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Physical Principles

The Navier-Stokes

Mass and Momentum Equations

Ebrahim Ebrahim

The Navier-Stokes equations describe the non-relativistic
time evolution of mass and momentum in fluid substances. Physical Principles

» mass density field: p = p(t,x,y, z)
» velocity field: v/ = vi(t,x,y,z), i=1,2,3
We will derive them by using conservation of mass and

force laws on a control volume V. The control volume
propagates in time, V = V/(t).

G

(We will assume an isothermal continuum, so we don't need to consider energy conservation.)
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Conservation of Mass

The Navier-Stokes
Equations

Conservation of Mass

Conservation of mass gives a continuity equation.

(Demand that the mass flux through any closed surface be the change in total

mass, and use divergence theorem)

p+0i(pv') =0

This provides us with nice simplifications if we later assume

incompressibility

incompressibility —— p =0 = 8,-v’ =0
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Momentum Equation

The Forces

We start by considering the forces on a control volume V.

» There are forces on the body, like gravity. Call this

force field f'.

» And there are forces on the surface of the control
volume, pressures along normals and viscous forces

tangentially. These are described by a stress tensor o;;.
> ojj can be physically defined by the way it operates on a
normal n/ to a surface element of area dA. It gives the

force on that surface element: a;jnjdA

» o is the stress (the force per area) in the j direction
acting on the cube face with normal in the i direction.
Thus the diagonal components are pressures and the

off-diagonal components are shear stresses.

4
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Momentum Equation

The Force Law S
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Now we write the force law on a control volume V:

d ) . N
— ’d3:/ f’d3+/ Un:) dA
dt Jv (e (ov') & V(t)( ) dx aV(t) (o)

Momentum
Equation

d - -
ap = Fbody +  Fsurface

Divergence theorem on the surface force term gives:

d . . ..
— ’d3:/ f’d3+/ o) d®
) ONCOC R PN GEESS SNCIUES

It now remains to turn the first term into a volume integral.
The time derivative cannot simply be pushed in because the
volume of integration is time-dependent.
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Momentum Equation

The Navier-Stokes

Reynold’s Transport Theorem E
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We need to deal with the time derivative on
5 fv(t ) d3x for a function a = a(t, x,y, z) and a

time- dependent volume of integration V/(t).

Momentum
Equation

d
—_ a(t) =

V(t)
1
Z (/\/(t+At) (440 — /\/(t)a(t)) -
1
Arg Zt (/\/(t+At +an - /\/(t)a(t+At) * /\/(t) oft +41) — /\/(t) a(t)> -
1
A

lim
At—0

lim —
At—0

da
/ (t + At) —/ a(t+At)> +/ — =
V(t+Ar V(t) V(t) Ot
/ t+At> + / o
AV v(t) Ot

t

At~>0 At
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Momentum Equation

The Navier-Stokes

Reynold’s Transport Theorem E
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The integral over the difference in volume, [, a(t + At),
can be expressed in terms of an integral of the changes in
volume over the surface.

Momentum
Equation

The differential volume change at dA is vjnjAt dA.
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1
lim — a(t) | =
At—0 At AV
Momentum
1 Equation
||m —_— E (Y| center of cube A Vat atch dA ==
At—0 At ( ) ) )
cube at each dA
lim > ( WniAt dA
m —- Y\ center of cube )V’ Nj -
At—0 At !

cube at each dA

E Ck(center of cube) VJ nj dA =

cube at each dA

/ a(t)vn; dA
aV(t)
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Momentum Equation

Momentum Equation

And so we have Reynold's transport theorem:

4 a(t):/ a(t)vin; dA+/ O
dt Jv(e) av(t) v(e) Ot

We can use it on the force equation:

9 (pv')

vivin; dA+/ :/ flg 9.l
/avu) (ovivimg) vy Ot V(t) Vie)

Then use divergence theorem again, and combine the
volume integrals:

. 15, i . ..
/ <3j (pV’VJ) -{—(g:) —f’—ajO'U> =0
Vv(t)
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Since this holds for any control volume, we get the
differential form of the equation. We can also use mass
conservation p = —0j(pv/) = —0jpv/ — pO;jv/

Momentum

i Equation
0; <pvivj> + 9 (;;: ) —fl -9l =0

8jpvivj + ijvivj + pviajvj +pvi4pvi —F — 81-0’7 =0

ajpvivj + pajvivj + pviajvj — 8jpvivj - pviajvj +pvi —f — 8,-0’7 =0

And we are finally left with the Cauchy momentum
equation: . _ ' )
poiv'v/ 4 pv' — f' — 0j0” =0
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Momentum

To get an actual equation we must choose a form for the Equation
stress tensor oY.

pﬁjvivj +pvi — fl = 8ja’j =0
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