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The n-invariant of an odd dimensional manifold with boundary is investigated. The
natural boundary condition for this problem requires a trivialization of the kernel of
the Dirac operator on the boundary. The dependence of the #-invariant on this
trivialization is best encoded by the statement that the exponential of the
7-invariant lives in the determinant line of the boundary. Our main results are a
variational formula and a gluing law for this invariant. These results are applied to
reprove the formula for the holonomy of the natural connection on the determinant
line bundle of a family of Dirac operators, also known as the ‘“‘global anomaly
formula.” The ideas developed here fit naturally with recent work in topological
quantum field theory, in which gluing (which is a characteristic formal property of
the path integral and the classical action) is used to compute global invariants on
closed manifolds from local invariants on manifolds with boundary.

The 7-invariant was introduced by Atiyah, Patodi, and Singer (APS)' in a series of papers
treating index theory on even-dimensional manifolds with boundary. It first appears there as a
boundary correction in the usual local index formula. Suppose X is a closed odd-dimensional spin
manifold (which in their index theorem is the boundary of an even-dimensional spin manifold).
The Dirac operator Dy is self-adjoint and has discrete real spectrum. (For simplicity we only
consider the basic Dirac operator, though as usual in geometric index theory all of our results hold
for twisted Dirac operators, i.e., for operators of “Dirac type.”) Define

sign A Y
|g)\|s » Re(s)>0,

7x(s)= 2

A#0

where the sum ranges over the nonzero spectrum of Dy . Then 7y(s) is analytic in s and has a
meromorphic continuation to s eC. It is regular at s =0, and its value there is the 7-invariant. More
precisely, what appears in the Atiyah—Patodi—Singer index formula is the &invariant

7x(0)+dim ker Dy
X= 2 .

Under a smooth variation of parameters (for example, the metric on X) the &invariant jumps by
integers, whereas £ (mod 1) is smooth. In this paper we are interested in the latter, so consider the
exponentiated &-invariant

Y= e21rx§x
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instead. In fact, our interest is in manifolds with boundary and we use “global” self-adjoint elliptic
boundary conditions for the Dirac operator, which are the odd-dimensional analog of the Atiyah—
Patodi—Singer boundary conditions.! To formulate these boundary conditions we need to choose a
“trivialization” of the graded kernel of the Dirac operator on dX. (Other authors describe this
choice as a Lagrangian subspace of the kernel, or as an involution on the kernel. All of these
descriptions are equivalent.) The exponentiated &-invariant depends on this trivialization (Theorem
1.4) in a simple way.

Our first observation is that this dependence means that the exponentiated £-invariant naturally
lives in the inverse determinant line of the Dirac operator on the boundary (Proposition 2.15). [An
unfortunate choice of sign in the whole index theory—perhaps dating back to Fredholm—explains
why it is the inverse determinant line which occurs here. An operator D:H* —H™ is an element
of H-®(H™")*, so the codomain appears with a + sign and the domain with a — sign. It would
be better, then, to define the index of D as dim coker D —dim ker D. To make the index theorem
for manifolds with boundary come out, the £invariant would also be defined with the opposite
sign from the usual one, as would the fi-genus. On the other hand, the determinant line (2.7) is
defined with the “proper” sign. Regardless of what is proper, this discrepancy explains some of
the funny signs which crop up in index theory.] In fact, it has unit norm in the Quillen metric. For
a family of Dirac operators this invariant is then a section of the inverse determinant line bundle
over the parameter space. In Theorem 1.9 we generalize the usual formula for the variation of the
&invariant to a formula for the covariant derivative of this section. Here we use the natural
connection on the (inverse) determinant line bundle defined by Bismut and Freed.” The proof of
Theorem 1.9 occupies Sec. III. Our other main result is a gluing formula for the exponentiated
&invariant, which we state in Theorem 2.20 and prove in Sec. IV. To get the signs right in that
theorem we view the determinant line as a graded vector space, as explained in Sec. II. In Sec. V
we give a new proof of the holonomy formula for the natural connection on the determinant line
bundle.>* This formula was originally conjectured by Witten® in connection with global anoma-
lies. It expresses the holonomy, or global anomaly, as the adiabatic limit of an exponentiated
&invariant, In Sec. VI we explain how our results lead to a conjecture about the geometrical index
of families of Dirac operators on odd-dimensional manifolds with boundary. [We understand that
ongoing work of Melrose and Piazza is expected to prove this conjecture. (Note added in proof:
See the recent preprint “An index theorem for families of Dirac operators on odd-dimensional
manifolds with boundary” by R. B. Melrose and P. Piazza.)]

Our results build on previous work treating 7-invariants on manifolds with boundary. Many
different kinds of boundary conditions appear in these works. Cheeger (Ref. 6, Sec. 6) introduced
the 7-invariant (for the signature operator) on manifolds with conical singularities, and he noted
that this corresponds to global boundary conditions on a manifold with boundary when one
attaches a cone to the boundary. Further, his “ideal boundary conditions” correspond to the
trivialization of the graded kernel on the boundary. In later work® he proves a variational formula
for the z-invariant on a manifold with conical singularities. Gilkey and Smith’ discuss the
m-invariant for local boundary conditions, which were used in the original proof of the Atiyah—
Singer index theorem to show that the index is a bordism invariant.® Singer’ proved a formula
relating the difference of #z-invariants for two specific local boundary conditions with the deter-
minant of the Laplacian on the boundary. Mazzeo and Melrose'® assume that the boundary Dirac
operator is invertible and then define an #-invariant using Melrose’s *‘b-calculus.” With this
assumption they prove a gluing law. Dai'! proved a formula relating this “b-eta invariant” to the
7-invariant defined with local boundary conditions. Another approach is to attach a half-cylinder
to the boundary and use L? spinor fields. This was considered in special cases by the della
Pietras'>'* and more generally by Klimek and Wojciechowski'* and Miiller.!> Miiller proves that
this #-invariant is equal to the #-invariant for the global boundary conditions with a certain
trivialization of the kernel picked out by the kernel of the Dirac operator on L? spinor fields. It is
also easy to see that it agrees with the b-eta invariant if the metric near the boundary is asymp-
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totically cylindrical. The self-adjoint global boundary conditions, and certain generalizations, were
first studied by Douglas and Wojciechowski. 16 Miilier' gives a systematic treatment of the ana-
lytic aspects of these self-adjoint boundary conditions. Lesch and Wojciechowski!” determine the
dependence of the exponentiated &invariant on the boundary trivialization (Theorem 1.4).
Miiller'® derives this result as well; his argument rests on a variational formula. Bunke'® proves a
gluing formula for the (unexponentiated) 7-invariant in case a closed manifold is split into two
pieces. Recent preprints of W0101echowsk119 20 also prove gluing formulas for the 7-invariant
modulo one.

Our contribution here begins with our geometric formulation of the exponentiated &-invariant
as taking values in the inverse determinant line. For example, this leads to a geometric variational
formula (1.10) that is crucial in all of our subsequent work. In particular, the variational formula
relates the exponentiated ¢-invariant to the natural connection on the determinant line bundle. The
gluing law we prove (Theorem 2.20) is more general than that obtained by cutting a closed
manifold into two pieces. This is necessary, for example, in Sec. V, where we glue together
cylinders. Thus we must consider gluing along manifolds where the index of the Dirac operator
may be nonzero. The most natural formulation of the result is in terms of graded determinant
lines. This notion is discussed in Knudsen and Mumford?! who credit the idea to Grothendieck. It
also appears in later work of Deligne?? as clearly the bést way to avoid a cauchemar de signes!
Our proof of the gluing law in Sec. IV is simpler than previous proofs. We begin with the same
patching of spinor fields as in Bunke.'® Then we note a symmetry that allows us to conclude easily
with the variation formula. It is tempting to speculate that this approach to gluing may be useful
in other linear problems and in nonlinear problems as well.

Our proof of the holonomy theorem—also known as the global anomaly formula—is consid-
erably simpler than previous proofs, partly due to our simple proof of the gluing law. We rely
heavily on geometric ideas. Thus we avoid any consideration of large time behavior of heat
kernels, and we also avoid using nonpseudodifferential operators. 3 Cheeger’s argument in Ref. 4,
Sec. 9, which proves the adiabatic limit formula for the signature operator in the invertible case,
is very closely related to our proof here. He works on a manifold with conical singularities and
applies his variational formula and his “‘singular continuity method;” the latter is analogous to our
use of gluing. The idea of considering parallel transport also appears in papers of the della
Pietras,'>!3 but they failed to consider gluing. Our proof proceeds as follows: We use gluing to
show that the adiabatic limit of exponentiated &invariants on cylinders defines the parallel trans-
port of a connection on the determinant line bundle. Then we apply our geometric variational
formula to prove that it agrees with the natural connection. In a sense we use the gluing law to
break up the holonomy, a global problem on the circle, into a composition of parallel transports—
local problems on small intervals.

The idea of computing global invariants on closed manifolds from local invariants on mani-
folds with boundary using gluing laws is informed by recent work in quantum field theory,
particularly topological quantum field theory. The gluing is a characteristic property of the path
integral, and it follows formally from a similar property of the classical action. These gluing laws
are fundamental for computing quantum Chern—Simons invariants, Donaldson polynomials, and
other topological and geometric invariants. Older invariants in topology and geometry also obey
gluing laws®*?* and our work here fits the 7-invariant into this story. The theory of the classical
Chern—Simons invariant® is very similar, and of course the original papers of Atiyah, Patodi, and
Singer' discuss the relationship of 7-invariants (and so exponentiated £-invariants) to Chern—
Simons invariants for closed manifolds. We also remark that certain ratios of exponentiated
&invariants are topological invariants that live in K ~Ltheory with R/Z coefficients.! Our work
gives a factorization of these topological invariants as well. It is tempting to say that the expo-
nentiated &invariant is local and so can serve as an action for a field theory, just as the Chern—
Simons invariant can. (For example, see the recent preprint Ref. 26.) One crucial difference is that
the Chern—Simons invariant is multiplicative in coverings, whereas the exponentiated &-invariant
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is not. In any case, the gluing law does exhibit some local properties of the 7-invariant.
The suggestion that the 7-invariant of a (three-) manifold with boundary lives in the determi-
nant line of the boundary was made in a manuscript of Graeme Segal.?’

I. THE EXPONENTIATED £INVARIANT

Suppose X is a compact odd-dimensional spin manifold with nonempty boundary. (We un-
derstand a spin manifold to have a definite metric, orientation, and spin structure. Our work
extends to spin® manifolds and to Dirac operators twisted by a vector bundle with connection, but
for simplicity we omit these refinements.) Assume that X has a metric with an explicit product
structure near JX. Thus in a neighborhood of the boundary there is a given isometry with
(—1,0]XdX. Let Hy denote the Hilbert space of L? spinor fields on X and Dy:Hy—Hy the
formally self-adjoint Dirac operator. We use similar notation for the induced Dirac operator on the
boundary.

Our first job is to specify self-adjoint elliptic boundary conditions. Our discussion here is
somewhat formal. We leave the detailed analysis to the Appendix. Let J: H ;54— H 3 be Clifford
multiplication by the outward unit normal vector field to the boundary. Then J is skew-adjoint,
J*=-1, and DsJ==JDyz. The =i-eigenspaces of J induce the usual splitting
H;4=H}® H . Now integration by parts yields the formula

(Dx,@)x— (0, Dx@)x=(J,0)5x, Y, peHy.

