vary over wide range.

Approaches
 Perturbation analysis of SPDESs : reduced descriptions.
» Develop stiff stochastic time-step integrators.
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Fluid equations

Stiffalime-stepintegrator.

Numerical Discretization
du = Ludt (dissipation in fluid)
-+ P_lertdt (microstructure forces)
+ QdB; (thermal force)
V-u=20 (incompressibility)
t >
Structure equations
axlil(t) %m

= /5a(x — XU](t))ll(X, t)dX Particlé

dt
M .
Fore(x,) = Y. =V V{IXODa(x — X))
j=1

Integration by exponential factor (ito calculus)

t t _ —
u(t) = *u(0) + /0 =L IF i (s)ds + /O e=LQdBs = e*u(0) + Tort + Tt

Atzberger, Peskin, Kramer 2007
UC Santa Barbara
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Stiffalime-stepintegrator.

Integration by exponential factor (ito calculus)

t t _ _
u(®) = etfu(0) + [0 =L~ 1p (5)ds + /O etLOIB, = et“u(0) + Tot + Tenm

Particle force

t
Tore(t) 1= ]0 =L, 1p L (s)ds

Approximate by constant force

|—> It (t) ~ —p_lﬁ_l [I — etﬁ} Fprt(0)

Thermal fluctuations
t
Lnm(t) = [ e(=)£QuB,

Ito calculus yields Gaussian with

|—>(Ithm(t)) = 0

T (D Tenm () T) = [;e(t—stQTe“—s)ﬁTds ‘= A(t)

1 _

Atzberger, Peskin, Kramer 2007
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Stiffalime-stepintegrator.

Integration by exponential factor (ito calculus)

t t _ —
u(t) = *u(0) + /0 =Ly~ IF i (s)ds + /O =IEQIBs = u(0) + Tort + Linm

Iprt(t) ~ —p_lﬁ_l |:I — etﬁ] Fprt(O)

1 _

Fluid Integrator

u'n,-l-l — eAtf,un —I—,C_l [I— eAtﬁ] p—lFITDLrt + I—g’n
€ is Gaussian with

& =0, =1
AN=r1TT

Unconditionally stable for the fluid

Accuracy depends only on structure force approximation (otherwise exact).
Requires prior knowledge of T

Method viable only if efficient to compute e

Efficient for uniform meshes (FFTSs).
Atzberger, Peskin, Kramer 2007
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Stiffalime-stepintegrator.

Fluid equations

du = Ludt (dissipation in fluid)
-+ o 1 F ort dt (microstructure forces)
+ QdBy (thermal force) )
V-u=20 (incompressibility)

féa(x — X[j](t))u(x, t)dx

M .
Fore(x,t) = Y —VyyVEX@®Dda(x — XVI(#))
j=1

Integrate microstructure dynamics (ito calculus)

xUl) = xUlo) + ]Ot f Sa(x — XUl(s))u(x, s)dxds ~ XUl(0) + / sa(x — XU1(0)) /:u(x,s)dsdx

Atzberger, Peskin, Kramer 2007
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Stiffalime-stepintegrator.

Integrate structure dynamics (ito calculus)

XUl ~ XU 0) + [ dutx—XU)(0)) [ "u(x, s)dsdx

> xUlntl = xUln 4 [ 5, (x — XU e (x, At)dx
Le(t) := [fu(s)ds

Integrated fluctuating fluid velocity

I,e(t) is a Gaussian with

L := (L (t)) = /Ot(u(s))ds = LT —eF|u0)+—£7 1+ L7 [T - ]| Fore(0)

@ 1= {(La(®) = Ta(®) () ~Ta()) = [ [ ercesaras 1 [ QT et dudras

Lei(t) is correlated with Tnm(t)
- t
W= (L)~ Ta®) Thn(0) = £ [[t0EQQTelt-0E ay 4+ £71QTL T [T - et

Microstructure Integrator

xllnt1 — xliln 4 f Sa(x — XU g (x, At)dx

Stability depends now on structure forces.
Accuracy depends on
» fluid sampling approximation X(t) ~ X(0) and structure force approximation.
Method viable only if efficient to compute exponentials.
Efficient for uniform meshes (FFTSs). Atzberger, Peskin, Kramer 2007

Paul J. Atzberger http://atzberger.org/ UC Santa Barbara
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SummanyisStiffilntegrato o SIBiv

