POISSON STRUCTURES ON AFFINE SPACES AND
FLAG VARIETIES. I. MATRIX AFFINE POISSON SPACE

K. A. BRownN, K. R. GOODEARL, AND M. YAKIMOV

ABSTRACT. The standard Poisson structure on the rectangular matrix variety M, »(C) is
investigated, via the orbits of symplectic leaves under the action of the maximal torus T C
G Ly 4+n(C). These orbits, finite in number, are shown to be smooth irreducible locally closed
subvarieties of My, »(C), isomorphic to intersections of dual Schubert cells in the full flag
variety of GLy,+n(C). Three different presentations of the T-orbits of symplectic leaves in
Mp,,n(C) are obtained — (a) as pullbacks of Bruhat cells in GLy,4,(C) under a particular
map; (b) in terms of rank conditions on rectangular submatrices; and (c) as matrix products
of sets similar to double Bruhat cells in GLn,(C) and GL,(C). In presentation (a), the orbits
of leaves are parametrized by a subset of the Weyl group Sp,+n, such that inclusions of
Zariski closures correspond to the Bruhat order. Presentation (b) allows explicit calculations
of orbits. From presentation (c) it follows that, up to Zariski closure, each orbit of leaves is
a matrix product of one orbit with a fixed column-echelon form and one with a fixed row-
echelon form. Finally, decompositions of generalized double Bruhat cells in My, »(C) (with
respect to pairs of partial permutation matrices) into unions of T-orbits of symplectic leaves
are obtained.

INTRODUCTION

0.1. We investigate the geometry of the affine variety M,, , = My, »(C) of complex m xn
matrices in relation to its standard Poisson structure (see §1.5) and to the action of the
torus of “row and column automorphisms”. Specifically, let T" denote the torus of diagonal
matrices in G L4y, identified with T,,, x T,, where Ty denotes the corresponding torus in
GLy. There is a natural action of T" on M, , which arises as the restriction of the natural
left action of GL,, x GL,, on M,, ,: namely, (a,b).x = azb™! for (a,b) € T and x € M,, ..
This action of T' on M,, ,, is by Poisson isomorphisms; in particular, the action of each
element of 7" maps symplectic leaves of M,, , to symplectic leaves. Thus, it is natural
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to look at T-orbits of symplectic leaves of M,, ,,, which are regular Poisson submanifolds
of My, n, rather than at individual symplectic leaves. (Here and throughout, we view the
T-orbit of a symplectic leaf £ as the set-theoretic union | J,., t.£, rather than as the family
(t.L)¢er of symplectic leaves.) As advantages to this approach, we mention that T-orbits
of symplectic leaves are easier to identify than single symplectic leaves, and these orbits
exhibit direct relations with known geometric and Lie-theoretic structures. For example,
we prove that the T-orbits of symplectic leaves in M,, ,, are isomorphic (as varieties) to
intersections of dual Schubert cells in the full flag variety of GL,,,, and each generalized
double Bruhat cell in M,, ,, (corresponding to a pair of partial permutation matrices) is a
disjoint union of T-orbits of symplectic leaves, containing one such orbit as an open dense
subset. One thus sees that the Poisson structure of M,, ,, is in some ways similar to, but
also more intricate than, that of the group GL,, — for instance, as follows from the analysis
of Hodges and Levasseur [15], the orbits of symplectic leaves in GL,, under left translation
by the standard maximal torus are precisely the double Bruhat cells.

In a sequel to this paper, we will investigate the relation between the standard Poisson
structures on different (partial) flag varieties of a semisimple algebraic group. We will also
relate the restriction of the Poisson structure to various Poisson subvarieties with known
quadratic Poisson structures on affine spaces. A detailed study of Poisson structures of
the latter type associated to arbitrary Schubert cells in flag varieties of semisimple groups
will be presented as well.

0.2. Recall that a Poisson group structure on an algebraic group G is thought of as the
“semiclassical limit” of a quantization of G, a viewpoint promulgated in particular by
Drinfeld and his school (cf. [6]). Relationships between the symplectic foliation of such
a Poisson structure and the primitive spectrum of a quantized coordinate ring O,(G) are
viewed under the heading of a generalized version of the Kirillov—Kostant orbit method.
In the work of Soibelman (e.g., [27]) on compact groups G, this led to bijections between
the symplectic leaves of G and the primitive ideals of O,(G). Hodges and Levasseur [15,
16| then established analogous results for G = SL,,, which were extended to all semisimple
groups by Joseph [19]. We take the corresponding viewpoint that the Poisson structure on
M, » is the semiclassical limit of the structure of O,(M,, ), and argue that the results of
the present paper should correspond to the framework of the primitive ideals in O, (M, ).
Specifically, we conjecture that the sets of minors which define the T-orbits of symplectic
leaves in M,, , (obtainable from Theorem 4.2) should match the sets of quantum minors
which generate the prime ideals of O,(M,, ) invariant under winding automorphisms (cf.
[13]). Some relations between M,,, and Oy (M,, ) are already known. In particular,
the set of T-orbits of symplectic leaves in M, ,, partially ordered by inclusions of clo-
sures, is anti-isomorphic to the poset T-Spec Oy (M, ) of winding-invariant prime ideals
in Oy(Mp,,n) — our work shows that the former poset is anti-isomorphic to the set

<wi™™ 1 2 -« n nt+lnt2 - ntm
Sm-i-n _{yesm+n|y§(m+1m+2mm+n 1 2 - m )}

<w!™
Sm—|—n

n

under the Bruhat order, while Launois [22, Theorem 5.6] has proved that
morphic to T-Spec Oy (M, ).

is iso-
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0.3. Before summarizing our main results, we indicate some notation, beginning with
N = m+ n. By Gr(n,N) we denote the Grassmannian of n-dimensional subspaces of
an N-dimensional space. We write B; and B, for the standard Borel subgroups of any
G Ly (consisting of upper, respectively lower, triangular matrices), and identify the Weyl
group of GL, with both the symmetric group Sy, and the group of permutation matrices
in GL,. The symbol w’ denotes the longest element of S,. For 0 < t < ¢, let S} and
Sl?_t denote the natural copies of S; and Sy_; inside Sy, acting on the numbers 1,...,¢ and
t+1,...,4, respectively. Finally, for a Weyl group W and a subgroup W; generated by
simple reflections, W"W1 denotes the set of minimal length representatives for left cosets in
W/W;. Recall that each such coset has a unique representative in W"W1 (cf. [3, Proposition
2.3.3(1)]).
The following theorem summarizes Theorems 3.9 and 3.13.

Theorem A. (a) There are only finitely many T'-orbits of symplectic leaves in My, ,, and
they are smooth irreducible locally closed subvarieties.
(b) The T-orbits of symplectic leaves in My, ,, can be described as the sets

Pw = {Jc € My, n

[U; wom] S B;wav},

o

n
wy 0

o wm} in the Bruhat order.

(¢) The closure of Py, equals the disjoint union of the P, for z < w.
(d) As an algebraic variety, P, is isomorphic to the intersection of dual Schubert cells

where w € Sy and w > [

- Jwd O
By wT]B]J{,ﬂBj\L,.ij{,

in the full flag variety GLy/BY,. O

0.4. Fulton [10] has given computational descriptions of Bruhat cells BwBj; in terms
of ranks of rectangular submatrices. We apply his results to the sets P,,, to characterize
exactly which matrices z lie in each P,,, in terms of ranks of rectangular submatrices of x.
See Theorem 4.2 for the precise statement.

0.5. The results of Theorem A are obtained by embedding M,, ,, in the Grassmannian
Gr(n, N) which, equipped with an appropriate Poisson structure, becomes a Poisson ho-
mogeneous space for the standard Poisson algebraic group GLy. (For details on Poisson
homogeneous spaces for Poisson algebraic groups see [7]| or Section 1.) This approach
provides, in addition, a natural Poisson compactification of M,, ,, which, in particular,
suggests an approach to the problem of studying the spectrum of Oy (M, ) via noncom-
mutative projective geometry.

A completely different viewpoint is obtained by focussing, as we do in Sections 5 and 6,
on the sets O;"" of matrices in M,, ,, with a fixed rank ¢. Each O;"" is a Poisson homoge-
neous space for the natural action of GL,, X GL,, (equipped with an appropriate Poisson
group structure). The latter group is the Levi factor of the maximal parabolic subgroup
of GLy defining Gr(n, N). The key results of this approach, taken from Theorems 5.11,
6.1, 6.4 and Corollary 6.5, are as follows.
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Theorem B. Fiz a nonnegative integer t < min{m,n}.
(a) The T-orbits of symplectic leaves within O;"" can be described as the sets
Plovew = U (BhyBhnB,z7). [gs 8] (r'Byu B, nv B,

TES}
2r<y, vt <u

S2 o e S2
where (y,v,z,u) € Sy ™" X Spt X Spt x 8" and 2 <y, v < u.
(b) For (y,v,z,u) as in (a), the set

Cy2Ruw = (BhyBl N B;2). H)t 8} (Byu™'B; nv'B)

1s dense in 77@ voz)”
b b b

(c) The sets Cy. = (BLyB;h N B;.2). Hﬂ are (T,, x Ty)-orbits of symplectic leaves
of My, +, and each of the sets consisting of all matrices in M, with rank t and a given
column-echelon form is a disjoint union of certain Cy ..

(d) The sets Ry = [I; 0].(Byu™'B, Nv™'BY) are (T; x T,)-orbits of symplectic
leaves of My ,,, and each of the sets consisting of all matrices in My, with rank t and a
given row-echelon form is a disjoint union of certain R, ,. U

The descriptions of torus orbits of symplectic leaves in M,, ,, given in part (b) of The-
orem A and part (a) of Theorem B are matched in Theorem 5.11 and Proposition 5.9.

0.6. Finally, we study the decomposition of M,, ,, into generalized double Bruhat cells
BYv"2 = Btw, B N B, wyB,, ,

for partial permutation matrices wy, we. If w; and wy have the same rank ¢ (which is
necessary for BY1"2 to be nonempty), there are unique decompositions

wyp =Y H)t 8] vt
2 1 g2 1 g2 2
where y € Sg{"’t, v E S}?t S"’t, z € S}S;f Sm’t, and u € Sg”’t (see Lemma 7.3). The
following results are given in Theorem 7.4.

I, O} u-!

’LU2=Z|:O 0

Theorem C. Let wi,we € My, , be partial permutation matrices with rank t, decomposed
as above.

(a) B2 js nonempty if and only if z <y and v < u, in which case it is a T-stable
Poisson subvariety of My, n, and a smooth irreducible locally closed subvariety.

(b) The partition of B¥*™2 into T-orbits of symplectic leaves is given by

Btz = U {Pfy,vm'”l’“)

(c) Pfy’v’z’u) s Zariski open and dense in BY"2. [

T €82 _, CSm, 211 <y
TQGSTQL%QS”, v < u |
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0.7. Let us also note that the standard Poisson algebraic group GL,, is a T-stable Poisson
subvariety of M,, ,,. Thus the T-orbits of symplectic leaves of GL,, (which are the same
as the T),-orbits of leaves) comprise a subset of the T-orbits of symplectic leaves of M, .
The former are the double Bruhat cells B, w; B} N B, wsB,,. of GL,,, for wi,ws € Sp,.
They were studied in detail by Fomin and Zelevinsky in [8], who in a joint work with
Berenstein also proved [1] that their rings of regular functions provide important examples
of upper cluster algebras [9]. Our results in particular show that the double Bruhat cells
in GL,, are special cases of intersections of dual Schubert cells on the full flag variety
of GLy,,. It would be very interesting to understand whether any intersection of dual
Schubert cells on the full flag variety of an arbitrary reductive algebraic group gives rise
to a cluster algebra in the sense of Fomin and Zelevinsky [9]. If this is true, it will imply
that any T-orbit of symplectic leaves of M, ,, is the spectrum of a cluster algebra.

0.8. We conclude the introduction with some remarks on our notation and conventions.
All manifolds and algebraic varieties considered in this paper are over the field of complex
numbers.

Given an algebraic group G with tangent Lie algebra g, we denote by L(v) and R(v)
the left and right invariant multi-vector fields on G corresponding to v € Ag. If G acts on
a smooth quasiprojective variety M, we will denote by

(0.1) X:Ag— T(M,NTM)

the extension of the infinitesimal action of g on M to Ag. In the special case of the left
and right multiplication actions of G on itself (g.a = ga and g.a = ag™?!), the above
infinitesimal actions will be denoted by

(0.2) B xt : Ag — T(G,ATG).

Note that for v € Ag,

(0.3) x"(7) = R(v) X% (7) = (1) L(v),

where €(7) is the parity of ~.

If Y is a locally closed subvariety of an algebraic variety X and Z C Y, we will denote
the closure of Z in Y by Cly(Z). By a stratification of an algebraic variety X we mean
a partition of X into smooth, irreducible, locally closed subvarieties, X = | | .4 Xq, such
that for each o € A, we have X, = Llgea(a) X for some index set A(a) € A.

We will use the following convention to distinguish double cosets from orbits of cosets.
For any subgroups C' and D of a group G:

(i) The (C, D) double coset of g € G will be denoted by CgD;
(ii) The C-orbit of gD in G/D will be denoted by C.gD.

The adjoint action of g € G on h € G will be written as Ad,(h) = ghg™?.
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1. POISSON ALGEBRAIC GROUPS AND POISSON HOMOGENEOUS SPACES

We begin with background and notation for Poisson algebraic groups and Poisson ho-
mogeneous spaces, and then characterize the symplectic leaves and their orbits in certain
Poisson homogeneous spaces.

1.1. Poisson varieties. Recall that a Poisson manifold is a pair (X, ) consisting of a
smooth manifold X together with a Poisson bivector field 7 € AT X, that is, [r,7] = 0
where [.,.] denotes the Schouten bracket. A (not necessarily closed) submanifold Y of X is
called a Poisson submanifold if m, € A*T,Y for all y € Y. In this case (Y, 7|y ) is a Poisson
manifold as well. A (not necessarily closed) submanifold Y of X is called a complete
Poisson submanifold if it is stable under all Hamiltonian flows. Any complete Poisson
submanifold is a Poisson submanifold. The converse is not necessarily true but, if (X, )
is a Poisson manifold which is partitioned into a disjoint union of Poisson submanifolds
X =|],e4 Ya, then all Y;, are complete Poisson submanifolds, see [17, Lemma 3.2].

The Poisson manifold (X, ) is reqular, respectively symplectic, if rank 7 is constant,
respectively rankm = dim X. A symplectic leaf of (X,7) is a maximal connected (not
necessarily closed) symplectic submanifold. It is well known that any Poisson manifold
(X, 7) can be decomposed into a disjoint union of its symplectic leaves, see e.g. [29, 28].
Note that a (not necessarily closed) submanifold Y of X is a complete Poisson submanifold
if and only if it is a union of symplectic leaves of (X, ).

Let us also recall that a map ¢ : (X,7) — (Z,7") between two Poisson manifolds is
called a Poisson map if ¢.(m,) = W:b(x) for all x € X. For instance if Y is a Poisson
submanifold of (X, ), the natural inclusion i : (Y, 7|y ) — (X, 7) is Poisson.

All Poisson manifolds considered in this paper will be (complex) smooth quasiprojective
Poisson varieties. The symplectic leaves of a smooth quasiprojective Poisson variety are
not necessarily algebraic, i.e., smooth irreducible locally closed subvarieties. We will see
below that this is the case for many Poisson varieties admitting appropriate transitive
algebraic group actions.

1.2. Poisson algebraic groups and Manin triples. A Poisson algebraic group is an
algebraic group G equipped with a Poisson bivectorfield 7 € A2TG such that the map

(G,7) x (G,7) — (G, 7)

is Poisson. The tangent Lie algebra g = Lie(G) of a Poisson algebraic group (G, 7) has a
canonical Lie bialgebra structure; see [4, §1.3] and [21, §3.3] for details.
Recall that a Manin triple of Lie algebras is a triple (9, a, b) with the following properties:

(1) 0 is a Lie algebra, a and b are Lie subalgebras of 9, and ? is the vector space direct
sum of a and b.
(2) 0 is equipped with a nondegenerate invariant bilinear form with respect to which
both a and b are Lagrangian (i.e., maximal isotropic) subspaces.
To any Lie bialgebra g one associates the Manin triple (D(g), g,g"*). Here D(g) and g*
are the underlying Lie algebras of the double and the dual Lie bialgebras of g. The bilinear
form on D(g) is given by (z + o,y + ) = 8(x) + a(y) for z,y € g, o, B € g*.
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1.3. Definition. A Manin triple of algebraic groups is a triple (D, A, B) of algebraic groups
such that A and B are algebraic subgroups of D and (Lie(D), Lie(A), Lie(B)) is a Manin
triple of Lie algebras.

Fix a Manin triple of algebraic groups (D, A, B). Then D has a canonical Poisson
algebraic group structure with a Poisson bivector field given by

7P = L(r) — R(r) = x®(r) = x*(r) where r= Zwl Az' € A*Lie D

in the notation (0.2)—(0.3) for left and right invariant multi-vector fields L(.), R(.) on D
and infinitesimal actions xZ(.), x%(.) of Lie D on D. Here {z;} and {z°} are dual bases
of Lie(A) and Lie(B), respectively, with respect to the nondegenerate bilinear form on
Lie(D).

The groups A and B are Poisson subvarieties of D. The Poisson algebraic group (D, %)
is a double of (A,7P|4), and (B, —7P”|p) is a dual Poisson algebraic group of (A, 7P]4);
cf. [4, §1.4] and [21, §3.3].

We will say that a Poisson algebraic group (G, ) is a part of a Manin triple of algebraic
groups (D, G, F) if the Poisson structure 7 coincides with the Poisson structure wP|q
induced from D.

1.4. Standard Poisson structures on reductive algebraic groups. Let G be a com-
plex reductive algebraic group. The standard Poisson structure on G, turning it into a
Poisson algebraic group, is defined as follows. Fix two opposite Borel subalgebras b® of
g = LieG and set h = b™ N b~ for the corresponding Cartan subalgebra of g. Fix a non-
degenerate bilinear invariant form (.,.) on g for which the square of the length of a long
root is equal to 2. Choose sets of root vectors {e,} and {f,}, spanning respectively the
nilradicals n™ and n~ of b™ and b~ , normalized by (e,, fo) = 1.
The standard r-matrix of g is given by

(1.1) T:Zea/\fa

and the corresponding standard Poisson structure on G is defined by
(1.2) ™= L(r) = R(r) = x"(r) = x*(r),

in the notation (0.2)—(0.3).
The standard r-matrix on G = GLy is

(1.3) rV = Z Eij AN Eji S /\2g[N
1<i<j<n

where the F;; are the standard elementary matrices.

By abuse of notation, GLy will denote the algebraic group GLy equipped with the
standard Poisson structure ©¥ from (1.2), associated to the r-matriz vV (1.3). By GL%
we will denote the Poisson algebraic group (GLy,—mV).
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Any standard (complex) reductive Poisson algebraic group (G, 7) is a part of the Manin
triple (G x G, A(G), F') where A(G) is the diagonal of G x G and

(1.4) F={(hut,h"'w") |heT, vt cU*}C BT x B,

where B* are the Borel subgroups of G corresponding to b*, U* are their unipotent
radicals, and T = BT N B~ is the corresponding maximal torus of G. For the standard
Poisson structure on G,

(1.5) g =LieF ={(h4+n",~h+n")|hehntcnf}CbT@b".

The nondegenerate invariant bilinear form on Lie(G' x G) = g® g, used in the Manin triple
of Lie algebras (g & g, A(g),g%), is

(1.6) ((71,72), (Y1, 92)) = (T1,91) — (22, Y2),

where in the right hand side (.,.) denotes the bilinear form on g, fixed above.

1.5. Matrix affine Poisson spaces. The m x n matrixz affine Poisson space is the affine
space A™" identified with the space M,, , of all m x n complex matrices. The standard
Poisson structure on M,, , is given by

o _ NS N (o D . o 9
(1.7) Tt = i%;l jlg__:l (sign(k — @) + sign(l — j))xilxkjaTij A pr

in terms of the standard coordinate functions x;; on M,, ,,. By abuse of notation, My, , will
denote the matriz affine Poisson space, thus dropping the symbol for the Poisson structure
(1.7) on My, .

Note that GL,, acts on M,, , by left multiplication (g.x = gz for g € GL,, * € My, ),
and GL,, acts on M,,, by (inverted) right multiplication (g.x = zg~! for g € GLyy,
x € M,, ). The extensions of the corresponding infinitesimal actions of gl,, and gl, on
M,, to Agl,, and Agl,, will be denoted by

XY ngl,, = T(Mp o, TMy)  and  xT 2 Agl, — T(Mypn, TMp ).

Note that in the case m = n these extend the infinitesimal actions x* and x% of gl on
GL,, C M,,, defined in (0.2).

By direct computation one shows that the Poisson structure (1.7) on M,, ,, is also given
by the formula

(1.8) T =) = X (™)

in terms of the standard r-matrix %V for GLy, see (1.3).
Note that GL,, is a Poisson subvariety of M, ,,.
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1.6. Poisson homogeneous spaces. Fix a Poisson algebraic group (G, 7) and set g =
Lie(G). A Poisson (G,m)-space is a smooth quasiprojective Poisson variety (M, mpy)
equipped with a morphic G-action for which

(G,m) x (M,7pr) — (M, )

is a Poisson morphism.

A Poisson homogeneous space for (G,7) is a Poisson (G,7)-space (M,n*) for which
M is a homogeneous G-space. (Recall that any homogeneous space of an algebraic group
is a smooth quasiprojective variety [2, Theorem 6.8].) To each m € M, one associates the
Drinfeld subalgebra [7]

n={z+acD(@)|rcg acg,al, =0, at =z+g,}
of the double D(g), where g,, denotes the Lie algebra of the stabilizer G,,, = Stabg(m), the
tangent space T}, M is identified with g/g,,, and the Poisson bivectorfield 7 is thought
of as an element of A%(g/g,,). Note that

(1.9) Gm =8N .

The Drinfeld subalgebras [,,, are moreover Lagrangian subalgebras of the double D(g),
equipped with the canonical nondegenerate invariant bilinear form [7; 21, Proposition
6.2.15]. The map, associating to m € M its Drinfeld subalgebra [,, C D(g), is G-
equivariant:

lgm = Ady(l,)
where Ad, refers to the adjoint action of G on D(g).

1.7. Definition. A Poisson homogeneous (G, 7)-space (M, ™) will be called algebraic if
the Drinfeld subalgebra of some m € M 1is the tangent Lie algebra of an algebraic subgroup
L,, CD.

Because of the G-equivariance of the map m — [,,,, if the condition in the definition is
satisfied for one point m € M, then it holds for any m € M.
An important type of Poisson homogeneous space (M, 7) is the class of those for which
7™ vanishes at some point of M. In the rest of this subsection we describe those.
An algebraic subgroup @ of a Poisson algebraic group (G, ) will be called an almost
Poisson algebraic subgroup if
g € ToQ NT,G

for all ¢ € Q. (Recall that if 7, € A?T,Q for all ¢ € Q, then Q is called a Poisson algebraic
subgroup of (G, 7).) Fix an almost Poisson algebraic subgroup @ of (G, ), and consider
the projection

p:G—G/Q, plg) =9Q.

Then
Tgq — Rq(mg) € Lg(T,Q) N TyqG
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for all g € G, q € @, and the rule
(1.10) 109 =p.(my), geC

gives a well-defined Poisson structure 7/ on G/Q. The pair (G/Q,7%/?) is a Poisson
homogeneous space of (G, 7) and 7&/? vanishes at the base point eQ of G/Q.

1.8. Theorem. Fiz a Poisson algebraic group (G, ).

(a) Any Poisson homogeneous (G, m)-space (M, ™) with the property that the Poisson
bivectorfield © wvanishes at some point m € M is isomorphic to (G/Q,7%/Q) for Q =
Stabg(m) which is an almost Poisson algebraic subgroup of (G, ).

(b) For an almost Poisson algebraic subgroup Q of G, the Drinfeld Lagrangian subalgebra
of the base point eQ of the Poisson homogeneous space (G/Q, w5/ Q) is

(1.11) (=q+q"

where q = Lie Q and q* refers to the orthogonal subspace to q C g in g*.

(¢) A connected algebraic subgroup Q of (G, m) is an almost Poisson algebraic subgroup
if and only if the orthogonal complement q- C g* is a subalgebra of the dual Lie bialgebra
g* of g (as in part (b), q = Lie Q).

(d) A connected algebraic subgroup @ of (G, ) is a Poisson algebraic subgroup if and
only if q* is an ideal in g*. O

Parts (a) and (d) of this theorem can be found, e.g., in [21, page 52 and Proposition
6.2.3]; parts (b) and (c) are well known.

Below we gather some results on symplectic leaves of algebraic Poisson homogeneous
spaces. Fix a Poisson algebraic group (G, w) which is a part of a Manin triple of algebraic
groups (D, G, F), as defined in §1.3. Fix also an algebraic Poisson homogeneous (G, 7)-
space with connected stabilizer subgroups G,, (see §1.6). Such a homogeneous space
has the form G/N where N is a connected subgroup of G and the Drinfeld Lagrangian
subalgebra of Lie(D) corresponding to the base point e N € G/N integrates to an algebraic
subgroup L C D. Note that

N=(GnNL)°,

the identity component of G N L, because of (1.9) and the connectedness of N. Consider
the composition of maps

(1.12) I:G/N* G/(GNL) = G.LCD/L,

where p is the map gN — g(G N L).

1.9. Theorem. Assume that (G,7) is a Poisson algebraic group which is a part of a
Manin triple of algebraic groups (D,G,F). Let (G/N,n") be an algebraic Poisson homo-
geneous (G, m)-space with connected stabilizer subgroups for which the Drinfeld Lagrangian
subalgebra of the base point eN s Lie L for an algebraic subgroup L of G.
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Then the symplectic leaves of G/N are the connected components (i.e., irreducible com-
ponents) of the inverse images under Il of the F-orbits on D/L, and all of them are smooth
irreducible locally closed subvarieties of G/N.

Note that some F-orbits on D/L might not intersect the image of II, but when an
F-orbit on D/L intersects the image of II, the intersection is transversal since the Lie
algebras of G and F' span Lie D. Below we will consider only those F-orbits on D/L that
intersect the image of II.

Proof. Any F-orbit on D/L is a smooth locally closed subvariety, see e.g. [2, Proposition
1.8]. Thus, its inverse image under II (if it is nontrivial) is a locally closed subvariety of
G/N. Each intersection of an F-orbit on D/L with Im Il = G.L is a transversal intersection
of group orbits and therefore is smooth. As a consequence its inverse image under the étale
map Il : G/N — G.L is smooth as well.

Finally, the connected components of the (nontrivial) inverse images of F-orbits are
known to be symplectic leaves of (G/N, ) due to results of Lu [23] and Karolinsky [20] in
the differential category. Since [23, 20] assume that D = F'G, we sketch another approach.
Consider the bivector field x(r) € I'(D/L, A>T D/L) where r € A2 Lie D is the r-matrix for
the Poisson structure on D, see Definition 1.3, and x(.) refers to the natural infinitesimal
action of Lie D on D/L. It was proved in [24] that x(r) is a Poisson bivectorfield and that
the connected components of the intersections of any F' and G orbits on D/L are symplectic
leaves of x(r). It is straightforward to show that the map Il : (G/N,n’') — (D/L, x(r)) is
Poisson. The statement now follows from the fact that II : G/N — G.L is étale. O

In the remainder of this section, we gather some results on orbits of symplectic leaves in
Poisson homogeneous spaces. In the setting of Theorem 1.9, assume that H is a subgroup
of G that normalizes F' C D. Then the Poisson structure = on G vanishes on H, see [24],
and as a consequence H acts by Poisson isomorphisms on any Poisson homogeneous (G, 7)-
space (M, 7M). This in particular means that each element » € H maps symplectic leaves
of (M, ™M) to symplectic leaves. The H-orbits of symplectic leaves are characterized in the
following theorem which is adapted from [24]. Let us first note that since H normalizes
F C D, the product HF is an algebraic subgroup of D.