Thus if our boundary condition is described by ¢|,xe WCH,y, then the corresponding Dirac
operator is self-adjoint if JW=W", at least formally. We also need elliptic boundary conditions, so
we choose W *“close” to the subspace that describes the Atiyah—Patodi—Singer nonlocal boundary
conditions,’

Our precise choice is this. The non-negative self-adjoint operator D%, induces decompositions

Hyx=Kx® ® Ej(\),
A>0
where K ;3@ Ky is the kernel of Dy and E x(NYB E(N) is the eigenspace with eigenvalue A.
The sum is over the spectrum spec(D:‘;X). Note that
Dy :Ej(N)—=Ez(\)
is an isomorphism, though it is not unitary—it is Y\ times a unitary map. Also, by the cobordism
invariance of the index® we have index D 45=0 and so dim K ;y=dim K ;. Now for any positive

ag spec(D%X) let

Ki(a)=Kx® @ Ejx(\), Hila)= @ Ex(\). (1.1
0<A<a A>a

By ellipticity K3x(a) is finite dimensional. A choice of boundary condition W, 7y is determined
by the number a and by a choice of isometry

T:Ky(a)—Kx(a).

Let D gyl \/D,,IX denote the operator which restricts to D,y/yA on Ejx(\); it is defined on

H3xOKjx. We denote its restriction to Hjx(a) by Day(a)/\D z(a)?. A spinor field ot eHY
decomposes according to Hjy=K 3(a)® H }x(a). Then
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v _ D yx(a)
Wien={(¢". ¢ )eHsy:¢™+ T®—D @)
VD x

This is a generalization of the boundary condition studied by previous authors who choose a
less than the first eigenvalue of D2y. (Other authors describe the isometry T by its graph, which is
a Lagrangian subspace of the kernel.) We need this generalization to treat families.

Now for any choice {a,T) of boundary conditions the Dirac operator Dy(a,T) is self-adjoint
elliptic and has a well-defined »-invariant 7y(a,T). (See the Appendix.) We use the more refined
Einvariant

¢+=o]. (1.2)

15-18

nx(a,T)+dim ker Dy(a,T)
éx(a,T) == "

and set
r¢(a,T)=e2™éx(aT),

Our first result is a generalization of Refs. 17, 18 (Corollary 9.3), and 15 (Theorem 2.21). It
computes the dependence of 7¢(a,T) on (a,T). To state it note that if 0<a<b with a,b

espec(D3y), and T:K}x(a)—Kyx(a) is an isometry, then T @ Dy(a,b)/\VDx(a,b)%:
K ;x(b)— K ;4(b) is also a unitary isomorphism. Here D sx(a,b) denotes the restriction of Dy to

Hila,b)y= & Ex\). (1.3)
a<A<b

Theorem 1.4: Suppose 0<<a<b with a,b ¢spec(D3y) and T,T,,T,:K}x(a)—Kx(a) are
isometries. Then

rx(a,Ty)=det(T] 'T,) 7y(a,T,), (1.5)

( Dx(a,b)
Ty b,

@m) =1y(a,T). (1.6)

Equation (1.6) is trivial since W, r@ D, a6y JB p@5)® = W(a,1y- We defer the proof of (1.5) to
Sec. IV (Corollary 4.22).

We can interpret (1.5) and (1.6) as instructions for constructing a Hermitian line L x and an
element 7y e L,y . Namely, let &,x={(a,T)} be the set of possible boundary conditions and then
define the complex line

Lox={7:%;x—C :7 satisfies (1.5) and (1.6)}. (1.7)
Since |det(T7 !T,)|=1 in (1.5), we see that the expression
(13, )=7(a,T)7(a,T)

is independent of (a,T) and so defines a Hermitian metric on L,y . By construction 7y € L 4 is an
element of unit norm.

We use a patching construction to extend to families (cf. Ref. 28). Let w:X—Z be a fiber
bundle whose typical fiber is a compact odd-dimensional manifold with boundary, and let
dm:0X—Z be the fiber bundle of the boundaries. A Riemannian structure on X—Z is a metric on
the relative tangent bundle T(X/Z) together with a field of horizontal planes on X, which we
specify as the kernel of a projection P:TX— T(X/Z). Suppose also that T(X/Z) is endowed with

J. Math. Phys., Vol. 35, No. 10, October 1994



5160 X. Dai and D. S. Freed: #-invariants and determinant lines

an orientation and spin structure. For simplicity we term 7r a “spin map.” For our purposes we
also assume that the metrics are products near the boundaries. Now for each a>0 define

U,={zeZ:a¢ spec(D%Xz)}.
On this open set K ;:Xz(a) are smooth vector bundles of equal rank. Choose a cover

U,=UU,; (1.8)
i

so that these bundles are isomorphic over each U, ;. Then choose a smooth family of isomor-
phisms Tz(a,i):K;’XZ(a)aKgXZ(a) and compute TXZ(a,Tz(a,i)), which is a smooth function of z.
The collection of these functions for various choices of a, i, and T,(a,i) satisfy (1.5) and (1.6).
Definition (1.7) extends to this situation—now everything depends smoothly on z—to define a
Hermitian line bundle L ,y,,— Z. The functions sz(a,TZ(a,i )) patch together to form a smooth
section 7y,7 of L,y,7.

In Sec. II we identify L4, as the inverse determinant line bundle of the family of Dirac
operators on dX —Z with its Quillen metric. This line bundle carries a natural unitary connection
V, consiructed in Ref. 2. (In Sec. V we define a connection V' directly on L s,z using the invariant
Ty . We prove that it agrees with V under the isomorphism with the inverse determinant line
bundle.) The following theorem computes the covariant derivative of 7y, with respect to this
connection; it generalizes the standard formula on closed manifolds (e.g., Ref. 3, Theorem 2.10).

Theorem 1.9: Let 7 :X— Z be a spin map whose typical fiber is an odd-dimensional manifold
with boundary. Let Q*? denote the curvature of the relative tangent bundle and A(QX’Z) its
A-polynomial. Then the covariant derivative of the exponentiated &-invariant is

VTX/Z=2’7Ti

f A‘(QX/Z)
Xz

*TxI|Z - (1.10)
(1)

In (1.10) we use the standard sign convention {e.g., Ref. 29) for integration over the fiber. For
example, if & is a form on Z and B an n-form on an oriented manifold X", then

J'(ZXX)/Za/\Bz ( fx'B) *

We defer the proof to Sec. III.

Il. GRADED DETERMINANT LINES

Our first goal in this section is to identify the Hermitian line L;yx (1.7) with the inverse
determinant line Detj, of the Dirac operator D . (The inverse L™ of a one-dimensional vector
space L is its dual L*.) The Hermitian structure on Det,y is due to Quillen.’® We then state various
properties of 7y and L,y , the most important of which is the gluing law (Theorem 2.20). Here we
encounter inverse determinant lines for operators of nonzero index. Then the gluing law involves
some signs that are best understood in terms of the grading on the determinant line given by the
index.?! Hence we begin this section with an exposition of graded vector spaces.

A graded vector space V=V* @ V™ is simply a direct sum of two vector spaces, which in this
paper we always take to be complex. We call V* (resp. V™) the even (resp. odd) part of V, and
write |v|=0 (resp. |v|=1) for v € V" (resp. v € V7). For graded vector spaces V,W we write
V® W for the graded vector space whose underlying vector spaces is V® W and with |v @ w|=|v|
+|w| (mod 2) for homogeneous elements v € V, w e W. We use the @ notation to keep track of
signs in the isomorphism
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VEWoWEV, vew—(—DPMyey, veV, weW. .1

Here, as in subsequent expressions, we use homogeneous elements and extend by linearity. The
dual space V*= (VY)*@®(V7)* of a graded vector space is also graded, and we use the natural
pairing

V*¥@V—C, o®uv—i(v), veV, veV* (2.2)

The order of the factors in (2.2) is important! With this choice there is no sign in (2.2), nor is there
any in the isomorphisms

VFOW*—(WRV)*, §@Ww—>(/1weu—>T(v)w(w)), (2.3)
and
W V*—>Hom(V,W), weu—>(T:v—>0(v)w). 2.4
Notice that the natural isomorphism
Vo VR o (L (- DG (), (2.5)
picks up a sign in the graded context. The sequence of homomorphisms

(2.4) . @.1) )
Tr, :End(V) —— VOV —— V¥@V — C 2.6)

is the supertrace: For T=(% 8)eEnd(V*@® V™) we have Tr, T=TrA—Tr D.

The determinant line Det V of an ungraded vector space V is the one-dimensional vector
space of totally antisymmetric tensors @=v/\+-+/\v, . We view Det V as a graded vector space
whose degree is dim V (mod 2). If V=V* @ V™ is graded, then define

Det V=(Det V™)®(Det V*) L. 2.7
This is again a graded line, the grading given by
|Det V|=dim V=dim V" —dim V" (mod 2).

Using (2.4) we see that if dim V*=dim V~, then the top exterior power of a homomorphism
T:V*— V™ determines an element

Det TeDet V. (2.8)

If V¥ =V, then T has a numerical determinant det TeC, and this is related to (2.8) via the
supertrace (2.6):

Tr,(Det T)=(—1)%m V" det T. 2.9)
Let —V denote V with the opposite grading: (— V)*= V™. Note the sign in the isomorphism

Det(— V)—Det(V) ™!,
. (2.10)
0t (0w @0 T—(— 1)V Y (w)o (07)),

where w™ eDet(V®) and &* eDet(V*)"!. Similarly, if W is another graded vector space, then
there is a sign in the isomorphism
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Det(V&® W)—Det V®Det W,
. 2.11)
w—®7]—®6+®&«)+‘_>(_1)dlmV dim W —®d«)+®” ®77 ,

where w™ eDet(V*) and 5~ eDet(W?*).

As a matter of notation, if wel is a nonzero element of a graded line L, then we denote by
w leL™! the unique element so that @™ !(w)=1 under the pairing (2.2).

Suppose V,W are graded vector spaces with dim V*=dim V™~ and dim W*=dim W™. Note in
particular that dim W and dim V are even. Then for T:V*—V™ and S:W*— W™ we have

Det(T™!)=(—1)4m V" (Det 1)~ 1,
Det(T® S)=Det T®Det S.

The equalities here stand for the isomorphisms (2.10) and (2.11).

Next, we review the construction of the determinant line of a Dirac operator (see Ref. 28 for
details), but now as a graded line. Let Y be a closed even-dimensional spin manifold. The spinor
fields Hy=Hy @ Hy on Y are graded, and the Dirac operator Dy :Hy —Hy anticommutes with
the grading. We use the notations Ky(a), Hy(a), and Hy(a,b) from (1.1) and (1.3), where a<b
are positive numbers not in spec(D%). Now Dy(a,b)=Dy:Hj(a,b)—Hy(a,b) is an isomor-
phism, so

Det Dy(a,b) e Det Hy(a,b)
is a nonzero element. Define an isomorphism
8y(a,b):Det Ky(a)—Det Ky(a)®Det Hy(a,b)==Det Ky(b),
(2.12)
w(a)—>w(a)®Det Dy(a,b).

Then an element of the determinant line is defined to be a set of compatible elements
afa) eDet Ky(a):

Dety={w={w(a) € Det Ky(a)}a*spec(pi) :w(b)=0y(a,hb)w(a)}.
Note that
|Dety|=index Dy (mod 2).