Fluid Integrator Numerical Discretization

un-|-1 — eAtﬁun_I_E—l [I_eAtﬁ] p—lF’rplrt_l_ r&’n

& is Gaussian with
€ =0 (=1
AN=r1rT

Microstructure Integrator

xblntl — xbln 4 [ Sa(x — XU g (x, At)dx

L,/ (t) is a Gaussian with
T = (D) = [ (u(sds = ~£7 [T = e n(0) + —£ 72 [t £72 [T = ] Fon(0)

® = ((La () — Ta(®) (Ta(®) —~Ta®)) = ]0 t /O "ot ards o fot fot fo )L QT (=L Gprds

I (%) is correlated with Ttnm(t)
_ t
W= (La(®) ~ Ta®) Thn() = £ [[l0EQQTelt=E qy + £71QQTL™T |7 - it |

Method viable only if efficient to compute exponentials.
Viable for uniform meshes (FFTSs).
Under-resolves fluid mode dynamics and fluctuations.

Time-step limited by structure’s motions.
Atzberger, Peskin, Kramer 2007
UC Santa Barbara
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\alidationefiiNumencaliMethoeds: ferSIBM

0 diffusion 1 Ve|0C|ty autocorrelation 10 equﬂlbl‘lum Numerical Discretization
. . - - 10 - v - ‘ . ‘ ‘ .
51; ] . ——
\\ L \\\ N 411'ng'7" T—?’ al Etsrllr;:lanon
4} \\\ Dy = %%% ] 10’} ‘\\\ R(r) = a%po‘ : E .
\\ 5 S a =4y 1L 2 2 8f W) = i;@"ﬂ *% 1
@3} \ % 10" 5 -
) \ : £
a2 - 8 10° ] g
1 B i ] 10° ol
U=
0—1. : ; ; . 10" , , A e Fluid-Structure Coupling
. 10° 10" 10° 10' radius
Particle Size T g
. . [r ‘
Validation
Diffusivity of under-resolved particles correct. e p 2
4
. . . S 1
Velocity auto-correlation has %2 tail (adler & wainright 1950), T
Auto-correlation persists from hydrodynamic “memory.”
8 (%)
Equilibrium configurations have Gibbs-Boltzmann statistics.
[ }

Approach can be extended to other coupling types, regimes, and numerical discretizations.

Atzberger, Peskin, Kramer 2007
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Stechastic immersedBoundany: MEeAS
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JepolegyandimmersediBoundanSimulations

Topological Features
Structure motions reference a common continuum velocity field.
Solution map is homeomorphism.

Preserves topological invariants (up to numerical error)

Knotted structures remain knotted.

[ Unknotted

[ Trefoil Knot

Simulation: Osmotic pressures of knotted polymers. — Pt N

£
:
Knot Type Osmotic Pressure (amu/nm - ns?) %
Unknotted 0.16 :
Trefoil Knot 0.0439
Figure Eight Knot | 0.0392 . .
230 240 260 260 270 280 290 300

Atzberger, Peskin, Kramer 2007
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polymer_knot_trefoil.avi

Rheological RPreopenrties;andiVicrostiucture. Bynamics

Rheometry: Lees-Edwards Conditions: Material Stress € Forces

|/ strain =D
Stress =F/A \ | ) strin e = vt

Ljim ;.F‘\ - B3 2y Iy, 2y = .

Ty - E o =iy 33 (5 i)
Polymeric Fluid (FENE) Polymeric Material
—  U()= QR0 (1~ (/Qu)’)

1.8
1.6
1.4
w 1.2
4]
o
no
g
fhoe
0.6
2 0.4
10
0.2
o
0 500 1000 1500
Time
< 1p'
-
v
& = &= =
% * -
=
==
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Summary
Stochastic Immersed Boundary Methods with numerical solvers preserving statistical mechanics properties.
Applications in spft materials, com!olex f|UId.S, rheolqu, mICI‘Oﬂ.UIdICS, I?lophysms, I|p|g| bilayer membranes. - Mango-Selm package for
Surface Fluctuating Hydrodynamics for drift-diffusion dynamics of microstructures in membranes. Fluctuating Hydrodynamics

Software packages available for methods integrated with MD packages for simulating models (more on this later). http://atzberger.org
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