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Directions:

1. There are 340 points on this exam; 250 points = 100%.

2. Each multiple choice problem is 5 points.

3. Each multiple choice problem has exactly one best answer.

4. No multiple choice problem requires heavy computation.

5. Each free response problem is 20 points.

6. Free response questions require justification; no work, no credit.

7. A blank free-response problem is awarded 5 points.

8. You may use any hand-written notes.

9. No books or electronic devices are allowed.



Multiple Choice

1. (D)

2. (A)

3. (A)

4. (D)

5. (A)

6. (B)

7. (B)

8. (B)

9. (A)

10. (E)

11. (A)

12. (E)

13. (D)

14. (C)

15. (C)

16. (E)

17. (B)

18. (D)

19. (D)

20. (B)



Free Response

1. Parametrize r(t) = (t, ln sec t) with 0 ≤ t ≤ π/4. Then∫
C

secx ds =

∫ π/4

0

sec t
√

1 + tan2 t dt =

∫ π/4

0

sec2 t dt = 1.

2. In polar,∫∫
R

√
4− x2 − y2 dA =

∫ π/2

−π/2

∫ 2 cos θ

0

r
√

4− r2 dr dθ =
8

3

∫ π/2

−π/2
(1− sin3 θ) dθ =

8π

3
.

3. In spherical,∫∫∫
R

xyz dV =

∫ π/2

0

∫ π/2

0

∫ 2

1

ρ5 sin3 φ cosφ sin θ cos θ dρ dφ dθ =
21

16

4. Using the divergence theorem and the product rule,∫∫
∂B

f∇f · dA =

∫∫∫
B

(f∇ · (∇f) +∇f · ∇f) dV.

Since f is harmonic, ∇ · (∇f) = 0; also, ∇f · ∇f = ‖∇f‖2.∫∫
∂B

f∇f · dA =

∫∫∫
B

‖∇f‖2 dV. (1)

Since g = f on ∂B, the surface integral can be rewritten:∫∫
∂B

f∇f · dA =

∫∫
∂B

g∇f · dA. (2)

Using the divergence theorem and product rule again,∫∫
∂B

g∇f · dA =

∫∫∫
B

(g∇ · (∇f) +∇g · ∇f) dV =

∫∫∫
B

∇g · ∇f dV. (3)

Combine equations (1), (2), and (3) to get the result.

5. On ∂S, G = 0. On S, f = e, a constant. The integration by parts formula gives∫∫
S

∇f ×G · dA =

∮
∂S

fG · dr−
∫∫

S

f∇×G · dA = −e
∫∫

S

∇×G · dA.

Use Stokes’ theorem on this integral to get∫∫
S

∇f ×G · dA = −e
∮
∂S

G · dr = 0.

6. Rewrite:

∞∑
n=2

ln

(
1− 1

n2

)
= lim

N→∞

N∑
n=1

ln

(
n2 − 1

n2

)
= lim

N→∞

N∑
n=1

ln

(
n+ 1

n

)
− ln

(
n

n− 1

)
This sum telescopes:

∞∑
n=2

ln

(
1− 1

n2

)
= lim

N→∞
ln

(
N + 1

N

)
− ln 2 = − ln 2



7. For p ≤ 1, notice that

1 +
1

2p
+ · · ·+ 1

np
≥ 1

so that ∑ 1

np

(
1 +

1

2p
+ · · ·+ 1

np

)
≥
∑ 1

np
=∞,

so the sum diverges by the comparison test for p ≤ 1. For p > 1, we try limit comparison
to 1/np:

lim
n→∞

(1/np)(1 + 1/2p + 1/3p + · · ·+ 1/np)

1/np
= lim

n→∞

(
1 +

1

2p
+ · · ·+ 1

np

)
=
∞∑
k=1

1

kp

This series is a positive, yet finite, number since p > 1. The limit comparison test tells
us that the given series and

∑
1/np either both converge or diverge. For p > 1, the given

series converges since
∑

1/np does.

8. Multiply by x and take a derivative:

1

e

d

dx

(
xee

x)
=
∞∑
n=0

(n+ 1)Bn

n!
xn

Setting x = 1 gives a sum of ee−1 + ee

9. For the given series, a0 = 0, an = (−1)n−1/n, and bn = 0. Parseval’s identity states∫ π

−π
ln2(2 cos(x/2)) dx = 2πa2

0 + π
∞∑
n=1

(a2
n + b2n) =

∞∑
n=1

π

n2
=
π3

6

10. Note that ∆(f − g) = ∆f −∆g = 0, so f − g is harmonic. Since f = g on ∂B, f − g is also
zero on ∂B. The given theorem implies that f − g = 0 everywhere inside B, which is what
we wanted.

11. Set x = π to get

y = u(π, y) =
∞∑
n=1

Ln sinh(nπ) sin(ny).

Let m be a positive integer; then∫ π

−π
sin(ny) sin(my) dy =

{
0 if m 6= n

π if m = n

Thus ∫ π

−π
y sin(my) dy = Lm sinh(πm)π =⇒ Lm = (−1)m+1 2

m sinh(πm)

12. Rearrange and identify the geometric series.∫ ∞
0

x

ex − 1
dx =

∫ ∞
0

xe−x

1− e−x
dx =

∫ ∞
0

∞∑
n=1

xe−nx dx.

On the interval [0,∞) each term xe−nx is positive. The monotone convergence theorem lets
us write ∫ ∞

0

x

ex − 1
dx =

∞∑
n=1

∫ ∞
0

xe−nx dx =
∞∑
n=1

1

n2
=
π2

6
.