Now the lines Det K y(a) and Det Hy(a,b) inherit Hermitian metrics from the L? metric on H Yo
and we compute

|0(a,b)w(d)|%<y(b)_( I1 )\)lw(a)lx @@y @(a)eDet Ky(a).

a<A<b

Hence the expression

ol = (H x)l«»<a>lw o

A>a

is independent of a, where the product is defined using a {-function. This defines the Quillen
metric on Dety.
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A careful computation shows that (2.10) and (2.11) are compatible with the “patching” iso-
morphism &a,b) in (2.12), so they determine isometries

Det_,=Det; !, (2.13)
Dety, ,y,=Dety ® Dety,. (2.14)

Here Y,Y,,Y, are closed spin manifolds, ‘~Y’ denotes the spin manifold ¥ with the opposite
orientation, and ‘Y;LiY,’ denotes the disjoint union of Y, and Y,. [Let Spin(Y)—Y denote the
principal Spin, bundle which defines the spin structure of Y; it is a double cover of the bundle of
oriented orthonormal frames. Then the spin structure on —Y is defined by the complement of
Spin(Y) in the Pin, bundle of frames Spin(Y) X SpinnPin,,—» Y.]

The patching isomorphism used to patch the inverse determinant line (which appears in
(2.13), for example) is

(6y(a,0)*)™":(Det Ky(a))™'— (Det Hy(a,b)) ™' ® (Det Ky(a))™'=(Det Ky(b))™",
7(a)—>(Det Dy(a,b))"'® 7(a).

With this understood we can identify the Hermitian line determined by the exponentiated
&invariant.
roposition 2.15: Let X be a compact odd-dimensional spin manifold and L,y the Hermitian
line defined in (1.7). Then

L,x—Detyy,
(2.16)

12
{r(a,T) EC}"’[ 77(a)='r(a,T)( I1 7\) (Det T) ™' e (Det K yx(a)) ™"

A>a

is an isometry.

The proof is straightforward. First, (1.5) and (1.6) imply that {7(a)} defines an element of
Detjy. Then (1.7) and (2.21) imply that the isomorphism (2.16) is an isometry. Here, following
Ray and Singer,*! we use a ¢-function to define the infinite product in this isometry.

From now on we identify L,, as the inverse determinant line. So for any closed even-
dimensional spin manifold ¥ the Hermitian line L is defined.

Now we state some properties of the lines L, and the exponentiated &-invariant 7. (It might
be illuminating to compare with the analogous assertions about the Chern-Simons invariant in
Ref. 25, Theorem 2.19.) For simplicity we state these for a single manifold X rather than for
families. However, they work as stated for families, and the proofs are designed to work with the
patching construction of Sec. I. [Recall that this is our motivation to allow arbitrary g in (1.2).]

First, (2.13) and (2.14) imply that there are isometries

L_y=L7!, (2.17)
LYluyszyléLyz. (2.18)

[Note that (2.17) is not the inverse of (2.13); the sign in (2.5) enters. Also, one must keep in mind
(2.3) when comparing (2.14) and (2.18).] For the exponentiated &-invariant we have

= =1 =
T-x=Tx »  Txux,™ 7x,9 Tx,
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yout

FIG. 1. Cutting a manifold X along Y.

where we use the isomorphisms (2.17) and (2.18) to compare the left- and right-hand sides of
these equalities.

If Y,Y' are spin manifolds, then we define a spin isometry f to be an ordinary isometry
f:Y'—Y together with a lift f Spin(Y’)--Spin(Y) to the spin bundle of frames. A spin isometry
induces an isometry

f
Lyr—Ly

of inverse determinant lines. If F:Spin(X')—Spin(X) is a spin isometry, then '

(aﬁ)*(TX’)=TX'

Any spin manifold Y has a naturally defined spin isometry :Spin(¥)—Spin(Y) that is multipli-
cation by —1 & Spin,, ; it covers the identity diffeomorphism on Y. The induced map on the inverse
determinant line is

~ =(_1)indeny_ (219)

The most important property of the exponentiated é-invariant is the gluing law.

Theorem 2.20: Let X be a compact odd-dimensional spin manifold, ¥ —X a closed oriented
hypersurface, and X“"* the manifold obtained by cutting X along Y. (See Fig. 1.) We assume that
the metric on X is a product near dX**=9dXUYLI—Y. Then

TY= TI'S( Txcu() . (22 1)
where Tr, is the contraction
(2.18) 2.17) Te
Laxcut Ia— LﬁX® Ly® L_Y _— Lax@ Ly® LY E— Lax (2.22)

using the supertrace (2.6).

Notice that index Dy is not necessarily zero, which is why we introduce graded determinant
lines. We prove Theorem 2.20 in Sec. III.

To illustrate the gluing law consider an arbitrary closed even-dimensional spin manifold ¥ and
form the cylinder C=[—1, 11XY with the product metric and spin structure. Then
Tce Ly®L_y=End(Ly). If we cut C along {0}}Y, we obtain a manifold “spin isometric” to
CUC. Then (2.21) asserts that 7= 7¢°7, where ‘o’ denotes composition in End(Ly). We con-
clude

re=ideEnd(Ly). (2.23)
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This equation is derived assuming the gluing law (2.21). In Sec. IV we compute it directly
(Proposition 4.7) as part of our proof of (2.21).
Recall that the circle S' admits two mequ1va1ent spin structures, and we denote the corre-
. sponding spin manifolds ‘Sbou,,dmg and Smboundmg The former is the boundary of the disk (with
its unique spin structure), while for the latter the bundle Spm(Snonboundmg)——»SO(S ) is the trivial
double cover of the bundle of oriented orthonormal frames SO(S'). Now consider SnonboundmgXY
with the product metric and product spin structure. If we cut along {pt} X Y, we obtain C, and the
gluing law (2.21) asserts
TS nbounding< Y 11s(T o) =Tr(id)=(— 1) Oy, (2.24)
On the other hand, if we apply the spin isometry ¢ to one boundary component of C and then glue,
we obtain S},mdmgx Y. It follows from (2.19) that
TSt gy = (T D)™ Tr(70)=1. (2.25)
bounding

Equations (2.24) and (2.25) agree with known results and provide a 51mple check of the signs in
the gluing law.

ill. THE VARIATION FORMULA

The purpose of this section is to present the proof of Theorem 1.9.

Let mX—Z be a spin map whose typical fiber is a compact odd-dimensional manifold with
boundary. Since the assertion to be proved is local, it suffices to work over an | open set U, ;,
defined in (1.8). Over U,; we have smooth isomorphic Hermitian bundles Kjy,,(a) and we
choose a smooth family of isometries

T=T,(a,i):K (a)—Kp (a). 3.1)

By Proposition 2.15 over the open set U, ;, the smooth section 7y,z of Lx,z— Z can be identified
with

Ty z= e2'rri.fx(a,T)u— 1,

where

u= (DEt T)/\jdet Dasz(a) € Det(;X/Z (3.2)

is a smooth section of unit Quillen norm. Clearly, then, Theorem 1.9 is equivalent to the following.
Theorem 3.3: Modulo the integers &x{(a,T(a,i)) defines a smooth function on U o, and

1
+—u"'Vu.

dfx(a,T)={ fX/ZAmX’Z) T
(6]

As we mentioned earlier the connection V here is the natural unitary connection on the
determinant line bundle introduced in Ref. 2 by Bismut—Freed. It is a natural generalization of the
induced connection in the finite-dimensional case to the infinite-dimensional setting and uses the
heat equation regularization. For our purpose we recall its construction. (See Ref. 28 for a treat-
ment in terms of {-functions.)

Let 7:Y=90X—Z be a spin map and D" =D3,, be the family of fiber Dirac operators.
(Everything works even if ¥ is not a boundary.) Now D™ can be considered as a smooth section
of Hom(H*,H ™), where H* are infinite-dimensional Hermitian bundles over Z (see Ref. 2 for
details). Assume for the moment that H* are finite-dimensional Hermitian bundles over Z. In this
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case the determinant line bundle can be identified with (Det H™)®(Det H*)™!, and so is naturally
endowed with a Hermitian metric. Clearly Det D* is a smooth section. Now if H* are also
endowed with unitary connections V, then they induce a unitary connection V on the determinant
line bundle. In fact when D™ is invertible,

VDet D*=Ti{(D*) " 'VD*]-Det D*. (3.4)
Further, if H*=K*@ HY is an orthogonal decomposition invariant under D™, then
V=V5+VH, (3.5)

These two properties fully suggest how to define it in the infinite-dimensional setting.
Thus over U, let

H*=K*(a)® H*(a)

be the orthogonal decomposition defined in Sec. I. The infinite-dimensional Hermitian bundles H*
are equipped with the unitary connection V defined in Ref. 3, Def. 1.3. (Note that the notation
there for that connection is ‘V*.’) Over U, we have smooth finite-dimensional subbundles K*(a)
of H*. Hence they inherit a unitary connection, which in turn induces a unitary connection V* on
(Det K~ (a))® (Det K*(a)) ™. By the additivity (3.5) this is the K*(a)-part of the connection.
To define the H*(a)-part of the connection one makes sense of (3.4) in the infinite-
dimensional setting by the heat equation regularization. Note that the restriction D" (a) of D™ to
H*(a) is indeed invertible. When there is no confusion we also use ‘D*(a)’ [instead of
‘D™ (a)D*(a)’] to denote the restricion of D? to H%(a). The formal expression

T{(D* (a))"'VD*(a)] will be defined by
T(D*()"'VD*(@)]=£p{T(D*(a)) 'V D*(a)e P*@]}, (3.6)
where f.p. is a suitably defined finite part of the right-band side of (3.6) as t—0.
To define this finite part, note that

T (D*(a))"'VD*(a)e™"P*@)]= f " I{(D~(a))VD* (a)e 2" @]s.

It follows that as t—0

_1 0
T{(D*(a))"'VD*(a)e~ P’ @]~ 3, aj/+agtag, log t+> a;t.
j=—ni2 j=1

Then the finite part is defined as
£p{T{(D* (@) 'VD*(a)e P @} =ao+T"(1)ao,;,
or symbolically,

£p{TH(D*(a))™'VD*(a)e P} =LIM T{ (D" (a))"'VD* (a)e™">"]

t—0
1 o~
+T'(1)LIM —— Tf[(D+(a))_IVD'*(a)e"‘Dz(“)].‘
t—0 log f
G.7)

J. Math. Phys., Vol. 35, No. 10, October 1994



X. Dai and D. S. Freed: p-invariants and determinant lines 5167

Finally the Bismut—Freed connection is defined as
V=Votfp{T{(D*(a)) VD *(a)e P*@7}.
Coming back to Theorem 3.3, when D 4,7 is invertible we can choose a less than the smallest
nonzero eigenvalue of Dy 7. In this case u=Det D}y, /|Det D}yl and thus « 'Vu=Im w,
where w is the connection form for the Bismut—Freed connection:

The imaginary part of w has the following explicit formula:
1 [ ~ 2
Im ﬂ)=‘i‘ TI"‘.(DaX/2VD‘9X/Ze tD"X/Z)dI. (3.8)
0

That the integral in (3.8) is well defined comes from the following cancellation result:3*

Tr,(Dax,ZvDaX,ze_'ngl) = 0( 1) as t—0. (39)

This result holds without the assumption on the invertibility of Dy, and is also crucial in our
proof of Theorem 3.3.
Thus in the invertible case our formula states

s

(1)

1 (= y ‘ . '
e | Tn(vn.m-D.;X,ze“”ix/z>dr=[ [ a5
Ami Jg x/z

déy= f A(QX7)
Xz (1)

where 7 is the differential form generalization of % introduced in Ref. 32. We point out that
Cheeger* has also proven a formula similar to the above in the context of manifolds with conical
singularities.

The proof of Theorem 3.3 is divided into several lemmas and two propositions.

The first lemma deals with a special case. Namely, we assume that the metrics along the fibers
are of the form

g, =du'+gx,

near the boundary, where 8ox, is independent of z, i.e., the metrics near the boundary are all the

same (and of product type). Fix a choice of boundary condition {a,T).
Lemma 3.10: Under these conditions &a,T) (mod 1) is a smooth function on U, and

1 o~
d¢(a,T)= T LIM /2 To(VD(a,T)e 2@ D),

m t—0

where LIM means taking the constant term in the asymptotic expansion.

Proof: This is a slight generalization of Ref. 15, Prop. 2.15. His proof can be easily general-
ized to this situation and is given in Proposition A17.

In general the boundary geometry and the boundary conditions vary. The idea here is to
conjugate to a family with fixed boundary conditions.

Thus write the metric g, near the boundary as

g =du+gx .
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and let I1 (z) denote the orthogonal projection onto the space spanned by eigensections of
D ;:(z) with eigenvalues A>Ja, Then II (z) is a smooth family of (pseudodifferential) projec-

tions on L%(9X/Z,S) (for ze U,), and let I1(z) denote the corresponding orthogonal projection
onto the graph of T,(a,i), defined in (3.1). Then

o1y (2) =11,(2) + 11 1(2)

is a smooth family of pseudodifferential projections that describes the family of the boundary
conditions. From the general perturbation theory, for any fixed zo e Z there is a smooth family of
unitary operator U(z) on L*(dX,,S) (see Ref. 33, Lemma 2.9, for example) such that

U, ny(z20) U N 2) =I5 1y(2), Ulzg)=1d.

In fact, as we will see later,

B Y(z)B 0
(2)B(zo) ) 3.11)

U(z)= ( 0 !
where B(z) = T(z) & Da_xz(a)/\‘/D?V,Xz(a):H*—vH“.

Now extend U(z) to a smooth family of unitary operators on L*(X/Z,S) such that U(z) is
constant along normal directions to a neighborhood of dX/Z and identity in the interior and
interpolate in between. This can be done, at least in a neighborhood of z,. For example, let y(u)
be a smooth function on [0, 1] such that y(u)=0 for u=2 and x(u#)=1 for u<j. Then
UQu)z+(1—x(u))zo) does the job. (Here we interpret z as local coordinates around z,.) For
simplicity we still denote this extension by U(z).

Lemma 3.12: Modulo the integers &(a,T(z)) defines a smooth function on U, and

1 ~
df(a.T(2))= = LM (1 TV D(a,T)e~P*@D)
t—

1 N
~——=LIM 12 T{D(a,T),VUe~tP*aD, (3.13)
m t—0

Proof: Since D(a,T(z)) and U(z) "'D(a,T(z))U(z) have the same eigenvalues, we have
&(a,T)=EU(2)"'D(a,T(2))U(z2)).

However, now U(z) " 'D(a,T(z))U(z) is a smooth family of operators satisfying conditions (Ha),
(Hb), and (Hc), which are defined in the Appendix preceding Lemma A14 and Lemma AlS5.
Therefore, we apply Lemma A17 of the Appendix to obtain

dé(U(z)"'D(a,T(2))U(z))

o t—0

1 i -
= ——= LIM t1/2 TI'(V[U(Z)_ID(a,T(Z))U(Z)]e—t(U(Z) 1D(a,T(z))U(z))z)
1 12 T, -tD¥a,T) 1 172 G r7,~tD*a,T)
= —-—; LII:)J t'"* Tr(VD(a,T)e ’ )—ﬁ LII:;I t'"* ™ D(a,T),VUe 1.
t— t—

Remark: In the second term of (3.13), [D(a,T),VUe“‘Dz‘“’”] should be interpreted as an
operator acting on the Sobolev space H'!(X,S). As we see from the proof, this term comes from

[D(a,T),V U]e“'Dz(“’n, which is clearly trace class on L2(X,S). Of course, both traces are equal.
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We now look at the first term in (3.13).
Proposition 3.14: We have

1 . A
——=LIM ¢!/ Tr(VD(a,T)e“DZ(“’T))={ f A(Q¥%)
T t—0 X/

(1)

Proof: By the explicit construction of the heat kernel e~*@D [see (A8)], the asymptotic
expansion separates into an interior part and a boundary part, and by the corresponding result for
closed manifold we have

+boundary term.

1 N A
——=LIM ¢ Tr(VD(a,T)e—zo2(a.r>)=U A(Q¥7%)
X/.
)

w =0

As to computing the boundary term we can replace the manifold X/Z by the half cylinder
R, X8X/Z, with the family of the metrics given by

g.=du+gx .

To compute the heat kernel ¢ ~*2*@T) on the half cylinder, we let {g,} be an orthonormal basis of
eigensections of Dy, such that Jo,=¢_, . Then

=P @D=F_ (1) +E_ (1), (3.15)
where
-2 e—)\zt
E>a(t)= Z (e—(u—u)2/4t_e—(u+v)2/4t)¢x®¢;\k+ (e—(u—v)2/4t+e—(u+v)2/41)J(P)‘
A>Va 41Tt 4t
ut+v
®JpF —ner vt erfc FANE Jor®J o),
2Vt
with
2 w
etfe(x)=—= | e ¥ d¢,

NERE

and E_,(1) is the heat kernel of the following system on the half-line #=0:

(3,— 32 +A®)E . ,(t,u,v)=0,
E<alt=0=Id’
HTE<alu=0=Ov
JHTJ((;,‘+A)E<Q|“=0=O.

Here A =D ;x/7| x(sy - Note that A is a smooth family of finite-dimensional (symmetric) endomor-
phisms and the boundary condition here is local.
Therefore,
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a2 ~%
~ e 2 ~ e 2
tr(VD(a,T)E (1 = 1—e “YWIVDg, o) +—=—=(1+e ¥
(VD(a,T)E5,(1))(u) 3‘.@ JZ%?( e I (IVDey,¢)) \/ZE( )

~ u -
X (VD(P)\ ,J(Pk>—')\.ezxu erfc(7‘; +KJ; <VD(P)\ ,J(px)

d |1 ~
- [_’ en“ erfc <JVD(P)‘,(Px>

A>a du |2

Here, and also in what follows, we have suppréssed the subscript 6X/Z of D. Integrating with
respect to u from 0 to « yields

1

5 erfc(h \/;)UﬁD% N

Te(VD(a,T)Esq(1))=

A>Va
=—i—- JmTr (D(a)VD(a)e™* D@ gy
2w JE '

Here the last equation follows from the fact that
(JVDo_x,0-\)=—(IVDey,p)
which is a consequence of the following equations:
JVD=-VDJ, Jo,=o¢_,. (3.16)
Now,
Tr,(D(a)VD(a)e s P @)=0(1) as 1—0,
as it follows from (3.9). Consequently,

LIM 2 Te(VD(a,T)E>(1))=0.

t—0
On the other hand,
Tr(VD(a,T)E < (1)) =Tr(JVDE _ ,(t))=i Try(VDE . (1)).

By (3.16) VD is an odd operator. However, the heat kernel E__(#) is not even because of the
boundary condition. The crucial observation here is that the leading asymptotic as —0 is indeed
even, for local boundary conditions do not contribute to the leading asymptotic. Since the under-
lying manifold here is one dimensional, the leading asymptotic is "2, which implies

Tr,(VDE . ,(1))=0(1) as 1—0.
Therefore,

LIM 2 Tr(VD(a,T)E < ,(¢))=0.

t—0

Thus the boundary term is zero. This finishes our proof.
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We now turn to the computation' of the commutator term in (3.13). In general the trace of the
commutator of a bounded linear operator with a trace class operator is zero. On a closed manifold,
this can be extended to

for D a differential operator and K a smoothing operator (say). This is no longer true on a
manifold with boundary. However, we have the following.

Lemma 3.17: For D the Dirac operator and K a smoothing operator with smooth kernel
K(x,x') on a compact spin manifold M with boundary we have

—

T D, K]=—}M tr(7K(y,y))d vol(y).

—~
w
—
o0

~

Remark: This is quite similar to the characteristic feature of the b-trace introduced by
Melrose®* in the context of manifolds with asymptotically cylindrical ends.
Proof: Clearly DX is a smoothing operator with kernel givgn by D k'(_x,mx;'\, Thus

aldlly A0 1S @ SAnVUVU Tt WAl ACUIINS oS Tl A Je 210

Tr(DK)=f tr(D K(x,x" )| o+ =, )d vol(x).
M
On the other hand,

(KD)f(x)=fMK(x,x’)(Df Wx")d vol(x')=fMDx,K(x,x’)f(x’)d vol(x')

+LMJK(x,y’)f(y’)d vol(y’).
Therefore the kemnel of KD is given by D K(x,x')+JK(x,x") 8,4, and hence
Tr[D,K]=Tr(DK)—Tr((DK)*)—f tr JK(x,x) 83 d vol(x)= —J tr(JK(y,y))d vol(y).
M oM

It should be pointed out that for the above equation the Lidskii’s theorem does not apply
immediately to JK(x,x') 85, . However, this can be overcome by approximating the delta func-
tion via smooth functions and estimating the trace norm of the approximation via the Hilbert—
Schmidt norms.

With this lemma at our disposal we now turn to the commutator term. Recall the definition of
u from (3.2).

Proposition 3.19: We have

. i
LIM (2 T{D(a,T),V Ue P’ @D]=—— 4~ 'Vy.

t—0 2N

Proof;: Clearly V Ue ~"2*@D is a smoothing operator. Therefore, according to (3.18) the trace
of the commutators part can be computed by taking pointwise trace of the Schwartz kernel of
V Ue~*P*(@D and integrated over the boundary. Thus U can be taken to be the original family of
unitary operators on the boundary, extended radially constant to the whole cylinder. For our
computation we need the precise construction of U.

Recall that U is constructed to conjugate the family of boundary conditions, which are de-
scribed by [see (1.2)]
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b - _ Dixiz(a) \ |
Wian={(¢". ¢ YeHyz:¢™ + TGBW $T=0;.
9x/Z

In other words, they are described by the graph of the pseudodifferential operator:
D axz(a) .
B(2)=T(2)®———=Hy —Hy .
\/Dgxz(a) ) ¢

Then it is not hard to verify that formula (3.11) defines such a unitary conjugation. One easily
finds

. —B Y(z,)VB 0
VU(Zo)=( (23) (zo) 0)
and
B IVB=T"VT® (D" (a))” 'VD"(a)~ XD*(a))”"'V(D¥a))).

Using these and (3.15) we obtain

—f trJv"Ue—toz(a,T)=tr(JT—lv”TE<a(t)|u=0)+f tr(J (D*(a))"'VD*(a)
axXlZ aXIZ

~5 (Da) ¥ (D¥a))

E>a(t)). (3.20)

For the first term we have

- 1 . i VeDetT
LIM 2 w(UT 'VTE . o(1)]y=0)=—F=a(JTVT) =

=0 N o\ymw DetT '

where again we have made use of the observation that the leading asymptotic of
w(JT™'VTE . (1)) is independent of the boundary condition.
The second term is a little bit more complicated. We first note that

(3.21)

-2
e
E>a(t)|aX/Z= 2 ( \/';;_)\ erfc()\\/;))-]§°)\®~]¢;f7

A>Va
and
A2 e 1 5 1 , 1 o )
)\ erfC(X\/_t-)=— ———g—‘y)‘ ds:———e_t)‘ ____f S—3/2e—s)‘ dS.
\/;T- t 2\/; t 2w Ji
Hence
1 @ ) )
Eso(Dloxz= 2 —f 57327 ds Joa®JoF
A>Va m It
and
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. 1 .
f tr(J[(D“'(a))"‘VD*(a)——((Dz(a))"V(Dz(a))]E>a(t)
ax/Z 2
- fws-m Tr{((D*(a))~'VD* (a)e~*P*@)gs
4\/; t
__L_ ® -3 2 -1 (N2 -sD%(a)
8\,/; : s Tr((D*(a))” 'V (D*(a))e )ds.
One finds

~ 1 -
(D" (a)™! VD*(a)—E ((DX())™'V(DX(a))]E>4(t)

1—0

LIM ¢1/2 f tr(.l
XI1Z

i . ) i 1
=—=LIM Te((D*(a))"'VD*(a)e "P" @)+ —= LIM — Tr((D*(a)) !

2\ o J 1m0 log 1
- i i
X vD+(a)e—lD2(a))_____ LIM Tr((Dz(a))_1V(D2(a))e—tD2(a))
4\/; t—0

1

.__i_ 2 ~16 (N2 —1D*(a)
2‘/;1:3\(;1 og 7 Tr((D*(a))~'V(D*(a))e ). (3:22)
From (3.9) and the identity
Tr,[(D(a))~ 'V D(a)e™ P @)= f - Tr,[ (D(a))VD(a)e *P*@ds, (3.23)

we find

1 ~ 2
- -1 ~tD¥a)y
LIM - Tr[(D())™' VD (a)e 1=0,

or, equivalently,

1 - 2 1 1 - 2
+ -1 + —tD*(a)y— _ 2 -1 2 —tD*(a)
LIM TH(D*(a)) 'V D*(a)e )=3 LIM Tr((D%(a))~ 'V D¥(a)e ).
(3.24)

Thus the right-hand side of (3.22) reduces to

= LIM TH(@* () 9D " (a)e™"") —— = LIM To((0%(@)) ¥ (D(a))e 2",
0

2T =0 4w =
On the other hand, we have by (3.7)

V DetT __V“ Det T
DetT  DetT

+LIM Te((D*(a))~ 'V D* (a)e~P*@)
t—0
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1 ~
+T/(DLIM Te((D* () 'V D*(a)e™2*@) (3.25)
t—0
and

d(\Jdet D*(a)) 1 N
—d;t—\/-—y(—% =3 If;’l Tr((D%(2))~ 'V (D2(a))e ~0*@)

1 1 .
+=T'(1)LIM — Tr((D*(a))~ 'V D2(a)e~P*®), (3.26)
2 o logt

We combine (3.20)—(3.26) to complete the proof.

IV. THE GLUING FORMULA

In this section we prove Theorem 2.20. We assume the notation of that theorem and of Sec. L.
Fix a positive number a’ ¢spec(D2%y). Choose an isometry

T':K y(a')—Kx(a').
Then according to (1.7) and (2.16), the pair (a’,T’) induces a trivialization of L,y . This trivial-
ization is simply carried along in the computation below. Much more essential is the following.
Choose a ¢spec(D?%) and denote

K*=Ky(a)=KZy(a).
Now choose an isometry

T:K*®K K *®K"™. “4.1)

Note that T has a numerical determinant detTeC. Now Ky, py=K"@®K~ and
Ky,-y=K ®K™ [note the swap in factors from the right-hand side of (4.1)], so there is an
induced trivialization

(—1)dm K" dm K" (Dot T) " le Ly _y. (4.2)

Our first task is to compute the image of (4.2) under the sequence of maps (2.22), where we leave
off the L,y factor for convenience. Recall that (2.22) is the composition

Tr,0(2.17)°(2.18). 4.3)

Each of the three maps in (4.3) involves a factor, and these factors are computed in (2.9)-(2.11).
The total factor [including the factor in (4.2)] is

(—1)dm K* dim K‘(__ 1)dim K™ +dim K7 (—1)dim K+(_ 1)dim K*(dim K* +dim K7)= (— 1 )index Dy

from which it follows that the image of (4.2) is

e 2.22) .
(—1)dm K" dim K™ (Det T)~1 o (—1)M4* Py(det T) 1. 4.4)

Thus Eq. (2.21) is equivalent to the following statement.
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Proposition 4.5: Let X be a compact odd-dimensional spin manifold, Y—X be a closed
oriented hypersurface, and X" be the manifold obtained by cutting X along ¥. We assume that the
metric on X* is a product near dX“*=9X1J¥YLI~Y. Choose a,a’,T,T" as above. Then

rye(a’,T';a,T)=(— 1) Dy det T 7y(a’,T"). 4.6)

Equation (4.6) is an equality of complex numbers.

As a preliminary to proving Proposition 4.5 we compute directly the exponentiated &invariant
of the cylinder. This generalizes Ref. 17, Sec. 3.

Proposition 4.7: Let Y be a closed even-dimensional spin manifold and C=[—1, 1]XY be the
corresponding cylinder. Choose a,T as above to define boundary conditions for the Dirac operator
on C. Then

Tc(a,T)=det T. (4.8)

This is compatible with (2.23), which we derived in Sec. I as a consequence of the gluing law, (Of
course, that derivation was not a proof as the proof of the gluing law depends on Proposition 4.7.)
Namely, the element of End(Ly) corresponding to (4.8) is 7.(a,T)(Det T)~'—the {-factor in
(2.19) cancels out for End(Ly)—and as in (4.4) we compute

'rc(a,T)(( -1 )dim K7t dim K_(Det T)— 1)(,2;12)(__ l)index DY'rC(a,T)(det T)—- 1 ( -1 )index Dy’
4.9)

which agrees with the supertrace of ideEnd(Ly).

Proof: We first prove (4.8) assuming that a=e¢ is less than the first positive eigenvalue of D%,
In other words, K=K* @ K" is the kernel of Dy . Then we use the variation formulas of Sec. III
to derive the general formula.

A spinor field on C is a sum of fields of the form

b=f()bx +8() by . (4.10)

where f,g:[—1, 1]—C and ¢ e E¥ (M) are eigenfunctions of D2. If A>0, we choose ¢ =Dydy ,
and then

D= (—if (1) +irNg(1)) by + (—if (1) +ig' (1))Dyoy .

In this case the involution

(1)
f(t)qS;L+g(t)quS;L'—->\/:g(t)¢:+—\7——; Dygy

anticommutes with D - and preserves the boundary conditions (1.2), which reduce to the equations

g(1)+£(\7'1—3 =0, f(-1)+Vrg(-1)=0. (4.11)

Therefore, the part of the spectrum of D coming from spinor fields (4.9) with A>0 is symmetric
about the origin, and so does not contribute to the 7-invariant. An easy computation shows that
Ker D contains no nonzero spinor fields that are sums of fields of the form (4.10) subject to the
boundary constraint (4.11). So there is no contribution to the &invariant.

We are left to consider spinor fields
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y=f(1)¢p*+g()¢p~, ¢eK’, ¢ ek,
subject to the boundary condition

g of S8 )

go | T Te(-1e" “.12)

Now
Dcy=—if' ()" +ig'(1)¢™,
and it is straightforward to see that D -¢= i subject to (4.12) if and only if
Y=eM Pt +e i g
with

18] —memn{ &),

So each eigenvalue v of T contributes a set of the form u+wZ to the spectrum of D, where
O=u<7r satisfies —e ™ 2**=yp, A standard computation (e.g., Ref. 1) shows that the 7-invariant of
the set u+7Z is 1—2u/m if u+0. Thus if x+0, the &invariant is 3— u/m, and exponentiating we
obtain e?™/2# M= _ p~2ik=y This is the correct value of the exponentiated &invariant for
©=0 as well. Combining the contribution from all of the eigenvalues we obtain (4.8).

Now for a>0 the boundary condition is a unitary map

T:Ky(a)®Ky(a)—=Ky(a)DKy(a). (4.13)

If T=T, has the form Ty, = T' & D/ VD? for D= Dyc(€,a) and some isometry
T":Ky(€)® Ky (e)— K5 (€)® Ky (€), then the desired result follows from the previous argument
and (1.6). [Recall that (1.6) is a triviality.] Another isometry T (4.13) is connected to T via a path
of isometries T,, and by Theorem 3.3 and (3.2) we have

1 drc(a,T;) 1 d(detT)
rela,T,) dt  detT, dt

It follows that 7-(a,T,)=det T, as desired.
Proof of Proposition 4.5: Following Bunke'® we will first construct an isometry

U:Hyela',T';a,T)—Hy(a' , T'Y® H(a,T), (4.14)

where the notation means the subspace of spinor fields which satisfy the appropriate boundary
condition (1.2). Note the appearance of

T=(1 _I)T("l 1). 15

Q=U"Y(Dy®D)U—Dyen, (4.16)

We then compute

which turns out to be a bundle endomorphism supported on the disjoint union of two cylinders. It
follows that
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FIG. 2. The cutoff functions f; and fp.

d ,
2 p2mib(DyentuQ) 4.17)

du

may be computed locally, and we use a symmetry argument to prove that it vanishes. Equating the
values at =0 and u=1 we see that

rxa(a’, T";a,T)=1y(a’,T' ) r(a,T), (4.18)

which reduces to (4.6) using (4.8). .
To begin let f; ,fr:[—1, 1]-[0, 1] be smooth cutoff functions which satisfy (Fig. 2)

fL([_I’ _—%])=fR([%v 1])‘_‘1,
full172, 1) =fr([-1, —1/2])=0, (4.19)

F+fa=1, fu(—x)=fg(x).

The functions f; ,fx lift to functions on C=[—1, 1]XY.

C1 C4
K %
-~
Ly ax N

FIG. 3. The map U.
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As in Fig. 3 we choose isometric embeddings C— X" near the boundary pieces ¥ and —Y.
Denote the image cylinders by C,; and C,, respectively. Similarly, we choose an isometric em-
bedding C—X with image C; so that we obtain X" from X by cutting along {0}}XYC C;. If we
cut X** along {0}XYC C, and {0} XY C C,, then two extra pieces fall out, and they reassemble to
form an extra cylinder C,. Define U as follows. Let  be a spinor field on X", Let U/ map its
restriction to the complement of C,LIC, unchanged to the complement of C; in X. Then let ¢,,4,
be the restrictions of ¢ to C;,C,, and define

w2 2l

U: . 4.20
( 2]\~ fr fu\¥2 (4.20)
The right-hand side of (4.20) is an element of H s & H c,» and it patches to yon X — C; to give a

smooth spinor field on XUC,. Note the change in the boundary values on C,, as indicated in
(4.14) and (4.15). It is easy to check that U is unitary.

Next we compute Q, which is defined in (4.16). Since U is the identity on the complement of
CUC,, the operator Q has support on C;LIC,. An easy computation yields

o{4)-( 2, Jll%)

0=frdfr—frdfL

acts by Clifford multiplication. Notice that & is supported in the interior of C,LIC,.
Consider the map

where the one-form

() )
N2} “\dx-¢(—x))

where “-” denotes Clifford multiplication. This is the map on spinor fields induced by the orien-
tation preserving diffeomorphism (x, ,x,)—>(—x,,x,) of C;LIC,. We only apply I on the domain
of Q, so we need only consider (i) with support in the interior of C,LIC,. It is easy to verify

I’=—1, ID=-DI, I1Q0=-0QI, 4.21)

where D= D, is the Dirac operator on C. For the second equation, note that any orientation-
reversing isometry anticommutes with the Dirac operator. For the third, note that

O(—x)=0(x)

from Egs. (4.19).
Let £, denote the &-invariant of D, = Dyen + uQ. As in Lemma 3.10 its variation is computed
by the formula

dgu -1 li t”
=—=1m
du \/; t—0

Now the right-hand side is the integral over X" of a locally computed quantity, and since Q has
support in C;LIC, the integral may be computed there. However, from (4.21) we have

2 Trxcut( Qe B tDi) .

Tr(Qe ™ "Ph) = — Tre(12Qe ~*Pi) = Tr(IQle ~Pe) =Tr(IQe ~Pul) = Tr(I*Qe ~"Pi) = — Tr(Qe %),
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This proves that (4.17) vanishes, from which (4.18) and then (4.6) follow.

As a corollary of Proposition 4.5 we derive (1.5), which is a generalization of Ref. 17,
Theorem 3.1.

Corollary 4.22: Let X be a compact odd-dimensional spin manifold with boundary. Choose a
positive number a ¢spec(D2y) and isometries T;,T,:K jy(a)— Kx(a). Then

m(a,T;)=det(T; ' T,) r(a,T}). (4.23)

Proof: Let C=[—1, 1]X3dX—X be an isometric embedding mapping {1}XdX onto X, and
let Y be the image of {0}XX. Cutting along ¥ we obtain X*** which is (spin) isometric to XLiC.
Consider the boundary conditions defined by T, on dX. On YLi—Y we use the boundary condi-
tions

[0 Th
1—\T2 0}
Note that

det T=(—1)4m Kax(@) det(TT'T,).

The induced boundary conditions on C are
. [0 1!
T= ,
T, O

det T=(— 1)dim Kjy(a),

and

Now (4.6) and (4.8) imply the desired result (4.23).

V. ADIABATIC LIMITS AND HOLONOMY

In this section we reprove the main result in Ref. 3 that computes the holonomy of the natural
connection V on the (inverse) determinant line bundle as the adiabatic limit of exponentiated
&invariants (on a closed manifold). Our proof here uses the curvature formula proved in Refs. 2
and 3, the variation formula (1.10), and the gluing law (2.21). (In fact, it suffices to consider the
case where the base Z is a circle, and then the curvature obviously vanishes. So the curvature
formula is not really needed.) We define a new connection V' by specifying its parallel transport
as the adiabatic limit of exponentiated &invariants, now defined on manifolds with boundary. We
then show that V'=V.

Let mY —Z be a spin map whose typical fiber is a closed even-dimensional manifold, and let
L—Z denote the inverse determinant line bundle. According to Ref. 2 it comes equipped with a
(Quillen) metric and a natural unitary connection V. The curvature of V is (see Ref. 3, Theorem
1.21)

Qf=—2xi

J A(QY’Z)} ) (5.1)
Y/Z

(2)

[Since we use the inverse determinant line bundle the sign in (5.1) differs from that in Ref, 3.]
We now define V'. Let 2Z denote the space of smooth parametrized paths y:[0, 1]—Z with
Yo, 0.1 @nd Ao, 1] constant. For yeF#Z let Y ,= y*Y denote the pullback of 7Y —Z via 7y ; then
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,:Y ,—[0, 1] is a spin map. Let g[o, ;) denote an arbitrary metric on [0, 1] and gy, the metric on
the relative tangent bundle T(Y/Z). Define a family of metrics on Y, by the formula

8[0, 1
e=[ﬂ6—] DBgyrz, €#0. (5.2)

The metric g, on Y, is determined by requiring that 7, be a Riemannian submersion. Physicists
term ‘lim’._,, the adiabatic limit. The spin structure on T(Y ,/Z) induces one on TY , since

TY = th([O, 1S T1T(Y/Z) (5.3)
and T[0,1] is trivial. Now the exponentiated £-invariant is a map
Tyy( E)ZL.Y(())—)LY(” .

Here we use the isomorphisms (2.17) and (2.18).

Lemma 5.4: The adiabatic limit 7, = lim,_,g Tyy( €) exists and is independent of the choice of
metric gpo (7.

Proof : As a preliminary we state without proof a simple result about the Riemannian geom-
etry of adiabatic limits. Let V¥»(€) denote the Levi—Civita connection on Y, with the metric (5. 2)
and QY7(e) its curvature. Then lim,_,q VI e€) exists and is torsionfree. Furthermore, the curva-
ture of this limiting connection is the limit of the curvatures of VY7(¢€) and has the form

0
igr(l) QY?(G):(* QY’/[O, 1])

(5.5
relative to the decomposition (5.3). We will apply this result in families, where it also holds.

Consider the spin map p:Y ,X(R—{0})—R—{0}, where the metric on the fiber at € is (5.2).
According to Theorem 1.9 we have

4 Ty (e)=2m'“/i(m)]
de v » o

Now (5.5) immediately implies that the component of the integrand in the [0, 1] direction ap-
proaches zero as €é—0. In other words, if r is the coordinate in the [0, 1] dlrectlon then any term
in the integrand involving dt approaches zero as e—0. Hence lim,_q = Ty, (e)=0 and so
lim,_,q 7y (e) exists.

A smnlar argument proves that 7, is independent of gy 3. Let .# denote the space of metrics
on [0, 1] and consider the spin map

Y, X (R—{0}) X .Z—(R—{0}) X .4,

where the metric on the fiber over (e,g[oy 1 is (5.2). As in the previous argument we see that the
differential of Ty_y( €,8[0, 1) With respect to g[o, ;) vanishes as e—0. The desired conclusion fol-
lows immediately. ‘

An immediate corollary is that 7, is invariant under reparametrization of paths. Also, if 7y,
v eFPZ with y,(1)=9,(0), and 0y, denotes the composed path, then Tyyey; = Ty, © Ty, This
follows from the gluing law (Theorem 2.20). Now a general theorem (Ref. 25, Appendix B)
applies to construct a connection V' on L whose parallel transport is 7.

Now we compute the holonomy of V’. Let ¥:5'—Z be a loop in Z and Y 3,—>S’ the corre-
sponding fibered manifold. Realize ¥ as the gluing of a path y:[0, 1]-Z; then Y ¥ is obtained by
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identifying the ends of Y —»[0 1]. This identification induces the spin structure on Y 3 obtained by
lifting the nonbounding spin structure on S!. The gluing law Theorem 2.20 implies [compare
(2.24)]

lim Ty(E) Try(lim 7y (e)) Try(parallel transport along )

e—0 —0

=(—1)index Dy. (holonomy around 7). (5.6)

If L—L,«,) then the parallel transport is an element of L& L*. The sign comes since the compo-

sition LOL* »L*®L—Cis ( — 1)|Ll = ( — 1)ex Dy times the usual contraction. Let Y— denote
Y 3 with spin structure induced by lifting the bounding spin structure on §°. 1 If we substltute Y- for
Yy in (5.6), then the resulting equation has no factor ( — 1)"* Pr_ This follows as in (2. 25)
(Compare Ref. 28, Theorem 1.31.)

Our main resuit in this section is the foilowing.

Proposition 5.7: V'=V.

To prove Proposition 5.7 we compare the covariant derivative of their parallel transports using
the following general lemma.

Lemma 5.8: Let L—Z be an arbitrary line bundle with connection V and curvature QF.
Denote the parallel transport of V along a path y by p,. Then

Vp= —( L ev*QL) -p, (5.9)

where ev and p, are the maps

ev
[0,11X%Z — Z

p2l
FZ

To interpret (5.9) view p as a section of the line bundle (evy(L))* ® (evi(L))—FZ with its
connection induced from V. Here ev,(y)= y(¢). The proof is elementary.

Corollary 5.10: If V,V’ are connections on L—Z with parallel transports p,7, and if Vp/p
=V 71, then V'=V,

For if V' =V +a for a one-form « on Z, then

and if a+#0, then the right-hand side is nonzero.
We now verify the hypotheses of Corollary 5.10 for the natural connection V and the new
connection V'’ on the inverse determinant line bundle. We use the diagram

ev¥Y - Y

=] l=
[0, 1]x7Z & z

le

FZ
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We compute V7 using the variation formula (1.10). Namely, 7, is the adiabatic limit of Ty, and Y,
is the fiber (p,om’) "'(7). So by the variation formula

-T=2mLZ[L,/§(m’)] T

2)

=J,, ev*{Zwifﬂ[i(Q”)] .7,

(2)

vr=2m'U ,a-nmé(mz"”’)}
paom 1)

where we use (5.5) to pass from the first equation to the second. (Of course, “a-lim” is the
adiabatic limit.) But by (5.9) and the curvature formula (5.1) this latter expression is the covariant
derivative of the parallel transport of V. This concludes the proof of Proposition 5.7.

Therefore, (5.6) also computes the holonomy of the canonical connection V on the inverse
determinant line bundle as the adiabatic limit of exponentiated &-invariants. This is exactly the
content of Theorem 3.16 in Ref. 3. [Again, since we use the inverse determinant line bundle the
sign in (5.12) differs from Ref. 3.]

Corollary 5.11: Let ¥:S'—Z be a loop and Yy-» nonbounding the corresponding fibered mani-
fold. Then the holonomy around ¥ of the natural connection V on the inverse determinant line
bundle L—Z is

(— l)index DYa-lim(e2"i5Y'7). (512)

VIi. REMARKS ON THE FAMILIES’ INDEX THEOREM

Let mX—Z be a spin map whose typical fiber is a compact even-dimensional manifold with
boundary. When ker D ax, has constant rank, there is a well-defined index bundle
Ind Dy,ze K°(Z). The farmhes index theorem of Bismut—Cheeger states that its Chern character
ch(Ind Dy,) is represented in de Rham cohomology by (cf. Refs. 32, 35, and 36; a more general
version has been proved in Ref. 37)

f i@ -5, 6.1)
X/zZ

where 7 is a differential form on the base Z, defined as follows.
Consider a spin map 7Y —Z whose typical fiber is a closed manifold. (Our application takes
Y =0X.) The associated Bismut superconnection A, is

At=v~+t”2Dy/z_C(T)/4t”2,

where ¢(T)=Z2 ,<p dz*® dz? 1(f, .fg) with T the curvature form of the fibration, f, a local
orthonormal basis on Z, and dz* the one-form dual to f,. The asymptotics of heat kernels
associated to the Bismut superconnection exhibit some remarkable cancellations. The first one is
expressed in the local index theorem for families.>*® More essential to our discussion are two
other cancellation results:>

trs[(Dy,z+c(T)/4t)e'Ar2]=0(t”2) as t—0, if dim Y/Z is even; 6.2)

11 (D y g+ c(T)41)e ™41 1= 0(t'2) as t—0, if dim Y/Z is odd. 6.3)

where tr°*" indicates the even form part of tr. When ker Dy, has constant rank, the expressions

on the left-hand sides of (6.2), (6.3) are also well behaved for the large time. In fact, it is shown
in Ref. 40 (in a more general setting) that
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tr,[(Dy,Z+c(T)/4t)e'Ar2]=O(t“l) as t—oo, if dim Y/Z is even; (6.4)
tr=V°“[(D,,z+c(T)/4t)e-A3]=0(:‘1) as t—oo, if dim Y/Z is odd. 6.5)

By virtue of (6.2)—(6.5) we now define a differential form on Z, the 7% form:

£ ol

77 C(T) 2 dt
f reven DY/Z+_ e_Az TR if dim Y/Z is odd.
[ Jo ¢ 2t

dt

W , if dim Y/Z is even;

A

For example, the first integral is convergent at 0 because of (6.2), and convergent at ® because of
(6.4). We normalize 7 by defining

LA e .
p (2—’”1.)7[77](2]-_1), if dim Y/Z is even;

St
Il

2 2wy [ 7]y, if dim Y/Z is odd.

Here we decompose the odd (resp. even) form 7 into its homogeneous components [77](2] 1
(resp. [77])2;))- The 7 form satisfies a transgression formula. If dim Y/Z is odd, then®

dip=-— f AQY?), (6.6)
YiZ
If dim Y/Z is even and ker Dy has constant rank, then33
d#%=ch(Ind Dy,z)— f AQY'%), 6.7)
oxIZ

Return now to a spin map mX—Z whose typical fiber is a compact manifold with boundary.
If dim X/Z is even, which is the case considered by Bismut—Cheeger, then (6.6) immediately
implies that the differential form (6.1) is closed. We are interested in the case where dim X/Z is
0dd, and then (6.7) implies that unless D 4y, is invertible, the differential form (6.1) is not closed.
Thus in the odd-dimensional case one expects a correction term in the Bismut—Cheeger index
formula from ker D 4,7 .

Theorem 3.3 suggests what the correction term should be, assuming that ker D 45,7 has con-
stant rank. To define the odd index bundle we need self-adjoint operators. In our case this amounts
to a choice of a (smooth) family of isometries

T: ker Dy —ker Dyy7.

The resulting family of self-adjoint operators Dy,;(T) gives rise to a well-defined index bundle

Ind Dy,5(T) € K'(Z). On the other hand, ch(Ind D sy,7) = Tr,(e V" %), where a is chosen to be
smaller than the smallest eigenvalue of D,y,;. Consider the superconnection V¢+ytV on
ker D zx,7, with V the symmetric endomorphism

0 T*
V—TO.
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One has the following transgression formula:

d a 2 1 a 2
Tr.(e~(Vi+ViV)2y o _ — Tr( Ve~ (Vé+VIV) ,
dt T,(e ) d 2\/; (Ve )

which, by the invertibility of V, yields
dnr=ch(Ind D;y,7),

with 7, defined by

w 1 a
= f —= Tr(Ve~ V"tV gy,

o 2Vt

Conjecture 6.8: The (odd) Chern character of Ind Dy,,(T) is represented in the de Rham
cohomology by

| a@rn-5-5.
Xz

We have the following evidence for this conjecture.
Theorem 6.9: The degree-one component of the odd Chern character of the index bundle
ch,(Ind Dy, (T)) e H'(Z) is represented by

[ | A@n-5- 771]
X/1Z

Proof: By the Duhamel principle

(1)

[Tr,(Ve~ "+ )] | = — Jf Tr,(V(VoV)e V7).

Therefore,
w1
[dy=—| 5 T(V(VeV)e " )dr=~1 Te(V7IVV)= =TT IV*T).  (6.10)
(1) 0 2
Similarly, we have
ol ! ” Vi —:D?
(7= 2/, Tr(DoxizV D gxize ™" oxiz)dt. (6.11)

On the other hand, the degree-one component of ch(Ind Dy,,(T)) is given by déy(a,T),
which, according to Theorem (3.3), gives

+1 ~ly
2mi 4 Ve

chy(nd Dy T>)=[ fX/ZA(nX’Z)
(1)

From (3.24)—(3.26) and our choice of a we have
u”'Vu=(Det T)~'V%Det T)+LIM Tr((D*) " '¥D*e~"2*)— L LIM Te((D?)~ 1¥(D2)e 2%,
t—0 t—0
(6.12)
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and the first term in (6.12) is exactly —[ 7]y by (6.10). For the remaining terms we note from
(6.11) and (3.23)

[#)1y=—3LIM TrS[D_IVDe_’DZ]
t—0

=—LLIM T{(D*)"'VD*e~P* ]+ L LIM TH(D~)~'VD~e~P%]

t—0 t—0

=—LIM Tf{(D*) "'V D*eP*]+ L LIM To(D?) "1 V(D?)e~*P"].

t—0 t—0

This finishes the proof.

APPENDIX A: GENERALIZED APS BOUNDARY CONDITIONS

In this Appendix we discuss the analytical aspects of the generalized APS boundary condi-
tions. For simplicity of notation we restrict ourself to the case of Dirac operators, aithough our
discussion extends easily to the more general situation of Dirac-type operators.

Let X be an odd-dimensional compact oriented spin manifold with smooth boundary ¢X=7Y.
We shall always assume that the Riemannian metric on X is a product near the boundary. Let

D: C*(X,5)—C™(X.,S)

be the formally self-adjoint Dirac operator acting on the spinor bundle S—X. Then in a collar
neighborhood [0, 1)XdX of the boundary, D takes the form

D=J(a,u,+D3X)y
where J=c¢(du) and
DdX: Cw(JX,S|aX)—'C°°(¢9XaS|aX)

is the self-adjoint Dirac operator on dX under the identification S|;x==S(dX).

As an unbounded operator in LZ(X,S) with domain C3(X,S), D is symmetric. (In other
words, D is formally self-adjoint.) To obtain self-adjoint extensions of D, one has to impose
boundary conditions. For our purpose, we would like to restrict our attention to boundary condi-
tions of elliptic type. Appropriate boundary conditions that are of elliptic type are considered by
Atiyah—Patodi-Singer.! Namely if we denote by I, the orthogonal projection of L2(8X,S| )
onto the subspace spanned by the eigensections of Dy with non-negative eigenvalues, then
D . =D with domain

dom(D+)={<PEH1(X,S)|H+(<PfaX)=0}

is an elliptic boundary value problem (in the generalized sense, see Refs. 1 and 41). Here D, is a
closed symmetric extension of D, although, in general, D, is not self-adjoint. However, one can
obtain elliptic self-adjoint boundary value problems by considering further self-adjoint extensions
of D .

More generally, let a ¢specD?y be a positive number and I1_, (resp. I1,) denote the orthogo-
nal projection of L2(dX,S|,x) onto the subspace spanned by eigensections of D 54 with eigenval-
ues >-Ja (resp. >Ja). Consider the operator D,=D with domain given by

dOm(Da) ={¢ € HI(X’S)IH—a(¢|aX) =0}
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Lemma A1: D, is a closed symmetric extension of D, and its adjoint D is given by D with
domain

dom(D*)={¢p e H(X,8)|I1,(¢|sx)=0}.

Proof: Proceeding in the same way as in Atiyah, Patodi, and Singer, Paper L (APS1), we can
construct a two-sided parametrix

R: C7(X,8)—-C”(X,$;H_,)
such that DR—Id and RD —1d are smoothing operators and
R: H'(X,S)-H'TY(X,5) (I=0).

Thus if ¢, edom(D,) such that ¢,—¢, D@,— in L?, the existence of the paramatrix R shows
that, in fact, pe H'(X,S) and ¢,—¢ in H'(X,S). By the continuity of the restriction map

r: H'(X,S)—HY*(9X,S|3x) > L*(6X,S| %),

¢edom(D,) and D,p=. This shows that D, is closed.
To show D, is symmetric, it suffices to prove the statement about D¥ . Integration by parts
gives, for all ¢,re C*(X,S),

def
(Do, ¥)—(@,D¢h)= LX<J(¢|ax)v¢|ax>= (J(@lax), ¥lox) ax - (A2)

Again, the continuity of the restriction map r shows that {(A2) actually holds for all ¢,e H x,s ).
Let D_, denote D with domain

dom(D—a) ={§D € HI(X7S)|Ha(§D|&X)=O}'
Then, for all pedom(D,), yedom(D __,),

J(@lax)=J(Id—TI_ ) (@lsx) =T J(@lax),  ¢lax=Id~TL,) (¢l sx).

Thus (J(@|sx), ¥lsx)sx=0 and (A2) shows that D_,CD}.
The equality D* = D _, requires considerably more effort. Let

L},(X,5)={peL*(X,S)|dist(supp @,0X)= 3}

and
L3 4(X.8)={p e LX(X,S)|supp ¢C[0, 31X aX}.

Then L%(X,S)=L2 (X,S)+L2,(X,S) and we just have to specify D¥ restricted to each of the
subspaces.
Clearly for e L? (X,S)Ndom(D¥), we have DXy = Dy and

int

L2 (X,S)Ndom(D¥)=L2 (X,S)NH'(X,S).

The subspace L2,(X,S) splits further:

L2,(X,8)=L2(0, 3],K;x(a))®L*(0, 3. H x(a)),
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where K ;y(a), Hx(a) are defined in (1.1). Moreover, D, is diagonal with respect to this splitting.
Now restricted to L([0, 2/3],K ;x(a)), D,=J(d,+A), with A a symmetric endomorphism of
K 5x(a) which anticommutes with J, and the boundary condition at u =0 is ¢|,_,=0. Clearly then,
D¥* = D_,onL%([0, 2/3].K ;x(a)).

On the other hand, for D, restricted to L2([0, 2/3],H ;x(a)), the construction in APS1' actually
gives bounded inverse R, for D, and R_, for D_,. From

(Do, 6)=(@,D_,¥)

for pedom(D,), yedom(D_,), we obtain, by continuity, R¥ = R_,. Since adjoints commute
with inverses, the lemma is established, for the discussion above shows that D;"CD_a.

From the lemma it is clear that D, is, in general, not self-adjoint, so we need to consider
self-adjoint extensions of D,. Suppose D, is such a self-adjoint extension, then D,CD,CD},
i.e., D,=D with

dom(D,)Cdom(D,)Cdom(D}). (A3)

Recall our notation from Sec. I. We have Ky(a)=Im(II_,—1II,) splits into the (*i)-
eigenspace of J [cf. (1.1)]:

Kax(a)=K;x(a)@Ka_x(a)-

Lemma A4: We have dim K}, (a) =dim K jx(a).

Proof: This is a consequence of the cobordism invariance of index. Alternatively, it follows
from the Atiyah—Patodi—Singer index formula, as follows. First of all, by the symmetry of
spec Dy, we just need to show that for a less than the smallest nonzero eigenvalue of D3y.
Namely, dim K jy=dim K ;y, where Ky are the *i-eigenspace of J restricted to ker D 55 . Apply-
ing the APS index formula to D, yields

dim ker D
dim L=—2———‘i’£ , (AS5)

where LCker Dy is the subspace of limiting values of the extended L>-solutions of D (see
APS1'). Alternatively, L = IIr(ker D¥) = Ilr(ker D_,), where II is the orthogonal projection
onto ker D,y . From (A2), together with (A5), we see that L is a “Lagrangian” subspace of
(ker D g5 (-, )sx.J):(Ja,B) ;=0 for all @,BeL. This shows that the (+i)-eigenspace of J has
the same dimension as the (—i)-eigenspace.

We now denote & " (a)=dim K jx(a).

Proposition A6: There is a one—one correspondence

{self-adjoint extensions of D,}«s{unitary maps T: K y(a)—K(a)}.
For a unitary map T, its corresponding self-adjoint extension D(a,T) is given by D with
dom(D(a,T))={¢ e H'(X,5)|(Il,+IL7)(o| ) =0},

where Il is the orthogonal projection onto the graph of T in K jx(a).
Proof: Any self-adjoint extension of D, is given by D,= D with domain satisfying (A3). Thus

r(dom(D,))C r(dom(D,))Cr(dom(D}))
or

r(dom(D,))C r(dom(D,))C r(dom(D,)) DK ;x(a).
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From (A2),

U (elax), ¥lax)ax=0 (A7)

for all p,yedom(D;), or, equivalently, for all ¢|y,¥|sx € r(dom(D,)). Since D, is symmetric,
(A7) is automatically satisfied on r(dom(D,)). Let L=r(dom(D,))NK ;x(a) be a subspace of
K,x(a). Then (A7) shows that L is an “isotropic” subspace of (K x(a),J). Since D, is self-
adjoint, L must be maximal isotropic, hence “Lagrangian.” Now it is a little linear algebra to show
that there is a one—one correspondence

{Lagrangian subspace L of (K(a),/)«+{unitary map T: K,y(a)—Kx(a)}

given by L=the graph of T. This shows one way of the correspondence. However, the other
direction is completely similar to the proof of Lemma Al.

Remark: This is very similar to von Neumann’s theory of deficiency indexes, which com-
pletely characterizes self-adjoint extensions of a closed symmetric operator.

Remark: Formally, for D with domain C5(X,S), there is also a one—one correspondence

{self-adjoint extensions of D}« {unitary maps: Hjy— H}

—{Lagrangian subspaces of Hx=L%*(dX,S|:)}.

However, one loses the ellipticity in this generality.

Thus, given a ¢spec D3y positive and T:K 5 (a)— K ;x(a) an isometry (unitary), the operator
D(a,T) is self-adjoint, and, as we mentioned earlier, elliptic in a generalized sense. We will not,
however, go into the discussion of the ellipticity of D(a,T), but, instead, derive some of its
consequences from the study of the heat kernel, e~ *2*@D,

For this purpose, we first consider the situation on the infinite half-cylinder R . X dX. In this
case, D=J(4d,+ D x) and we have a global decomposition.

LR, %X 0X,5)=L*(R ,L%(9X,S|x))=L*(R+ ,K 5x(a)) D L*(R .. ,H sx(a)).

Since both D and the boundary condition are diagonal with respect to this decomposition,
e~ XD = E_.,(t) + E. () splits into two pieces as well. As the boundary condition on
L*(R. ,H ;x(a)) is completely analogous to the APS boundary condition, E-, ,(¢) can be given an
explicit formula. Let {¢, ;A espec D 4 ,A>Ja} be an orthonormal basis for Im I, consisting of
eigensections of D,y . Then the same construction in Ref. 1 gives

-2 -A%

2 2 2 2
Es ()= 2 (e—(u—v) /41___6—(u+v) /4')¢x®¢*+ (e—(u—u) 141 4 o —(u+v) /41)
e A>va V4t * Vamt
utv
—AeMEFY) erfe +ar Jor®Jof .
2\

On the other hand, there is no explicit formula for E (). However, it is reduced to a heat kernel
on the half-line R, , with L? boundary condition at « and local elliptic condition at 0:

(8,— 2+ A?)E . ,(t,u,v)=0,
E<alt=0=Ids HTE<aIu=0=O, JHTJ(‘?u+A)E<alu=0=O’

with A = Dy K,yta) & finite-dimensional symmetric endomorphism.
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To discuss the heat kernel on X, we use the patching construction of APS1.! More precisely,
let p(a,b) be an increasing C* function on R such that p=0 for u<a and p=1 for u=b. Define

&1=p(&3D, h=p(}D., ¢=1-p( 1), Pp=1—4¢.

These extend to smooth functions on X in an obvious way. Let D be the Dirac operator on the
double of X. Then

e= 1D i+ do(E (8 + Ex (1))

is a parametrix for the heat operator d,+D?*(a,T), and

L)

e~PHaD = o4 2 (—1)™c,*e, (A8)

m=1

where * denotes the convolution of kernels, c,=(a,+D2(a,T))e, and ¢,, = c,,—1*c;, m=2. 1t

follows that for >0, e~'P%@D s 3 C* kernel which differs from e by an exponentially small term
as t—0.

Lemma A9: (i) Both e~*P@D and D(a,T)e_’Dz("’n are trace class for t>0.
(ii) As t—0,

®

Tr(e—tDz(a,T))~ 2 aj(D(a,T))t(j—")/z,
j=0

and

<«

TH(D(a,T)e™ @)~ T, b;(D(a, TV~ 1",
j=0

with a;,b; given by integral of local densities computable from the (total) symbol of D and
boundary conditions.

N —D2aT) ; S . .
Proof: (i) Since for t>0, e~ *P"@7) is smooth, it is Hilbert—Schmidt. Now the semigroup

] —p? (D2 (DX « . .
properties show that e ~*P"(@T) = ¢~ W2DNaD) o o~ W2D™(@.T) jg 5 product of Hilbert—Schmidt op-

erators, hence trace class. Similarly for D(a,T)e"DZ(“’T).
(ii) From (i) and Lidskii’s theorem

Tr(e =P @Dy = f tr(e 2@ D) (x, x)dx.
x

For the asymptotic expansion we may replace e~ P*@D by its parametrix e. The asymptotic
expansion for e follows from its explicit construction, as in APS1.!

Corollary A10: The spectrum of D(a,T) consists of eigenvalues of finite multiplicities sat-
isfying Weyl’s asymptotic law:

vol(X)
N =@ T 2+ D)

NOO=#{\ |\l A"+0(N") as Ao,

Thus, the eta function
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n(s,D(a,T))= 2, sign \;[A,|™
A;j#0

is well defined for Re s>n. Further, by Mellin transform,

7(s,D(a,T))= 1= 12 T(D(a,T)e P D)gs, (A11)

1 o
F'{(s+1)/2) jo
Lemma A9 shows that 7(s,D(a,T)) admits a meromorphic continuation to the complex plane
with only simple poles.

Proposition A12: 7(s,D(a,T)) is actually holomorphic in Re s>—3. Therefore the eta in-
variant 7{(a,T)=7(0,D(a,T)) is well defined. Moreover,

1 o
n(a,T)=—f =12 Tr(D(a,T)e"Dz(“'T))dt.
Var Jo

Proof: 1t suffices to show that

—D2
Ye P @My=0(1) as t—0.

The same argument as in the proof of Lemma A9 shows that

Tr(D(a,T)e-'Dz(a’T))= fx (D e(t,x,x" )| c=rYdx+ O(e ")
= [ w0 P om0

+ J. tr(Dx(E<a(t) +E>a(t))lx=x') 1/12(X)dx+ O(e_"/t)'
Ry XX

(A13)

The local cancellation result for closed manifold gives

(D e 2% (%, )| mx') = O('12)

uniformly in x. Therefore the first term in (A13) is O(¢'/?).
For the second term, a straightforward calculation shows that

J t-r(DxE>a(t)I.::=J:’)EO-
X
Also tr(JAE . ,(2))=0 since JA=—AJ. Thus
Tr(D(a,T)e P’ @)= f tfJ,E <o()]u=y 142 (w)dudy+0(:').
R, X3X

Since E . ,(¢) is the heat kernel of an elliptic local boundary value problem on R.., we have

e—(u—v)2/4t
E_ (tu,v)=—===— (1+b{(T,u,v)t'2+0(t))
Va4t
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uniformly in u,v. Therefore

1
JauE<a(t)lu=v=\/T—’n: Jaubl(T’u’v)lu=u+ 0(t1/2)v

and our claim follows.

We now turn to the variation of eta invariants. For our purpose we are going to work in
complete generality. So let P(z) be a family of operators satisfying:

(Ha) P(z) is a smooth family of (unbounded) self-adjoint operators on L%(X,S) with dom
(P(z)) independent of the parameter z;

(Hb) the heat semigroup e~*P*@ (+>0) is a smooth family of smoothing operators, i.e., the
heat kernel is given by smooth functions on X depending smoothing on z.

Lemma A14: For a family satisfying (Ha) and (Hb), we have

é a\_ .
Fm Tr(P(z)e P @)={ 1+2¢ 5;) Tr(P(z)e™P'®),

Proof: First of all,
d _ep2 . ) Jd  _ p2
— Tr(P(2)e P O)=Tr(P(z)e P D)+ Tr| P(z) — 17|,
az a9z
To compute (8/dz)e™ """, we apply the heat operator:

6 (9 2 a 2
— 4+ p2 — e P D) =| p2 — | tP(2)
(at (Z)) 9z € [ @), 82]8 )

Now, with the initial condition of the heat equation and dom(P(z)) independent of z, Duhamel’s
principle gives

aiz e~ P = J'e—(z—s)ﬁ(z)[Pz(z), ;.Z.}e—sﬂ(z) ds.
0

Consequently,
a 2 " 2 a . 2
Tr( P(z) - ‘Z’) =2t Te(P(2) P2(2)e™"T ) =2t — Tr(P(2)e 7).

This finishes the proof.
We now consider the variation of eta function 7(s,P(z)) defined by (A11). For it to be well
defined we make the following additional assumption.

(Hc) There is a uniform asymptotic expansion of Tr(P(z)e ~*"’®) at 1=0:

Tr(P(2)e P @)~ 3 a,(P(2))'",
j==N

and a;(P(z)) are smooth in z.

Lemma A1S: Let P(z) be a family of operators satisfying (Ha), (Hb), and (Hc). Furthermore,
assume that dim ker P(z) is constant. Then for Re s> N, we have
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ad ® .
= 76.P(2)= —wa fo £~ 112 Ty(P(2)e~ X D)t

Proof: By (Hb), P(z) all have discrete spectrum. It follows from the assumption on dim
ker P(z) that Tr(P(z)e—th(z)) is exponentially decaying, uniformly in z, as t—oo. (Hc) implies
that 7{(s,P(z)) analytically continues to a meromorphic function smooth in z.

Let T>0 and Re s>N. By Lemma A4,

T
:—Z $6=2 Te(P(7)e =P @)dr= 2T+ V2 Te(P(z)e~TF'®)
0

a (T .
-5 — f =12 T(P(z)e P @)dr. (A16)
9z Jo
Denote by H(z) the orthogonal projection of L%(X,S) onto ker P(z). Since dim ker P(z) is
constant, H(z) depends smoothly on z. Furthermore, the self-adjointness of P(z) implies that
P(z)H(z)=H(z)P(z)=0.
Therefore

P(z)=(d— H(z))P(z)(Id— H(z)),

and hence
P(z)=—H(z2) P(z)(1d— H(z))+ (d— H(2))P(z)(Id— H(z))— (Id— H(z))P(z)H(z).

Since (Id — H(z))e "P*® is given by a smooth kernel decaying exponentially in ¢ as r—, it
follows that the right-hand side of (A16) is absolutely convergent so we can take the limit of
(A16) as T— and exchange the limit with the differentiation. The same discussion applies to the
left-hand side of (A16) and we obtain the lemma.

An immediate consequence of the lemma is that when 7(s,P(z)) are all regular at s =0,

;] 2 . 2
— 9(P(z))=——= LIM 12 Tr(P(z)e~*"" ),
dz \/; t—0

where LIM,_,, means taking the constant term in the asymptotic expansion at r=0.
Now define

£(P(2)= n(P(z))+dZim ker P(z) .

Proposition A17: Let (Ha), (Hb), and (Hc) hold for P(z). Then &P(z)) (mod 1) defines a
smooth function and

d 1
- 112 ) ~tP2(z)
dz g(P(Z)) \/-';T- I:E,L()d t Tr(P(Z)e 1 )

Proof: Choose a ¢>0 such that ¢ is not in the spectrum of P(z) for all z in a small neigh-
borhood. Let IT1(z) be the orthogonal projection onto the space spanned by all eigensections with
eigenvalues \ satisfying |\|<c. Define a new family
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P(2)=P(2)(Id—I1(2))+ 11 (z).

Namely one replaces by 1 all eigenvalues A of Py(z) satisfying [\|<c and leaves the rest un-
changed. Therefore P°(z) is clearly invertible, & P°(z)) =17(P°(z)) is smooth, and

d 1 . e
dz E(P°(z))=——r=LIM "2 Tr(P°(z)e ™ "®" @7,
z

mw t—0
Now
z (sign A—1)
E(P(2))=£(P°(2))+ 2= P(z>,m2<c g |
here
sign A= 21, if a<o.
Clearly then

§(Pp(2))=£(P5(z))mod Z.

On the other hand,
e~ P@V = o ~tP2() 4 finite rank

and

P°(z)=P(z)+ finite rank,
which implies that

Tr(Pc(z)e_'(Pc(Z))z) =Tr(P(z)e @)+ o(1).

Therefore

LIM £'/2 Te(P4(z)e ™" @ @’)=LIM 12 Te(B(z)e 7'®),
t—0

t—0

Finally, we point out that although the L%-norm on L2(X ,5) depends on the metric, a smooth
family of metrics gives rise to a smooth family of equivalent norms. Therefore the resulting trace
functional on L%(X,S) is independent of the metric change.
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