1.10. Theorem. In the setting of Theorem 1.9, the H-orbits of symplectic leaves of the
Poisson homogeneous space G/N are the irreducible components of the inverse images
under 11 of the HF-orbits on D/L (see (1.12)), and all of them are smooth irreducible
locally closed subvarieties of G/N.

Proof. Fix y € G.L = Im(II) € D/L. The intersection of ImIl = G.L with Fy is
transversal because the Lie algebras of HG and F' span Lie(D). Therefore ImII N Fy
is a smooth and locally closed subset of D/L. The second statement follows from the fact
that both G.L and F'y are locally closed subsets of D/L (as orbits of algebraic groups). Let
P be an irreducible component of II1(H Fy). It is a smooth, irreducible, locally closed
subset of G/N because Il : G/N — G.L is an étale morphism, recall (1.12).

We need to show that P = HS for some irreducible component S of II"1(Fy). First,
note that for two distinct irreducible components S; and Sy of [T (Fy), either HS; = HS,
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or HS; and HSs, are disjoint. Since the map II is H-equivariant,
(1.13) O Y(HFy) = HO ' (Fy).

As a consequence,

P=HS U...UHS,

for some irreducible components S; of II=!(Fy), lying inside P. All that we need to show
now is that m = 1. Since P is irreducible it is sufficient to show that

For each irreducible component S of II~(Fy), the set HS is an open subset of P.

We show this in the rest of the proof. Let 2’ € G.L = Im1II. Since H normalizes F,

T.(HFz') =Ty (Hx') + Ty (Fx').

The intersections H F2'NGx’ and F2'NGx’ in D/ L are transversal because the Lie algebras
of F and G span Lie(D). Taking into account this and the facts that H is a subgroup of
G and ImIl = G.2’ D H.2' gives

T, (HFz' NImIl) = T, (Hz') + T (Fz' N Tm II).
Since II is an étale map, recall (1.12), we obtain
T.P=T,(Hz)+T,S for all z € S.

If f: HxS — P denotes the map (h,x) — hz, then the above equality implies that df
is surjective at any point of H x §. As a consequence of this, the morphism f is smooth
and thus flat, because H x S and P are nonsingular, see [14, §III, Proposition 10.4]. The
latter implies that f is open, see [14, §III, Problem 9.1]. Therefore the image of f (which
is nothing but HS) is an open subset of P.

In fact, since we work over C the last statement is almost immediate: the fact that the
differential of f : H x & — P is surjective everywhere implies that the image of f is open
in the classical topology. But Im f is also a constructible subset of P, thus it is a Zariski
open subset. [

2. INTERSECTIONS OF BRUHAT AND SCHUBERT CELLS

Our main results rely on certain combinatorial and geometric information about inter-
sections of Bruhat and Schubert cells, which we develop in this section.

2.1. Bruhat and Schubert cells. Let G be a complex reductive algebraic group. As in
§1.4, fix two opposite Borel subgroups BT of G and set T = BTN B~ for the corresponding
maximal torus of G. Denote the projection to the flag variety by

(2.1) n:G— G/BT.

Recall that the (B, B¥)-double cosets of G are called Bruhat cells of G and the B*-orbits
on G/B™ are called Schubert cells of G/B.



THE MATRIX AFFINE POISSON SPACE 13

Let UT be the unipotent radical of B*. Denote by W the Weyl group of (G,T), by
< the Bruhat order on W, and by I(.) the length function on W. For each w € W,
fix a representative w in the normalizer of T. When the result of a formula involving
some 1w does not depend on the particular representative w of w, the notation for such a
representative will be omitted. As a consequence of the Bruhat lemma, all Bruhat cells of
G are uniquely represented in the form BTwB¥ for some w € W and all Schubert cells of
G/BT are uniquely represented in the form B*.wB™ for some w € W.

For each w € W, define the following subgroups of U+*:

(2.2) U, =U " NAd,(U") and U’ =Ad (U )nU".
Recall that U~, U, , and U? are affine spaces (and closed subvarieties of G), and as such,
(2.3) U, x Ad,(U) = U™,

with the isomorphism given by group multiplication (e.g., see [2, §14.12, p. 193]).
In Theorem 2.3, for all y, z € W we describe the structure of the locally closed subvari-
eties

(2.4) B zNBTyBT, U :NBTyBY, and U, :NBTyB*

of the intersection of Bruhat cells B~zB*T N BTyB™ in terms of the intersection of the
dual Schubert cells

(2.5) B.,=B .zBtnBT.yB" CG/B™.

The first two varieties in (2.4) are smooth due to the transversality of the intersections

(LieU~ 4+ Lie BT = LieG). It will be shown in Theorem 2.3 that the third variety in (2.4)

is also smooth. In Theorem 2.5, we describe the Zariski closures in G of the sets in (2.4).
First recall the following result of Deodhar, [5, Corollary 1.2]:

2.2. Proposition. [Deodhar] For y,z € W, the intersection B,, = B~.zBT N BT.yB*
of dual Schubert cells is nonempty if and only if y > z in the Bruhat order of W. In
that case, the intersection is a smooth irreducible locally closed subvariety of G/B™* of
dimension l(y) — l(z). O

The smoothness in the second part of the Proposition is a direct consequence of the
transversality of the intersection. The harder result in the second part is the irreducibility.
It follows from a stratification of the intersection by smooth irreducible locally closed
subvarieties isomorphic to C" x (C*)™, n,m € Z, obtained by Deodhar [5, Theorem 1.1],
in which only one set has dimension equal to I(y) — I(z). A direct consequence of the
first part of the Proposition is that the intersection of Bruhat cells B~ zB* N BTyB™ is
nonempty if and only y > 2.
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2.3. Theorem. Lety,z € W withy > z.

(a) The projection n: G — G/B™ restricts to a bireqular isomorphism of affine spaces
(2.6) n:U; % — B~ .zB%.
The set U 2N BTyB™ is a smooth irreducible locally closed subset of G, and n further
restricts to a bireqular isomorphism of quasiprojective varieties

(2.7) n:U;:NBtyBt = B~ BT nBtyB™.
(b) The group multiplication in G restricts to bireqular isomorphisms of quasiprojective
varieties

2.8 U-:NBTyBY) xU° = U 3N B yB™T
s Y p Y
and
2.9 U-:NBTyBY) xU'xT = B~ 2N BtyB+.
(2.9) (U; y : y

Proof. (a) The first statement (2.6) is well known. (E.g., see [2, Theorem 14.12(b)] for the
analogous isomorphism Ut N Ad,,(U~) — BT.wB™.) Because U] is a closed subvariety
of G, to complete the proof of part (a), all that we need to show is

(2.10) n(U;z’*ﬂB+yB+) =B .2B"NnBt.yBT.
It is obvious that
n(U;2NBYyB") C B-.2B*NB*.yB™.
But
n (B_zBJr N B+yB+) =B .2Bt*NB*t.yB",
and B~ zBT C U 2B™ because of (2.3), so that B~ 2BTNBtyBT C (U, 2NnBtyBT)B™.
The surjectivity in (2.10) now follows from the isomorphism (2.6).

(b) First note that the right action of U? € B+ NAd, ' U~ on G preserves the intersec-
tion on the right hand side of (2.8), that is,

U :2NBTyBT > (U7 2N BTyB*)UY.

To show the opposite inclusion, let
ge U inBTyBT.
Multiplying (2.3) on the right by 2, we get that
g=giu forsome ¢, €U, 2andu e UL,
Since BtyBTUY = BTyB™, we obtain that g; = gu™! € U; 2N BTyB* and thus
g=gqgiu € (Uz_z" N B+yB+) Ug.

Therefore

U :2NBtyB" = (U 2N B yB") UY,
which together with (2.3) implies (2.8).

In a similar way one proves (2.9), using (2.8) and

B zNBtyBt = (U_,z'ﬂB+yB+) T. U

The following Theorem combines and summarizes Proposition 2.2 and Theorem 2.3.
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2.4. Theorem. For any y,z € W with y < z, the sets U; 2N BtyBt, U~ 2N BTyB™*
and B~z N BTyB™ are smooth irreducible locally closed subvarieties of the intersection of
Bruhat cells B-zBT™ N BTyBT C G. They are related to the intersection of dual Schubert
cells B, , = B~.zBTNBt.yBt C G/B™" by the following biregular isomorphisms, obtained
as compositions of the isomorphisms (2.7)—(2.9):

U, :NBTyBT ~B,,

U :NBTyBT =B, , xU?

B zNB'yBt =B, xUxT. O

The first of the intersections above will play an important role in the following section.
We label it as follows

(2.11) U,, =U; 2N BTyB*

for y,z € W.

2.5. Theorem. For any y,z € W with y < z, the Zariski closures of the three locally
closed subsets of G considered in Theorem 2.4 are given by

(a) U. 2N BYyBt =U:NBtyB* = || U;:nBtwB*

weW
z<w<y

(b) U :iNBtyBt =U :nBYyBt = | | U 2nBTwB"

weW
z<w<y

(c) B-zNBtyB* =B 2NBYyB* = | | B 2nB*wB".

weW
2<w<y

In the proof of Theorem 2.5, we will need the following algebrogeometric fact.

2.6. Lemma. Let| | ., X be a stratification (cf. §0.8) of a smooth algebraic variety X,
and Y a smooth, irreducible, locally closed subvariety of X that intersects all the strata
X, transversely. Then

Cly(YNX,)=YnNX,

for all o € A.
Proof. Fix a € A. Then X, = Ugea(a) X8 for some subset A(a) C A, and dim X5 <
dim X, for all 8 € A(a) \ {a}.

Because X, is a closed subvariety of X that contains X, the set Cly (Y N X,) equals
the union of those irreducible components of

YnXa= || YnXy
BEA()
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that meet Y N X,. On one hand, the dimension of any irreducible component of Y N X,
is greater than or equal to dimY + dim X, — dim X; see [14, Chapter I, Proposition 7.1
and Theorem 7.2]. On the other hand, for all 5 € A(«a) \ {a},

dim(Y N Xg) =dimY 4+ dim Xg — dim X < dimY + dim X, —dim X

because of the transversality of the intersection of ¥ with Xg. Therefore each irreducible
component of Y N X, meets Y N X, which completes the proof of the lemma. O

Proof of Theorem 2.5. The second equalities in (a)—(c) follow from Proposition 2.2, The-
orem 2.3, and the well known fact for the closures of Bruhat cells,

BtyBt = | | BtwB*.

weW
w<y

The first equalities in (b) and (c) are obtained by applying Lemma 2.6 to the Bruhat
decomposition G = | |, o,y BYwB™ of the group G and taking Y = U~z and Y = B~ 2,
respectively. In both cases, the intersection of Y with any Bruhat cell BTwB™ is transver-
sal since Lie U~ and Lie B* span Lie G. Moreover, in both cases Y is a closed subvariety
of G and Cly (Z) coincides with Z for any subset Z of Y.

The first equality in (a) cannot be proved in exactly the same way because Lie U, and
Lie BT do not span G. We apply Lemma 2.6 to the stratification of the flag variety G/B™*
by Schubert cells BT.wB™, and take Y = B~.2B™". This gives us

Clg- .p+(B~.2BTNBT.yB")= B~ .2BT" N B+.yB+.
Applying the biregular isomorphisms (2.6) and (2.7), one obtains

Cl,-.(U 2N BYyBY) =U; 2N B¥yB*+.

Since U .z is a closed subvariety of G we can replace the left hand side with U, 2N BtyB+.
This completes the proof of (a). O

3. A FIRST APPROACH TO M,, , THROUGH A POISSON STRUCTURE ON Gr(n,m + n)

Throughout this section, fix positive integers m and n, with
N =m+n.

We derive a description of the orbits of symplectic leaves in M,, ,, under a natural action of

the maximal torus of GLy, by embedding M,, ,, in a Grassmannian Poisson homogeneous
space, Gr(n, N).
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3.1. Generalities on GLy. The Borel subgroups of GLy consisting of upper and lower
triangular matrices will be respectively denoted by Bt and B~. Let U be their unipotent
radicals. The maximal torus of GLx consisting of diagonal matrices will be denoted by
T. In situations where it is helpful to indicate that we are working with subgroups of the
N x N general linear group, we will label the above Borel and Cartan subgroups of GLxy
as Bf, and Ty. However, we reserve subscripts on U for a different purpose — see (3.3)
below.

We will need to describe a number of sets of matrices given in block form, and it will
be convenient to use a block form of set notation for the purpose. For example, if A, B,
C, D are subsets of M,,, My, ., My, n,, M, respectively, we set

& B1-4le a)em

In case one of the sets A, B, C, D is a singleton, we may omit the corresponding braces
In Mn,m
0 L,

be Mmm} of GLy, where I,, and I,,, are the identity matrices of

aeA,beB,ceC,deD}.

from the notation. Thus, for instance, the notation [ } indicates the unipotent

subgroup {[161 [l:n}

sizes n and m.
Define the following maximal parabolic subgroup of GL:

) By = [Cln Man].

0 GL,,

Let L, be the Levi factor of P, containing T, and U, the unipotent radical of P,. Denote
by U,; the unipotent radical of the parabolic subgroup of GLxy opposite to P,. Explicitly,
L, =L!L? where

(3.2) Ll = [ng I?J ~ GL, 12 = H?; Ggm] ~ GL,,
and
N =i, 8]

Let b%, b, p,, L, 1, 2., and n¥ denote the Lie algebras of B*, T, P,, L,, L%, L? , and

ny *‘ny ‘m>
UZ*. The Lie algebras n} and n;, are naturally identified as vector spaces with M,, ,,, and

M, ». The exponential maps exp : nff — Uni are bijective and are explicitly given by
-~ I 0 ~ I,
(3.4) nn:Mm,anH[x” Im] n;ﬂt:Mn,mayH[o [?jn}

The Weyl group of GL is isomorphic to the symmetric group Sy. The maximal length

element of Sy will be denoted by w’'. Explicitly, we have w)Y = ( Jb N2_1 ]f)
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Fork=1,...,N, we will denote by S}, and S? the subgroups of Sx that are isomorphic
to Sy and permute respectively the first and the last k indices. In other words:

St ={w e Sy | w(i) =i for all i > k}

(3.5) 52 L .
p={we Sy |w()=iforalli <N —k}.

In this notation, the Weyl groups of L. and L2, are identified respectively with the sub-
groups S} and S2?, of the Weyl group Sy of GLy. The Weyl group of the Levi factor L,
is identified with the subgroup S} S2, of Sy.

Denote by (w?,w™) € Sy the product of the maximal length elements of S} and S2,.
In other words, this is the maximal length element of the Weyl group of the Levi factor
L,,. Set

(3.6) wg" = wy (wg, wi).

It is the maximal length representative in Sy of the coset w2 (SLS2).
For a given w € Sy, define the following subsets of Sy:

Sy ={y e Sn |y <w)
S3" ={y € Sn |y > w}
(3.8) SEm™M = {ye Sy | -n<s@)—i<mforalli=12,... N}

(3.7)

In Lemma 3.12, we will show that the subsets SJ[\?n’m] and S]%wg” "ot S n coincide. This set
will enter as a parametrizing set for the set of T-orbits of symplectic leaves of the matrix
affine Poisson space M, .

Finally, consider the embedding

(3.9) SN — N(T), SN D w (aij) = (5iw(j)) S N(T),

which is a section for the projection N(T) — N(T)/T = Sy. By abuse of notation we
will identify Sy with its image in N(T), and thus use the same letter w to denote the
permutation matriz in N(T') corresponding to a permutation w € Sy. Under this iden-
tification, the maximal length element wY € Sy corresponds to the (unit) anti-diagonal
matrix. Moreover, we have

3.2. GLy/P, and Gr(n,N). Recall the natural isomorphism Gr(n, N) 2 GLx/P,.
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Proposition. (a) The orthogonal complement of p,, in the dual Lie bialgebra gl for the
standard Lie bialgebra structure on gly (recall (1.5)) is p = nt @ {0}.

(b) The parabolic subgroup P, of GLy is a Poisson algebraic subgroup for the standard
Poisson structure on GLy.

(¢) The pair (Gr(n,N) = GLy/P,, —x(r")) is a Poisson homogeneous space for the
standard Poisson algebraic group GLy. Here vV is the standard r-matriz (1.3) for gly
and x denotes the infinitesimal action for the left multiplication of GLy on Gr(n, N).

(d) The Drinfeld Lagmngzan subalgebra of the base point eP,, of the Poisson homoge-

neous space (GLy /P, —x(r'V)) is

(3.10) I”:{([g bl] [8 bQ])

C
C gly @ gly = D(gly).

acgl,,cegl,, b € Mn,m}

It is the tangent Lie algebra of the algebraic subgroup

(3.11) EF{([S bcl]’[g bcz])

of GLy x GLy; in particular, (Gr(n,N), —X(?“N)) is an algebraic Poisson homogeneous
space for the standard Poisson algebraic group GLy. Moreover,

a€GL,,ce GL,, b € Mn,m}

(3.12) A(GLy)N L, = A(P,).

(e) Fach intersection of a BT - and a B~ -orbit on Gr(n, N) is a locally closed Poisson
subvariety of (Gr(n, N), —x(r)).

Proof. (a) It is straightforward to check that n;f {0} C gl C gl @ gl is orthogonal to
A(p,,) with respect to the bilinear form (1.6), recall §1.4. The statement now follows from
the fact that the sum of the dimensions of p,, and n is equal to dim gl .

Part (b) follows from Theorem 1.8(d) and the first part.

(c) Consider the projection p : GLy — GLy /P, and the Poisson structure (1.10) for
GLy/P,. Since the standard matrices E;; belong to p,, for i < j, we have

p (X" (rN)) = 0.

Thus in the present situation the Poisson structure (1.10) is exactly —x(rYY). Now part
(c) follows from the discussion before Theorem 1.8.

(d) Since the Poisson structure —x(r") vanishes at the base point eP, of GLy/P,,
according to Theorem 1.8(b) the Drinfeld Lagrangian subalgebra of the double D(gl,,) =
al, @ gl, is A(p,) + p;-. A simple computation leads to (3.10). The rest of part (d) is
straightforward and will be omitted.

(e) Observe that the subgroup 7" C GLy C D(GLy) normalizes the subgroup F' C
D(GLy) (recall (1.4)), and that TF = BT x B~. Theorem 1.10 implies that the T-orbits
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of symplectic leaves of (GLyym/Pn, —x(r")) are the irreducible components of the inverse
images of the (Bt x B~)-orbits on D(GLy)/L, under the map

GLy/P, 2 D(GLy)/Ln

(cf. (1.12)), which is an embedding because of (3.12). It is obvious (because L,, C P, x P,)
that each such inverse image falls within a single intersection of a B*- and B~ -orbit on
Gr(n, N). Thus, the latter are finite unions of T-orbits of symplectic leaves and hence
Poisson subvarieties of (Gr(n,N), —x(r’V)). O

Throughout the remainder of the section, we shall always assume that Gr(n, N) =
GLy /P, has been equipped with the Poisson structure —y (V).

3.3. The open B~ -orbit on Gr(n, N). The B~ -orbit through the base point of GLx /P,
is a Zariski open subvariety. According to Proposition 3.2(e), it is a Poisson subvariety
of GLy/P,. Moreover, the open orbit B~.P, C GLy/P, is an affine space which is
isomorphic to U, by

U, >u— ublp;

in particular, B~.P, = U, .P,. Composing this map with the exponential map
exp: My, =1, = U,

induces an isomorphism of affine spaces

I

(3.13) My =5 Uz Py C GLy /Py, z [[n 0 }Pn.

We consider a twisted version of this isomorphism:

~ n In 0
(3.14) U My, — U, Py, x — exp(zwy )P, = [ww? Im] P.

Recall that w{ denotes the maximal length element of S,, and its representative in the
normalizer of the diagonal subgroup of GL,,, as fixed in §3.1.

The restriction of the Poisson structure —x(r") to U, .P, was computed by Gekht-
man, Shapiro, and Vainshtein in [12]. The following result can be deduced from their
computations, but we offer a more geometric proof.

3.4. Proposition. The map V : M,, , — U, .P, is a Poisson isomorphism between the
matriz affine Poisson space My, ,, and the Poisson subvariety U, .P, of GLy/P,.

We break the standard r-matrix for gl into three terms as follows
(315) rN = Z Eij N Eji —+ Z Eij N Eji + Z El'j N Eji € /\29[N
1<i<j<n n<i<j<N i<n<j

and denote them by r¥ 7V and r¥, respectively. First we establish an auxiliary result.
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3.5. Lemma. In the above notation,
X(ré\]”U,j,Pn = 0.
Proof. We shall use the label (3.13)7! to refer to the inverse isomorphism U,;.P,, — M, ,,

of the isomorphism (3.13). Since U,; is abelian and E;, ; € n, for i < n, j < m, under
the isomorphism (3.13)~! we have

0
(3.16) X(Ej+n,i)|U;_Pn = Oz for i< mn,j<m.

T
By a direct computation, one checks that for x € M,, ,,, y € M,, ,,, and a small € € C,

I, ey I, O . I, 0 _ I, 0
[ 0 Im} : [ x Im] Po = [:U(In +eyx)~! Im} P = [:1; —exyr +O0(e?) I, Po.
This implies that under the isomorphism (3 13)~ 4
(317) ( 1,j+n |U P, szkzle for +<n,j<m.
k=1 1=1

Combining (3.16) and (3.17), we see that under the isomorphism (3.13)7!

0
x(rf |Un P, Z Zm’“%laxkl O0xj; =0 -

k,j=114,l=1

3.6. Actions of L,, on U, .P, and M,, ,, and a proof of Proposition 3.4. Since the
Levi factor L,, normalizes U, , it preserves the open B~ -orbit U, .P, on Gr(n,N) (recall
§3.1 for notation). Via the isomorphism (3.13), this induces an action of GL,, x GL,, =
L? x L. = L, on the affine space M, ,. It is given by (a,b).z = azb™! for a € GL,y,,
be GL,, x € M,, , which is checked by a direct computation:

b 0 I, O } - [ I, 0 }
[0 a] ' [ x Iy P = axb™' I, P
This action of GL,, x GL,, on My, , breaks into the actions of GL,, and GL,, on M,, .,

from §1.5, used to define the standard Poisson structure 7, ,, on M,, ,. In §5.2, we will
consider this from a Poisson point of view.

In the rest of §3.6 we prove Proposition 3.4. The terms rI¥ and rY of the standard r-
matrix on gly, see (3.15), are respectively equal to the pushforwards of ™ and " under
gl, =211 — gly and gl,, = 12, < gly. From the above discussion it follows that under the
isomorphism (3.13)~!

—x(rt 1)y p, X)) = X",
(Recall from §1.5 that xZ(.) and x*¥(.) denote the infinitesimal actions of gl,, and gl,, on
M,.n.) Since the maximal length element wy € S, satisfies Adyn (Eij) = Epny1-int1—j,
we have Adyn (") = —r", and thus
U, (7)) = —x(r + Té\[)’U,j,Pn
(see (1.8) and (3.14) for the definitions of 77" and ¥). Now Proposition 3.4 follows from
Lemma 3.5. [0
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3.7. A Poisson homogeneous space of B~. One can use Proposition 3.4 to identify
M,, », with a (full) Poisson homogeneous space of B~. First, recall the well known fact
that B~ is a Poisson algebraic subgroup of GLy. Since P, is also a Poisson algebraic
subgroup of GLx (cf. Proposition 3.2 (b)), we get that

B NL,=B NPk,

is a Poisson algebraic subgroup of GLy (and thus of (B, 7%|5-) as well). Accord-
ing to Theorem 1.8, one obtains a natural structure of a Poisson homogeneous space for
(B=,7|p-) on B~ /(B~ N L,) by equipping it with the Poisson bivectorfield v, (7™V|z-)
where v is the projection v: B~ — B~ /(B~ N Ly,).

Corollary. The map
My =0, 3z — exp(zwl)(B~ N Ly,)

is a Poisson isomorphism between the matriz affine Poisson space My, , and the Poisson
homogeneous space (B~ /(B~ N Ly,), v« (7N |g-)) of (B=,7V|5-).

One can use this corollary instead of Proposition 3.4 in obtaining the results in §3.8, but
Proposition 3.4 is conceptually more important since it provides a natural compactification
of the matrix affine Poisson space.

Proof. The map ¥ provides a Poisson isomorphism of M, , with the complete Pois-
son subvariety U, .P, of (GLx/P,,—x(r")), cf. Proposition 3.4. The latter is a B~-
orbit with stabilizer B~ N L,, of the base point P, and thus can be identified with
the homogeneous space B~ /(B~ N L,,). Under this identification, the Poisson structure

—x(r™)] u-.p, is matched with the Poisson structure v. (7N |5-) because both are push-

forwards of the standard Poisson structure 7% on GLy. The corollary now follows from

the fact that x — exp(zw?)(B~ N L,) is nothing but the map ¥ when we identify U,, .P,
and B~ /(B NL,). O

3.8. Recall the notation WV for the set of minimal length representatives for left cosets
of a subgroup V of a Weyl group W.

1 g2
Lemma. The set Sy x Sf,”sm 1s a complete, irredundant set of representatives for the
(Bt x B, L,) double cosets in GLy x GLy.

Proof. We apply Theorem A.1. For that purpose, let G = GLy x GLy, choose BT x B~
and B~ x BT to be the positive and negative Borel subgroups of G, respectively, and
consider the parabolic subgroup P = P, x P, of G, which contains BT x BT. There is
a Levi decomposition P = LoN where Lo = L, x L, DT x T and N = U, x U,, and
we put Lo = LY L" where LY = L, x {I} and L" = {I} x L,,. There is an isomorphism
©: LY — LT given by O(a,I) = (I,a), and we observe that the simple factors F' x {I} of
L¢ (where F = L1, L2) satisfy

O((F x {I})n (B~ x BY)) = ({I} x F)n (B* x B7).
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Let m; : P — P/N = Ly — LJ, (for j = £,r) denote the natural projections, and observe
that the subgroup

R = {p eP ‘ @m(p) = Wr(p)}

coincides with L,. Since the Weyl group of L”, considered as a subgroup of the Weyl

n?

group of G, is just {1} x (§182) C Sy x S, Theorem A.1 implies that the set
(SN > SN){l}X(STlLS?n) — SN > Si;llsgn

is a complete, irredundant set of representatives for the (B* x B~, L,) double cosets in

G. O

3.9. T-orbits of symplectic leaves in M, ,,. Since the image of GL,, x GL,, = L,, C
G Ly contains the torus 7', the action of GL,, x GL,, on M,, ,, given in §3.6 incorporates
an action of T' on M, . Specifically, if T},, and 7T}, denote the maximal tori consisting of
diagonal matrices in GL,,, and GL,, respectively, then (a,b).z = axb™! for a € T,,, b € T,
T € My n.

Theorem. There are only finitely many T-orbits of symplectic leaves on the matrix affine

Poisson space My, ,. They are smooth irreducible locally closed subvarieties of My, p,

and they are parametrized by S]%(wg,wg”); recall (3.7). The T-orbit of symplectic leaves

2(wg,w?)

corresponding to w € Sy 1s explicitly given by
(3.18) P = {x € Myn [“; w(ln} € B+wB+}.

As an algebraic variety, Py, is biregularly isomorphic to By wm).w-

Proof. We will make use of the isomorphism ¥ (see (3.14)) of Proposition 3.4 between the
matrix affine Poisson space M,, ,, and the T-stable Poisson subvariety U,, .P, of GLy/P,.
Recall that U,;.P, = B~.P, is open in GLy /P,. The isomorphism ¥ is not T-equivariant,
but we have

I, 0
U((a,0)2) = | gy iy 1. | Pr
_ I, 0 _ | wZbw? 0
- [axw?(w?bw?)_l Im} P = [ 0 a] V(@)

for a € Ty, b € Ty, © € My, whence ¥ and W~ preserve T-orbits. Consequently, ¥
maps T-orbits of symplectic leaves in M, ,, to T-orbits of symplectic leaves in U, .FP,.

Firstly, Theorem 1.10 (applied with H = T, as in the proof of Proposition 3.2(e)) implies
that the T-orbits of symplectic leaves of U, . P, are smooth locally closed subvarieties, and
so the same is true for M,, ,. The map (1.12) in the present situation is

A:GLy/P, — (GLy X GLy)/Ly, A(gP,) = (9,9)Ln
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(see the proof of Proposition 3.2(e)). From Theorem 1.10, we also know that the T-
orbits of symplectic leaves of U, .P,, are those irreducible components of inverse images of
(Bt x B™)-orbits on (GLy x GLy)/L, under A that lie inside U .P,.

The set of (BT x B™)-orbits on (GLy x GLy)/L, is in one to one correspondence with
the set of (BT x B~, L,,) double cosets in GLx x GLy. According to Lemma 3.8, the latter
set is parametrized by Sy x Sf,’lls’zn. Therefore, the (Bt x B~)-orbits on (GLy x GLy)/Ly,
are the sets

J— 1 @2
(3.19) (Bt x B7).(wi1,ws2)Ln, wy € Sn, wy € Sy,

and all such sets are distinct. Observe that

A ((BY x B7).(w1,w2)Ly,) € B™aws Py
=0

If wy € Si,isfn and wy # 1, then B~wsP, N B~ P, because of the Bruhat lemma.
Thus, only the A-inverse images of the sets (3.19) with we = 1 might intersect U,, .P,
nontrivially.

The intersection with U, .P, of the A-inverse image of the set (3.19) with we = 1
consists of uP,, € GLy /P, for those u € U, for which

(3.20) u=bTwiluf =b"lug

for some b* € B*, 1 € L,, u,:r € U,f. From these equalities, one obtains [ € L, N B~ and
ug = e. Conversely, if u = bTw;lu for some b+ € BY, 1 € L,NB~, uj € U;, we can
also write u = b~ where b~ =ul~! € B~. Thus,
AT ((BY x B7).(w1,1)L,) NU,, .P, = (U, N B wi (L, N B7)U,}) .Py.
Next, observe that (L, NB™)U," = (w?,w?)B*(w?, w) and that U, = Ulwn wm)
(2.2)). Thus, setting w = wq (w2, w?") and recalling the notation (2.11), we have
AT ((BY x B7).(w1,1)L,) NU,, .P, = (U, NBTwi (LNB7)U,T) .P,

(3.21) - (U—

(wg,wg?)

(recall

N B+wB+(wQ,wm)) P,

= Ulwn wrr),w-Pn

(since (wy,wg") € P,). According to Theorem 2.4, U(yn wrm),w is irreducible. Therefore,
the set (3.21) is a single T-orbit of symplectic leaves of U,; . P,. The fact that the T-orbits of
symplectic leaves of the matrix affine Poisson space are the sets (3.18) follows by applying
the Poisson isomorphism ¥ : M,, , — U, .P, to (3.21). Namely, since U,, N P,, = {I}, we
compute that

U (Uwn wmy,w-Po) = {x € My, x{gn I?n P, e (U, N B+wB+(wQ,wg“)).Pn}

o

wa 01

(3.22) = {3: € My, n no 7 | €U, N B+wB+(wQ,wZ)”)}

_ [ I, 0] [wl O
= {LL‘ S Mm,n _an Im_ [ 0 w™

o

} c B+wB+} — P
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Moreover, Py = Uryn wm)w = Bwn,wm)w by Theorem 2.4, Irreducibility thus follows
from Proposition 2.2 of Deodhar. Finally, P,, is nonempty if and only if B(yn wm)w 18
nonempty, which occurs precisely when w > (w@,wl"), by Proposition 2.2. [

3.10. Since [A}UO wOm] C B~ (wl,wl*)B~, the set P, described in (3.18) can be writ-

ten as the inverse image of B~ (w?, w?)B~ N BtwB™ under the map Q : M,, , — GLx

n
given by = — [U;O wom:|. It is known that the T-orbits of symplectic leaves in GLy

coincide with the double Bruhat cells B~yB~ N BTwB™ (e.g., this follows from the results
of [15, Appendix A]). The following statement is thus an immediate consequence: The
T-orbits of symplectic leaves in M,, ,, are precisely the nonempty Q-inverse images of the
T-orbits of symplectic leaves in GLy. The lifting Q) of W is neither T-equivariant nor
Poisson, and because of this one cannot approach Theorem 3.9 directly using 2.

3.11. Alternative descriptions of Sj%(wg,wg”). It is convenient to describe the Bruhat
order on Sy in terms of relations between sets of integers, as follows. First, if I and J are

t-element subsets of {1,..., N}, list their elements in ascending order, say

I={i1 <iy<-<is} J={j1 <j2 <--- <},
and then define I < J if and only if i; < j; for [ =1,...,t. For y,z € Sy, we have

(3.23) y<z <= A{y(1),...,y(p)} <{z(1),...,2(p)} forp=1,....,N

e.g., [11, Exercise 8, p. 175]). For I and J as above, it is clear that I < J if and only if
wl (I) > w(J). Hence,

y<z <= wé\’y > wévz
for any y,z € Sy.

In particular, a permutation w € Sy satisfies w > (w?,w?) if and only if wNw <

wl (w?, w™) = wg"" (recall (3.6)). Thus,
<wgyh™

(3.24) S]%(wg,wg”) =w) Sy

The following description of S]%wgn’n is known in the case m = n; we thank Jon McCam-
mond for bringing the result to our attention. This result also appears in [22, Proposition

1.3]; we provide a proof for the reader’s convenience. Recall (3.8) for the notation S][\?n’m]‘

3.12. Lemma. S;w?m = S][\?n’m] and

Sﬁ(w‘?’w:’n):{yeSN|n§y(i)+i—1§m+2nf07‘all@':1,...7N}.

Proof. Since the second statement follows immediately from the first via (3.24), we need
only prove the first statement.
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First, consider s € S;wgmn and j € {1,...,N}. If j <n, then
(3.25) s({1,...,3H) <w*({1,....5H) ={m+1,...,m+j},
whence s(j) < m + j. On the other hand, if j > n, then
s({1,...,j—1}) <w™"({1,....j—1)={1,....,j—1—n,m+1,..., N},

from which we see that {1,...,j—1—n} C s({1,...,7—1}), and consequently s(j) > j—n.
We automatically have s(j) > j —n when j < n, and s(j) < m + j when j > n. Thus,
s € S][V_n’m}.

Conversely, let s € S][\?n’m} and j € {1,...,N}. If j <n, then s(i) <i+m < j+m for
i < j, whence s({1,...,75}) C{1,...,7+m}, and consequently (3.25) holds. On the other
hand, if j > n, then s(i) >i—n > j —n for i > j, whence {1,...,5 —n} C s({1,...,5}),
and consequently

s(L,... i) <{l,....i—nm+1,..., N} =w™({1,....5)}).

Therefore s < wy""™. O

In the last result of this section, we describe the Zariski closures of the T-orbits of
symplectic leaves of the matrix affine Poisson space.

3.13. Theorem. The Zariski closures of the T-orbits of symplectic leaves of the matriz
affine Poisson space My, n,, see Theorem 3.9, are given by

(3.26) Puw = || P.= {x € Mmn

zZESN
(wg,wg")<z<w

w0 ST
[ r wm] € B+wB+}.

Consequently, the inclusions between the Zariski closures of the T-orbits of symplectic
o wg")

leaves (3.18) on M,, ,, correspond to the Bruhat order on Sf,(w

Proof. As noted in the proof of Theorem 3.9, U, = U,

(wn wmye Since (w2, wl) € P,

the isomorphism between U, and U,, .P,, (recall §3.3) yields a corresponding isomorphism
between U, (wy,wl") and U, .P,.
Now let w € Si(w" we'), According to (3.22), we have

Puw =V Uwn wm),w-Pn)-
Invoking the isomorphisms ¥ : M,, ,, — U, .P, and U,; (wg,w.") — U, .P,, we obtain

P, =v"" (CIU;.Pn (u(wghw?),w-Pn))
vt ( [CIU{(wQ,wg”) (u(wé%w;”),w)] -Pn)
U (U g ) 0-Pr)-

(3.27)
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By Theorem 2.5(a),

(3.28) U wn wm)w = L] Uiwn -

zESN
(wi w)<z<w

The first equality of (3.26) follows from (3.27) and (3.28). Since BTwBT is the disjoint
union of the cells BT zB™T for 2 < w, we have

{xeMm,n [“;0 wO ] eB+wB+} || P,
° Z€<SN

which yields the second equality of (3.26) because P, is empty when z 2 (wg,wl") (recall
the end of the proof of Theorem 3.9). [

4. COMPUTATIONAL DESCRIPTION OF T-ORBITS OF SYMPLECTIC LEAVES

As in the previous section, we fix positive integers m, n, and N = m + n. We derive a
description of the T-orbits P,, of symplectic leaves in M,, ,, in terms of ranks of rectangular
submatrices.

4.1. Descriptions of BTwB™ and B~wB~. In order to give computational descriptions
of the sets P, in (3.18) and P,, in (3.26), we rely on the computational descriptions of
B~wB™ and its closure given by Fulton in [10]; these descriptions are easily modified to
deal with BTwB™. Since we will also make use of the corresponding descriptions in M,, ,
and M, ,, we give a general version of these results.

Let 1<a<b<kand1<c<d<I Forxe My wewrite Tjq__ pc,.. q to denote
the submatrix of x with rows a,...,b and columns c,...,d. Recall from §3.1 that we use
B,:gt and BljE to denote the standard Borel subgroups of GL; and GL;. The closures in the
proposition below denote Zariski closures in the matrix variety Mj, ;.

Proposition. [Fulton] Let k and | be positive integers and x,w € My .
(a) z € BfwB;" if and only if rank(zp,  g,...q) = rank(wy,  ka,...q) for all p =
Lkandg=1,... 1.

(b) x € B,j'wa if and only if rank(wp, . g1,..q) < rank(wp, . g1,..q) for all p =
1,...,kandg=1,...,1.

(c) x € B,wB, if and only if rank(x[1 . pyg...1) = rank(wp . pg...q) for all p =

Lkandg=1,... 1.
(d) z € BywB; if and only if rank(zp1,. pig,...1) < rank(wy, . pq..) for all p =
Lkandg=1,... 1.
Proof. (a) Observe that x € B;"wB;" if and only if w¥z € B, wkwB;". The result of [10
p. 390, second display] shows that w*z € B, w’cfwBlJr if and only if

rank (W) (1,...pi1,...q)) = rank((WEw)1,.pit....q)
forp=1,...,kand ¢=1,...,1. Part (a) follows.

(b) This follows from [10, Proposition 3.3(a)] in the same manner as (a).
(c) and (d) follow similarly. [
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4.2. Description of P,. Recall the notation P,, from (3.18) for T-orbits of symplectic
leaves in My, .
It will be convenient to write some matrices w € My in the following block form:

(4.1)

w11 w2 wir € My, w2 € My,
w = , )
W21 W22 woy € My, ,  wae € My,

Theorem. Let x € M,,,, and w € S>(wo ws")

Then x € Py, if and only if the following four conditions hold:

. W11 w2 .
, and write w = [wm w22] as in (4.1).

(a) rank(Tpp,.. mi1,....q) = rank((w21)[p,,.,,m;1,...,q]) forp=1,....m,q=1,...,n
(b) rank(zp,.. pig,.. ) = rank (W0, pg,m]) forp=1,...,m, q=1,...,n
(c) rank(z(1, mip,...q) = q+1—p—rank((Wlwi1)p, nip,...q) for2<p<qg<n.

(d) rank(z [p,...,q,_1 ) = q+1—p—rank((weowl)p,. . gs1,..q) for 1 <p<g<m-—1.
Furthermore, x € P, zf and only if conditions (a)—(d) hold wzth each rank equality replaced
by <.

Proof. We shall repeatedly use the following easy observation: whenever a partial permu-
tation matrix u is partitioned into blocks, the rank of u equals the sum of the ranks of the
blocks.

Set T =
if and only if

Wo wom]. In view of Theorem 3.9 and Proposition 4.1(a), we have x € P,

(42) rank(f[r,...,N;l,...,s]) = rank(w[r,...,N;l,...,s])

for all ,s =1,..., N. Observe that (4.2) holds automatically if » = 1 (in which case both
sides equal s), or if s = N (in which case both sides equal N + 1 — r). We shall consider
(4.2) in a number of separate cases.

Case 1: s<n<r. Set p=r—n and ¢ = s, and note that

Lr,...,N;1,...,s] = T[p,....,m;1,...,q] Wly,...,N;1,...,s] — (w21)[p,...,m;1,...,q]-

Hence, (4.2) holds for s < n < r if and only if (a) holds.
Case 2: r,s<nandr+s<n-41. Since r <n-+1— s, we have

0

— _ ws
Lp,...,N;1,....,s] = 7 o |
1,....m;1,...;s

I i - . _7“ . .N;1,....s
(where the 0 block is present only if 7 <n 41 — s). It follows that Z}, . n;1,... s has rank

o wo)

s in this case. Since w € Sy =(wg , Lemma 3.12 says that w(j) > n+ 1 — j for all j.
For j < s, we obtain w(j) 2 n+1—s>r, and so wy, .. n;1,..s has a 1 in each of its s
columns. Hence, wy,. . n.1,.. s has rank s, and thus (4.2) always holds in the present case,
independent of x.
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Case 3: r,s<nandr+s>n+1. Set p=n+2—rand q=s,so that 2 <p <q. We
have .
T[r...N‘l...s] B wo 0 )

mn Ty [1,...,m;1,..,p—1]  L[1,...;m;p,...,q]

and so rank(Tp. . ni,..s) =P — 1 +1ank(2 mip,..q). For j < p—1, we have w(j) >
n+1—j>n+2—p=r, which implies that w,. . w1, p—1] has rank p — 1. Hence,

rank(w[r7.,,,N;1,...,S}) =p— 1 + rank(w[r,...,N;P,ma‘I])
=p—1+q¢+1—p— rank(w[l,...,rfl;p,u-,Q])
=q— rank((wll)[1,...,n+1—p;p7m,q])

=q— rank((w?wn)[p,...,n;p,.-qq])'

Therefore, (4.2) holds for r,s <n and r 4+ s > n+ 1 if and only if (c¢) holds.
Case 4: r,s>nandr+s>m+2n. Set t=N+1—r. Then s > n+t, and so

f[r,...,N;l,...,s] = [x[r—n,...,m;l,...,n] wg 0}
(where the 0 block is present only if s > n +t). Hence, T}, .. n;1,.. s has rank ¢ in this
case. Lemma 3.12 says that w(j) < m +2n + 1 — j for all 5, and so for j > s+ 1, we
get w(j) < m+ 2n —s <r — 1. Consequently, the nonzero entries in rows r,..., N of w
must occur in columns 1,.. ., s, from which we obtain rank(wy, . n.1,..) = N+1—7="1.
Therefore (4.2) always holds in the present case.

Case 5: s >nandr+s <m-+2n. Set p =r —n and ¢ = N — s, so that
1<p<qg<m-—1. Now

Llr,...,N;1,....s] =

— Llp,...,q;1,...,n] 0
s—n 9
[e]

Llg+1,...,m;1,...,.n] W

and so rank(Tp.. ni1,..s) = 5 — 1+ rank(zp,  g1,..0]) As in Case 4, for j > s+ 1, we

have w(j) < m+2n—s = n+gq, whence wy,1q41,.. n;1,...,s) has rank (N +1) — (n+q+1) =

m —q = s —n. Hence,

rank(wi. . n;1,..,s]) = S — 1+ 1ank(Wp nyg,...s)

=s—n+n+q+1—r—rank(Wy,  nigs+1,..,N])
=s—n+q+l-p— rank((w22)[p,n.,q;erlfq,m,W])
=s—n+q+1—p—rank((wnw)p...g1....q)

Therefore, (4.2) holds for r,s > n and r + s < m + 2n if and only if (d) holds.

Case 6: 2 <r<n4+landn<s<N. Set p=N —sand g =n+ 2 —r, so that
1<p<mand1l<q<n. Wehave

—1
wd 0 0
f[r,...,N;l,...,s] = I,...,p;1,...,q—1] L(1,...,p;q,...,n] 0
m—p
Lp+1,...,ms:1,...,q—1]  L[p+1,...,m;q,...,n] Wo
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(where the left column, respectively bottom row, is present only if ¢ > 1, respectively
p <m), and so T}, . nj1,..s has rank ¢ — 1 +m — p +rank(2[; . pq,...n)). On the other
hand,

rank(w[r,...,N;l,...,s]) =38— rank(w[l wr—1;1,...,8 ])
=s5—(r—1) +rank(wp,. r—1;641,...,N])
=5+ 1—r+rank((wi2)p
=q—14+m—p+rank((wlwHwd ), pig,....n]) -

Thus, (4.2) holds for 2 <r <n+1and n < s < N if and only if (b) holds.

Therefore (4.2) holds for r,s = 1,..., N if and only if (a), (b), (c), (d) all hold, and we
have established the desired characterization of P,,. The characterization of P,, follows
from the information in Cases 1-6 together with Theorem 3.13 and Proposition 4.1(b). O
4.3. Let z € My, ,, and w = [g; %;;] € Sﬁ(wg,wg”) as in Theorem 4.2. According
to Proposition 4.1(a)(c), the first two conditions of the theorem are equivalent to the
conditions z € Bfwy B and x € B, wwi,w! B, , respectively. The corollary below
follows immediately. As we shall see in Example 4.5, the inclusion (4.3) is typically proper.

Corollary. Let w € Sﬁ(w?’w?), and write w = [7{0021 %;;} as in (4.1). Then

(4.3) Pw C Bt wo B N B, wlwihw? B, . O

4.4. Example. Let m = n and u,v € S,,, and set w = [8 u] € Sy. Via Lemma 3.12,

0
>(w° 3)  Tet us use Theorem 4.2 to compute P, in this

it is easily checked that w € 53
case.

Let z € M,. As discussed in §4.3, conditions (a) and (b) of the theorem require that
x € BfvB N B, wu"w’ B, . In particular, x must be invertible. Conditions (c¢) and (d)

of the theorem require

I'a’nk(x[p ..... ql1,..n] — 4 +1-—p 1

These conditions hold automatically for x € GL,,. Therefore, we conclude that

Prowy = BfvB! N B, wiu"wlB,, ,
[’U O:|
a double Bruhat cell in GL,,. This recovers the previously known description of T-orbits

of symplectic leaves in GL,, (cf. [15, Appendix A] for the parallel case of SL,).
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4.5. Example. We give an example to show that conditions (c) and (d) of Theorem 4.2
are typically not redundant, i.e., (4.3) is typically a proper inclusion.
Take m = n = 3, and consider the permutation matrix

000001
010000

_loo1000
W= 1000010 € M.
000100

100000

W21 W22
(a) and (b) of Theorem 4.2 require that

Write w = [wu le} as in (4.1), and note that w3ww? = wys. For z € M3, conditions

rank<x[p,...,3;l,...,q]) = rank((wQI)[p,...,3;1,...,q]) =1
rank(x[l,..,,p;q,...,S]) = rank((w12)[1,..,,p;q,...,3]) =1

for p,q = 1,2,3. These requirements boil down to x31, 13 # 0 and rank(z) = 1. It follows
that x11,x33 # 0. Consequently,

P c* C C~
By w1 B NBywieBy =sx€ | C C C rank(z) = 1.
C* C cCc*
001 010
Next, observe that w3w;; = {0 1 0} and wapw? = {0 0 1}. Condition (c) of Theorem
000 000

4.2 requires that
rank(zp,2,3,9) = 1 — rank ((wiwi)2,3,9]) = 0
rank (w1 9,3,2,3)) = 2 — rank((wgwi1)[p3,0,3)) = 1
rank(zp1,2,33)) = 1 — rank((wlwi1)pa;3) = 1.

The first equation means that the middle column of x must be zero; the other equations
follow from the previous conditions. Finally, condition (d) of Theorem 4.2 requires that

rank(a(1,1,2,3)) = 1 — rank((wa2wg) ;1)) = 1
rank($[1’2;1’273]) =2 - rank((wggwo)[l 2;1,2] ) =1
rank(z;1,23) =1 — rank((wzzwg)[z 1,2 ) = 1.

The last equation means that the middle row of x must be nonzero, while the other
equations follow from the previous conditions.

We conclude that
{ {CX 0 C* ]
Pw =qx€ |C* 0 C*
C* 0 C*
which is properly contained in B; wnggL N By wi2B5 . In fact, one can show that the

latter intersection is a disjoint union of four T-orbits of symplectic leaves, corresponding
to matrices of rank 1 whose middle row or middle column is zero or nonzero.

rank(z) = 1},
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5. A SECOND APPROACH TO M,, ,, BY RANK STRATIFICATION

As above, fix positive integers m, n, and N = m + n. We investigate the T-orbits of
symplectic leaves of matrices with a given rank ¢, which leads to a new description of orbits
of leaves, quite different from Theorem 3.9.

5.1. The set of rank ¢ matrices. Fix a nonnegative integer ¢ < min{m,n}, and set

(5.1) O,"" ={x € My, | rank(z) = t}.

If x € O", then z € P, for some w € Sj%(wg,wg") (Theorem 3.9), and Corollary 4.3
shows that P, C B;nglB;{ for some partial permutation matrix ws; € M,, . Clearly
rank(ws1) = rank(x) = t, whence B wy1 BX C 0", and so x € P, C O;"". Therefore,
O;"™ is a union of T-orbits of symplectic leaves. Note that when w € Sy is written in the

form [Z; Z;z} as in (4.1), we have

rank(wo1) = |w ({n+1,..., N} N {1,...,n}.
Hence, we define
52) SR = {we SR ) | lw ({n+ 1, , NN {1,...,n}| = t},
so that we can state

(5'3) O;n7n — |_| Pw .
wesz e ey

This statement invites us to view the matrix affine Poisson space M,, , as stratified by

matrix rank, and to analyze the T-orbits P,, of symplectic leaves with special attention

to their matrix ranks. This analysis, carried out in the present section, leads to new

descriptions of the orbits P,,.

5.2. O;"" as a Poisson homogeneous space. Under the natural action of the group
G = GLy, x GL,, on M, ,,, given by (a,b).z = axb™!, the set O;"" is the G-orbit of the
matrix

mmn I Ot n—t
(5.4) I = Om—tt Om—tn—t
Thus, O;"" is a homogeneous G-space. However, the action of G on M,, ,, is not a Poisson
action for the standard Poisson structure on GG. To remedy this, we take

G =GL,, x GL; = (GL,,,7™) X (GL,, —7"),

where 7™ and 7" denote the standard Poisson structures on GL,, and GL,, (recall §1.4).
With this change, the action G X My, ,, — M, , is a Poisson action, and therefore O;""
is a Poisson homogeneous G-space.
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Since the Poisson bivectorfield 7™ vanishes at I;"", Theorem 1.8(a) shows that the
Poisson homogeneous G-space O™ is isomorphic to (G/Q}"", 7¢/@""), where

¢ = Stabg (L")
o ~{([s &].[2 &)

(Note that q;"" = Lie(Q;"") can be described in the same manner as (5.5).) Thus, we can
apply Theorem 1.10 to compute the T-orbits of symplectic leaves within O;"". We sketch
the steps in this subsection, leaving details to the reader. When we compare the results
with those of Section 3 (see Theorem 5.11), we will obtain an independent derivation, as
a corollary of Theorem 3.9.

Write g = gl,,, x g} for the Lie bialgebra of G. Because of the appearance of g} in the
second factor of g, we use the negative of the Killing form (—, —) on that factor. Thus,
the bilinear form to be used in g is given by

a€ GLy, be My, c€ My_yy,
dy € GLy,_4, dy € GL, 4 '

((71,72), (y1,92)) = (T1,91) — (22, ¥2),

and the corresponding form on the double D(g) = g @ g (recall (1.6)) is given by

<(ZL‘17132,.1,‘3,.’L‘4), (y17y27y37y4)> = <I1,y1> - <J§2,y2> - <3337?43> + <x4,y4>.

The duals appearing in the Manin triples (D(G), A(G), F) and (D(g), A(g), g*) (recall
(1.4) and (1.5)) take the forms

(5.6) F={(a,b,a ;b7 |a €Ty, be T, } (N x N x N, xNJ)
and
(5.7) 0" = {(z,y, =2, =) | © € hrn, y € b} + (0, x nf xn xny),

where we have written Nli for the unipotent radical of Bli to avoid conflict with the
notation (3.3).

In view of Theorem 1.8(b), the Drinfeld Langrangian subalgebra corresponding to the
base point I;" in the present situation has the form [[*" = diag(q/"") @ (q7"")*. Asis
easily computed, [["" consists of those 4-tuples

([5 5]l &10% k)= 2])

gly, Mg m—y gl 0 gly Mgy gl 0
E{O 9[m—t}X[Mn—t,t gl “1o ol % Mp—1v gl
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such that a1 = ag, a3 = ay, di = ds, and ds = dy. Now [["" = Lie(L;"") where the

algebraic subgroup L;"" C D(G) can be described in the same manner; we write it as
follows:

o ={([% &) [a 20 &) (2 4))

bi,bo € My i, 1,62 € My_y 4, di € GLpy—¢, do € GLn—t}~

ay,az € GLy,

We now apply Theorem 1.10, and conclude that the T-orbits of symplectic leaves in
O;"™ are the irreducible components of the sets

(5.9) PL={rI""ry | (r1,72,71,70) € (B x BY x B, x B, )oL""},

for 0 € G x G. In fact, as we shall see later (Corollary 5.12), each P. is a single T-orbit of
symplectic leaves. Thus, each P! is irreducible; we leave it to the reader to seek a direct
proof for this fact.

Next, an application of Theorem A.1 shows that a complete, irredundant set of repre-
sentatives for the (B} x B x B, x B,), Ly"" double cosets in G x G is given by

2 1 1 2
(5.10) St x S5t % St % St

Thus, we analyze the P! for o in the set (5.10). In particular, we shall find a criterion for
PL to be nonempty (see Proposition 5.5).

S? : ! sz :
5.3. Lemma. Let o = (y,v,2,u) € S;" " X S2t % Sht x Sam=t. Then PL consists of all
matrices 11 I} "ry * for 11 € GLy, and ry € GL,, such that

(5.11) Tl:b?y:bf”_z[g Ini)—t} (b € B, b € B}, b5 € B,,, b, € B,
ro =bjv=bsu [Ccl ]noit} a€GLy, b€ My, ¢ € Mp_y4).

Proof. First, consider a matrix x = rI;""r; ", where r; € GL,, and ro € GL, satisfy
(5.11). Then

S 0
(r1, 2,1, m2) = (07,05 b5, b7) (9,0, 2,0) (Im, Lo |6 12, ¢ ]ntD
€ (B} x Bf x B, x B, )oL{"",

whence z € PL.
Conversely, if € PL, then x = r1I;""r; ' for some 71 € GL,, and 75 € GL,, such that

b 01 ;- b - 0
(T‘l,T‘Q,T‘l,T‘Q) = (b;ry |:%1 di] , b;rv [g; dg} s b3z [%2 d?i| , b4u [zs d2i|>’
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where b € Bt by € B, b; € B,., by € B,,, and the a;, b;, ¢;, d; satisfy the conditions

—1 -1
of (5.8). Set s1 = [%1 Zi] and sp = [Zi ;2} , and observe that (s1, s2,51,82) € L;"".

Hence, the 4-tuple (r1s1,7r282,7181,7282) lies in (B, x Bf x B; x B, )oL;"". Since
siI""sy = I, we have © = (r151)I;"" (r252) !, and so we may replace (r1,72,71,79)
by (r1s1,7282,7181,7r282). Thus, there is no loss of generality in assuming that

_ b - 0
(7‘1,7’2,7’1,7’2) = <b;ry7 b2+U7 b3 z [8 Im—t:| ’ b4 u |:CCL Inti|)

for some a € GL;, b € My ¢, ¢ € M,y Now 11 and rg satisfy (5.11), and the proof is
complete. [

1 2
5.4. Recall that the sets S;?t and S,f"—t of minimal length coset representatives for the
subgroups S} and S2_, of S,, can be described as follows:

St = fue S, |ull) < - < ut)

St = {ve Sy |v(t+1) < <o)l

Lemma. (a) Ifv € S;ftl, then v [Bofi Io_t] C Bfw.

2
(b) Ifu € SS”’t, then u [Iot B(i)

n—t

} C Biu.

Proof. The lemma follows at once from the fact that for given a Weyl group W and a
subgroup W; generated by simple reflections for a subset I of simple roots, an element
w € W belongs to the set W"W7 of minimal length representatives of the cosets in W/W7
if and only if w(«) is a positive root for any « € I, cf. [3, Proposition 2.3.3]. O

. S2 ! S sz
5.5. Proposition. Let o0 = (y,v,z,u) € Sp" ™" X Spt X Spf x Sp"~". Then

(5.12) Pl = U (BhyBnBLer)."" . (r'Byu B, nv 'B}).

TES}
21y, v”rflgu

Further, PL # & if and only if 2 <y and v < u.

Proof. By Theorem 2.4 and Proposition 2.2, BYyB™ N B~ z7 is nonempty if and only if
21 < gy, and similarly B~u~'B~ N 7v~!B* is nonempty if and only if v7=! < u. Hence,
the union in (5.12) can just as well be taken over all 7 € S}.

Now assume for the moment that (5.12) has been proved. If z < y and v < wu, then
the intersections BTyB+* N B~z and B~u~!B~ Nv~!B* are both nonempty, and (5.12)
yields P! # @. Conversely, if PL # @, then because of (5.12), there is some 7 € S} such
that both BtyBt N B~ 27 and 7~ !B~ u !B~ Nv~!BT are nonempty, whence 27 < y and
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vr~! < u. But since z € S}S;fl and v € Sﬁg, we see that z < z7 and v < v7~!. Therefore
z <y and v < u, and the final statement of the theorem is proved.

It remains to prove (5.12).

If € P!, then x = riI""ry ! for some r; € GL,, and 5 € GL,, satisfying (5.11). By
the B; , B;” Bruhat decomposition in GL;, we have a = a~7(at)™! for some a® € B;t

+ -1 + —
and 7 € S;. Set 51 =1 [ao Ia b] and sg = 79 [a 0 ],So thatm:slftm’"821 and
m—t

O In—t

1 _
slzbfy[mL —a b]:bgz[aoT 0 ]

+ —.fa 0
52 = b;'v [ao Ino—t] - b4 v [(éa,‘z Infti| '

It follows that s; € B yB; and sy € B, uB, 7, where we now view 7 € S} C S,,. Since
a0

1
z € S;qf, Lemma 5.4 implies that z[ o1
m—t

} € B, z, whence s; € B, zr. Similarly,

at 0

1
v E S;ft implies that v [ 07
n—t

} € B;tv, whence sy € B;fv. Thus,
x=s51""s;" € (B;QyB;Q N B;ZT).]Zn’n.(TilBguilB; N UﬁlB:{).
Conversely, let € M,, ,, be a matrix such that
z € (BYyB) N B, zr)."".(r7'Bu" ' B, Nv 'B})

for some 7 € S}. Then z = rI;""r; ' where

b - - 0
rlzbfy[%l di]:b327— r2:b4u[ﬁ§; d2]:b§rv

where bf € B}, by € B}, by € B,,, by € B, while a1 € B, as € B, b1 € My 5,4,

n

2
co € My_44, dy € B} _,, dy € B, _,. Since y € Sim_t, Lemma 5.4(b) implies that
by

I, 0
Y [Jdl} € By, and so r; = Gy [aol Lo

5.4(a) implies that v [al 0 ] € Blfv, and so r, = 5w [al 0 ] for some 35 € B;.

1
t} for some 3] € B;t. Since v € Sft, Lemma

0 In—t 0 In—t
.. . _ ast O . _ ast O _ _ _ _
Similarly, v = (5 z[ 0 Im_t] and ro = B, u [ o, Infti| for some 85 € B,,, B, € B,,

and ¢4 € M,,_,. Consequently,

(7”1,7”2,7”1,7”2) = (5;%@;%5372;54710) ([aol I,il_t] ) [aol Jno,t} ) [U%T Iw?,t] ) [af’; Jno,tD
€ (B} x B x B, x B, oLy,

and so x € P.. Therefore (5.12) holds. [
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5.6. In view of Proposition 5.5, the following set indexes the nonempty P::

2 1 1 2
(5.13) 27 = (g, 0, 2,u) € St X St X St x St | 2 <y, v <ul).

In order to match the P! with appropriate T-orbits P,, of symplectic leaves, we need a

bijection between X" and the index set S]%(w‘?’w;n) [t] defined in (5.2). Recall from (3.24)
and Lemma 3.12 that

Z(wng;n) — m-+n [_nam]
SN =w, " Sy .

Hence, we define

—n,m m4n o= (wg ,wg")
pagy  Smia = eSS
={we S][V—n,ml |lw ™ ({1,....m}) n{L,...,n}| =t},
so that S]%(wg,w;")[t] = w?*”Si,:f;Lm] [t]. It is convenient to first construct a bijection
- S,[;f;bm] [t]. To describe that, we will need the matrix I,"" € M,,, and the

analogous matrix I;""" € M, ,,, as well as

(5.15)  Jm = [On?ttt 0};;”?] € M, JP = [OnOttt 0}::’*} € M,.

5.7. Lemma. Let u,v € S,.
2
(a) Ifu € Sont and v < u, then v(j) > u(y) forj=t+1,...,n.
(b) Ifv e Sy and v(j) > u(j) forj=t+1,...,n, then v <w.

Proof. First consider subsets U,V C {1,...,n} with |[U] = |V|, and let U and V denote
their complements in {1,...,n}. We claim that V < U if and only if V > U.
Assume first that V' > U. Label the elements of the four sets in ascending order:

U={u < - <wu} V={v<-<uvu}
U={iy < < lpyr} V={t1 < <Op_p}

We have v; > u; for all 4, and must show that v; < u; for all j.

Consider the interval L = {1,2,...,v; — 1} for some j < r. Since L contains exactly
Jj — 1 elements of V, it contains the first v; — j elements of V. So for i = 1,...,v5 —j, we
have ¥; € L and u; < v;, whence @; € L. Thus, L contains at least v; — j elements of U ,
and hence at most j — 1 elements of U. It follows that u; ¢ L, whence u; > v;. Therefore
V < U, as desired.

The fact that V' < U implies V > U follows by reversing the roles of these sets and
their complements.
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(a) By assumption, v({1,...,t}) < u({1,...,t}), and so the claim above implies that
2
v({t+1,...,n}) >u({t+1,...,n}). Since u € St , the least element of u({t+1,...,n})

is u(t + 1), and consequently u(t + 1) < v(t + 1). Moreover, u € S " fort <r <mn,and
so the same argument yields u(r +1) < v(r+1) for t <r < n.

(b) Our assumption implies that v({t + 1,...,n}) > u({t + 1,...,n}), and so the
claim above yields v({1,...,t}) < w({1,...,t}). Since v(1) < ---,v(t), it follows that
v({1,...,7}) < wu({l,...,r}) for r = 1,...,t. Moreover, for r = t,...,n — 1, we have
v({r+1,...,n}) > u({r+1,...,n}) and the claim yields v({1,...,7}) < u({1,...,r}).
Therefore v < u. 0O

5.8. Partial permutations. Just as with permutations (cf. §3.1), we view any partial
permutation matrix w as both a matrix and a function (a bijection from its domain to its
range). Write dom(w) and rng(w) for the domain and range of w; then the matrix form of
w has a 1 in position w(j), j for each j € dom(w), and a 0 in all other positions. Observe
that w' is the inverse bijection, from rng(w) to dom(w).

5.9. Proposition. There is a bijection ¢ : 3" — Sm+n ™1 given by
(5.16) oty = [PV T v
: ERNES .
Y uJPo~! ul{"™ 2" ™

Proof. Let (y,v,z,u) € 3;"", and let
wyp w
vy = [ 22],

where the w;; stand for the blocks shown in (5.16). Since w can be expressed in the form

_ wdy O] et Jgm [U—l 0 }
v [0 [Jt Lo 2wy

it is clear that w is a permutation matrix, which we identify with a permutation in Sy in
the usual way. Observe that

lw™ ({1,...,m}) N{1,...,n}| = rank(wi1) = t.

By Lemma 5.7(a), 2(j) > y(j) and v(j) > u(j) for j > t. Thus, worv(j) = u(j) < v(j)
for 7 > ¢, and so wo(i) < 4 for all i« € dom(wgy). It follows that w(i) < i + m for
all 4. Similarly, wiow2'z(j) = wly(j) > wi*z(j) for all j > ¢ and so wy2(i) > i for all
i € dom(wy2), whence w(i) > i — n for all i. Therefore w € g m][ t], which shows that

m+n
the rule (5.16) does define a map ¢ from ;""" to Slnfnm [t].

1
Observe that y(j) = wl'wi1v(j) for j < t. Since v(1) < -+ < v(t) (because v € Sst),
. .. . . S2
it follows that the restriction of y to {1,...,¢} is determined by wy;. But y € S, 7",
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and thus y is completely determined by wy;. Similarly, u(j) = weowl2(j) for 7 < ¢ and

z(1) < --- < z(t), whence the restriction of u to {1,...,t} is determined by wss. Since
SsZ_, . . .

u € Sp""", it follows that u is completely determined by was.

For j =t+1,...,n, we have u(j) = we1v(j) and so v(j) = wiiu(j). Since v € Snt, i
follows that v is completely determined by v and ws;. Similarly, for j =t+1,...,m, we

have wy(j) = wiaw™2(j) and so z(j) = wwiHwy(j). Since 2 € Sm , it follows that =z
is completely determined by y and wis. Therefore, (y,v, z,u) is completely determined by
w, which shows that the map ¢ is injective.

Now consider an arbitrary element w € S ™ [t], and write

m-+n

w1 w2 wiy € My, , w12 € My,
w = , )
W1 W22 wo1 € My,  waz € My

Each w;; is a partial permutation matrix, and

dom(w11) U dom(ws1) = rng(wer) Urng(wsz) = {1,...,n}

(5.17) dom(wi2) U dom(wsz) = rg(wi1) Urng(wiz) = {1,...,m}.

Further, rank(wy;) = ¢ (recall (5.14)), from which we see that rank(wis) = m — t and

rank(wsg1) = n—t, and hence rank(wgs) = t. Sincei—n < w(i) <i+mforalli=1,..., N,
we have wy2(j) > j for all j € dom(wq2) and wey(j) < j for all j € dom(wgl)

Write the elements of dom(wi) in ascending order: dom(w;) = {v; < -+ < vt} Set
y(j) = wiwii(v;) for j = 1,...,¢, and extend (uniquely) to a permutatlon y € St
Write the elements of dom(wgg) in descending order: dom(wgs) = {21 > - > 2t} Set
u(j) = waa(z;) for j =1,...,¢, and extend (uniquely) to a permutation u € S "~*. Next,

observe using (5.17) that

uw({t+1,...,n}) ={1,...,n} \ rng(wss) = rng(ws;) = dom(ws})
rng( 1) = dom(wey) = {1,...,n}\ dom(w).

1
Hence, we can define a permutation v € S+ such that v(j) = v; for j = 1,...,t and
v(j) = wiu(j) for j =t +1,...,n. Similarly,

my({t+1,...,m}) ={1,...,m} \ rng(wy;) = rmg(wy2) = dom(w?})

W (g (wih)) = w? (dom(wiz)) = {1,...,m} \ wl (dom(wss)),
1
and so we can define a permutation z € Sat such that 2(j) =wy(z;) for j =1,...,t and
2(j7) = wlrwibwmy(j) for j=t+1,...,m
s; St st s .
We have now defined (y, v, z,u) € Spy" ™" X St X Syt x Sp," 7" For j=t+1,...,m, we

have
Y(J) = wg'wipwy 2(j) < witwg'z2(j) = 2(j),
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and so z < y by Lemma 5.7(b). Similarly, u(j) = woiv(j) < wv(j) for j=t+1,...,n, and
so v < u. Thus, (y,v,2,u) € L7"". Finally, we analyze the domains and actions of the
four components of ¢(y, v, z,u), as follows.

why "yt domain = v({1,...,t}) = {v1,...,v:} = dom(wi1)
v; = v(j) = wg'y(j) = wi1(vy)
wyJm e ™ domain = w?z({t + 1,...,m}) = rng(w!}) = dom(w;z)

w'z(j) = wy'y(j) = wigwl 2(4)

uJo™t

domain = v({t +1,...,n}) = rmg(wl}) = dom(wa;)
v(j) = u(j) = warv ()
o domain = w)'z({1,...,t}) ={z1,..., 2t} = dom(wa2)

zj = wg'2(j) = u(j) = waa(2).

ulP™ 2w

This shows that ¢(y, v, z,u) = [5; z;z] = w, and therefore that ¢ is surjective. [
5.10. Corollary. There is a bijection X" — S]%(wg’w?)[t] given by
(5.18) ( ) N ) wluJo™t wulP" 2T ™ -
: LU, Z,U) — W, U, 2,U) = :
Y Y yl"" vt yJm ™

We are now ready to state and prove the main theorem of the section. The description
it provides of orbits P, of symplectic leaves requires a union involving more than one set
in general (see Example 5.14). For a class of cases in which only a single term is required,
see Theorem 6.1.

5.11. Theorem. Let w € Sl%(wj},wg”)[t] (recall (5.2)). Then w = wTt"¢(o) for a unique
4-tuple o = (y,v, z,u) € X" (recall (5.13)), and

(5.19) P, =P = U BhyBhnBLer)."" . (r7'Byu™ By nv ' BY).

TES,
217y, vr~ ! <u

Proof. The existence and uniqueness of o are given by Corollary 5.10, and the second
equality in (5.19) by Proposition 5.5. It remains to prove that P, = P., for which we
shall use the description of P given in Lemma 5.3.

Observe that, in block form, w = [“E)g IO ] s [Ig wom }, where

[ uJv1 uIt”’mzl}
S =

gLt e
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Hence (recall (3.18)), P,, consists of those matrices x € M,, ,, such that

FRATC A A AT IS

(5.20) [B: M . Bt My
| 0 B 0 B, |
If x € M,,,, satisfies (5.20), then
o PT_Ja /] wJfoTl ol [ /2]
(5.21) [IIJ Ly | — yI""omt yJgmet V2

(1 € B, as € B, y1 € B, 72 € By, 81,82 € My ).
Set b= u_lal_lﬁly € M, m, and rewrite (5.21) in the form

I, = aqu(JP + b v Ty
0= aqu(Jiv _1ﬂ2 + I 2 ) 4+ aqub (I "0 By + T2 )
z=myl""v s

I, = ny(I™ "v_lﬁg + Iz ).

(5.22)

Multiply the first equation of (5.22) on the right by a;'vJ? and by a; 'vI]"", and the
fourth on the left by I;"™y =147 and by J™y~'y; !, to obtain

—1 n __ n n,Mn
oy vy = aqud; oy "I = ajubl™

(5.23) 1 T .
I~ yl’Vll—It’UlﬁZ Jty " :Jtz Y2-

Adding the two equations in each row of (5.23) yields
(5.24) oy v = aju(Jr 4+ bI™™) y Iyt = 1T By + Ty,

Now substitute the second equation of (5.24) into the second equation of (5.22), and
multiply on the left by I;"""u~ a1 , to obtain

(5.25) Iy + Iy Iyt = 0.

The last equation of (5.23) combines with (5.25) to yield z =1y, = (J* — I[""b)y 47 1,
and consequently

(5.26) My =3 (I = I").



42 K. A. BROWN, K. R. GOODEARL, AND M. YAKIMOV

Write b = [Z; Z;z] € [Mnth,t Mj\ji:';it] Since, as we see from (5.26), the matrix
J =L = [72“ ;bi} is invertible, b1; € GL;. Now set
— — A1 m mmnyy . —1_ [—bi1  —bi2
r=mny =7 2(J" L0 =7, 2 0 it
(5.27) b o
re = ag v = aqu(JP +bI"") = aqu [b; In—t] :
Since z [_Olt Lit} € 2T, = Tyz, we have r; € B, 2 [bél Ifnl:]' Thus, r1 and ro satisfy

(5.11), and so = vyl v ray = 1 IV ry ' € PL.
~I, ©

Conversely, if z € P!, then, making use of the relation z [ 0 1.,

} € T,,z as above,

x=rI]""ry" where

—b11  —bio b11 0 }

(5.28) rmi=my=1; "2 [ 2= O‘2_1U - o [b21 y -

m—t

(1 € B}, 2 € B,,, a0 € B, a1 € B, , b11 € GLy, b1 € My, a1 € My_y ).
In particular,

(5.29) r=yyl;""v  ay.

Set b = [lb’; b(lf] € M, n; then (5.28) can be rewritten as

(5.30)  m=my =7 2(J - L") ry = oy v = aqu(JP 4+ bIM").
The first equation of (5.30) implies that

(5.31) e = (= I by

The second equation of (5.30), together with (5.31), yields

(5.32) oy ol = ajud) oy oI = aqublM"
. Jry iyt = Jme .

Now set 1 = aquby™! and B2 = —asaqu(L;"™ +bJ™) 2" v in M, ,,. From (5.32) and
the definitions of (3; and (2, we get

5.33 arud 4+ Byl an = (g oI + a Lol ay = I,
t t 2 t 2 Uiy
which implies

(5.34) ay v = aqudl + Pyl = aqu(J) +bIM"),
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as well as
(5.35)  (ruJ + Buyl{" ™Mo By + (aqul"™ 4 PryJ)z " e =
az_lﬁg + au(I"™ + thm)z_lﬂyg =0.

Note that (5.34) implies that v~lagaiu = (JP + bI;"")~!, and so, from (5.31) and the
definition of (32, we have

I By = =1V (T 4+ b)) TP b I (I — I )y

_ _mmn[bnn 0 17'15 b —by1 —bi2] . -1 -1

(5.36) =1 [521 IH] [ot (1)2H 0 Im_t]y T
=1 —b 0 1 mom -1 —
:_{bbl Om_?n_tH 0" Oppe | YT = T

Consequently, with the help of (5.32), we get
(5.37) Ny By + I ) = (I y T+ Iy ) = I

Combine (5.33), (5.29), (5.35) and (5.37) to see that (5.21) holds, whence (5.20), and
therefore x € P,. [

Theorem 5.11 verifies the main conclusions of §5.2, as follows.

5.12. Corollary. The T-orbits of symplectic leaves within O;"" are precisely the sets P
(recall (5.9)) for o € X" (recall (5.13)).

Proof. Equation (5.3), Corollary 5.10, and Theorem 5.11. [

5.13. Example. We recalculate Example 4.5 from the viewpoint of Theorem 5.11. Here
m =mn =3 and t = 1. Via the proof of Proposition 5.9, one finds that the unique 4-tuple
o= (y,v,z,u) € Ei”?’ such that wé¢ (o) = w is given by

010 100 100 010
(y,v,z,u) = ({001] , {00 1] , {010] , [00 1]) .
100 010 001 100
Since St consists only of the identity, Theorem 5.11 yields
(5.38) Pw =Pr = (ByyBy N By 2).1y".(Byu ' By Nv™'BY).
It follows from Proposition 4.1 that
BiyBf = {z € GL3 | x31 # 0 and rank(z23.1,9)) = 1},

and consequently (since z is the identity)

C* 0 0
(5.39) BjyBy N By z = {90 € [CX C* 0 } rank(z(2,3;1,2]) = } '
c* Cc* C*
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On the other hand,
Bgu_lBg ={x € GL3 | r13 # 0 and rank(a:[172;2,3}) =1},

and so
e 1t 4. [Cx C C c*< 0 C*
(5.40) Byu By Nv 'Bf =B;u ByN|l 0o 0 C*|=]0 0 Cx]|.
0 C* C 0

We conclude from (5.38), (5.39), and (5.40) that

C*x 0 0o][cx o cCx C* 0 C*

Pw=1C* 0 0 0 0 0 |=qrz€|C* 0 C*

C* 0 0 0 0 O cC* 0 C*

as calculated in Example 4.5.

Next, we offer an example in which the union in (5.19) runs over two disjoint nonempty
sets.

5.14. Example. Define o = (y,v,z,u) € 23’3 as follows:

001 100 100 001
(y,v,z,u) = ({100] , {010] , {010] , [100}).
010 001 001 010
010
The nontrivial element of 5'21 can be given as 7 = {1 0 0}, and we observe that z7 < y and

001
vr~! < u. Next, we calculate that

Bg—yB_'_ {CE c GLg | r31 = 0 x21,X32 7é 0}
Byu 'By ={x € GLs | 213 = 0; z12,223 # 0},

and consequently

P 3 Cx 0 0 P R C* C* o0

BfyBf NByz=|C* C* 0 Byu "By N By=|0 C*x C*
0o C* C*x 0 0 C*
0 C* 0 c*x C cC*

BgryB;ﬂBgm': {(CX C 0 ] T_IB3U 133 N lB;: [ 0 Cx 0 ]
0o C* C*x 0 0 C*

Thus, we find that
(BfyBf N By 2).Iy°.(Byu By Nv™'BY)

cC* 0 0][C* C* o CX CX 0
=|C* C* 0 0 C T € Cx rank(z) = 2
0 Cx 0JLO (CX Cx
(BfyBi N By 27).15° (17 By u 1B mrlB;
o cx C CX 0 C* 0
= Cx 0 cx C Cx|.
0 0 0 0 C* 0

The union of these two disjoint sets equals 732_.
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6. ROW- AND COLUMN-ECHELON FORMS

We show that, up to Zariski closure, the T-orbits of symplectic leaves in M, , are
matrix products of orbits with specific row- and column-echelon forms. Further, the quasi-
affine varieties of matrices with fixed row-echelon (or column-echelon) forms are unions of
orbits of symplectic leaves of a particularly nice form. Throughout the section, overbars
will denote Zariski closures within matrix varieties. As in Section 5, we fix the positive
integers m and n as well as a nonnegative integer ¢ < min{m,n}, and we concentrate on
T-orbits of symplectic leaves within O;"" (recall (5.3)).

Recall (§3.9) that the action of T" on M,, , is given by viewing T = T,,, X T}, and letting
(a,b).x = axb~! fora e T,,, beT,, and = € M, . We shall use the analogous actions of
Ty, x Ty and T x T;, on M,, ; and M, ,, respectively.

6.1. Theorem. Let w € S]%(w‘?’w?)[t] (recall (5.2)), write w = wTT"P(c) for a unique
o= (y,v,z,u) € X" (recall (5.13)), and set

Cy.» = (BhyBt N B, 2).I,"" C My,

6.1
( ) Ru,v = If’n-<B;U_1B7; N ’U_lB;{—> - th.

Then Cy . (respectively, Ry ) is a (T, x Ti)-orbit (respectively, (Ty x T,)-orbit) of sym-
plectic leaves within M, ; (respectively, M, ), and

(6.2) Cy,zRup € Puw CCy - Ruw-
In particular, Py, = Cy,2Ruv-

Proof. We have Cy, ,. Ry, C Py by Theorem 5.11 (take 7 =1 in (5.19)).
Next, viewing (y, 1, z,1) as an element of Z?’t, we see by Theorem 5.11 that

(6.3)  Ply1.1) = (BLyBL N BLz) I (B NBf) = (BLyB} N B,z) I/ =C, ...

Thus, Cy . is a (T}, x T})-orbit of symplectic leaves in M,, ;. Similarly, R, , is a (T} x T}, )-
orbit of symplectic leaves in M; ,. In particular, it follows that their closures Ey,z and
ﬁu,v are Poisson subvarieties of M,, ; and M, ,, stable under the respective tori 7T}, x T}
and T; x T,,.

Let p: My, + X My 5, — My, 5, denote the morphism given by matrix multiplication, and
observe that p is a Poisson map. Since Cy . X Ry, = Ey,z X ﬁuﬂ, (e.g., [25, Corollary to
Theorem 28, p. 45]), we have M(EW X ﬁu’v) C Cy.2. Ry,»- Moreover, as Ey,z X ﬁu’v is a
closed Poisson subvariety of M,,; x M;,, the closure Z of ,u(ay,z X ﬁu,v) is a Poisson
subvariety of My, , and Z C C, .. Ry . Note also that if the action of T}, x Ty x T} x T},
on My, s x My is restricted to T5, x (1) x (1) x T;, = T', then p is T-equivariant. Since
Cy,> X Ry is T-stable, it follows that M(Ey,z X ﬁuw) is T-stable, and thus Z is a T-stable
subvariety of M, .

Now Cy .. Ruyn € Pw N Z, so that P, N Z is nonempty. Choose a € P, N Z and let £
denote the symplectic leaf containing a; then P, = T},,.L.T;,. On the other hand, as Z is a
T-stable closed Poisson subvariety of M, ,, it is a union of T-orbits of symplectic leaves.
Consequently, 7T),.L.T,, C Z, and therefore P,, C Z CCy .. Ry,». U
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6.2. Remark. Theorem 6.1 can be interpreted as a tensor product result concerning prime
Poisson ideals in coordinate rings, as follows. First, note that the ideal P, defining the
T-stable closed Poisson subvariety P,, C M,, n is a T-stable Poisson ideal in O(M,, ),
where the action of T on O(M,, ) by automorphisms is induced from the T-action on
M, ., in the usual way. It can be shown that P, is a prime ideal, and that all T-stable
prime Poisson ideals of O(M,, ) have this form. Similarly, the defining ideal of Ey’z
(respectively, R, ) is a (T, x Ty)-stable (respectively, (T} x T,,)-stable) prime Poisson
ideal P, . C O(My, ) (respectively, P, € O(M;)). The statement that P = Cy.z-Ruw

is equivalent to the statement that P, equals the kernel of the homomorphism

*

O(Mmm) M—> O(Mm,t) ® O(Mt,n) M) (O<Mm,t>/P ,z) ® (O(Mt,n)/PU,v)7

where p1* is the comorphism of the matrix multiplication map from M, ; X M; , to M, ;.
Consequently,

Py = ()" ((Py,z ® O(My)) + (O(Myp 1) @ Pu,v))-

Such tensor product decompositions were proved to hold for T-stable prime ideals in the
generic quantized coordinate ring of n x n matrices, O4(M,,), by Goodearl and Lenagan
[13, Theorem 3.5]. