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1. LiMmsup, LIMINF

Throughout these notes “limsup, liminf” appear. We realized, as the course went on,
that understanding and use of these elementary notions needed some beefing up, and we
do so retrospectively here, right at the top. If {aj}j.il is any sequence of extended real
numbers (elements of [—o00,00]) then limsup; . a; and liminf; . a; are defined. This

is in contrast with the plain old “limit,” which may or may not exist, and this flexibility
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saves a lot of fussing around. Moreover, recall that the sequence {a; };’;1 converges iff

limsupa; < liminfa;

j—o0 —©

and then the common value is the limit.
There are various equivalent ways to define lim sup, liminf .

Way 1:

(i) limsupa; = lim sup{a; : j > m}
(1.1) e

(ii) thEg}f a; = 77llm inf {a; : j > m}

The existence of the limits on the right hand sides above is due to monotonicity. For
example, sup {a; : j > m} <sup{a; : j >m+1}.

Way 2: let us call L € [—o0,00] a “subsequential limit” of {aj};il if there exists a
subsequence {a;,},°, for which a;, — L as | — oo.

(i) limsupa; = largest subsequentional limit of {a;}>7

Jj—00

1.2
(1:2) (ii) liminfa; = smallest subsequentional limit of {a;}2
Jj—00
You should convince yourself that there are largest and smallest subsequential limits; one
way to do this is to verify that (1.1) and (1.2) define the same notions.
There are other definitions. For example, restricting ourselves to lim sup, lim sup;_, , a; =

L € (—o0, 00| iff L is the largest element of (—oo, oo] such that for every M < L
{j: M <a;} isinfinite.

This way requires modification to handle L. = —oo, but we won’t use it anyway.
Given two sequences {a;}7~,,{b;}72, , we ask about the validity of the statements

(a) lim inf(aj +b;) < hm 1nf a; + llgloglf bj,
(b) hjrgloglf a; + hm mfb < hm mf(aj + b)),
(c) lim sup(a; + bj) < limsup a; + lim sup b,
(1.3) (d) 111]11 sup a; + lim suplj < lim mf(o; + b)),
)
)
)

Jj—00 Jj—00 Jj—00

e) liminf(a; +b;) < hm mf a; + limsup b;,

(
J—o0 Jj—00

(

(g) liminf(a; — b;) <liminfa; — limsup b;,

Jj—00 Jj—o0 j—o0

f) liminf(—a;) = —hmsup aj,

J—0 j—00

as well as others like these.
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This kind of issue, when you meet it, is generally not something you resolve while
reading material in which it appears via “remembering” what is true and what is not.
You figure it out on the spot, based on some experience. I generally use Way 2 myself
to settle the issue in real time. For example, for (a) I think of a subsequence of the
a; + b; which approaches the liminf on the left - is there any reason the a; and b; should
separately get small enough along this subsequence to bound them by the lim inf’s on the
right? Nope, and counterexamples are easy to come by. On the other hand, re (b), if
aj, +0bj, — liminf; ,(a;+0b;), then we may pass to a further subsequence along which the
aj AND the bj, converge, making (b) obvious. Well, there is a problem here in that none
of the statements make sense if the expression oo — oo appears anywhere, so we’d have
to rule that out. That is, (b) is true if the a; + b; and the left hand side do not involve
oo — 0o. For another example, consider (e). I would choose a subsequence of the a;’s so
that aj, — liminf;_ .. a;, and then a further subsequence along which b;, converges. Than
aj, +bj, converges to something not more than the right hand side of (e) and not less than
the left-hand side of (e) (again, we need to rule out co — 00).

Questions for you: decide which of (a)-(f) are always true, and which are true if one of
the sequences {a;}, {b;} actually converges (in all cases, if there are no co — 00’s).

2. CONVENTIONS AND NOTATIONS

o If X is a set, then P(X) is the set of subsets of X.

e An outer measure on a set X is a monotone and countably subadditive mapping
pw*: P(X) — [0, 00] which satisfies p*() = 0. “Monotone” means that p*(A) <
p*(B) whenever A C B. Note that we always use the “countable” versions of
things! Also note that u* can take the value +oo.

e A o-algebra M of subsets of a set X is a subset of P(X) with X € M, which is
closed under complements, intersections and countable unions.

e A measurable space is a pair (X, M) where M is a g-algebra of subsets of X.

e If X is a metric space, (X, B) is the measurable space in which B is the o-algebra
of Borel subsets of X.

o If Xisaset, EC X, and S C P(X), then S is a cover of E if E C [JggS.

e A measure p on a measurable space (X, M) is a countably additive function x :
M — [0, oo] which satisfies () = 0. Note that p may take the value oco.

e A measure space is a triple (X, M, u) where (X, M) is a measurable space and p
is a measure on (X, M).

e “SS” means “Stein and Sakarchi,” KF means Kolmogorov and Fomin, “EG” means
“Evans and Gariepy,” authors of “Measure Theory and Fine Properties of Func-
tions” (available on reserve in the library), and Rudin indicates the book “Real
and Complex Analysis” by Rudin (also on reserve).

o 7/ := W means Z is defined to be W.



3. SOME REVIEW, SOME NEW

3.1. Construction of Outer Measures and Measures. Most of the material below
is found in SS Chapter 6, with a different twist, here or there.

Let X be a set and S C P(X) such that X is covered by a countable subset of S and
) eS Letv:S —[0,00]. Think of A € S as a basic set whose “measure” v(A) we know,
eg, S could be the set of cubes in IR". Assume that

(3.1) v(0) = 0.
Then for any A C X we define

(3.2) v*(A) :=inf {i v(Sk): SpeS,AC u;‘;lsk} :

k=1

By taking all but a finite number of the S; above to be the empty set, we see that the
infimum above includes the case of finite covers of A as well as countable covers. It is
quite possible that v*(A) = oo for some A’s.

Proposition 3.1. Under the above assumptions, v* is an outer measure on X.

Proof. All the properties of an outer measure are obvious, except, perhaps, the subad-
ditivity. Let {A;} C P(X). For € > 0 and any j = 1,2,..., there is, by definition, a
sequence of sets S;;, € S such that

A, CU, S and v (Aj)+ a > ZV(SM).

2J
k=1
Using this, we have
U A CUS L Sine = v° (U2 4,) < Y v (Sin) =) (Z” (Sjk))
k=1 j=1 \k=1

Remark 3.2. We call v* the “outer measure” generated or defined by v.

KF (Kolmogorov and Fomin) and SS (Stein and Shakarchi) define Lebesgue outer mea-
sure as the outer measure defined by taking v to be volume defined on the set of all cubes
(SS) or rectangles (KF); these yield the same outer measure (SS Example 4, pg 12). KF
focuses on the algebraic structure of a “semi-ring,” and therefore cannot restrict attention
to cubes. KF also rules out v*(X) = oo, an important case.

We now think of starting with an “outer measure” v*, no matter where it came from.
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If v*(X) < oo, one familiar (KF top of pg 32) way to try to define “measurable sets”
associated with v* is via the equality of “inner” and “outer” measure, where inner-measure
v, might be given by

(3.3) v(E) =v"(X) — v (X \ B).
Then measurability of £ C X in the sense v*(F) = v.(E) just says, if v*(X) < oo,
(3.4) V'N(X)=v(E)+ Vv (X\E)=v(XNE)+ v (X\E).

This is Definition 3’, pg 32, of KF with X in place of E and F in place of A (as is consistent
with the notation of SS). However, (3.3) is not defined when v*(X) = v*(X \ E) = o0,
and when v*(X) = oo, (3.4) is always satisfied.

Carathéodory discovered that a simple change makes everything sing. Instead of re-
quiring (3.4) only for X, we ask that it hold for every subset A of X. In the case in which
X is the square and v* is Lebesgue outer measure, there is no difference (KF Exercise 4,
pg 15, and SS Exercise 3, pg 312).

Theorem 3.3. Let v* be an outer measure on X. Then the set M of subsets of E of X
which satisfy

(3.5) V'(A)=v"(ANE)+ v (A\ E) for all subsets A of X
1s a o-algebra and v* restricted to M is a countably additive measure.
Definition 3.4. We will call the sets satisfying (3.5) the v* measurable sets.

The short, sweet proof is found in SS, pg 265. It is too much like other things you have
done and are bored with to give in class.

Since all the business about semi-rings and such has disappeared, what was it good for?
Well, for one thing, that discussion contained proofs that a “measure” (measures of any
kind are always countably additive for us) originally given on a semi-ring extended to the
sigma-ring generated by the original ring, and hence to all Borel sets (in the Lebesgue
context). Let us think about this relative to Theorem 3.3.

Suppose v is in fact a measure on a ring S = R C P(X). It follows from KF Theorem
2, pg 29 (Or SS Lemma 6.1.4) that for £ € R we have v*(E) > v(FE). Since v*(F) < v(E),
(E is a cover of E), we have

(3.6) V' (E)=v(E) for EeR.
Moreover, if A € P(X), E € R, and {A;} C R is a cover of A such that v*(A) +¢€ >
> 521 v(4;), we have

[e.9]

vi(A) +e> Z v(4)) =) (AN E) +v(4;\ E)))

J=1

>V(ANE)+ v (A\E).
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The inequality v*(A) < v*(AN E) 4+ v*(A\ E) always holds, so we conclude that R
is contained in the set of v*-measurable sets. From this and (3.6), we have that the
restriction of v* to the v*-measurable sets is an extension of v on R.

The following theorem relates measures given by the Carathéodory theorem to topology,
if there is topology to consider.

Theorem 3.5. Let X, d be a metric space and v* be an outer measure on the subsets of
X. Further, assume that v* is a “metric outer measure,” that is, if A, B C X and

(3.7) dist (A, B) := inf {d(z,y) : 2 € A,y € B} >0,
then
(3.8) V' (AUB) =v"(A) +v*(B).

Then the Borel sets of X are v* measurable.

See SS Thm 1.2 pg 267. Lebesgue outer measure is a metric outer measure.

3.2. Hausdorff Measures. Let X, d be a metric space. If A C X, set
(3.9) diam(A) = sup{d(z,y) : x,y € A};

diam(A) is the “diameter of A.” We put diam((})) = 0. Let D’ be the set of subsets of X
whose diameter is at most § > 0. Assume that there is a countable subset of D° which
covers X. Let a > 0 and take S = D? and v(A) = diam(A)® in Proposition 3.1. The
result is an outer measure HJ. Since D° includes fewer sets as § gets smaller, § — H?
increases as ¢ decreases and the limit

(3.10) Hi(4) = lim MA(4)

exists (in [0,00]) for each A C X. It follows from the next result that H is an outer

measure (take v; = Htl,/j.)

Proposition 3.6. Let vi,j=12,3,.. , be an increasing sequence of outer measures on
a set X; that is, vi(A) < vi,(A), for A C X. Then v*(A) = lim;_ vj(A) defines an
outer measure v* on X.

Proof. Tt is immediate that v* is monotone and v*(f)) = 0. Next suppose that Sy, k =

1,2,..., is a countable cover of A C X. Then v; < v* implies
S SCIED o
k=1 k=1
Letting j — oo on the left yields the subadditivity. O

Proposition 3.7. The outer measure H:(A) given by (3.10) is a metric outer measure.
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Proof. Let A,B C X and dist (A, B) = v > 0. Let 0 < § < 7. Then any set S € D’
cannot meet both A and B, so any cover of AU B by sets in D? can be reduced to a cover
of B and a disjoint cover of A by throwing out the sets of the cover which do not meet
AU B. It follows that

HO(AUB) > H(A) + Ho(B),
and then, letting ¢ | 0,

H, (AU B) >H,(A)+H,(B).
The opposite inequality follows from subadditivity. O

It follows from Theorem (3.5) that H} restricted to the Borel sets B of X is a measure
n (X, B).

Theorem 3.8. Suppose A € P(X) and 0 < o < 8. If Hj3(A) > 0, then H},(A) = oc.

Proof. The assumption H;(A) > 0 and the definitions imply that there are positive
numbers 0y < 1 and x such that

Zdlam )7 >k whenever {A;} C D® isacover of A.

But then
Zdlam Zdlam A;)Pdiam(A;)*F > Zdlam Aj)P5eh > 5,3701
whenever {A4;} C D? is a cover of A and 0 < § < &. The result follows. O

Corollary 3.9. Let A € P(X) and & =sup{a > 0: H:(A) = oco}. Then

oo for 0<a<a,
(3.11) H:(A) = {0 for

Proof. Suppose 0 < a < &. By the definition of &, there is an o/, a < o < @&, such
that H’,(A) = oo. H(A) = oo now follows from Theorem 3.8. Similarly, if & < «, then
H:(A) > 0 and Theorem 3.8 contradict the definition of &. Hence H}(A) = 0. O

Definition 3.10. Let X, d be a metric space and A € P(X). Then the Hausdorff dimen-
sion of A is the number & of Corollary 3.9.

Corollary 3.11. Let X = IR" with the Fuclidean metric. If0 < a < n, then (IR", B, H%|5)
s not o-finite.

a < .

3.3. Integration Over Sets of Infinite Measure. If (X, M, u) is a measure space
and p(X) = oo, what definition of

(3.12) /deu

shall we take? The use of “uniform convergence” in defining (3.12) as in KF goes out the
window if ;(X) = oo. Eg, with Lebesgue measure on the line, the functions fi(x) = %X[ka]
converge uniformly to 0, but |’ g Judr =1 for all k.
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We assume that f: X — [0,00) is measurable. In SS (pgs 27, 274), a simple function
g is a finite sum of the form

(3.13) g(z) = Z arx g, (2)

where the ak € IR and the E} are measurable sets of finite measure. Clearly we want
Jxgdp= Z] 1 agft(Ey). Then the integral (3.12) is defined by SS to be

(3.14) /fdu—sup{/xgdu:g simple, ggf}.

Now one possibility is that M = {0, X} and u(X) = oo. Then the only simple functions in
the SS sense are of the form ay ;! Moreover, the only measurable functions are constants,
and the definition (3.14) implies

(3.15) /X ldp =0 since xqp(z) =0 Vz,

while clearly we would prefer [ 1du = pu(X) = co.

Thus one needs either a technical condition on (X, M, 1) to guarantee against this sort
of anomally or to modify the definition (3.14). SS uses a condition called “o-finite” which
reads as follows:

Definition 3.12. The measure space (X, M, u) is o-finite if there exists an increasing
sequence of measurable sets Fj, of finite measure such that X = U2, Fj.

For example, (IR", B, L") is o-finite, where B is the Borel o-algebra (we could use the
Lebesgue o-algebra as well, but don’t have enough symbols at the moment) and L£" is
Lebesgue measure.

We have met important measure spaces which are not o-finite, namely (IR", B, H}|,)
for 0 < a < n. The quickest and slickest presentation of integration in the general case is
given in Rudin (early pages). Rudin notes “Throughout integration theory, one inevitably
encounters co.” For example, the Lebesgue measure of IR" is oo, and lim sup,_, ., f; might
take oo as a value even if the individual f; do not. So let’s talk a bit about +oc.

The fundamental thing is to define the integral (3.12), or, a bit more generally,

(3.16) /Efdu

when F is a measurable set and f : X — [0, c0] is measurable. “measurable” will always
mean that f~!(O) is measurable when O is an open subset of the range of f. The open
sets O of [0, 00] are those for which O N [0,00) is open in [0,00) and, if co € O, then it
must contain a basic neighborhood of oo, which is a set of the form (a, oo.

Suppose f = ayxg for some measurable F and a € [0, 00|. Clearly we want

| fin=an()
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and we need to interpret this in cases in which a = oo and/or u(E) = oo. There is no
problem with oo(oo) = oo, we all agree with that, and there is no problem with a(c0) = oo
or oopu(E) = oo if @ > 0 and p(F) > 0, we all agree with that. What about 0(co) and
00(0)? Since we all agree that [, 0dxz = 0, we should take 0(cc) = 0. Assigning the right
value to [ {0} dx is less obvious, but what turns out to work is co(0) = 0, which we need
to make our “multiplication” commute anyway. In another view, if we want to evaluate
ocoxg at a point x ¢ E, we get 0o(0), and clearly want this to be 0. Algebra in [—o0, ]
is obvious once we made the decision that 0(+£o0) = +000 = 0, except we don’t know
what to do with oo — oo yet - and we never will. We rule out dealing with oo — oo, it
remains undefined.
For us, a simple function s is any function with a representation as finite sum

N
(3.17) s = ZanEj
=1

where the E; are measurable sets, a; € [—00,00] and evaluating s(z) does not yield
expressions of the form oo — co. Equivalently, s : X — [—00, 00] is measurable and s(X)
is a finite set - then we have (3.17) with the a; the distinct values of s and the pairwise
disjoint sets E; = s~!({a;}). For such a simple function s, let us assume the a; are the
distinct values of s, and put

N
(3.18) / sdu = Zaju(Ej NE)
E g
provided that not both oo and —oo appear in the sum with our algebraic conventions.
When this holds, we say that f 7 Sdpu is defined.”
Rudin’s definition of [, fdu for f: X — [0,00] and E € M amounts to

(3.19) /fd,u:sup{/sdu:s is simple and ogsgf}.
E B

Let Us Agree: All functions are hereafter assumed to be measurable in what-
ever context they appear, unless otherwise said. Similarly, unless otherwise
said, all sets which appear are to be measurable.

Actually, Rudin requires s above to have finite values. A few clunky exercises to warm
you up to “c0” and (3.19) are given in (4), (5), (6).
For general, not necessarily nonnegative, f Rudin defines

(3.20) / fu= / £+ dp— / f dy

where fT = max(f,0) and f~ = —min(f,0) are the positive and negative parts of f,
PROVIDED that at least one of [, f*dy is finite. Thus Jx [ dp might be 400 or —oo.
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We also want to integrate complex valued functions. This is done as follows: If u,v :
X — IR, and

f(x) = u(x) +iv(x)

then we define

(3.21) /Ef du:/Eudqui/Evdu

provided [, |u|dp and [}, |v|dp are both finite. Note that max(|ul, [v]) < |f| < |u] + [v]

implies
/|u|d,u&/|v|d,u<oo<:>/]f|d,u<oo.
X b b

Here is a sequence of results concerning the definition (3.19), in the order Rudin establishes
them. In the background is a measure space (X, M, ).

e Let f: X — [0,00]. Then there is a sequence of simple functions s; : X — [0, 00)
such that 0 < s; < s5,... and f(x) = lim; . s;(z). (pg 15)

o If0 < f < g, then [, fdu< [,gdu. (pg19)

eIf AC Band f >0, then [, fdu< [, fdu. (pg19)

o If f>0and 0 < c<oo,thenc [, fdu= [,cfdu. (pg 20)

e Let {fx} be a nondecreasing sequence of nonnegative functions on X such that
fu(z) — f(x) for x € X. Then [ fp du — [ fdu (Lebegue’s Monotone Conver-
gence Theorem). (pg 21)

o Let fr,: X — [0,00], k=1,2,..., and

f(x) = ful).

/de,u:;/xfkdﬂ'
(Pg 22)

o If fr: X — [0,00] for k =1,2,..., then

/ (lim inf fk) dp < lim inf/ fedu

X k—o00 k—o0 X
(Fatou’s Lemma). (pg 23)

o If fg: X — [0,00], then

o(E) r=/Ef di (EeM)

defines a measure ¢ on M and

/ngcb:/ngdu-

Then
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(pg 23)
o Let f: X — Cand [, |f|du < co. Then

|/ fdyl S/ |fldp
(Page 26)

o (Lebesgue’s Dominated Convergence Theorem) Let f;, f : X — C, g;,9 : X —
[0,00), | f;] < gjae., gj — gae and

/gjdu—>/gdu<00-
X X

Then [, |f — fj|dp — 0. This is a small variant of Rudin pg 26, and it has the
same proof. Applying Fatou’s Lemma to the sequence g; + g — |f — f;|, which is
nonnegative, yields

/29du=/liminf(gj+g—|f—fj|)du
X X J7e

< liminf (/ (gj+g)du—/(\f—fj!> dp
J—00 X X
:/di,u—limSUP/ |f = fil du,
X j—00 X

which implies limsup; . [ [f — f;| dpu = 0.

4. THE LP(u) SPACES

Let (X, M, ;1) be a measure space. If f : X — [—o0, 00|, then [, f du is defined ((3.20))
if one of [, f*du is finite. If they are both finite, then [, fdu € IR and [ |f|du < oo.
The “space” L'(u) is the set of all extended real valued functions with this property:

(41) Ll(u)z{f:XH[—OQOO]:/XIf!du<OO}-

Recall that, in the background, we are assuming the modifier “measurable” without
writing it; f above is to be measurable. If f € L'(u), then the set {z : f(z) = o0}
has measure 0 and the function f which agrees with f on {f # 0} and for which f (x) =
0 if f(z) = oo agrees with f almost everywhere. Moreover, for every set £ € M,
I fdu= [ [ dpi. Sets of measure 0 don’t matter for integration theory (partly because
0oo = 000 = 0). We assume you know this. In particular, if N € M is a “null set” (ie,
(N)=0), and f : X \ N — [0, 00|, the integrals [, f dy can be defined as [, f du where

[ is given any value on N. If (X, M, ) is complete, ie, all subsets of null sets belong to
M, then f can be defined on N in any way at all.
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The set L'(u) just defined is the “real” version. Similarly, we can consider complex
valued functions, and the spaces LP(u), 1 < p < oo, real or complex, are defined by

(42) v = {1 [ 1P du< oo},

In general, we put

1/p
(43) [ Fllirn = ( / |f|”du> |

whether or not || f||zs(, is finite ((00)'/? = 00). We'll see why the definition (4.2) is a
smart idea later. Thus

LP(p) = {f e < oo}
The space L>(u) is not defined by integration. The quantity (4.3) is replaced by

(4.4) | fllzooqy = inf {0 < M :|f| < M a.e}.
Lemma 4.1. |f| < || f|lpe( a-e.

Proof. By definition, |f| < ||f||ze(u) + 3 except on a null set Nj,. But then |f| < || f|| 1oy
except on the null set UZ2, V. U

Theorem 4.2. For 1 <p < oo, the function d, : LP(j) x LP(p) — [0,00) given by

dP(f? g) = ||f - g”LP(u)
satisfies d,(f,g) = dy(g, f) (symmetry) and the triangle inequality

(4.5) dy(f,9) < dp(f;h) +dyp(h, g)  (f,9,h € LP(1)).
Moreover, if { fi} is a sequence in LP(u) and

(46) i d(fif) =0

then there exists f € LP(u) such that

(1.7) L d(f /) = 0.

We will come back to the proof of this theorem later. Right now we don’t even know
that d,(f,g) < oo, but we will shortly see this is so.

The function d, has all the properties of a metric, except one. It is possible that
dy(f,9) =0 even if f # g. However, d,(f,g) = 0 only if {f # g} is a null set. Suppose X
is any set and d : X x X — [0,00) is symmetric and satisfies the triangle inequality, but
it is not necessarily true that d(z,y) = 0 only if x = y. Let us call such a thing a “pseudo
metric.” Then we can form a metric space in the following way: let = ~ y iff d(x,y) = 0.
Then “~” is an equivalence relation and the space

(4.8) X/ ~={lz] :x € X} where [zg]={yeX :z~y}
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can be equipped with the metric d given by
d([a], [y]) = d(z,y).

This metric space is complete iff

lim d(zj,x;) =0 = Jzr € X 3 lim d(z;,z) = 0.

J,k—o0 j—00

Why do we call LP(u) a “space?” First, it is clear that if ¢ is a scalar, then

lefllzr = lelll Flle -
so f e LP(u) = cf € LP(u). Next, if 1 < p < o0,

(4.9) |f + 9" < (2max(|f], |g))" < 2°([f P + [9]"),
SO
frg€LlP(p) = f+ge Ll (w).
Altogether then, LP(u) is a vector space if 1 < p < oo. It is also a vector space if p = oo,

because |f + g| < |f| + |g|.
The inequality (4.9) is crude. The sharp result is Minkowski’s Inequality, which states

(4.10) 1f + 9llzegy < 1f1lzr@) + lgllze

for 1 < p < o0. The cases p = 1,00 are obvious. The cases 1 < p < oo follow from the
Holder inequality, which states that if 1 < p < oo and ¢ is defined by

1 1
(4.11) —+ - =1, equivalently, ¢ = L,
P g p—1

then
(4.12) feLll(n),geLli(n) = fgellp) & / |faldp < || fllzrgllgll Lo
X

The number ¢ is called the Hélder conjugate of p and one writes ¢ = p/. The term
“conjugate” has to do with the fact that (p’)’ = p. One sets 1’ = oo and oo’ = 1, which is
consistent with (4.9).

In the case p = 1,¢ = o0, (4.12) is immediate from

1fal < 1flllgllzeqm a-e.
To prove (4.12) for 1 < p < oo, we recall that if a,b > 0, then

I ¥
(4.13) ab< L 42
P g

This is clear if ab = 0. If a,b > 0, divide both sides by a” and note that (ab/a?)? = b?/a?
because of (4.11), to obtain the equivalent form
£ _ 1 o
E—>—<—- (£=b/a" >0).
;S5 = )
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The maximum of £ — £7/q (which is positive for small £ > 0 and negative for large &, so
it has a max) occurs when the derivative vanishes, or 1 = 97!, or £ = 1, where equality
holds above. Since equality holds only at £ = 1, the inequality (4.13) is strict except when
b? = aP. This Math 3A proof of (4.13) is the one I can find whenever I want it, but it isn’t
elegant. See Rudin pg 64 eqn (5) for a slick proof. Writing

ab = g(rb) for r > 0,
T
we also have

(4.14) ab < — + —.

To prove (4.13), we may assume that f, g > 0. Using a = f(x),b = g(z) and integrating

yields
P 4 g
/ Fodu < ||f||Lp(M) n ||g||Lq(u)
X rPp q
We may assume || f|zr() > 0, ||gllza¢n) > 0 (otw, f =0 or g =0 ae and then fg =0 ae).

Minimizing the right hand side over r > 0, we find, using p + ¢ = pq,

1
I

1
llli,

and, for this value of r,

120y

Tp = gl Zeqr* = If Lz gl Lo,

whence the result.
Since |f + g| < |f| + |g|, to prove the Minkowski inequality (4.10), we may assume
f,g > 0. The Minkowski inequality then follows from

/|f+9|pdﬂ=/(f+g)(f+g)p‘1du
X X
—/ f(f+g)p1du+/ g(f+g)P tdu
X X

< I Neoall(f + )" oo + 1gllzo | (F + 9P lza
and (f 4 g)?~Y7 = (f + ¢)?. Thus the above amounts to

1 + 9l < (WA llego + gl + gl -

Since p/q = p — 1, we are done.

Proof of Theorem 4.2. The (pseudo) metric d, was defined by d,(f,g) = [|f — gl/zr(x)- On
the other hand, the Minkowski inequality tells us that

1f = gllrgy = I1f = b+ (h = glowy < f = Rllzoge + [k = gllLeqy = dp(f. h) + dp(h, g),

which is the triangle inequality for d,,.
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In general, a (pseudo) norm || || on a vector space V' is a mapping
[l V' —10,00)
such that
10][ = 0,
(4.15) e +yll <zl + llyll - (z,y € V)
llez|| = |elllz|| (¢ a scalar, z € V).

The “pseudo” refers to the possibility that ||x|| = 0 even if x is not the zero vector 0 of V.
If also ||z]] =0 = 2 =0, then || || isa normon V and (V, || ||) is a normed vector space.
What we have just seen is that if || || is a pseudo norm on V, then d(z,y) = ||z — y| is a
pseudo metric on V. Then x ~ y iff ||z — y|| = 0 is an equivalence relation on V/ ~ (see
Exercise 7) and V/ ~ is a vector space with the addition [z] 4 [y] = [x + y]. Moreover,
|[z]]]~ = ||=|| is a norm on V/ ~ .

In sum, LP () is a normed vector space, provided one regards its elements as the “cosets”

[f]l={9: X\N—=IR:N isanullset and f=gae.}.

where f € LP(u). One does this, and then forgets about it, and acts as if the elements of
LP(p) are functions, without further pedantry.

We turn to the issue of completeness. Let us recall “convergence in measure.” Consider
a sequence of functions {f;} and another function f. One says that f; — f in measure if

(4.16) Ve>0  lim p({z:|f;(z) = f2)] > €}) =0
and that {f;} is Cauchy in measure if
(4.17) Ve 0 I p(fr: 1)~ ) > ) =0

Lemma 4.3. Let {f;} be Cauchy in measure. Then there exists a function f and a
subsequence {f;,} of {f;} such that f;, — f a.e.

Proof. Choose Ny, so that p ({z : |f;(z) — fe(z)| > 55 }) < 5= for j,k > N,, and then a
sequence of integers j,, such that j,, < j,y1 and 7, > N,,. Then

i ({os 1@ = 5@ > i f) < g for 1z m

Thus

T T 1 1
|fjl+r(x) - fjl (ZL‘)| < Z |fjl+i(l‘) - fjl+i—1(m)| < Z lti—1 < -1
i=1 i=1
except on

1 = 1
U {CL’ : |fjl+i(x) - fjl+i—1(I)| > m} - U {ZL’ : |fjl+i(l‘) - fjl+i—1<x)| > W}

i=1 i=1
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which has measure at most

i=1 =1

1 1

< . 9l+i—1 o 2l-1

Thus
(4'18) hlm sup ‘fler'r(x) - sz (Z’)’ =0
unless

o

r e k= U {1’ : ‘fjl+i<x> - fjl+i—l($>‘ > %} io,

=1
w9

where “i0” means “infinitely often,” or for infinitely many [’s. This is the same as saying
reUryE forall M or xenf_,UZ,y E.

Now Uj®,,E; decreases as M increases and

o0

o - 1
p(UEyE) <> n(E) <> - 5 = i
I=M =M

SO
e (Mag— UiZar E1) = A}EHOOM (UZnEr) = 0.

Hence (4.18) holds except on a null set, and {f;,} is Cauchy except on a set of measure
0. Let f(z) = limy_ fj,(2). d O
How is this related to LP(u) convergence? Well, for any e > 0,

u{lf — gl > ) < /X 1 — glPdu

" I =gl
plf = gl > ) < =

Hence a Cauchy sequence in LP(u) is also Cauchy in measure and has a subsequence which
converges a.e. Suppose

lim / = fulPdu =0
X

J,k—o0

while fj,(z) — f(z) a.e. as [ — co. Suppose
/ \fi — felPdp<e if j k>N,
Then :
/X |f = ful? dp = /Xlilrgigf]fjl — fiolPdp < hzniigf/x‘fjl — filPdu<e if k>N,

’ (D {o o) = 0] > 2#}) <0 ({0 = @1 > s

)
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and therefore f, — f in LP(u).

We have shown that LP(u) is a normed vector space which is complete in the metric
induced by the norm. Such a thing is called a Banach space.

Let us note the following special cases: a function

(4.19) z:{L,2,....,n} = F
or, with N={1,2 ...} (the set of positive integers),
(4.20) z:N—F,

or, Z={...—2,—-1,0,1,2,...} (the set of integers),
(4.21) x:7—F

were F is IR or C, depending on our mood, gives a scalar x() for each ¢ in the domain of
x. In all cases we will write x; rather than z(7). In this way, the set of functions like (4.19)
is identified with the set of sequences (z1, xs, ..., x,), that is, IR". The set of functions like
(4.20) is identified with the set of sequences {z;},°,, which we think of as the “infinite
dimensional vector” (z1,xs,. .., ). The set of functions like (4.21) is identified with the set
of doubly infinite sequences {x;};° _ , which we think of as the “doubly infinite vector”
(. e, L2, 1,9y X1, L2y ..., )

Let p¢ be counting measure on {1,2,...,n} or N or Z. The measurable sets are all
subsets of the space. Any point in IR" (respectively, any infinite sequence or doubly
infinite sequence) is measurable and has a LP(x¢) norm.

Both all cases, we will denote LP(4€) norm by |z|,. In the case of IR", this is

P lwalP 4 | P)P i 1<p<
(422 ||p:{<rx1| 2] )i 1<p <o

max {|z1|, |z2],...,|z.|} if p=oc.

In the case of N, this is

s 1/p
(4.23) 2], = (Z |""Ci|p> if 1<p<oo
p i=1

sup{|z;| : i € N} if p=oc.
In the case of Z, this is

s 1/p
ilP if 1<
(424) |«T|p: (Z |IL'|) 1 Sp <O

1=—00

sup{|z;| ;i € Z} if p= 0.

Definition 4.4. The Banach space (IR",|-|,) is denoted 2 and the Banach space con-
sisting of all sequences for which (4.23) is finite is denoted by ? and the Banach space
consisting of all doubly infinite sequences for which (4.24) is finite is denoted by .
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Before we turn to more abstract things, we prove the following results (see SS Theorem
2.4 pg 71). The point is that to check some statement concerning a metric space, it can
be enough to demonstrate it’s validity on a dense subspace, and then it is nice to have
subspaces with good properties. We will see how this goes later. Right now, we verify
that certain subspaces of LP(IR") are dense.

Theorem 4.5. The following families of functions are dense in LP(IR"), 1 < p < oc.

(i) Simple functions of the form Zjvzl a;xg, where the a; € F and L™(E;) < oo.
(ii) Step functions; that is simple functions of the form (i) in which the E; are (n-
dimensional) rectangles.
(iii) Continuous functions of compact support.

Proof. We first take p = 1. We assume that f = u+iv = v —u~ +i(v" —v7) is complex
valued. It suffices to approximate each of the nonnegative functions u*™,u~,v*, v~ by
functions of the desired form, so we may assume that f > 0. For (i), let £ > 0 be an
integer and define

j-1 . -1 J o2k

f <r< = d 1<5j<2
o) =4 26 gk =TT MmO s

2k if 28 <r.

Boardwork shows that ¢ (r) T r as & T oo. The function x — ¢ (f(x)) is of the form

(i) and 0 < ¢k (f(z)) < f(z). By the monotone convergence theorem (or the dominated
convergence theorem)

17 = okl rey = /]Rn<f — au(f)) de — 0

as k — oo.

To prove (ii), it suffices to approximate each summand in (i) by a step function as in
(ii). Let us approximate axg,, assuming, as we may, that a; # 0. Since L"(E;) < oo
(and E; is measurable), for k > 0 there is a collection of almost (which means “up to
boundaries”) disjoint rectangles Ry, Ry, ..., R, such that

L (ElA Ui, Rj) < K.
(See proof of SS, Theorem 4.2, Chapter 2, as necessary.) Then

/]R” layx g, — a1 ZXle dr < |ay|L" (ElA Ui, Rj) < lai|k
j=1
which can be made as small as desired.
Finally, to prove (iii), we now use (ii) to claim that it is only necessary to approximate
Xr in L'(IR") by a continuous function of compact support when R is a rectangle. Since
R =[1}_[a;,b;] is the product of intervals, we let

g; be the piecewise linear function which is 1 on [ay, b]
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and runs linearly down to 0 at a; — K, b; + k and is 0 thereafter. Let
Ry =[a; — s,b1+ 8] X [ag — 8,bo + 8] X -+ [an, — 8,b, + ]

which has Lebesgue measure

n

LMR,) = [](b; — a; + 2s).

J=1

The integrand in
[ o) = TLaptapldo < 20
R i

is vanishes ae off of R, \ Ry, and the integrand is at most one on this set. Thus the integral
is at most

L"(Ry) — L"(Ro),

which is a continuous function of k (a polynomial) which vanishes at x = 0. Thus it can
be made as small as desired by choosing x small.
We turn to LP(IR"). For f € LP(IR") and R > 0, define

x) if |z|<R&|f(z)| <R,
(4.25) Jalx) = {£< i)f |f(9’c)|‘ ~ R olf(@: “R
Clearly |fr| < R. Moreover, since |f — fr] < |f],
|f = frlP < [fI.
Since also f — fr — 0 a.e. as R — 00, the dominated convergence theorem implies that

If - fRHLp(]R”) —0 as R — 0.

Thus it suffices to approximate bounded functions f which vanish off some ball B =
{z € R": |z|] < R.} This follows from the L' results, since, if |f],|g| < M and both
vanish off the ball of radius 2R,

St =iz < [ 17— glls g tae < aryt [ 1 glae
U

Remark 4.6. Approximation in LP(E) where E' C IR follows upon extending f € LP(E)
to all of IR" by letting the extension (call it f) vanish on IR" \ E. Then

/|f—g!”d:r§/ \F - gl
E R
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5. NORMED SPACES, BANACH SPACES, LINEAR OPERATORS

Let us review some of the definitions embedded in the above. Below, the field F can
be either IR or C.

Definition 5.1. A norm on a vector space X over F is a mapping || || : V — [0, 00) with
the properties

[z +yll < llzll + lyll - (z,y € X)

lex]} = [efl«] (ce FxeX)

|z]| =0 = = =0.
If || || is a norm on X, we call (X, || ||) a normed vector space. If the normed vector space
(X, || |I) is complete with the metric d(z,y) = ||z — y||, then (X, || ||) is a Banach space.

If 7 = IR, we speak of a “real” Banach space and if F = C, we speak of a “complex”
Banach space.

We have shown that LP(u) is a Banach space, real or complex, depending on whether
we take its elements to be real or complex valued. Of course, there is the “coset” business
here.

Remark 5.2. A complex normed vector space (X, || ||) is a real normed vector space!
This seemingly silly remark is to dispel the notion that “complex” is more general than
“real” in this context. Many - but not all - results about real vector spaces apply at once
to complex vector spaces. Examples are Theorems 5.6 and 5.7 below.

Recall that if (X, d) and (Y, p) are two metric spaces and f : X — Y, then f is Lipschitz
continuous if there is a constant L such that

(5.1) p(f(z), f(y)) < Ld(z,y) (v,y € X).

When this holds, we say that L is a Lipschitz constant for f or f is Lipschitz with constant
L. The least such constant,

Lo =inf{L: p(f(x), f(y)) < Ld(x,y) for x,y € X}

is called the least Lipschitz constant for f and it is denoted by Lip (f).
In any normed space (X, || ||), one has

2zl = lo —y +yll < llz =yl + |yl
which implies
(5.2) 2l = Nyl < llz =yl

In particular, || || is Lipschitz with constant 1.
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Proposition 5.3. Let (X, || ||x) and (Y,]| ||y) be two normed vector spaces (and therefore
metric spaces) over IR and A : X — 'Y be a linear mapping. Then A is continuous iff and
only if it is Lipschitz continuous and then

Lip (A) = sup{||Az|ly : z € X and ||z||x <1}
= sup {||[Az|ly : 2 € X and ||z||x =1}

1
(5.3) — ;Sup{HAZ‘Hy rxe X and ||lz||x <7} (r>0)

1
= ;sup{HAxHy cx e X and ||z]|lx =71} (r>0).

Proof. If Lip (A) < oo, then
[Az]ly = [|Az — AO[ly < Lip (A)[z — 0l|x = Lip (A) ][]

It follows that Lip (A) is at least as big as the displayed quantities on the right of (5.3).
OTOH, if L = Lsup {||[Aw|ly : w € X and |Jw|x =r}, then for z,2 € X, z # %,
Az — Adlly = 1Az — D)lly = I — 2llx~ A (M) lv < Llle — #lx:
r e — 2l x
That is, Lip (A) < L. All the equalities now follow. Finally, if A is continuous, then it is
continuous at 0, and for r sufficently small, the third quantity displayed on the right-hand
side of (5.3) is finite, by continuity. O
Let B, = {x € X : ||z||x <r}. By the above, the image of B, under A is bounded
iff A is Lipschitz continuous. Thus, in this linear case, rather than say “A is Lipschitz
continuous” one says “A is bounded” or “A is continuous.” Let

(5.4) L(X,Y) = {bounded linear operators A : X — Y'}.
Define || || : £(X,Y) — [0, 00) by

(5.5) |IA|| = Lip (A) = sup {||Az||y : z € X and ||z]|x < 1}.
Equivalently, ||A] is the least number for which

(5.6) [Azlly < [IAllllz]lx (2 € X).

It is straightforward to check that (L(X,Y),]| ||) is a normed vector space, which is
complete (and hence a Banach space) if Y is a Banach space.

Theorem 5.4. Let (X, || ||x) and (Y,|| ||y) be normed vector spaces. Then L(X,Y) is a
normed vector space when equipped with the norm (5.5), (5.6). If (Y,|| |ly) is a Banach
space, then so is L(X,Y).

Proof. The set of linear maps from X to Y is a linear space. If AA € L(X,Y) and
ce F,c#0, we clearly have
sup {[|cAz[ly : ||z[x <1} =sup{[[Alcz)|ly : [lz]} < 1}
= sup {[|Alcz)[ly : [lex||x < [ef} = [e][|A]
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and
[(A+ A)zlly = [|Az + Azfly < [|Azlly +[[Az]y < ([Ally + [[Ally)ll]lx-
The first of these relations establishes ||cA|| = |¢|||A|| and the second shows that
1A+ Al < AL+ 1Allys

in particular, cA, A + A € £(X,Y) and || || is indeed a norm.
Suppose now that Y is complete and {A;} is a Cauchy sequence in £(X,Y’). Then for
reX

1Az = Apzlly < [IA; — Axllllzlx
shows that Ajz is Cauchy in Y. Define

Az := lim Ajx.

j—00
Clearly A : X — Y is linear. Now, if

|A; — Agl| <€ for j k>N,
then, by the continuity of norms (see (5.2)), we have

1Aje = Azlly = lim [[Ajz — Agelly < limsup [|A; — Agflflzflx < eflz]x
—00 k—o0

for j > N.. It follows that [|[A; — A|| — 0, and £(X,Y") is complete. O

Remark 5.5. An important special case arise by taking (Y, | ||y) to be (F,| |), in which
case we are discussing the bounded linear functionals mapping X into its scalar field;
somewhat in contrast to the case of general linear operators, these are more commonly
called the continuous linear functionals. L(X,F) is called the dual space of X. It is
complete, by the above. One often writes X* for the dual space of X (with || ||x now
being “understood.” )

Here follow a few basic theorems we will prove, in the fullness of time.

Theorem 5.6 (Banach Steinhauss Theorem, aka the Uniform Boundedness Principle). Let

(X, || ||lx) be a Banach space and (Y, || ||y) be a normed vector space. Let A be an index
set and T, € L(X,Y) for a € A. Then either

sup{||Toz|ly : « € A} = 0
for all x in a dense G5 C X or there exists M < oo such that
(5.7) ITall < M (€ A).

Proof. We follow Rudin, pg 98 (with less language). Put

(5.8) Vo = U {z :||Tax|ly >n} = {x sup ||[Tohx|ly > n} (n=1,2,...)
aed acA
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By the continuity of x +— ||Tx||y, V, is open in X. If one of the V,,, say Vy, fails to be
dense, then there is an 2y € X and r > 0 such that 2o + x ¢ Vi for ||z]|x < r. But then
for [|z]|x <,

[Tally < Ta(zo + )lly + 1 Tawolly 2N (a € A),

and [|T,|| < 2N/r follows.
On the other hand, if V,, is dense for every n, and we now know that this must be
the case if sup,c 4 [|T%|| = 0o, then by Baire’s Theorem N2,V is a dense G in X. Since

SUPyeq || Taz|ly = oo for z € NSV, we are done. 0

opm| Theorem 5.7 (Open Mapping Theorem). Let (X, || ||x) and (Y, || ||y) be Banach spaces.
Let T € L(X,Y) and TX =Y (ie., T is onto Y.) Let U = {x € X : ||z||x <1},
Vi={yeY :|ylly <1} be the open unit balls of X and Y. Then there exists a § > 0
such that
TU D V.

In consequence, for every open subset O of X, TO is open in'Y. Finally, if TX =Y and
T is 1-1, then T~ is bounded.

Proof. X is the union of the sets kU, k =1,2,...,
Y = JTk).
k=1
Since Y is complete, by Baire’s Theorem, there is a nonempty open set W which is
contained in the closure of some T'(kU).
To simplify writing, let us notice some things. First, we may take £ = 1. This is because
T(kU) = kTU and so T(kU) = kTU, where the overline indicates “closure” (see Exercise

15 for this and other remarks we use here). Thus the interior of TU, TU , is *T(kU) ,
which is not empty.
U is convex, that is, if x,Z € U, then the line segment [z, ] joining x and &, namely

[1seg| (5.9) [z,2] ={(1 -tz +ti:0<t <1},

also lies in U. Since the line segment joining T'x and 7'z is, by linearity, [Tz, T'z] = T'|x, z],
TU is also convex. Moreover, TU is symmetric about the origin, that is, =TU = TU,
since —U = U. Hence if TU contains an open set W, it also contains

1
k

1 1
“W— W,
2 T2

which is open (Exercise 15) and contains 0. Thus TU contains a ball about the origin of
Y. Let us say

(5.10) TU D6V where § > 0.

The for any r > 0

[cballr]| (5.11) rTU =T(rU) D rdV.
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That is, if ||y|ly < rd and € > 0, there is x € X satisfying
(5.12) ly —Tx|ly <e and |z]x <7

Now we iterate: let {¢;} be any sequence of positive numbers. Start with y € §V and
choose z; such that

(5.13) ly —Txi|ly <€ and |z]|x < 1.

Then choose x5 according to

(.14)  lly= (Tez+Ta)ly =y = To)) = Taslly <& and oy < 5
and, in general,

(5.15) ly — (Tz1 + Tas+ -+ Tao)lly < en and  |zalx < %"
form=1,2,....

It follows that (more remarks in class) that if 3 77, €; < 0o, then

T = ij = lim ij exists
i=1 B
and, by continuity of 7" and (5.15)

Tx = li_)m Timj = ILm iT:L‘j

j=1 J=1
[e.e] 1 [e.e]
(5.16) el < llaallx + D lasllx < lanllx + 5 D e
j=1 j=1

If 377265 < (1 — |lz1][x), and we can always arrange that, then [lz||x < 1 and T'r = y.
Thus TU D §V.
To see that T'O is open if O is open in X, note that if xqg € O, then z¢y + uU C O for
some > 0 and
TO D Txg + [LTU D Txg+ (5[LV;

that is, T'O contains a ball about any of its points, so it is open.
If T is also 1-1, then for any open set O in X, the inverse image of @ under T is
(T~1)71O = T O, which we just verified is open. Hence 7! is continuous. O

Theorem 5.8 (Hahn Banach Theorem). Let (X, || ||) be a normed vector space (real or
complex). Let M be a subspace of X and f € M*. Then there exists F € X* satisfying
Flw = [ and [[F| = [|f]|

We’ll probably modify this one later, using some notes of Stephen Simons. NOTE: This
has been done, see Section 8 below.
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6. FOURIER SERIES

We will apply Theorems 5.6 and 5.7 to problems arising in the theory of Fourier series.
Partially to warm you up for next quarter, consider the system of ordinary differential
equations

d
6.1 —X+AX =0
(6.1) X+
coupled with the initial conditions
(6.2) X(0) = X
where now
X1
X = :
Xn

is a vector in IR" (or we could take C") and A = [a;;] is an n x n real (or we could take
complex) matrix and X, € IR" (respectively, C"). X (t) is the “state” of the system at
time ¢ which is Xy at t = 0, and which evolves according to the “dynamics” (6.1).

If (A\,v) is an “eigenpair” of A, that is, v # 0 and
(6.3) Av = v,
then

%(e_”v) + A(e™M) = ™M (= v + Av)

= e M(=\v + M) = 0.
That is, e~*v is a solution of the system (6.1). The ode’s are linear and homogeneous, so
if (\;,v7) is an eigenpair for j = 1,2,...,k, then

k

(6.4) X(t) =) ae "

j=1

is also a solution of (6.1) for any scalars a;. In order that this X satisfy the initial conditions
(6.2) we need

k
(65) XO = Z&j'l}j.
j=1

If j = n and the v/ are linearly independent, then (6.5) does hold for exactly one choice
of the a;’s.
The best situation arises if A is self-adjoint. That is,

(6.6) (x,Ay) = (x, Ay) for all z,y € C",
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where
(6.7) (x,y) = ijy_j for x,y € C"
j=1
is the “inner-product.” Note that
(z,y) = (y,2),

(6.8) (w,x) = |ayl” = o,
=1

(Az,y) = Mz, y).

The condition (6.6) amounts to a;; =@, fori,j =1,...,n.
If (A, v) is an eigenpair for A, taking x =y = v in (6.6) yields

(6.9) MNol* = (w,v) = (Av,v) = (v, Av) = (v, ) = A|v]*.

That is, the eigenvalues of A are real. Moreover, if (X, v), (A, 9) are two eigenpairs for A
and A # A, we have

(6.10) Mo, 0) = (Av, 8) = (v, AD) = (v, A8) = Av, ),
which implies that
(6.11) (v,9) = 0.

Thus eigenvectors of A for different eigenvalues are orthogonal.
Ok, this is all part of the proof that if A is self-adjoint, then there are n-eigenpairs
(Aj,v7), 7 =1,2,...,n, with the v/ mutually orthogonal, that is,

(6.12) (v, vy =0 for j#k

Once this “spectral” information has been found, the solution of (6.1), (6.2) is determined
by writing (see (6.5))

repc| (6.13 Xo = a;v’
:
j=1

where the coefficients a; are determined (using (6.12)) by

n
. Xo, 0"
(6.14) (Xo,v") = <Z a; v’ vF) = ai|vF|?; equivalently, a), = < |0];‘1; )
v

J=1

and the solution of (6.1), (6.2) is

n

(6.15) X(t) = ZeAjt<X0’.Uj>vj.

[07]?

j=1
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Suppose now that we seek the temperature in a circular piece of wire. We can identify
the position of points on the wire in the form e, —7 < x < 7. Let the temperature at
time ¢ and position €' be u(t,z). Suppose that u satisfies the heat equation,

ou  0%u

6.16 — —— =0
(6.16) ot 0x?
We couple this with the initial condition
(6.17) u(0,2) = f(z) for —w<xz<m.
Moreover, since x = 7w and x = —7 correspond to the same points of the wire, u has to
be “doing” the same thing at = 7 as it is doing at = —m, which corresponds to the
periodic boundary conditions
0 0
(6.18) u(t, =) = ult, ), a—Z(t, —7) = a—z(m) for t> 0.

Now we change our point of view a bit. The “state” of our wire at time ¢ is the function
x +— u(t, z), which gives the temperature at each time ¢. Let this function be called U (%);
that is, U(t)(z) = u(t,z). For each t, U(t) is a function. Then we think of 2% as the

ot
time derivative of U(t), and we think of —% (which is doing something to the state
at time t) as AU(t), where A is the “operation” of taking the second derivative. That
is, AU(t) = —U(t)", where the primes refer to “x derivatives.” Then, formally (meaning
“without rigor”), our equation (6.16) writes up as
d

6.19 —U+ AU =0

which looks just like (6.1). The initial condition is

(6.20) v(0) = f,

and the boundary conditions we will “put into A”, that is, A has some domain consisting
of functions of  which have two derivatives and satisfy the periodic boundary conditions.
That is, v € D(A) (the domain of A) requires

(6.21) v(—m) =v(r) and V'(—7)=1'(n).

Now just as in (6.1), if (\,v) is an eigenpair for A, then u(t,z) = e *v(z), equivalently,
U(t)(z) = e Mu(z), satisfies

2
% (e‘”v(x)) — % (e_’\tv(x)) = %e"\tv + Ae My

(6.22) = e My e MAv
e (= + W) = 0.

We will see that A is (formally) self-adjoint. Our inner-product is now

(6.23) (v,w) = /7r v(x)w(x) de.

—T
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If v, w are in the domain of A, we have, integrating by parts,

(Av,w) = — /7T V" (z)w(x) dx
(6.24) = /7T V' (z)w' () da

= (v, Aw).

The boundary terms disappear at each stage, due to the bundary conditions satisfied by
v,w. It follows that the eigenvalues of A are real, and that eigenfunctions for different
eigenvalues are orthogonal in the inner-product (6.23).

We can see more. Letting v = w in (6.24), and Av = Av, we find from the first
integration by parts that

Mu,v) = (Av,v) = / [V (2)|? dz = (v, ).

Hence, unless (v, v') =0, A > 0. But (¢v/,v") = 0 makes v constant, and constants are
indeed eigenfunctions, they satisfy the boundary conditions and A1 = 01 = 0. Thus the
eigenvalues of A are real, and positive, except for the eigenvalue 0, which has 1 as an
eigenfunction.

The other eigenfuctions are easy to come by. Write A = x? for some x > 0. Then

(6.25) Av = —v" = kK*v = v = acos(kz) + bsin(kx)

for some a, b. Imposing the boundary conditions on this form of function, we find that the
boundary conditions imply k € Z, k = £n for some integer n and then the eigenvalue is
A= k2 =n2

For elegance sake, we choose the eigenfunctions e”* where n = 0, £1,42,.... Recall
that
einz + e—m:v ein:c _ e—ma:
cos(nr) = ——, sin(nx) = ,
2 21
These are 27 periodic functions, they satisfy the periodic boundary conditions, and
) d? )
Aetne — T pint _ TL2€”L$.
dx?

Hence any finite sum

N
(6.26) u(t,z) = Z e e
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is a solution of the heat equation which satisfies the periodic boundary conditions. Don’t
be troubled by the complex valued looking expression; if a,, = a_,, then w is real-valued.
By the derivation, e™* and "™ are orthogonal if n? # m?, as they are eigenfunctions for
different eigenvalues and A is (formally) self-adjoint. In fact, they are pairwise orthogonal:

‘ , T ‘ 1 T4
(627) <ezm:v7 eznac> — /ﬂ pIMT o= INT o m /ﬂ- % (ez(m—n)x) dr =0
if m #n.
If we seek to satisfy the initial condition (6.17) with the expression (6.26) we must have
N
(6.28) u(0,z) = f(z) = Z ane™.
n=—N

The coefficients a,, can be computed from f just as before:

N s

(6.29) (f, ey = { Z ane™ ™) = (™ ) = ak/ ldx = ap2m
n=—N -
or
1 " —ikx
(6.30) ar = — f(x)e ™ dz.
2m ) .

Initial conditions of the form (6.28), those finite linear combinations, are called “trig-
nometric polynomials;” they are very special. Most functions f are not trigonometric
polynomials.

The formulas (6.29) do not depend on N, the degree of the trig poly. One then asks if
it is possible that fairly general f’s can be written as infinite sums

o0

(6.31) f(z) = Z ane™™®

n=—oo

with the coefficients given by (6.29). This is a bold question, with many aspects. Of
course, there are also questions about the u(t, z) given by (6.26) under the same assump-
tions.

However, at this point we leave the heat equation and focus on (6.31) with (6.30).
Moreover, we will now replace x by t (recall, we have dumped the heat equation setting).
Fourier series, the objects above, are even more important in signal processing, and then
there is no “space variable.” The formulas (6.29) make sense if f € L'(—n, 7). We now
define, for any f € L'(—m, ),

o0

(6.32) f~ Z ane™

n=—oo
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to mean
1
(6.33) a, = f() gt for neZ.
o
A better notation is this: for f € Ll(—ﬂ', 7) and n € Z, define
A 1 i .
(6.34) f(n) = 2—/ f(tye ™ dt for neZ.
T™J_n

Notice that
‘ < ‘ / f —znt dt‘ < —/ )|dt _ﬂ_Hf”Ll(—ﬂ'Jr)'

That is, f +— f is a bounded linear operator from L'(—m,7) into the Banach space of
doubly infinite bounded sequences {z,} ~ __ with the supremum norm (see (4.24)); in
fact, we showed that

(6.35) 1{fo} e < 57 [ 151t

Let us define Ff = f to give this map a name.
One obvious questions is this: is it true that FL'(—m,7) = (3?7 Is every bounded
doubly infinite sequence the set of Fourier coefficients for some function in L'(—m, 7)?
The answer is “no.”

Lemma 6.1 (Riemann-Lebesgue). Let f € Ll(— 7). Then
(6.36) lim f(n) =

n—+oo

n=—oo

Proof. This result follows from an approximation lemma.

Lemma 6.2. Trigonometric polynomials are dense in the space Cy(|—m,]) of continuous
functions g : [—m, 7] — C which satisfy g(—n) = g(n) (which carries the norm ||g| =
max(_x . |g|). In consequence, the trigonometric polynomials are dense in LP(—m,m) for
1<p<oo.

We defer the proof of this until the next section. Since a trig poly
N

p(t) = Z a,e™®

n=—N
satisfies p(m) = 0 for m > n, the claim of Lemma 6.1 holds for trig polys. Since
. — X 1 [m X
|fm)] < |(f = p)(m)| + |[p(m)] < 2—/ |f = pldt + [p(m)]

we can choose a poly p such that the first term on the right is at most ¢ > 0 and then m
so large that p(m) = 0. The conclusion is that |f(m)| < € as soon as m is large enough,
and Lemma 6.1 is proved. 0
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For the rest of this section, we denote by c¢q the space

(6.37) co = {a: ely: lirin |z, | = 0.}

We won'’t ask for it to be turned in, but you should do the exercise of showing that ¢y is
a closed subpace of [3°, hence it is complete, hence it is a Banach space.

Theorem 6.3. The mapping F f = f is a 1-1 bounded linear transformation of L*(—m, )
into, but not onto, cy.

Proof. We already showed that F is a bounded linear transformation as claimed.
To show that F is 1-1, we need only show that f(n) = 0 for all n implies that f = 0.
If f(n) =0 for all n, then

" pp(t) dt =0

for every trig poly p, and then, via Lemma 6.2,

| rwgteyae=o

for g € Cy([—m, 7]). Given a closed set E C (—m,7), put
dist (¢, E)\ "
= = 1 —_——

Clearly |gm| < 1 and g,,(t) — 1 if t € E, and ¢,,(t) — 0 if t ¢ E. By LDC, we conclude
that

/_ " P Xty di =0

for every closed £ C (—m,m). In general, if F C [—m, x|, then there is an increasing
sequence of closed sets E; C Ej; C F'N (—m,7), such that L(F'\ U2, E;) = 0. Putting
E = E; above and sending j — oo, LDC yields

/_ " F(xe(t) di = 0.

It follows that f =0 a.e.
Since F is 1-1, by the Open Mapping Theorem, if it is onto, then F~! is bounded. This
implies

(6.38) 1Az rmy = IF 7 Ffllprermy < NFHHIF flleo-
Let

N
(6.39) Dy(t)= > e* (N=0,1,2,...).

k=—N
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For a 27 periodic function f, the N*® partial sum of its Fourier series is

sv(f,)= ") fm)e™
n=—N
N 1 T
= Z % f(S)e ms dS eznt
(6.40) O
1 T N

/f )Di(t — 5) ds

The Dy are called the Dirichlet kernels. We have

t ) .
27 sin (5) DN(t) = ezt/2DN(t) _ e—lt/QDN(t)

N
_ }: cilkt3)t _ 2: pilk=5)t
k=—N

N N-1
— Z cilk+3)t _ Z oili+3)t
k=—N j=—N-1
SO
sin ((INV —|— 1
(6.41) Dy(t) = (( 3) )

According to Exercise 16

(6.42) / |Dy(t)|dt — 00 as n — oo.

On the other hand, clearly, Dy (n) is either 1 or 0 for all n. Hence no estimate of the form
(6.38) can hold for all the choices f = Dy. It follows from the Open Mapping Theorem

that F is not onto ¢y.

Another question is this: suppose we strengthen the assumption on f and require

f € Cy([—m,7]) (see Lemma 6.2). Is it then true that

(6.43) f(t) = hm sn(f,t) = lim Z f(n)e™ = lim 2i f(s)Dn(t —s

N—oo
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for all ¢t € [—m,7]? Does the Fourier series of a continuous (periodic) function converge
everywhere to the function?

The mapping f — sy(f,t) is a linear mapping from C,([—m,7]) into C for fixed t.
If (6.43) holds, then for fixed f.t, {|sn(f,t)|}x—, is bounded, and then by the Uniform
Boundedness Principle, there will be a constant M such that

(6.44) sn (£ < M masc [F(5)] = M Fleyrmy (N =1.2,..0)

However, this does not hold. For example,

sn(f,0) = %/_ﬁ f(s)Dy(s)ds.

It follows that the norm of the linear functional T f := sy(f,0) is at most [*_|Dy(s)|ds/2m
because

1 ™ ™
©45)  IDS1< 5ol [ HODNEdS < Ufllyony [ IDx()]ds

In fact,

1 s
Tl =5 | IDw(s)lds
™ ™

To see this, choose a sequence g; € C,([—m,7]) such that |g;| < 1 and g¢;(s)Dn(s) —
|Dn(s)| a.e. (construction explained in class). Then

1 ™
(93001 = 521 [ 95(6)Div(s) ds| < Tl s lany < Tl and

|| sopatsras| = [ ipatlas

establish this claim. Since we have (6.42), it follows that {sy(f,0)} is unbounded for a
dense Gj set of f’s in C,([—m,7]), and for such an f, sn(f,0) does not converge to f(0).
See Rudin pg 102 for further implications of this argument.

The above results are negative, showing that properties one might hope for do not hold.
Here is a positive result:

Theorem 6.4. Let f € L?*(—m, 7). Then
(6'46) ]\}Enoo ||f - SN(f>||L2(—7T,7r) =0

where sy(f) denotes the function t — sy(f,t). That is, the Fourier series of f €
L2(—m,7) converges to f in L?*(—m, 7). Moreover, the mapping

o

(6.47) fe-{verim}

n=—0oo

is an isometry of L*(—m, ) onto I3 (see (4.24) and below).
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Proof. Hereafter we write || ||; instead of || ||z2(—r ). Using the inner-product (6.23) (see
the Appendix, Section 12), we have

(. f) = / " FoPdt,

—Tr

so L*(—m, ) is a Hilbert space when equipped with this inner-product (that is, the norm
is just the norm coming from the inner-product). Now {e™}>° _ is a pairwise orthogonal
system in this Hilbert space, so the Bessel inequality of (12.13) yields

(6.48) IFI2 > llsv (NI for N=1,2,....

It follows that ||sx|| < 1. Moreover, for any trigonometric polynomial p, sy (p) = p for N
large enough. Hence for every trigonometric polynomial

If =sn(Pllz=1If —=p+p—sn(p) + sn(p) = sn(f)ll2
<|If =pl2+llp = sw(@)ll2 + llsn(p) = sn ()2
< |If = pl2+llp = sn®)ll2 + llsnllllp = 12
<2 = plz+llp = sn(@)ll2-

Using Lemma (6.2), if € > 0, we can choose p so that the first term is at most €, and then
N so large that the second term is 0. The claim (6.46) follows.
In view of ||e™||3 = 27, and (6.46), it follows from Proposition 12.4 that

(6.49) 1 =2m Y2 1R = 1{varim} I3

n=—oo

That is, the mapping (6.47) is indeed an isometry.
It remains to see that this mapping is onto. However, we see from Proposition 12.5
that

(6.50) Z z,e™  converges in L*(—m, )
j=—00
iff and only if # = (-++ ,2_1, 20,21, -+ ) € [2. Thus, when z € [3, we have

= i zpe™ € L2(—m,m) and  f(n) = x,, (n€ 7).

j==o0

Thus the mapping is onto.
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7. CONVOLUTIONS AND APPROXIMATIONS

Below, we discuss three types of mappings 7' : IR" — IR", translations, dilations and
reflections. These are given by

e :=x + h (translation by h € IR"),
(7.1) Tx = { Dsx:=dzx (dilation by 6 > 0),

Rx = —x  (reflection).

Notice that, in general, if T : IR"™ — IR" is continuous and invertible (1-1 and onto),
then

(7.2) xre(z) =1 <= 2€TE < T 'v € F — xp(T"'2)=1.

Using this, if L"(TE) = AL™(FE) for some constant A and all E, the following then holds
for all characteristic functions, hence all simple functions, and hence all f € L' (IR") :

(7.3) /IR" F(T'z)dz = A /Rn () dx.

This includes the claim that if f € L' (IR"), then so is x — f(T'z).
Since A = 1 for translations and reflections, while A = §" for Ds, we conclude that

/]Rn f(z - h)dz = /Rn f(x) da,

(7.4) [ fas) iz = /]Rn f(@) da,

R f(=x)dx = /IR” f(x)dx.

Let us also note the following about dilations: for » > 0

/{r<|x}f <§> du = /IR" Xyr<iyly (2).f (%) dx
—/ o Xty /0<Iyl} (%) f (%) da

=" /IR" Xtyr/o<yly (%) f (2) dz

= (5"/ f(z) dx.
{r/o<|z|}

The convolution f x g of two functions f,g on IR" is the function defined by
7.6 f*xglx)= f
(7.6) (z) R

for those x’s for which y — f(z — y)g(y) is in L* (IR™).

(z —y)g(y) dy
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Using (7.4) several times, we have

o te=natdn= [ = +agty+a)dy

(7.7) (=y)g(y + ) dy

= f
Rn
fW)g(x —y)dy.
e
That is, f * g = g * f; the convolution “product” is commutative.

Theorem 7.1. Let f € L' (IR") and g € LP (IR") where 1 < p < oo. Then f*g is defined

ae, measurable, and

(7.8) 17 9l oy < AN (my ol o mry-

Proof. 1t suffices to assume that f,g > 0. The integral on the right of (7.6) is then defined
for every x, although it may be infinite. The first issue is the measurability of the right-
hand side of (7.6). However, there are Borel measurable functions fy, go such that f = fj,
g = go a.e. (See Exercise 21.) The maps

R" xIR" 3 (z,y) -z —y € R"
R" x IR" 3 (z,y) —»y € IR"

are continuous and hence Borel Measurable, so (z,y) — fo(r —y) and (z,y) — go(y) are
Borel measurable on IR"™ x IR". By the proof of Fubini,

x /IR" folz = y)go(y) dy = (z —y)g(y) dy

]Rnf

is Borel measurable.
The case p = oo is immediate. For p = 1 we have, via Fubini,

I+ oy = [ (fo 7=t an) as

79) - [ ([ s vt i) ay
= 1l (m /IR" 9(y) dy
— Uy Mol
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Assume that 1 < p < co. Now, using Holder, p’ = p/(p — 1), Fubini, and the identity
above,

Joo et =matwa) = [ ([ = 5f<x—y>ig<y>dy)pdx
S/"<(1R”f($_ ) /fx_ )pdy>df”

= ||fHL1(IRn)”f * ngLl(IR") ”fHLl(]R")HgHIzp(IR")
O

7.1. Approximate Identities. The function

1 2
_ —[a[2 /4t
(7.10) Hy(x) = (47rt)”/26

solves the heat equation

ou ou 0%u 0%u

on IR" x (0,00). A solution u of the heat equation which satisfies the initial condition
u(0,z) = f(z) is given by

(7.12) u(t,z) = /IR" Hiy(x —y)f(y)dy; equivalently, wu(t,z) = (H;* f)(z).

H, is called the heat kernel.

Clearly H,(-) belongs to every LP (IR"), 1
solves the heat equation for, for example, f
under the integral sign.

We examine a sense in which u satisfies the initial condition u(0,z) = f(x). We do
this more generally. H; is a special case of the following situation. Take a function
p € L'(IR™), p > 0, which satisfies

(7.13) / _pdr=1.
For € > 0 define

1 sz
(7.14) pe(x) = —p (—)
Note that, using (7.5),

(7.15) / pe(x)dr = i IR" (E> dr = 1.

<p § 0o. Exercise 24 indicates why this u
€ L' (IR™). Derivatives may be calculated
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With this notation, and a bit of notational abuse, if p(r) = Hi(x), then p ; = H; and
(7.13) is satisfied:

mash| (7.16) / pdx:/ Hy(z)dr = 1;
IR" R"

we assume that you know the last equality - it follows from ffooo e dr = /7, a Math
5 calculation, and Fubini. It then follows from the next theorem that if f € L? (IR"),
1 <p<oo,then Hyx f — fin LP (IR") as t | 0. Later we will see that this convergence
also holds almost everywhere.

Theorem 7.2. Let p € L' (IR"), p > 0, satisfy (7.13). Let f € L? (IR") and 1 < p < oc.
Then
77 17 o Sl =

Proof. Since p € L' (IR™), for every § > 0 there exists Rs such that

(7.18) / p(x)de <5 if R> R
{lz|>Rs}
Hence
1 R
(7.19) / pe(x) dz = —n/ p <E) dr = / ply)dy <6 if — > Rs.
{l=|>R} € J{le|>R} € {lyI>R/€} €
Hence
(7.20) hf(r)l p(z)de =0 for R>0.
SRz}
Let f € C.(IR") (the continuous functions on IR" with compact support). We first
claim that
ccs| (7.21) 11%1 pex f(x) = f(x) unformly for z € IR".
To see this, note that
1 T —y
- =— — d
per @)= 1) =% [0 (22) () - st dy
1 T —y
(722) — [ () ) - e
€ Jla—y|<R} €
1

+— p(m_y> (f(y) = f(z))dy.

n
€ J{lz—y|>R}
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The first term of the rightmost expression is estimated by

2 () uw = senay

(7.23) 1 <x - y) max — f(x
<o e () o e 1) - s
< nax [F(y) = f(@)]

Since f is uniformly continuous, given x > 0, we may choose R sufficiently small (even
if “R” does not look small) to guarantee that this quantity is at most . Fix this x and
then R.

The second term of the rightmost expression is estimated by

= /{ o (m - y) (f(y) — f(x)) dyl

1 _
< (—n/ p(x y) dy) 2max | f].
€ J{lz—y|>R} € IR

By (7.18), for all e sufficiently small this at most x; therefore |p. * f — f| < 2k as soon as
e is sufficiently small, and (7.21) is proved.
Still taking f € C.(IR"), we claim that p. * f — f in L'(IR"). Indeed, as € | 0,

(7.24)

[pe* [l < pex |f] = [f| everywhere

while, using Fubini, (we did this before, (7.9)),

fooesinar= [ (5[ o (F20) rwldr) o= [ 1s)ay

It follows from the LDC theorem, in the form we have it on page 8 (or thereabouts), that
pex f— fin L' (IR™). From this and

pe x f(z) — f(2)| < 2%&3{“'

we deduce, for 1 < p < oo, that

p—1
(7.25) /Rn pe * f(2) = f(2)]Pde < (2 max |f|> lpex f = fllarry — 0

as € | 0. Since C.(IR") is dense in L? (IR"), and the norm of the linear mapping f +— p.* f
as an element of L(LP (IR"), LP (IR")) is at most 1 (Lemma 7.1), we are done (Exercise
18). O
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7.2. Proof of Theorem 6.2. At last, we indicate the proof of Lemma 6.2. Set

(7.26) Qut) = o1 (@) (h=1,2,..)

where ¢, is choosen so that

(7.27) / T it dt=1.

Let f € Cy([—m,7]), and put

(7.28) fult) = / " Qult— )f(s) ds:
we then have
(7.20) flt) — f(t) = / Qult — $)(f(s) — F(1)) ds.

Clearly f is a trigonometric polynomial. The key facts about @)} are related to those for
the p. above: Qr > 0, (7.27), and

(7.30) lim max Q(t) =0 ford > 0.

k—o00 §<|t| <

To see this, we use that Qx(t) is even in ¢ and (7.27) to conclude that

™1 £\" ™1 £\" 4
1= 2Ck/ (ﬂ) dt > QCk/ (ﬂ) sintdt = r ,
0 2 0 2 (k+1)
so ¢y < (k+1)/4, and

1) <
@t&é@’f()— 1

k+1 (1—|—cos§
2

Now break up the integral in (7.29) into a the pieces where |t —s| < § and where [t —s| > §
and mimic (7.23) and (7.24), using (7.30) in place of (7.20); it follows that f, — f — 0
uniformly.

Finally, to show the density of trig polynomials in LP(—m, 1), 1 < p < oo, we use the
density of continuous functions on [—m, 7] in these spaces (Theorem 4.5) and a bit of hand
waving in class to show that this guarantees the density of C,(|—m, 7]), and once we know
that, for f € LP(—n,m) and g € C,([—m,7]), we have, for every trig poly P(¢),

1f = Plly < I1f = gllp + g = Plly < I = gll, + 2m)7llg = Plic,-n.m),

whence the result (choose g to make the first term on the right as small as desired, then
P to make the second term as small as desired).

k
) —0 as k— oo.

Remark 7.3. It matters how one adds things up. We showed that the Fourier series of
a continuous periodic function f does not neccesarily converge at 0 to f(0), and this was
so for a dense G5 bunch of functions. You showed that the Fourier series of an integrable
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function does not converge to the function in L' (Exercise 17). However, if one adds
things up differently, these irritating facts go away. That is, it is true that

f— lim 80(f)+31(f)+'“+81v(f)’

N—o0 N +1
with uniform convergence if f € C,([—m,7]), and with LP(—m,7) convergence if f €
LP(—m,m), 1 < p < oo. This is because the kernel
Do+ Dy +---+ Dy
B N +1
has properties like the ones we used in this section. This method of summing a possibly
divergent series, using the sequence of averages, is called the method of Cesaro means.

The kernels Ky are called the Fejér kernels. Read about Fourier series on Wikipedia for
more info. The subject is infinite.

KN:

8. MAZUR-ORLICZ, HAHN-BANACH, MINIMAX, AND —

The presentation of the material in this section is adapted to our taste from slides for
seminars given this year by Professor Stephen Simons. These slides, now modified, are
available at

www.math.ucsb.edu/~ simons/SOAFA html

together with a preprint of a related paper, The Hahn-Banach-Lagrange Theorem, found
via Simons main web page (click through available via the above site), which just appeared
in the journal Optimization.

As a source for the results in the section title, I think the current notes, which uses
ideas of Simons, are as slick as it gets.

8.1. Preliminaries. We need a few concepts and elementary facts about them. Let F
be a real vector space. A function P : F — IR is sublinear if

(i) POwx) = AP(z) (v € E,0 <)),
(i) Pz +y) < P(x) + Ply) (2,y € E).

When P satisfies (8.1) (i), it is called positively homogeneous, and when P satisfies (8.1)
(i) it is called subadditive. The conditions (8.1) look familiar, they are satisfied by any
norm on E. However, a norm has the additional property || — x| = ||z||, which is not
satisfied by general subadditive functions; for example, linear functionals are sublinear.
Conversely, if P is sublinear and P(x) = P(—x), then it is what we once called a “pseudo
norm” (“semi-norm” is more common); it then has all the properties of a norm except
that P(z) = 0 only for = 0 does not necessarily hold.
The example P : IR" — IR given by

(8.1)

(8.2) P(x):\/xj =max{z;:j=1,...,n}
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is sublinear and will pop up later. It is clear that this P is positively homogeneous. It is
also clear that it is subadditive, or

n

\/($j-¥lﬁ)f§ \/:Dj+-\/lha
j=1 j=1

j=1
since the biggest z; + y; is certainly at most the biggest of the z; plus the biggest of the
y;. A similar observation is:

Finally, we note that if P is sublinear, then

(8.3) P(0) =0, and P(0) = P(x —x) < P(z) + P(—z) = —P(—xz) < P(x).

8.2. The Mazur-Orlicz Lemma. Everywhere below, E is a nonzero real vector space
and P is a sublinear functional on E.

Theorem 8.1 (Mazur-Orlicz Lemma). Let D be a convex subset of E. Then there is a
linear functional L on E such that

(8.4) L<P on E and i%fL = i%f P.

Remark 8.2. Simons calls Theorem 8.1 with D = {0} the Hahn-Banach Theorem. Other
people think of Theorem 8.5 below as the Hahn-Banach Theorem. Simons’ slides first
present Theorem 8.1 with D = {0} (when the result reduces to L < P) and then derive
the general case. We do the same, with the D = {0} case being Lemma 8.4 - we just
don’t give it a name.

The following lemma is a key ingredient in the proof of Theorem 8.1.

Lemma 8.3. Let D be a convex subset of E and k :=infp P > —o0. Then
(8.5) Pp(z) .= inf (P(x+ \y) — Ak)

yeD, 0<A
15 a sublinear functional on E which satisfies Pp < P.
Proof. Clearly Pp < P. If y € D, we have
A < P(A\y) =Pz + Xy —z) < Pz + \y) + P(—x)
and therefore
(8.6) —P(—z) < P(x+ A\y) — Ak = —P(—2) < Pp(x)

the import being that —oo < Pp everywhere.
Moreover, if z1, 25 € E, 0 < A, A9, and y1,y2 € D, then

A A
PD($1+IL’2)Sp(l’1+$2+()\1+)\2)(A +1)\ y1+/\ —1—2)\ 92>>—()\1+)\2)/f
1 2 1 2

= P(fl)l + )\1y1 + o + )\ng) — ()\1 + )\Q)Ii
< P(xy 4+ Miyr) — Mk + P(za 4 Aaye) — Aok,

so Pp is subadditive; it is also trivially positive homogeneous. 0
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Lemma 8.4. There is a sublinear functional QQ on E such that QQ < P and zf@ 1 another
sublinear functional satisfying QQ < P A Q), then QQ = Q. Moreover, any such @) is linear.

Proof. Consider the set
Q={T:E—1R; T issublinear and T' < P}

of sublinear functions which are less or equal to P. It is naturally partially ordered by “< 7,
that is < defines a reflexive, antisymmetric, transitive relation on Q. Here “antisymmetric”
means that ' < T and T < T only if T' = T. A “chain” Cin Q is a nonempty “totally
ordered subset” of Q. This means that if 7,7 € C, then either 7' < T or T' < T According
to Zorn’s Lemma, which is equivalent to the axiom of choice, if we can show that for any
chain C in Q there is a Q € Q such that Q < T for T € C, (i.e., @ is a lower bound for
C), then there is a minimal element @ of Q. Here @ is “minimal” means that if QeQ
and Q < @, then Q = Q.

The proof proceeds by showing that any chain has a lower bound, and then that any
minimal element of Q is necessarily linear.

To see that a chain C has a lower bound, define

Q(z) = nf T'(x).
If we show that @) is sublinear, we have produced a lower bound for C. First we note that
—P < —T implies that —P(—x) < —T(—z) < T(z) by (8.3). Hence —P(—z) < Q(x),
and @ is finite everywhere. Now suppose that T.T €C. AsT AT := min {T, T} > Q,

and T AT is either T or T (since Q is a chain) we have, for Z,z € E,
Qi +a) <T(&+z) AT (Z+ )

< (T(2) + T()) A (T(2) + T(x)) < T(2) + T(x),

SO A
Qz+2)<T()+T(x).
Infing over T and then T, we conclude that @) is subadditive. The infimum of positively
homogeneous functions is clearly positively homogeneous, and Q thus contains a minimal
element Q).
Now fix y € F and put D = {y} and P = @ in Lemma 8.3, producing Q3 < Q. By

minimality of @, Q) = Qy,}; in particular

Qx) = Quy(x) < Qz + Ay) — AQ(y)
for 0 < A\, x € F and y € E. Since also Q(x + \y) < Q(x) + AQ(y), we have equality,

Qr + \y) = Q(z) + A\Q(y).

Therefore linearity of @ will follow if we show that Q(—z) = —Q(z) for z € E. Put
r=—2z,y=zand A =1 above to find

Q(—2) = Q(=22) + Q(z) = 2Q(—2) + Q(2) = Q(—2) = —Q(2).
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O

Proof of Theorem 8.1 First, we may assume that x := infp P > —o0. Indeed, if infp, P =
—o00, we may replace D by {0}, and then the inequality of (8.4) implies the equality in
(8.4) with the original D. Apply Lemma 8.4 to Pp in place of P, obtaining a minimal
subadditive function L, which will be linear, satisfying L < Pp. For y € D,

—L(y) = L(—y) < Pp(—y) < P(—y + \9) — As

for § € D, A > 0. Choosing A = 1,5 = y yields —L(y) < —k. Thus infp L > k = infp P;
the opposite inequality follows from L < Pp < P. 0

8.3. Consequences of the Mazur-Orlicz Lemma. In the results immediately below,
we sometimes use the notation (z*, z) to denote the value of a continuous linear functional
r* at a vector x in its domain and E*, F** are the spaces of continuous linear functionals
on E and F) respectively.

Theorem 8.5 (Hahn-Banach Extension Theorem). Let E be a real normed space, F be
a subspace of E and y* € F*. Then there exists x* € E* such that z*|p = y* and

2" (|- = Nl [ -
Proof. Define P: E x F — IR by

Pa,y) = lly*llp-llzll = (v" y)-
Let D = {(y,y) : y € F'}. Notice that P(y,y) > 0 for y € F and P(0,0) = 0 to conclude
that

1r£1)fP = ;2£P<y7y) = 0.

Apply Theorem 8.1 to conclude that there exists a linear L : F x F' — IR such that
(i) Lz,y) < ly*llp-llzll = (v",y) for z€E, yeF.
ii) inf L =0.
(i) inf L(y, y)

Choosing x = 0 in (i) yields L(0,y) = —(y*,y) (if two linear functionals are ordered,
they are equal, or, as they say in Spain, a plane below a plane, is the plane :)). Choosing
y = 0 in (i) we see that L(x,0) < ||y*||F+||z||, which implies (upon replacing = by —x)
that |L(z,0)| < |ly*||F+||x]. In particular, the map x +— L(z,0) is continuous on FE; let us
call it z* € E*, and ||z*|| g+ < ||y*]]. In view of

L(y,y) = L(y,0) + L(0,y) = (z",9) = (¥",y) (y € F),
(ii) becomes (z*,y) > (y*,y) for y € F, which forces ZL‘*‘F =y* O

Corollary 8.6 (complex Hahn-Banach). Let E' be a complex normed space, F' be a sub-
space of E and y* € F*. Then there exists v* € E* such that *|p = y* and ||2*|| g~ =

ly°|

.
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Proof. Given y* € F*, consider the real linear functional z* on F' defined by
(z%,y) =R{y", y).
Let w* be a real norm-preserving extension of z* to F as provided by Theorem 8.5. Then
(x*, ) == (w*, x) — i{w", ix)

is a complex linear extension of y* to E. Clearly x* is real linear, and the full complex
linearity follows from (z*,ix) = i(z*, x), a consequence of the definition of z*. Then one
checks that the real and imaginary parts of 2* agree with the real and imaginary parts of
y* on F. To verify the norm preserving property, ||z*||g« = ||y*||r+, given z € E, choose
a € C, |a| =1, such that a(z*, ) = [(x*, z)| and then

2| < lly"|

(2", ) = [(&", ax)| = (0, az) < [Jw"]| geay e[ 2] = 1|27 rean - pe .

O

Remark 8.7. While the above deduction of Corollary 8.6 from Theorem 8.5 seems in-
evitable - what else could one do? - and transparent, very good mathematicians, including
Banach, could not find it for a time after Theorem 8.5 was proved. See the comments
about this in Rudin, page 105. Question: What is the moral of this story?

Corollary 8.8. Let F' be a closed linear subspace of the normed space E and xy ¢ F. Then
there exists x* € E* such that ||z*|| < 1, and (x*,zo) = dist (zo, F) and (z*, F') = {0}. In
consequence, if F' is not necessarily closed, then
F={xcE:2"c E* and (2*,F) = {0} = (2%, ) =0}.
Proof. By assumption, dist (zg, F') > 0. Define y* on the linear span of F' and xy by
<y*, Y+ )\$0> = Adist (xo, F)

Since
|y + Azo| = | Al

‘% + xOH > |A[dist (20, F) (A # 0,y € F),

we have ||y*|| 7+ < 1. We are done upon applying Corollary 8.6. U

Remark 8.9. Taking F' = {0}, we learn that if xy # 0, then there exists z* € E*,

|z*|| < 1, such that (z*,x0) = ||x¢| (and so [|z*|| = 1). See the remarks in Rudin, page
108.

For convenience, we will call a vector A = (A1,..., \,,) € R™ a probability vector if
(8.7) 0<Ai,....An, and A+ -+ )\, =1

Lemma 8.10 (Lemma on m Convex Functions). Let C' be a nonempty convex subset of
E and fi,..., fm be m convex real-valued functions on C. Then there is a probability vector

A € IR™ such that
(8.8) irclf()\lfl—i—---—i—)\mfm):irclf[fl\/---\/fm].
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Proof. Define P : IR™ — IR and D C IR™ by

m
P(zy,..., 2y \/x]—xl\/'--\/xm,:r:(xl,...,xm)EIRm,
7j=1

D ={(dy,...,dy) 3 ce Csuchthat f;(c) <d;,j=1,...,m}.

P is sublinear and D is convex, so by Theorem 8.1 there exists A = (A, Ag, ..., Ay) € R™
such that

(1) (A, @) = M2y + XoZg + -+ + A < \/xj for = € IR™,

J=1

(8.9)

(ii) i%f()\,x) = irle <\/ xj> :

j=1
Putting x = (—1,0,...,0) in (8.9) (i) we find

—A <0 = 0< A5 similarly, 0<Aj,5=1,...,m

Putting x = (—1,—1,...,—1) and then x = (1,1,...,—1) in (8.9) (i) yields
I1<M4-4A, <1 or M+--+\,=

In view of the definition of D, (8.9) (ii) just amounts to the second relation of (8.8). [
If C'is a convex subset of a real vector space E, then k : C' —| — 00, 00] is conver if

(8.10) E(1—t)r+ty) < (1 —t)k(z)+tk(y) (0<t<1,z,yel).
Similarly, k is concave if —k is convex, or
(8.11) (1 —=t)k(x) +thk(y) <k(l—t)z+ty) 0<t<l,z,yel).

Theorem 8.11 (Minimax). Let A be a nonempty convex subset of a vector space, B be
a nonempty convez subset of a (possibly different) vector space and B also be a compact
space. Let h: A x B — IR be concave on A and convex and lower-semicontinuous on B.
Then

8.12 h(a,b h(a,b
@12 SR () = g )

Remark 8.12. If A, B are any sets and h: A x B — IR, then

<
(Szlelg ggf h(a,b) gng ilelg h(a,b).

The inequality can be strict. For example, take A = B = {0,1} and define h(0,1) =
h(1,0) = 0 and £(0,0) = h(1,1) = 1.
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Remark 8.13. (von Neumann Minimax Theorem) The first result of this kind was due
to von Neumann; it is important in a number of fields, in particular, it is a keystone of
game theory. In his original work, von Neumann considered the case in which A is the
set of probability vectors in IR", B is the set of probability vectors in IR™ and

h(a,b) = (b, Ma)

where M is an m X n real matrix. As h is linear in each argument, this is a very special
case of Theorem 8.11.

Proof. Let
(8.13) (= supmin h(a,b).

acA beB

Assuming that 8 < mingep sup,e4 h(a,b), we derive a contradiction, proving the theo-
rem. With this assumption, we have

Usea {b € B : h(a,b) > 3} = B.

Since h is lower-semicontinuous on B, the sets {b € B : h(a,b) > [} are open, and since
B is compact, it is covered by finitely many of these sets. Let ay,as,...,a,, € A be such
that

{b€ B:h(a,b) >p}U---U{be B: h(an,b) > p} =B.
That is,

min <]\:/1 h(a;, b)) > 0.
From the Lemma on m convex functions, with f;(b) = h(a;,b), there exists
0< N, i+ +An =1,
such that
Ibréi]? (Mh(ar, b) + - + Aph(an, b)) > 5.

By concavity of A on A, this implies

h(Aiay + -+ + A, b) > 3,
which contradicts the definition (8.13) of £. O

Theorem 8.14 (Hahn-Banach-Lagrange-Simons). Let C' be a nonempty convez subset of
some vector space F, k : C' —] — 00, 00| be convex and k # oo, and j : C' — E satisfy
(8.14) P(j(aryr + azyz) — (a1j(y1) + a2j(y2))) <0

' for y1,y2 € C,0 < ay, s, 1 + g = 1.

Then there exists a linear functional L on E such that

(8.15) L<P on E and (LG W) +k(y)) = mE(P(5(y)) + k(y)-

inf
yeC
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Proof. Define the sublinear functional P ExR by

P(z,\) = P(x) + A
and D C E x IR by

(8.16) D :={(z,\) € ExIR:3y e C such that P(j(y) — 2z) < 0,k(y) < \}.
Note that
(8.17) (@), k() € D forgeC

because we may choose y = ¢y, A = k(7) in (8.16). We show that D is convex; this is where
(8.14) is needed. Suppose that (z;,A;) € D for j = 1,2 and 0 < ay, a2, 4 + ag = 1. We
want to show that

A

(818) (06121 -+ 929, Oél/\l + Oéz)\g) eD.
By the definition of D, there exists y; € C such that
(8.19) P(iy;) —2) <0, k(y;) < A5, j=1,2.

Then, by the convexity of &,
k(oqyr + aoya) < ank(yr) + agk(ya) < gy + ads.
Moreover, using (8.14) and then subadditivity and (8.19),
P(j(oayr + aya) — (121 + a22)
< P(jlaayr + aaya) — (1j(y1) + a2i(y2))) + Plarj(yr) + aaj(ye) — (21 + aoza))
< Planj(yr) + a2j(y2) — (aaz1 + az22))
< arP(j(y1) — z1) + 2 P(j(y2) — 22) < 0.

Hence D is convex.
Let L be a linear functional (provided by Theorem 8.1) which satisfies

L<P on ExIR and inf L(z, \) = inf (P(z)+\).
(z,\)eD (z,A\)eD

Writing L(x, \) = (¢, z) + v\ for some z* € E*, v € IR, this translates into

(8.20) (", 2) + A< Px)+ X (zre€E,XelR)

and

(8.21) (Z}/\I;ED((x L 2)+yA) = (Z’%ED(P(Z) + A).

From (8.20) with = 0, we have v = 1 and (z*,z) < P(z). Now, using (8.17),
(8.22) nf (2% 2) +2) < (27, j(y)) + k(y) for yeC.

Conversely, if (z,A) € D and y € C, P(j(y) — z) < 0,k(y) < A, then (z*,j(y) — 2) <
P(j(y) —z) <0,s0if (2,\) € D,

(8.23) dy € C such that (2%, j(y)) + k(y) < (z%, 2) + A;
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from these last two relations we see that

(Z}AI;ED(@*, 2)+A) = inf (2%, j(y)) + k(y))-

Just as in (8.22),
inf (P(z)+A) <P(y) +k(y) for yeC

(z,\)eD

and, this time using that P(j(y) — z) < 0 implies
P(j(y)) < P(z) + P(i(y) — 2) < P(2),
we have the analogue of (8.23): if (z,\) € D, then
Jy e C suchthat P(j(y)) + k(y) < P(z) + A\
This completes the proof. [l

9. DECOMPOSITIONS OF MEASURES

We will be taking much of this material from Rudin, Chapter 6.

In this section (X, M) is a fixed measurable space. We consider the following varia-
tions of the notion of a “measure” on M. Recall that a measure is a countably additive
set function which takes values in [0, o0]. To distinguish these among the other types to
follow, we will use the term “nonnegative measure.” If we want to insist on finite nonneg-
ative values, we will say “nonnegative real measure.” The following notions still ask for
countable additivity, but the values are taken in other sets.

For convenience in discourse, we will use the term “partition of £ € M” to mean a
sequence of pairwise disjoint sets { £} C M such that F = U2, E;.

Definition 9.1. (a) A function p: M — IR such that
(9.1) u(E) = Z pu(E;)  for every partition of £ € M
j=1

is called a signed measure on M.
(b) A function p: M — C such that (9.1) holds is called a complez measure on M.

A signed measure might have nonnegative values, but it cannot take the value co. Signed
measures are complex measures, but complex measures can take complex values. If \, v
are nonnegative real measures on M (again, the same thing as a plain old “measure”
which does not take the value co), then

(9.2) u(E) = NE) —v(E) defines a signed measure on M,
and if A\, v are signed measures on M, then

(9.3) w(E) = \NFE) +iv(F) defines a complex measure on M.
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Remark 9.2. In fact, (9.3) is general; the real and imaginary parts of a complex measure
are clearly signed measures. However, the positive and negative parts of a signed measure
are not, in general, measures, as is easy to see (Exercise 9.2). Dealing with signed or
complex measures, we lose two things which we are very much used to: 0 < p(E) and
ACB = u(A) < u(B).

In another view, if v is a plain old measure, and f is in L'(v), then
(9.4) w(E) = / fdv defines a complex measure on M.
E

If fis real-valued, f = f* — f~, then

(9.5) u(E) ::/Efdu:/Ef+dy—/Ef‘du

writes p as the difference of two nonnegative real measures. Moreover, taking E+ =
{f >0}, E- ={f <0}, (9.5) tells us that

(9.6) pE) =pwENET) - p(ENET).
The measures E — u(ENET), u(ENE™) are “concentrated” (defined precisely later) on

the disjoint sets £, E~.
We will see below that these examples are pretty general.

9.1. An Overview of Main Results. We outline the main results of interest and then
prove some of them.

Theorem 9.3. Let i be a complex measure on M. Then
(9.7) \p|(E) := sup {Z \W(E;)| - {E;} is a partition of E}
j=1

defines a measure || on M for which |u|(E) > |u(E)| for E € M. Moreover, if X is
another measure for which A\(E) > |u(E)|, for E € M, then X\ > |p|.

Proof. For F € M let P(F) = {partitions of F'} . We need to show that
{F} € P(F) = [ul(F) =) |ul(F)).
j=1

To this end, notice that {Ey},_, € P(F) implies {E, N F;},~, € P(F;) for j =1,2,...,
and {E), N F}} € P(F). Moreover, if {Ej;.},2, € P(Fy),j =1,2,... then {E;3}7, _, €

00
7,k=1
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P(F). Thus
Jul(F) = sup {i W(E| : (B, € P<F>}
~sup {i WU (Fy 0 B (B, P<F>}
< sup {ii W(F; N B B € P<F>}
< sup { fj W(E) LBk, € P(F).j = 1.2 }
~ up {ii (B Bads, € P, = 1,2, . }

The first inequality followed from p(Us2, (Fy N Ey)) = > 372, u(Fy N Ey), the second
inequality arises because one sup is over a larger set, and the final equality is due to the
fact that the sum over £’s in the preceding expression is at most |¢|(F}), but can be made
arbitrarily close (your basic €/27 close) to |u|(F}). Finally, the fourth (equivalently, the
fifth) expression on the right is at most |u|(F") by definition of |u|, so all the inequalities
are equalities.

Finally, |u| is, by its very definition, the smallest measure A for which A(E) > |u(E)|
for £ € M. Indeed, if A is any such measure and {£;}7°, € P(E), then

NE) = S OME;) = 3 |u(Ey)

j=1

Definition 9.4. The measure |u| is called the total variation measure of p.

Caution: The notation is a tad dangerous. We would usually use the notation |f| for the
function z +— |f(x)|. The use of |u| above is in conflict with this. || is not the function

E— |u(E)|

Remark 9.5. Let i be a complex measure on (X, M). The natural question arises as to

how
/ fdp
X
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should be defined. It is a consequence of the Radon-Nikodym Theorem below that there
is a measurable function h which satisfies |h| = 1 everywhere, such that

9.8) W(E) = /E bl (EeM).
Then one can define
(9.9) /X fdu = /X fhdpl (Fhe L ().

This is what will be done; the notion so defined is “consistent” in that then

/XEdM:/ XEhd!M:/hdIm:u(E)-
X X E

Theorem 9.6. If p is a complex measure on (X, M), then |u|(X) < oo.

Remark 9.7. If you have a complex measure p “in your hands,” that is, you have a
concrete description of how to compute its values, you should be able to quickly see that
|| (X)) < oo without using any theorems. This theorem is of the sort that provides general
information which is evident in particular cases. This doesn’t make it useless, it does help
to organize knowledge, but it isn’t serious from the point of view of applications. There
are lots of such math results.

Proof. Since . = A\+iv where \, v are the real and imaginary parts of p, and || < |A|+|v|
(because |u(E)| < |ME)| + |v(E)]), it suffices to assume that p is a signed measure.
Suppose that |p|(X) = oco. We claim that then there is a partition A, B of X such that

(9.10) p(A) > 1, u(B) < —1.

Since then |p|(X) = |u|(A)+|u|(B), at least one of |u|(A), |u|(B) is infinity. Say |u|(A) =
oo; applying the claim again, A has a partition A;, By such that (9.10) holds with A, By
in place of A, B. Continuing in this manner, we would produce a sequence of pairwise
disjoint sets {E;} such that |p(E;)| > 1. This is a contradiction, for

(U521 E;) = ZM (E;)

requires |u(E;)| — 0.
It remains to produce the splitting A, B of X satisfying (9.10). Since |u[(X) = oo,
there is a partition {F}} of X such that

DoluE)N = D> pE) = Y u(E)

{7:n(Fy) =0} {J:n(Fy)<0}
= 1 (Ugnerz01F3) = 1 (Uggury<oy F5) > 2+ (X))
Put A = Ugury)>01Fjy B = Ugiur,)<op Fj and a = pu(A), b= pu(B). Since
p(X) = p(A) +u(B) =a+b

(9.11)
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and (9.11) tells us |a — b| = a — b > 2+ |u(X)], the result follows from
la —b| — |a + b
2 )
which is valid for a,b € IR. O

lal, [b] >

Definition 9.8. Let u is a signed measure on M and |u| be its total variation measure.
Then the nonnegative measures

1 _ 1
(9.12) pha= gl ), = (el = ),
are, respectively, the positive and negative variations of .

Remark 9.9. Note that u = put — p~, |pu| = p™ + p~. In particular, any signed measure
can be written as the difference of nonnegative measures, as in (9.2). This particular
“decomposition” p = put — = into the difference of two measures is called the Jordan
decomposition of .

Definition 9.10. Let p be a nonnegative measure on M (so p can take the value oo),
and A be either a nonnegative or a complex measure on M.
(a) If A(E) = 0 for every p-null set E (ie, u(E) = 0), then A is absolutely continuous
with respect to u, and we write A < p.
(b) If there is a set A € M such that A(E) = AM(EN A) for E € M, we say that \ is
concentrated on A.
(c) If A\, A2 are nonnegative or complex measures on M, and there are disjoint sets
A, B € M such that Ay is concentrated on A and A, is concentrated on B, then
A1, Ao are mutually singular, and we write Ay L \o. This description is symmetrical,
but one can say it this nonsymmetrical way: A; is concentrated on a Ay null set.

Theorem 9.11 (Lebesgue-Radon-Nikodym). Let p be a nonnegative o-finite measure on
M and let X be a complex measure on M.

(a) Then there is a unique pair of complex measures on M such that
(9.13) A=A+ A, A <<y A Lo

If X\ is nonnegative and finite, then so are A\, and .
(b) There is a unique h € L*(u) such that

(9.14) M(E) = / hdu (EeM).

E
Definition 9.12. The pair (\,, As) of (9.13) is called the Lebesgue decomposition of X wrt
I

Definition 9.13. Suppose the assumptions of Theorem 9.11 are satisfied and, in addition,
A < . Then (clearly) A\s = 0 and (9.14) yields

(9.15) )\(E):/hdu (E e M).
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Then h € L'(p) is called the Radon-Nikodym derivative of X\ wrt p. This is denoted by
d\ = hdy or

dp

h=—.

d\
This result, which is here built into Theorem 9.11 is called the Radon-Niodym theorem.
Remark 9.14. Since it is clear that A < |A|, then Theorem 9.11 (b) above shows that a
general complex measure can be written in the form (9.4) (since |A|(X) < oo by Theorem

9.6).

Theorem 9.15 (Hahn Decomposition). Let p be a signed measure on M. Then there
exist disjoint sets A, B € M such that AUB = X and

(9.16) p(EY=mw(ENA) and p (E)=-w(ENB) (Ee&M).

Thus it is possible to write a general real measure as the difference of nonnegative real
measures concentrated on disjoint sets, as in (9.5).

9.2. Proof of the Lebesgue-Radon-Nikodym Theorem. This proof is due to von
Neumann, and it is therefore so blindingly brilliant and unlike anything in our previ-
ous experiece that we will sit in wonder at the end, not quite knowing what happened.
However, it is not painful and can easily be learned.

We begin with the lemma:

Lemma 9.16. Let o be a nonnegative o-finite measure on M. Then there is a function
w € LY(u) which satisfies 0 < w(x) < 1 for every x € X.

Proof. If u(X) < oo, put w = 1/2. Otherwise, let X = U2 | F,, where 0 < p(E,) < oo.
Put w,(z) =0if z € X \ E,, and
2—71

wy () = —————
and w(z) =3 07 wy,(z). Clearly 0 < w,, <27 so 0 < w < 1. Moreover,

if xek,

o0

- —n H(ER)
wdp < / wdp = 27— < 1.
Jowinsd [, w32 T

n=1

O

First assume that A\ in Theorem 9.11 is a nonnegative real measure (and hence finite,

by Theorem 9.6). Associate w to u as in Lemma 9.16, and let d¢ = d\ + wdp, which just
means that ¢ is the measure

d(E) = \NE) + [Ewdp.

/XEd¢:/XEd)\+/XEwd/L,
X X X

In particular,



55

and then

/deasz/xfdM/Xfwdu

holds for simple functions, and then for nonnegative functions and then for f € L!(¢).
Now consider the linear functional

L? — dM.
0)> f /X I

/deA S/X!f|d>\§/x|f|d¢§ (/X|f‘2d¢>l/2¢()()1/2

(Exercise 11). We are implicitly using

H(X) :)\(X)—l—/deu< 0.

We have

This shows our linear functional is continuous on the Hilbert space L?(¢), so by Corollary
12.8 (Riesz Representation Theorem), there exists g € L*(¢) such that

=] (9.17) /X fdx = /X fgds (f € L*(9)).

Put f = xg in (9.17) and use 0 < A < ¢ to find
cripa| (9.18) OS/\(E):/gdqbggb(E) — OSL/gdqﬁ:@gl.
B P(E) Ji P(E)
We use one more lemma, which we also need again later, to conclude from (9.18) that
0 < g <1 ae. (Rudin Lemma 1.40).

avgvs| Lemma 9.17. Let 1 be a nonnegative real measure, u(X) < oo, f € L*(u), and S be a
closed convex subset of C. If

ave] (9.19) @[Efdues (B e M, u(E)>0)

then f(z) € S for almost all x € X.

Proof. S¢ = C\ S is the union of countably many closed circular disks. Let A C S° be
such a disk; it suffices to prove that E := f~!(A) is a u null set. Let o be the center of
A and r > 0 be its radius. If u(E) > 0, then

1 1
’m/ﬂ“‘a —\

m/}ﬂ(f—a)du'gﬁé!f—alduér-

However, this contradicts (9.19). O
Hence 0 < g <1 ae wrt ¢. Hence we may assume that 0 < g < 1 everywhere. Rewrite
(9.17) in the form

(9.20) /X(l—g)fdA:/ngwd,u.
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Put

(9.21) A={r:0<g(x) <1}, B=A{zr:g9(x)=1},
and define

(9.22) ME)=MANE), \{(E)=XBNE) (FEeM).

Clearly A is concentrated on B. On the other hand, putting f = xp in (9.20), using that
g=1on B and 0 < w everywhere, yields

/wdu:() — u(B) =0.
B

Thus p is concentrated on X \ B = A, and so, by definition, A\; L p.
Next we choose

(9.23) f=0+g+ 49"z
in (9.20) to find
(9.24) /(1—g”+1)d)\: / g1+g+--+g")wdp.
E E
Clearly
o on {g=1}
gl+g+ - +ghwlh:= —13911) on {g<1}’

while 1 — ¢"™ 17 x4 as n — oo. Using the monotone convergence theorem in (9.24)
therefore yields

)\a(E):)\(EﬂA):/hdu (E e M).

Taking £ = X, we find h € L'(u1) and then deduce that pu(E) = 0 implies that \,(E) = 0,
or \, < u, as desired. This completes the proof for nonnegative real measures A\, up to
the claims of uniqueness. Clearly h satisfying (9.14) is unique a.e. u, (given \,.) The
uniqueness of \,, \s is argued below.

If A = A\ + 4\ with real )\;, we use the above result on the positive and negative
variations of Aj, A\y. To glue the results of this together (first to obtain results about A;,
then to obtain the desired conclusions about \), which involves noting:

vi Lp and vl py = vi+uvy Ly,
v << poand vy <L = v+ vy < .

The second claim is trivial. For the first claim, we note that if v, 1, are concentrated on
Ay, Ay respectively, and p is concentrated on By and By, where A; N B; = 0, then vy + 1y
is concentrated on A; U Ay and g is concentrated on By N Bs.

As to the uniqueness, let A, Ao < Ly As, As L i, and

AS_’_AQZS\S—‘FS\G,:M;
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then, by the above remark,

L (Mg —Aa) = (A = Ay) < e
But v L g and v < p clearly implies v = 0. U
9.3. Consequences of the Radon-Nikodym Theorem.

Corollary 9.18. Let A\, i be nonnegative o-finite measures on M. Then A = A\; + A\, for
unique measures A\, L p and Ay < p. Moreover, there exists a unique (a.e. ) h, 0 < h,
such that

Aa(E):/Ehdu (E e M).

Proof. Let X; C Xy... C X, X = U, X, and \(X,) < oo for n = 1,2,.... Define
Ey = Xy, By = X5\ Xq, B35 = X3\ (X7 UXy), ete, constructing a pairwise disjoint
partition of X on which A is finite. Define \*(E) := A(ENE,) and A\, A", h,, € L'(11) be
the decomposition data for A wrt p as in the Radon-Nikodym Theorem. Note that we
may assume h,, = 0 on X \ E,,. Then it is straightforward to show that

(9.25) Ao 1= i AT A = i AT, B = f: B
n=1 n=1 n=1

have the desired properties. Finally, note that h is not necessarily in L' (), but

[ b= (8) < A(E)
E
is finite iff A(E) < oo. O

Remark 9.19. If ¢ finiteness is dropped, then the Lebesgue - Radon-Nikodym Theorem
fails. Indeed, let A be counting measure on (0, 1) and p be Lebesgue measure and M con-
sists of the Lebesgue measurable subsets of (0, 1). Then A has no Lebesgue decomposition
relative to p and even though pu < A, there is no h € L'()\) such that u = h\. (exercise)

Theorem 9.20. Let p be a complex measure on M. Then there is a measurable function
h such that |h(x)| =1 for all x € X, and dp = hd|u|.

Theorem 9.21. Let p be a positive measure on M, g € L'(u1), and

A(E) ::/gdu (EeM).
E
Then d|\| = |g|dpu.
The Hahn Decomposition (Theorem 9.15).

Corollary 9.22 (to the Hahn Decomposition). If i is a signed measure and j = Ay — Ao,
where A1, Ay are nonnegative measures, then Ay > put, g > p™.



=

Hh

[
o)

deffig

el
[=2
[
! I

clp

dlam

eclp

cal

58

9.3.1.  The Continuous Linear Functionals on LP. This result deserves its own subsec-
tion. Throughout this subsection, p is a o-finite nonnegative measure on M. We seek to
represent the bounded linear functionals ® : LP(u) — F for 1 < p < co. We know some
of them. If g € L(u) where ¢ is the Holder conjugate of p, then

(9.26) v(f) = [ fadn
X

is well defined by virtue of the Holder inequality, and

(9.27) 124 (N < 1 1sllglla,

s0 [|®4]] < lgllq- In fact, all continuous linear functionals on LP(y) may be so represented.

Theorem 9.23. Let 1 < p < oo. If & € LP(u)*, 1 < p < o0, then there is a unique
g € Li(p) such that & = ®,. Moreover, ||®,|| = ||gllq- That is, the mapping g — @, is a
linear isometry of LI(p) onto LP(u)*.

Proof. We first show that ¢,¢" € L(u) and ®, = &, implies g = ¢’ a.e. If p(E) < oo,
then xp € LP(u), we have, by assumption,

Dy(xe) = Py (xe) = /E(g —¢)du=0.

According to Exercise 34, this guarantees that g = ¢’ ae. Thus g — @, is 1-1.

We attempt now to define a measure associated with ® € LP(u)*; then the Radon
Nikodym Theorem will be used to obtain the g for which ® = ®,. We initially assume
that p(X) < oo. Define A on M by

(9.28) AME) :=®(xg).
If E has a partition {£;}, then we observe that

(9.29) Ixe =Y xe, i) = IXE\0 i, p G0y = 1B\ U=y Ej))? — 0

=1

as n — oo. (Here is a place that p < co was used). On the other hand, this implies that
ME) =Y ME;) = @(xp) = 2(D_ x,) — 0,
7=1 5=1
as ® is continuous on LP(x). Thus
(9.30) AE) = S ME)),
j=1

and A is a measure. Clearly u(E) = 0 = A(F) = 0. Thus by the Radon-Nikodym
theorem, there is a ¢ € L'(u) such that

(9.31) Mmzéumzégm (E € M),
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By linearity it follows that

(9.32) ¢(f)==/;fgdu

for simple functions f. If f € L*(u), then it is the uniform limit of simple functions f;,
and then ||f; — f|lr(m) — 0 (here u(X) < oo is used). Thus, by continuity of ®, (9.32)
holds for f € L*™(u).

If p=1, (9.31) shows that

/;gdu's;n@uann1=:n¢nucE»

By Lemma (9.17), it follows that |g| < [|®] ae.
For 1 < p < oo, we first define

z
— if 2#£0

B(z) = 4 |4l ,
1 if z2=0.

so that (5(z)z = |z|. Since [ is Borel measurable,  — ((f(z)) is measurable and a(x) =
B(g(x)) satisfies ag = |g| and |a] = 1 everywhere. Put E, = {|g| <n} and define
[ =xg,|9/" *a. Then |f[P =|g|? on E, and f € L>(u). Applying (9.32) to this choice of

f, we find
1/p
Udp = dy = @ ® 1d .
/n!g! p /ngu () < H([En!g! u)

/ymwwsmw
X

Using the monotone convergence theorem, we pass to the limit to find ||g||, < ||®||. Thus
¢, and ® are both continuous and agree on the dense subspace L*(u) of LP(u), and
therefore & = ®,. Moreover, from the above and (9.27), ||®4|| = ||g||,- This completes the
proof for the case u(X) < oo.

To treat the case X = U2, E;, where By C Es, ... and u(Ej;) < oo, define 1, to be p
restricted to the sigma algebra of those measurable sets which are subsets of Fy; uy is a
finite measure. For f € LP(uy), define fi to be the extension of f to X which vanishes
off of Ej. The functional LP(y) > f — ®(f3), call it ® is linear and ||®*| < ||®||. By
what we already proved, there exists gr € L(u), ||¢*|l, < [|®]], such that

Thus

O*(f)= [ foedu. (f € LP(uy)).

Ey
By the uniqueness of ¢’s, and E; C Ej if j <k, it follows that g; = g, a.e. on E;. Hence
defining g on X by

g=gr on Ej
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is perfectly sensible. Since for 1 < p < oo (you do the p =1 case)

/ 9] dp = 1im/ 9] dp = 1im/ |9k dpu < || @7,
X k—o0 Ey k—oo By,

g € Li(p) and ®(f) = D4(f) if f vanishes on Ej. By density (xg, f — f in LP(n)),
® = &/, and we are done in general. U

10. DIFFERENTIATION OF MEASURES, INTEGRALS AND FUNCTIONS

Much of this material is taken from Rudin, Chapter 7.

10.1. Notation, Definitions and a Few Preliminaries. In this section we work in
IR"™. We will use the notation

B(x,r)={y: |y -z <r}
to denote the open ball of center x and radius r. We will also use the notation
|E| := L"(F) for the Lebesgue measure of £ C IR".

The following quantities will appear, involving a (usually complex) Borel measure p on

IR™ :
u(B(x,r))  p(B(z,r))

10.1 1) () = _ ,
(101 (@Quip(e) = H B = 2
where w, is the area of the unit sphere in IR",

(10.2) (Dp)(x) := li%l(Qrp)(:v) (for x such that the limit exists),
(10.3) (Mp)(x) = ,Sup (Qrp)(z) (1= 0).

Definition 10.1. At points x where Dpu(z) is defined, Du(z) is called the symmetric
derivative of i at x. The function My is called the mazimal function of p. It can take the
value oo.

In the case where p is given by
u(B) = [ 5@ da
E
for some f € L' (IR"), then we write M f instead of Myu. That is
1
(10.4) M@= s = it
0<r<oo WnT" JB(z,r)

In this case, we call M f the mazximal function of f.
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Definition 10.2. A function h : R" — [—00,00] is lower semicontinuous if any, and
hence all, of the following equivalent conditions are satisfied:
(i) {z : f(x) > A} isopen for A€ (—o0,0].
(10.5) (i) {z : f(z) < A} s closed for A € (—o0,00].
(iii) if 2¥ — x, then lim inf f(@®) > f(x).

Lemma 10.3. Let p be a nonnegative Borel measure on IR". Then My is lower semi-
continuous,; thus it is measurable.

Proof. There are two main points. The first is that @), is lower-semicontinuous for fixed
r > 0. To see this, let ¥ — z. Then

(10.6) B(z,r) C U2 M2, B(a",r),
which implies that
u(B(x,r)) = lim ,u(ﬂzO:jB(l‘k,T)) < liminf pu(B (27,7)).
j—o0

j—00
Since |B(z, )| is a multiple of ", independent of x, @, is lower-semicontinuous. The next

main point is that the sup of any family {f,, @ € A} of lower semicontinuous functions is
again lower semicontinuous. To see this, we note that

f(x) := sup fa(x)
acA

implies
{z: f(2) > A} = Usea{z : falz) > A},

which is the union of open sets. O

10.2. Maximal Functions and Lebesgue Points. The most important result in this
section is:

Theorem 10.4. Let f € L' (IR"). Then for almost all x € IR"
(10.7) im s [ 1) = f@)ldy =0,
B(z,r)
Remark 10.5. The unmodified expression “almost all” or the form “a.e.” of this will
always mean relative to Lebesgue measure in this section.
Definition 10.6. If (10.7) holds for x, then z is called a Lebesgue point of f.
In the course of proving Theorem 10.4 we will use
Theorem 10.7. If i1 is a nonnegative real Borel measure on IR", and A > 0, then
(IR")

(10.8) [{Mp > 2} < 3=
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When u(E) = [, |f|dz, (10.7) becomes

(10.9) {Mf > < 3”@.

Note that if g € L' (IR"), then

(10.10) ol > A< [ lalde = ol ey

that is, |g| obeys the same sort of inequality as M f does in (10.9). However, this sort of
inequality is not equivalent to being in L!, and it is therefore referred to as follows: if

A A{lg| > A}| is bounded for A >0,

then “g is in weak L'.” The function z — 1/|z| for IR 3 x # 0 is an example of a weak
L' function which is not L.

The proof of Theorem 10.7 is not more difficult than that of the special case u(E) =
[ |f dz. The key ingredient is a covering lemma.

Lemma 10.8. Let B (z;,r;), j =1,2,..., N be a finite collection of balls in IR". Let
W= UL B (z),75).
Then there is a set S C {1,..., N} such that

(a) B (zj,7;) N\ B (zg, 1) =0 for j,k €S, j#k.
(b) W C UjESB (l’j, 3TJ) .

Proof. Relabel the balls so that ry < ry_y < ... <ry. Set {; = 1. Discard B (z;,r;) if
it intersects B (z1,71), and let j be the first index 1 < j for which B (z;,r;) does not
meet B (z1,7). Put [y = j. Repeat this process, discarding all remaining balls which
meet B (x,,71,), and let I3 be the least index from the set of non cast out balls for which
B (x5, 71,) meets B (xy,,7,,), etc. The process terminates in some number m < N steps.
We claim S = {ly,..., 1} has the desired properties. Property (a) is clear. Property (b)
is also clear, for any ball which was cast out meets a ball we kept, and which has at least
as large a radius. But if two balls meet, then the one with the smallest radius is contained
in the ball with thrice the radius and same center as the other ball (in other words, draw
a pic). O
Proof of Theorem 10.7. Let K be a compact subset of the open set {Mu > A}. Each
x € K is the center of an open ball B for which

u(B) > A B|.

Select a finite subcover of K by such balls, and apply the preceding lemma to extract a
disjoint subcollection {By, ..., B,,}, for which the balls with the same centers and thrice
the radius cover K. Then

n(IR")

K] <3" ) 1By < 3"\ u(By) < 3"

j=1
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The result follows upon supping over the compact sets K. O
Proof of Theorem 10.4. For f € L' (IR") and r > 0, define the function T, f by

1011 (TN = gy [ 1) = )y =

Z, T) ’ B(z,r) W™

lé(Jﬂw—f@N@,

and then the function T'f by

(10.12) (Tf)(z) == lirr:l%up(Trf)(:v)-

We seek to show that T'f = 0 a.e. Notice that

(10.13) Tf<Mf+|f]

Next, notice that 7)., and hence T, is subadditive:

(10.14) T,(f+9) <Tof +Tog — T(f+9) <Tf+Ty.

so that
Tf=T(f-g+9) <T(f-9g) +Tg.

Finally, we notice that T'g = 0 if ¢ is continuous. Combining this with (10.13), we conclude
that if g € L' (IR™) is continuous, then, by the above,

(10.15) Tf<M(f—-g)+I[f—gl

If (Tf)(x) > A, then it must be that at least one of M(f —¢g) and |f — g| is more than
A/2; that is

{Tf > C{M(f —g) > A2 U{lf —gl > A/2}.
Furthermore, by Theorem 10.7 and (10.10),

||f—9||L1(IR")
A

||f—9||L1(IR")

M —g) > A2} | < 32—

{If =gl >A/2p[ <2

Hence {T'f > A} is contained in a set of measure at most

f_ 1 ™
2(3" + 1) | g!L By

where g € C(IR") N L' (IR") is arbitrary. Since the continuous functions are dense in
L*(IR™), {Tf > A} is contained in a set of measure 0, and, Lebesgue measure being
complete, it is then a measurable set of measure 0, and we are done. 0
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10.2.1.  Some Consequences of Theorem 10.4. We’ll say more in class, but won’t write
much here (“too simple” :)).

(1) If f € L' (IR") and z is a Lebesgue point of f and {E;} is a sequence of sets and
{r;} is a sequence of positive numbers convergent to 0, and E; C B (z,r;), then

ri o1
fly dy < - Fy) = f(@)|dy — 0
w5l Dy < e [ 1) = @y

provided that the ratio r7 /| Ej| is bounded above; equivalently, |E;| > &[B (z,7;) |
for some x > 0. This is the definition of {E;} shrinks nicely to x. Note that we do
not even need x € Ej;. Of course, this implies

1 L S0 = 1)

(2) Let f € L*(0,1) and extend it as 0 to the rest of IR. Consider

</ s = [ 1) = g iy O P

for z € (0 1) and |h| > 0. As the intervals [z, 2+ h| shrink nicely to x, we conclude
that F(z) := [, f(y) dy is differentiable a.e. on (0,1) (in the calculus sense) and
) = f (x) ac.
(3) If E is any set, we have
|[ENB(z,7)| 1
= Xe dy — xp(z)
’B (I’,T’) | |B (.CE,’I") | B(z,r)

for almost every z. It follows that the metric density of E (namely, the limit of
the left-hand side as r | 0) exist almost everywhere, is 1 a.e. on E and is 0 a.e. on
the complement of F.

SRS

11. THE FUNDAMENTAL THEOREM OF CALCULUS, LEBESGUE STYLE

We are out to identify the functions f : [0,1] — IR for which f’ exists ae, belongs to
L*(0,1), and

(11.1) fla) =10 = [ re)ds 0=z,

where the integral is understood in the Lebesgue sense. To minimize notation, we will
work on [0,1] rather than “[a,b]”, as does Rudin, but if you understand [0,1], you can
easily generalize to [a,b]. To start, suppose that g € L(0,1) and

(11.2) f(z) = f(0)+ /Oxg(s) ds (0<z<1).

What properties does f have? Well, we know by Section 10.2.1, point (2), that f" exists
a.e. and f’ = g a.e. This much information about f, that f’ exists a.e. and is in L'(0, 1),



65

does not guarantee that (11.1) holds. The key property of those functions f of the form
(11.2) is this: suppose that (a;,b;) C [0,1] for j = 1,...,m is a finite collection of pairwise
disjoint intervals. Then

(11.3) > 1£(0) ~ fa, \_Zy/ 5) ds| <Z/ 5)| ds.

We claim that for every € > 0 there is a § > 0 such that

(11.4) Z(b —a;) <5:>Z/ s)|ds < e.

This is a special case of the following general remark.

a;j

Lemma 11.1. Let p be a nonnegative measure on a o-algebra M and g € L'(u). Then
for every e > 0 there is a 0 > 0 such that if p(E) < 0, then [, |g]dp < e

Proof. 1f the assertion of the theorem fails for some € > 0, then there exist sets F; such
that u(E;) < 1/27, but
/ 9| dp > e
E;

F,=U;Z By then  p(F)) <

Let
1

The Fj}, decrease with & and, by the above, we would have that F =N, Fj is a p-null
set for which

/ lgldp = hm |g|d,u>hmsup lg| dp > €.

k—o0 Ey
This is a contradiction. O
Thus (11.4) indeed holds, and by (11.3) we then know that if f is given in the form
(11.2), it must be AC (short for absolutely continuous) in the sense of the definition below.

Definition 11.2. A function f : [0,1] — C is absolutely continuous (AC for short) if for
every € > 0 there exists a 6 > 0 such that if (a;,b;) C [0,1], 7 = 1,...,m, is a finite
collection of pairwise disjoint intervals and 3 77", (b; —a;) < 4, then > 70| [f(b;) — f(a;)] <
€.

The hard part of the Fundamental Theorem of Calculus, Lebesgue style, is:

Theorem 11.3. If f : [0, 1} — C is AC, then f is differentiable at almost all x € [0, 1],
fe LY0,1), and f(x) = f(0)+ [, f'(s)ds for 0 <z < 1.

Remark 11.4. It is not true that if f : [0,1] — IR is continuous, differentiable a.e. and
f € L*(0,1), then f is AC. In Rudin, Section 7.16, or, more congenially, in SS, page 125
(bottom), one finds a continuous monotone f with f(0) = 0, f(1) = 1, satisfying f'(z) =0
a.e. on [0,1].
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The proof proceeds through a couple of stages. The first is to establish (11.3) for
nondecreasing functions, and the second reduces the general case to the monotonic one.
This is Rudin, Theorem 7.18.

Theorem 11.5. Let f : [0,1] — IR be continuous and nondecreasing. Then the following
conditions on f are equivalent:

(a) fis AC on [0,1].

(b) f maps sets of measure 0 to sets of measure 0.

(c) f is differentiable a.e. on [0,1] and

fa) =10+ [ fs)ds 0=,

Proof. We will show that (a) = (b) = (¢) = (a). Assuming (a), let £ be a Lebesgue
null subset of [0,1]. We have to show that f(E) is Lebesgue null. Clearly we may assume
that 0,1 ¢ E. Since Lebesgue measure is complete, it is enough to show that, for ¢ > 0,
f(F) is contained in a measurable set W which satisfies [IW| < €. Let § > 0 go with ¢
per Definition 11.2 and let V' be an open subset of (0,1) which contains £ and satisfies
[V| < 0.V is the disjoint union of open intervals (a;, b;) which satisfy 322, (b; — a;) < d.
Set W = U, [f(a;), f(bj)]; clearly f(V') C W. By the choice of ,

WI< Y (Fb) = flag)) < e.

Thus (a) = (b).

To continue, assume that f satisfies (b). We first claim that this guarantees that f(F)
is measurable if E is measurable. To see this, let £ C [0, 1] be measurable and K; be an
increasing sequence of compact sets such that K; C E and |E\U;—; K| = 0. Since f(Kj) is
compact (by continuity of f), it is measurable and therefore so is U52, f(K;) = f(U32, Kj).
Now

f(E) = [(E\UZ K5) U f(U52K;)
presents f(F) as the union of the measurable set f(U2, K;) and f(E \ U, K;), which,
due to (b), has measure 0. Thus f(F) is measurable.

If [E| =0, then £ C N32,V; for some decreasing sequence of open sets V; such that
|V;| 4 0. We claim that

(11.5) FVHIN (052 V))] = 0.
To see this, we figure out the extent to which N2, f(Vj;) and f(N32,V;) might differ. If
they differ by a null set, and we will show the difference is an at most countable set, it
follows that
SV 05Z, F(Vi)] = [F (M52, V)] = 0,
whence (11.5).
It is clear that f(N32,V}) C N5, f(V)).



67

Suppose that y € N5, f(V;) \ f(N2,V;). We claim that then the inverse image of y
under f, f~*(y), which is a closed interval I, by the monotonicity of f, cannot be a
singleton, I, = {r}. Indeed, if it were, then y € N3, f(V;) implies x € Vj for all j and
then y € f(N32,Vj).

Thus {I,:y € N2, f(V;)\ f(N52,V};))} is a pairwise disjoint collection of subintervals
of [0,1] of positive length. There can only be at most countably many such intervals.
Hence M52, f(V;) \ f(N32,V;) is countable, and (11.5) is established.

Now set

g9(x) =z + f(z).
We claim that g also satisfies (b). Indeed, if (a,b) is any component of V; above, then
9((a, b)) = [(a+ f(a),b+ f(b)] = b—a+ f(b) = fa) = [(a,0)] +[(f(a), f())|
and this implies that |g(V;)| < |V;| + |f(V;)|. Invoking (11.5), the claim follows.

The virtue of g is its strict monotonicity. It allows us to define a measure p on Lebesgue
measurable subsets of [0,1] by

p(E) = lg(E)|.
Since the image under g of a measurable set F is measurable by arguments above, and since
{9(E;)};_; is a pairwise disjoint collection of sets whenever {£;}°7, is, yi is a measure.
Since g satisfies (b), pu(E) = 0 whenever |u(E)| = 0. According to Radon-Nikodym, there
is then an h € L'(0,1) such that

p((0, z]) = [g([0,2])| = g(z) — 9(0) = f(z) = f(O) + 2 -0 = /Oz h(s) ds
f(z) = f(0) + /Ox(h(s) —s)ds (0<z<1).

By previous results f'(z) = h'(z) — 1 a.e, and we have proved that (b) = (c).
We already established that (¢) = (d). O
To get around the restriction to nondecreasing f in the implications (a) <= (b) and
prove Theorem 11.3, we use the following notion.

Definition 11.6. Let f : [0,1] — C. Then
V(z) ::sup{2|f(tj)—f(tj_1)\:O:t0<t1<...<tn:3:,n:1,2,...} 0<z<1)
j=1

is the total variation of f over [0,z] and V is the total variation function of f. Note that
V(z) = oo is possible. If V(z) < oo, f is said to be of bounded variation on [0, z]. We will
call aset {0 =ty <t; <...<t, =z} a partition of [0, x].

Theorem 11.7. Let f : [0,1] — C be AC. Then the total variation function V' of f is
AC. Moreover, if f is real valued, the functions V,V £ f are nondecreasing and AC on

[0,1].
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Proof. Suppose that 0 < 2 < y < 1. Then for any partition {0 =, <t; <...<{t, =z}
of [0, z] we have

V() 2 [£y) = F@)l+ 3 _1F(t) = ()]

which implies

V(y) > V(z) and V(y) > f(y) — f(z)+V(z) and V(y) > f(z) — f(y) + V(z)

so V,V &+ f are nondecreasing.

It remains to show that V is AC; that V' 4 f is AC then follows from the fact that sums
of AC functions are AC. Let ¢ > 0 and § > 0 be associated to f as in Definition 11.2. Let
{(aj,8;)};_, be a collection of disjoint subintervals of [0, 1] such that

(11.6) > (B —ay) <6
j=1
Let k >0 and a; =t;0 <t;1 < ... <{t;m,, = B; be a partition such that

V(B) — Viay) £ S If(t) — Flta)l + 5

Then

Z( (8;) = Viay) <ZZ|f ik) = f(tie-1)] + nk.

j=1 j=1 k=1
Now the intervals (¢;5-1,t;%), j = 1,...,n,0 < k < m,;, are pairwise disjoint and the sum
of their lengths is less than § b (11 6) It follows that

> V() — Vi) < €+ nk,

j=1
where k > 0 was arbitrary. Thus V is AC. U
Proof of Theorem 11.3 Clearly it suffices to assume that f is real. Let V' be the variation
function of f and consider the nondecreasing AC functions V + f and V. According to
Theorem 11.5, both of these functions are differentiable almost everywhere, the derivatives
belong to L'(0,1), and they are given by the integrals of their derivatives. Thus the same
is true for V+ f =V = f. O

Remark 11.8. Some of the above discussion goes through if we merely assume that
V(1) < oo (and drop the requirement that f be AC. If V(1) < oo, we say that f is of
bounded variation on [0,1]. It is still true that the functions V' + f are nondecreasing, and
then f = (V+f)/2—(V — f)/2 represents f as the difference of nondecreasing functions.
According to Exercise 40, it follows that if f is of bounded variation, it is differentiable
a.e.
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11.1. Changes of Variables in Integrals. I can see that we aren’t going to get this
far. We are all tired. However, it is worth at least explaining Theorem 7.26 of Rudin,
pages 153-154. In this statement V' C IR" and T : V' — IR" is assumed to be differentiable
at every point of some set X C V., which means that for x € X, then

(11.7) T(x+h)=T(x)+ Ah+o(h) as h—0,

for some A € L(IR",IR"). The condition (11.7) means

lim |T(x + h) —T(x) — Ah| _

0.
h—0 |h|

If (11.7) holds for some A, then A is unique, 7" is said to be differentiable at z, and one
sets T"(x) := A. You can think of 7"(x) as an n X n matrix, called the derivative of T" at
x; I often call it the Jacobian matrix of T" at z. It is a calculus theorem that (11.7) holds
with A, = g—ﬁ(:c) if the components of T'(x) have continuous partial derivatives with
respect to the components x; of x on V. There is an irritating glitch in the notation here.
One either gets seriously pedantic, or more flexibly thinks of elements of IR" as either
rows or columns depending on the situation. In (11.7), we think of vectors as columns in
order to match up right with the formula for the entries of A just recalled. When T is

differentiable at x we define the Jacobian determinant of 7" at = by
Jr(x) = det(T'(x))

Theorem 11.9. Suppose that

(i) X CV CIR",V is open, T : V — IR" is conlinuous;
(il) X is measurable, T is 1-1 on X, T is differentiable at every point of X;
(iii) |T(V \ X)| = 0.

Then if f: IR" — [0, o0],

dy = T(x))|Jr(x)|dr.
/T(X)f(y) y /Xf( (@) 2 ()|

As regards the various assumptions, the differentiability of T is usually obvious in
concrete cases, and the differentiability holds on the full open set V. Verifying the 1-1
assumption in (ii) requires an ad hoc analysis of 7', is cannot be verified “globally” by
fairly simple conditions on 7" when n > 1. However, if 7’(x) is continuous on V and
Jr(z) # 0, the proof of the inverse function theorem includes a proof that 7" is “locally
1-1.” The condition (iii) looks a bit scary, but Lemma 7.25 of Rudin shows that it is
satisfied if T is differentiable at each point of V and |V \ X| = 0; it is also clearly satisfied
if X = V. Subtle points include that the measurability of x +— f(T'(x))|Jr(x)| is built into
the assertion of the theorem, but it is not necessarily true that x +— f(7T'(x)) is measurable
just because f is measurable.
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12. APPENDIX: INNER-PRODUCT AND HILBERT SPACES

We assume that you have seen much of this, in a linear algebra course, so we are terse.
An inner-product space (V,(-,-)) consists of a vector space V (real or complex) and a

mapping
(12.1) VxV >3 (uv)— (uv) €F,
(here F denotes the scalar field, not the Fourier thingy), which has the following properties
(i) u — (u,v) is linear,
(122 (i) (u,v) = (o, 0,
(iii) (w,uy >0 and (u,u) =0 iff w=0.
< N(;te t<hat ;f F = 1R, then (ii) (in which the overbar means “complex conjugate”) says
u,v) = (v, u).

Example 12.1. A basic example, for us, is the space L*(u), where (X, M, p) is a measure
space, with the inner-product

(12.3) (f.9) = /X f7du.

Hereafter (V, (-,-)) is an inner-product space. The associated norm || - || is given by

(12.4) lull = v/ (u, u).

While we used the word “norm,” we have yet to verify that it is a norm. All properties
of a norm are immediate, except the triangle inequality, which is proved below. First we
notice that

lu+v||* = (u+v,u+0v) = (u,u+v) + (v,u+ )
(12.5) = (u,u) + (u,v) + (v,u) + (v,v)
= JJul* + 2R(u, v) + [Jv]*.
Lemma 12.2 (Cauchy-Schwarz inequality). If u,v € V, then
(12.6) )] < Jlaf o]
In consequence, || - ||, as defined in (12.4), is a norm.
Proof. To prove (12.6) we may assume that u # 0,v # 0. For ¢t € IR, (12.5) yields
0 < (u+tv,u+tv) = |Jul|* + 2tR(u, v) + £*|Jv]]*.
The minimum value of the rhs wrt ¢ is attained at

R(u,v)

el
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Plugging this value of ¢ into the above, we find

Oﬁ\lullz—ﬁ(“’”mwvw( m’m) ol =l - 222

o] v o]

or
(12.7) [R(u, v)| < flulll|v]].
We are done in a real inner-product space. In the complex case, chose o € IR such that
[(w, v)| = €"*(u, v) = (¢"*u, v)
and then, via (12.7),
[(u, 0)| = [R{eu, v)| < [l ull[Jv]| = [full[Jv]].
Finally, the triangle inequality for the norm follows from

[+ 0]l* = llull® + 28w, v) + [[v]I* < [lull® + 2fjullllv] + lJolI* = (lull + [lv])*.

We will say that two vectors u,v are orthogonal if
(u,v) = 0;

this is also the meaning of u L v. Note here that we allow u = 0 or v = 0.
We will call an indexed family of vectors in V, say {v, : « € A}, pairwise orthogonal if

NO v, = 0 and
(12.8) vo Lvg for a,feAa#p.

If {v,:a € A} is pairwise orthogonal, we say, more elegantly, that {v, : o € A} is an
orthogonal sysem. If, in addition, ||v,|| = 1 for a € A, we say that {v, : o € A} is an
orthonormal system. 1t follows from (12.5) that if {v,--- ,v,} is an orthogonal system,
then

(12.9) 1Y al* = Jag[lv; >
j=1 j=1

Lemma 12.3. Let {vy,...,v,} be a pairwise orthogonal system in V. Let u € V. Then

(12.10) (u—ZajvJ) Lo, for k=12, v,

j=1
if

(12.11) A L

[[ox ]

for k=1,2,--- n.
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Proof. We have

(=" a5, 06) = (u,00) = ) ajv,0) = (u,0) — ap(vg, vg) = (u, o) — alox]|?,
J=1 j=1
and the equivalence of (12.10) and (12.11) follows. O

Let w € V and {vy,...,v,} be an orthogonal system. Let the a; be given by (12.11)
and by, ...,b, € F. Then

Ju— ijUjHZ = || (U - Z%%’) + (Z(%’ - bj)”j) &

(12.12) = ||u—Zagvgll2+ I|Z bj)vjI*
= Jlu— Z%‘%‘HQ + Z |aj — by[*[lv;
j=1 j=1

because the two terms displayed in parentheses on the right of the first line are orthogonal
by remarks just made and the v; are an orthogonal system. It follows, in this view, that
the the choice b; = a;, as given by (12.11), makes the left hand side above as small as
possible among all choices of the b;. Taking the b; = 0, we also find that

n n n
(12.13) lal® = lu = aguill® + > lasPllogl® = D laglllog]|.
j=1 j=1 j=1

The inequality of the extremes is called Bessel’s inequality. We conclude more; rather than
use a general index set, we formulate the next two results for the indexing associated with
Fourier series. The first result is immediate from (12.13).

Proposition 12.4. Let {Uj};')i—oo be an orthogonal system in V, u € V and a; be given
by (12.11), j =1,2,.... Then

u = Z ajv;  (convergence in (V| -))

j=—o00

iff
(12.14) lull* = Z s 1

j=—o00

If an inner-product space is complete, it is called a Hilbert space.
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Proposition 12.5. Let (V,(-,-)) be a Hilbert space and {v;}7°__ be an orthogonal sys-

tem. Let a; € F,j =1,.... Then limy_. Z;.V:_N a;v; exists, that is Z;’i_m a;v; con-
verges, iff
(12.15) D laPllos|* < oo
j=—00

Proof. We have, for M < N € N,

N M
1Y = D amillP = D aPllull?,
j=—N j=M M+1<|j|<N
so the sequence of partial sums is Cauchy iff (12.15) holds. O

The following theorm has to do with the “geometry” of Hilbert spaces. The key ingre-
dient of the proof is the fact that if H is a Hilbert space, x1,22 € H and x1, 22 and the
midpoint of the line segment joining them, (z; + 22)/2, all have about the same norm
(which is bounded), then ||z; — x5|| has to be small. We single this out in a preliminary
lemma.

hgeo| Lemma 12.6. Let ‘H be a Hilbert space, A > 0, M >0, 1,25 € H and

1
(12.16) sl ol < AM  and M < _la + s
Then
(12.17) |21 — ]| < 42M*(N2 —1).

Proof. We may assume that H is a real Hilbert space (use the real part of the inner-
product if H is originally complex). The first estimate we need is

AM? < ||y + 22|)® = ||20]]? + ||lzal|? + 2(z1, 20) < 2N2M? + 2(wy, 25),
which implies that
2M?(2 — N?) < 2(x1, 29).
In consequence, using the above,
21 = al* < | + [J2]|* — 2(z1, 22)
<2NEM? —2M*(2 — N?) = AMP (N - 1).
OJ

Theorem 12.7. Let C' be a nonempty closed convex subset of a Hilbert space H. Then
there is a unique point x € C' of minimal norm; that is,

minc| (12.18) lzl| < |lyl| for yeC.
Moreover, x € C satisfies (12.18) if and only if
char| (12.19) |z]]* < R(y,z) for yeC.
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Proof. Let M = inf {||y|| : y € C'}. Let {z;} be a norm minimizing sequence in C, that
is, ||z;|| = M. If M =0, then z; — 0 € C, and we are done, 0 is the unique element of
minimal norm. If M > 0, define A\; > 1 by

;] = A;M.
By assumption, A\; — 1. Since (z; + x1)/2 € C, we have

1
M < Sl + @l

Applying Lemma 12.6 with A = max();, \y) and x;, z; in place of z1, x5, we conclude
that
|z; — 2g||* < AM?*(max(\j, \g)* — 1) = 0 as j, k — oo.
Thus {z,} is Cauchy and converges to some x € C' satisfying ||z| = lim;_ ||z;|| = M.
Thus 2z is an element of minimal norm. If £ € C is any element of minimal norm, we
apply (12.6) with A =1 and x, Z in place of 1, x5 to find z = Z.
The characterization (12.19) is established as follows. If (12.19) holds and y € C, then

l]* < Rz, ) < llyllll=,
so ||z]] < ||ly||- In the other direction, if y € C'and 0 <t < 1, then x +t(y —x) € C and so
l[* < llz + ¢ty — 2)I* = ll«|® + 2Rz, y — ) + £*]ly — *

for 0 <t < 1. Clearly, then, (12.19) holds. O
In consequence, we can find all the continuous linear functionals on a Hilbert space; it
turn out that they are just the elements of the space, as explained below.

Corollary 12.8 (Riesz Representation Theorem). Let f € H*, that is, f : H — F is
linear and continuous. Then there is a unique y € H such that f(z) = (x,y) for x € H.

Proof. First, if f = 0, then clearly y = 0 is the unique vector in H for which f(z) = (z,y)
for y € H.

If f#0,let Ny ={xe€H: f(xr)=0}. Ny is a closed subspace of H. Suppose g € H*
and Ny C Ny. Choose z € ‘H such that f(z) # 0. We claim that then

(12.20) glz) = chz))f(a:) V€ H.
Indeed, for any = € H,
(12.21) f (x — fc((z:;z> =flz)— flz) =0 = =z — ;Egz € Ny C N,.
e (@) (@)
o (= 7657) = oto) - Tgata) o

as claimed in (12.20).
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If we can find 0 # y L N, ie, (n,y) = 0 for n € Ny, as we will show that we can do,
then g(z) = (x,y) satisfies Ny C N, and so, replacing z by y in (12.20),

9(y) Iyl f(y)
(z,y) = f(y)f(l") = f(y)f(x) — f(z) = (=, HyHQ?ﬂ
and renaming L
fw)
lyll?

to y, we have established the existence of a y such that f(z) = (x,y). If § also has this
property, then f(z)— f(x) = (z,y — ¢) = 0 for every z, in particular x =y — g, so y = 9.

It remains to find 0 # y L N. Consider the closed convex set C' = z — N, with z as
above, and let z —n, n € N, be the element of minimal norm of C. By (12.19),

lz=nlP<REz-—nz—w) =Rz —-—nz—n+n—w)=|z—n|> + Rz —n,n —w)
for w € N. Since n € N while w € N is arbitrary, we conclude that
z—n L N ie, z—nis perpendicular to every element of N.

Thus y = z — n has the desired properties. ([l

EXERCISES

Exercise 1. In Proposition (3.1), we assumed that X was a countable union of sets in S.
The effect of this is that the set on the right of (3.2) never empty. However, if we define
inf () = oo, then (3.2) makes sense without assuming that X is a countable union of sets
in §. Show that v* is still an outer measure in this situation. (This is almost nothing,
given that you may refer to the notes and don’t need to reproduce what is there. The
point is just for you to learn the definitions.)

Exercise 2. Take X = S) = {(x,y) cIR?: |z|,|y| < 3/2} ; that is, Sy is the open square
centered at the origin of side length 3. Let S to be the set of open subsquares in Sy with
sides parallel to the axes and v(S) = diam(S). Let Sp, S2, 53,5, be the open squares of
side length 1 in the four corners of Sy (draw a picture). Verify that v*(S) = v(S) for

S € S and deduce from this that
4

v (So) < > vH(S)).
i=1
Finally, use this to conclude that S; is not v*-measurable for some i € {1,2,3,4}, and
therefore for all ¢ = 1,2,3,4. A point of this is that the “6 | 0” aspect of the definition of
Hausdorff measures is necessary to have Borel sets be measurable.

Exercise 3. Let v* be an outer measure on X where (X, d) is a metric space. Show that
if the Borel sets are v*-measurable, then v* is a metric outer measure. Hint: Suppose that
A, B C X and dist (A, B) > 0. Show that for 6 > 0, the set As = {z € X : dist (z, A) < 0}

is open, and for ¢ small As N B = (). Now use the assumed measurability of Aj.
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Exercise 4. Show the the definition (3.19) is unchanged if the restriction s : X — [0, c0)
is added on the right.

Exercise 5. Show that with the definition (3.19) one has

/fd,u:/XEfd,u:sup{/sdu:s is simple and OSXESSXEf}.
E b's E
(Rudin top of pg 20)

Exercise 6. Let [ : X — [0,00]. If u(E) = 0, then [, fdu = 0 even if f(z) = oo for all
x € E.If f(x) =0 for all z € E, then [, fdu = 0 even if u(F) = oco. (Rudin top of pg
20)

Exercise 7. Verify the claims about d,(f,g) = 0 and ~, X/ ~, d around (4.8).

Exercise 8. Show that the conditions

(12.22) Ve>03J3u({z:|fij(x)— f(z)| >€}) <e for j>J
and
(12.23) Ve>03 N> pu({x:|fj(z)— fu(z) >€}) <e for j k> N.

are equivalent to (4.16), (4.17), respectively.

Exercise 9. (a) Show that if f; — f in measure, then {f;} is Cauchy in measure.
(b) Show that if f; — f and f; — g in measure, then f = g a.e.
(c) Is it necessarily true that if f is the function constructed in the proof of Lemma
4.3, then f; — f in measure? (See also Rudin, Pg 74, #18.)

Exercise 10. Show that L>(u) is complete.

Exercise 11. Let 1 <7, s < oo. If (X, M, u) is a finite measure space, show that L"(u) C
L*(p) if r > s. Hint: Holder inequality.

Exercise 12. In the case of Lebesgue measure on a subset E of IR", we simply write
LP(E) rather than display Lebesgue measure restricted to E. Let 1 <7, s < oc.

(a) Let B be the unit ball in IR". Show that L"(B) C L*(B) only if r > s.

(a) Show that L"(IR") C L*(IR") only if r = s.
Hint: Consider functions of the form |z|~ near infinity and near 0. You may assume
that changes of variables to spherical coords are ok and Riemann integrals of nonnegative
functions are Lebesgue integrals.

Exercise 13. (a) The identity map I of IR?, that is, Iz = z for x € IR?, is a bounded
linear mapping from any of 12,13, 15° into any of 13,13, 13° (see Definition 4.4). Com-
pute the norm of I as a mapping between any two of these spaces.

(b) Determine the set of 1 < r;s < oo for which {" C [ for the sequence spaces of
Definition 4.4.
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Exercise 14. Let Z be a vector space. If z,w € Z, the line segment joining z and w is
z,w] ={tz+ (1 —-tw:0<t<1}.

A subset C' of Z is convex if it contains the line segment joining any two of its points.
For general C' C Z, the convez hull conv C' of C' is the smallest convex set containing C.
Show that conv C' is the set of all vectors of the form

iz + -+ itz
where z; € C, t; > 0for j=1,...,m,

ittt =1
andm=1,2,....

Exercise 15. Let (Z,| || be an nls. If C C Z, then C is its closure, C° denotes its
interior, conv C' is its convex hull, and conv C is the closure of the convex hull of C. If
a€ F,thenaC={az:2€C}. fC,DCZ thenC+D={z+w:z€e€C,we D} and
C—D={z—w:z€C,we D}.
Below, a € F,and C,D C Z.

(a) Show that aC = aC.

(b) Show that (aC')°® = aC”.

(¢) If C'is convex, show that C' and C° are convex.

(d) If C is open, then so is C'+ D.

Exercise 16. Show that [*_|D,(t)|dt — oo as n — oo.

Exercise 17. Consider the mapping f +— sy(f) := Z]_VN f(n)e™, which takes f into the
N partial sum of its Fourier series. Show that it is not true that for all f in L'(—m, )
we have || f = sy (f)||21(—rx — 0 as N — oo. Hint: In outline, but not in detail, the proof
mimics the proof that Fourier series of a continuous function do not converge pointwise
to the function. You need to show that || Sy|| is unbounded in N, and this is related to
HDN||L°°(—71',7r)~
Exercise 18. Let X be a normed linear space, Y be a Banach space, M € IR, and
{T3}72, C L(X,Y) satisy
Il <M (G=1,2...).
Show that C' := {x € X :lim; ,, Tjx exists} is a closed linear subspace of X. Show

that if C is dense, then Tz := lim; . Tjz is a bounded linear operator and ||T|| <
lim sup; o, 17311

Exercise 19. Let X, Y be a Banach spaces, and {T3}}2, C £(X,Y). Let T': X — Y be

linear. One says that T; — T'

(a) in the uniform operator topology if ||T; — T'|| — 0 (which gets abbreviated to
T; — T in norm).
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(b) in the strong operator topology if T;z — Tz for all € X (which gets abbreviated
to T; — T strongly).

(c) in the weak operator topology if f(Tjz) — f(T'z) for all z € X and all f € Y™,
the dual space of Y (which gets abbreviated to T; — T weakly).

Here are questions about these notions of convergence of operators.

(i) Show that 7; — T in norm implies T; — T strongly implies T; — T weakly.

(ii) According to Theorem 6.4 the operators sy satisfy sy — I (the identity) strongly.
Show that sy — I does not hold in norm.

(iii) Show that the translations 7, f(x) = f(z—h) satisfy 7, — I strongly in L? (IR"), 1 <
p < oo, as h — 0, but 7, — [ does not hold in norm.

(iv) Do the same for the mappings f — p. * f of Theorem 7.2 (as € | 0.)

(v) Consider the shift operator S({x1, 2, ...}) = {0, 21,22, ...}, which is an isometry
of I? into [2. Show that S7 — 0 weakly, but not strongly. You may assume Corollary
12.8, which tells you what the continuous linear functionals on [? are.

Exercise 20. (a) Provide details about the claim (7.3).
(b) In the context of (7.3), provide a formula for [, f(T~'x) dz in terms of the integral
of f over some set.

Exercise 21. Show that if f : IR"™ — IR is Lebesgue measurable, then there is a Borel
measurable function fy such that f = fy a.e. You may quote - do so in detail by giving
page numbers or statements - results from KF or your lecture notes from last quarter,
but not other sources. Close any gaps to accommodate “infinite measures.”

Exercise 22. Let 1 < p,q < 0o (not necessarily conjugate) be such that

1 1 1 1 1
—+—->1 anddefiner >1by - =-4-—-1

P q rp g
Show that f x g exists a.e. and

f *QIILT(]RH) < ||f||Lp(]R")||9||Lq(]R")-

Exercise 23. Let f € L' (IR") and consider the mapping Tg = f * g of L? (IR") into
itself where 1 < p < co. Show that the norm of T is HfHLl(IR")'

Exercise 24. Show that if f € L' (IR"), then u(t, ) as given by (7.12) is continuous on
IR™ x (0,00) and has continuous first partial derivatives there, which may be computed
by differentiating “under the integral sign.”

STARRED EXERCISES BELOW NEED NOT BE TURNED IN - WHICH ONES ARE
STARRED MAY CHANGE A BIT (until March 8 ). IF YOU SEE WRONG THINGS,
LET ME KNOW - TIA. Right now there are 14 unstarred problems below, but I judge
about 7 of them to be short and “easy.”
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Exercise 25. There is something amiss with our sketch of proof in Section 7.2. It does
not appear to use that f(mw) = f(—m), which certainly must be the case if f is the uniform
limit of trig polys. Clarify this point.

Exercise 26. Show that
P(x) = limsup x;
J—00
is a sublinear function on (real) (*°. Show that if L : [ — IR is linear and L < P, then
L is continuous and satisfies

L(z) = lim z;
j—o00

whenever the limit exists. Continuous linear functionals with this property are called
“Banach limits.”

Exercise 27. Use Zorn’s Lemma, as formulated during the proof of Lemma 8.4, to prove
that if “ <7 is a partial order on a set S, and every chain in S has an upper-bound, then
S contains maximal elements (with the obvious definition).

Exercise 28. Let H be a Hilbert space. For any S C H, define
St={reH:(x,s)=0forsecS}.

(a) Show that S* is a closed linear subspace of H.
(b) Show that (SL)L is the closure of the linear span of S.

Exercise 29.* Let (H,(-,-)) be a Hilbert space. Let D(A) be a subspace of H, not
necessarily closed, and A : D(A) — H be linear. We will abbreviate this to “A is a linear
operator in H.” Define the graph G(A) of A by

G(A) ={(z,Az) ;2 € D(A)} C H x H.

Note that G(A) is a linear subspace of H x H and H x H is a Hilbert space when equipped
with the inner-product

<("E7 y)a (U, v)>H><H = <l’, u> + <ya U>'
(a) Let V be a linear subspace of H x H. Show that it is the graph of a linear operator
iff (0,v) € V implies v = 0.

(b) Show that
{(z,9) : (—y,2) € G(A)*}
is the graph of a linear operator iff D(A) is dense. If D(A) is dense, the operator
A* whose graph is {(x,y) c(—y,x) € G(A)l} is called ‘the adjoint of A.”

(c) If D(A) is dense, show that D(A*) is dense if and only if the closure of G(A) is
a graph. This property of A, that the closure of G(A) is a graph, is referred to
by saying “A is closeable,” while the operator A whose graph is the closure of the
graph of A is called the closure of A. If G(A) itself is closed, then A is said to be
a closed linear operator.

(d) Show that if A is a densely defined closeable linear operator, then (A*)* = A.
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(e) If A€ L(H, H), show that A* € L(H, H) and [|A*]| = || 4]

(f) If Ais a closed linear operator, and R(A) := {Axz : x € D(A)}, show that R(A)* =
N(A*) :={x € D(A*): A*z = 0}. If R(A) is closed, we conclude that Ax = y has
a solution z € D(A) iff y L N(A*). This is the Fredholm Alternative.

(g) Let D(A) be the set of twice continuously differentiable functions w on [0, 1] sat-
isfying u(0) = u(1) = 0 (you may assume that D(A) is dense in L?*(0,1)) and

(Au)(x) = —(1 + 2H)u"(2) +/ sin(s)e®u(s)ds (u€ D(A),0 <z <1).
0
Show that A is closeable by showing that D(A*) is dense.

nspt| Exercise 30." Let H be a Hilbert space. Define

hspte| (12.24) S = {{va}tuea : {Vatocs is an orthonormal system in H}

I guess we have to say what this notation means. “{v,},. " denotes an “indexed family
of vectors,” where v, has the index a from the “index set” A. In other words, we are
talking about a function f : A — H, where v, is another name for f(«). We are about to
partially order S by

{vataea = {vatwea
where “<” means inclusion of the sets of vectors, independent of the particular indexing.
That is, if f : A — H, f': A’ — H are the functions corresponding to the “systems,”
then f < f' means f(A) C f'(A').

(a) Show that S has a maximal element with this ordering.

(b) Show that {vs},c 4 is maximal iff H is the closure of the linear span of {va}, ¢ 4-
Hint: If H is not the closure of the linear span of {v,},c 4, rediscover where we
proved that then there is a unit vector v which satisfies (v, v,) = 0 for a € A.

(c) If {va},eq is any orthonormal system and v € H, use Bessel’s inequality (12.13)
to show that (v,v,) = 0 except for at most countably many «. (Hint: how many
a’s can there be for which |(v,v,)| > 0 where § > 07

(d) If {va},eq is maximal and v € H, show that

v = Z (U, V0) Vg

a€A,(v,va)#0

By (c), the sum above is over an at most countable set. Not indicating the order
of summation means that the statement is true no matter how the summands are
ordered.

(e) Conclude that if {v},., is maximal, then the mapping v +— {(v,va)},c4 I8
an isometry of H onto the Hilbert space of functions g : A — C such that
> weal9(@)]? < oo, which is equipped with the inner-product

(h.g) = h(a)g(a).

acA

This space is just L?(counting measure on P(A)).



81

Exercise 31. Let y be a complex measure on (X, M). Show that if {A;}77, is an in-
creasing sequence of measurable sets, then

p(UiZ145) = lim p(4;).

Exercise 32. Give an example to show that if u be a signed measure on (X, M), then
A — p(A)T is not necessarily a nonnegative real measure.

Exercise 33. Let (X, M) be a measurable space. Consider the space
M = {p: p is a complex measure on (X, M)}

M is a vector space in the obvious way. Show that

el = [l (X)

is a norm on M and (M, | - ||) is a Banach space. Hint: suppose {,uj}iil
sequence in M and {Ej},-, is a sequence of pairwise disjoint measurable sets. Along the

way, show that for € > 0 there exists /N, such that
|| (U2 e By) <€ for K>N.,j=1,2,....

Exercise 34. Let (X, M, ) be an arbitrary measure space and f € LP(u) where 1 <
p < oo and f is allowed to take complex values.

(a) Show that if 1 < p < oo and [}, fdu = 0 for every set of finite measure E, then
f=0ae.

(b) Show, however, that the assertion of (a) is in general false for f € L*>(u) by
considering the weird space preceding (3.15).

(c¢) Show that the assertion of (a) does hold for p = oo if p is o-finite.

ern| Exercise 35. Let f,g € L'(IR"), 0 < f. Let

NE) = [ g uE) = [ fis
E E
Find the Lebesgue decomposition of A with respect to p.

Exercise 36. (a) Part of the proof of the Arzéla-Ascoli Theorem (AAT) is this: Let
(X,d), (Y, p) metric spaces and {f]}jil be a sequence of functions f; : X — Y
such that {fj(l‘)}?zl lies in a compact subset of Y for each x € X. Let {3},
be a countable subset of X. Then there is a subsequence f;, of the f;’s such that
limy_.o fj,(x)) exists for each k. The proof goes by selecting a subsequence of the
f;’s along which f;(z1) converges, then a subsequence of the one just selected along
which f;(x2) converges, and so on, and then “diagonalize.” Do not write this up,
but do review/understand it.

(b) Let (X, || - ||) be a separable normed space; that is, there is a countable dense
subset of X, call it {z4};—, . Let X* be the space of continuous linear functionals
on X and {:E;‘}Oil C X* be bounded. then {(z% z)} is bounded for each z € X

J

is a Cauchy
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(we are denoting the value of z* € X* at x € X by (2%, z) in this exercise). Using
Part (a) of this exercise and Exercise 18, conclude that there is a subsequence 7
of the 7 and x* € X* such that (27, 7) — (2%, z) for z € X. In the nomenclature
of Exercise 18, z} — x* strongly.

Exercise 37. Explain how Corollary 8.8 provides a nonzero ® € L*(0, 1)* which is 0 on
C([0,1]). Prove that there is no g € L*(0,1) for which ®, = ®.

Exercise 38. Let (X, || - ||) be a Banach space, X* be the space of continuous linear
functionals on X and “(z*,z)” have the same meaning as in Exercise 36. A sequence
{xr}re, is said to converge weakly to x € X if (z*,x) — (2, z) for 2* € X*, and a
sequence {x}“}jil is said to converge weakly* to x* € X* if (x},r) — (2%, z) for z € X.
Note that weak * convergence of a sequence in X* is the same as strong convergence as a
sequence of operators and express your irritation at the nomenclature (to yourself). This
nomenclature horror is compounded by the common usage of x;, — = “strongly” to mean
[k — ]| — 0.

(a) Show that if {z;},~, C X and z; — x weakly, then the sequence is bounded.
Hint: Each x € X defines a continuous linear functional on X* by z* — (z*, ).
What is the norm of this linear functional?

(b) Show that LP(IR") is separable for 1 < p < oo and L*(IR") is not separable.
I'll be satisfied with n = 1, for simplicity in writing. Hints: (i) Co(IR) is dense.
(ii) Approximate compactly supported continuous functions uniformly by step
functions with rational values on some well chosen countable collection of intervals.

(c) Conclude that if {f;}}2, is a bounded sequence in LP(IR") and 1 < p < oo, then
it has a subsequence {f;} for which there is an f € LP(IR") such that f;, — f
weakly; explain why this amounts to

fgdz — / fgde (g€ PVOO(RM).
R" R"

(d) Show that the assertion of (c) is false if p = 1. Hint: we have already discussed
a bounded sequence in L'(IR) that provides a counterexample when discussing
approximate identities.

Exercise 39. Let f € L? (IR") where 1 < p < co.

(a) Use Theorem 10.4 to show that almost every x € IR" is a Lebesgue point of f.

(b) Let p, be as in Theorem 7.2; in addition, for simplicity, assume that p is bounded
and compactly supported. Show that lim.o(p. * f)(z) = f(x) holds at every
Lebesgue point of f.

(c) Show that |p. * f|P < pe x| f|F.

(d) Use dominated convergence to show that p. x f — f in L? (IR") (without using
approximation by continuous functions - this part of the proof is now buried in

(a).).
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Exercise 40.* Assume Theorem 7.14 of Rudin:

Theorem 12.9. Let i be a complexr Borel measure on IR". Let du = fdL™ + dus be its
Lebesgue decompostion. For each x € IR" let {E;(x)} be a sequence of sets which shrinks
nicely to x. Then

(a)

(c)

]hi& % = f(x) for almost all x € IR".

Let f:]0,1] — IR be nondecreasing and continuous from the left; putting f(x) =
f(0) for x <0 and f(x) = f(1) for 1 < z, we can assume that f is nondecreasing
and left-continuous on IR. Let p be the nonnegative real Borel measure on IR for
which u([a,b)) = f(b) — f(a) (see KF pg 13 - here clearly u is concentrated on
[0,1]). Apply Theorem 12.9 to conclude that f is differentiable ae on [0, 1].

Show that if f : [0, 1] — IR is nondecreasing, then f is continuous except at an at
most countable set of discontinuities. Hint: f is discontinuous at x € (0,1) only
if f “jumps” at x, that is, the jump at z,

flat) = f(z—) =1im f(y) - lim f() > 0.

Now bound the sum of the jumps.

Noting that if f : [0,1] — IR is nondecreasing, then x — f(z+) is continuous
from the left (understand this, but do not write the proof), deduce that f is
differentiable a.e.

Remark: A more elementary - and probably more friendly - presentation of these results
is found in SS, Chapter 3.



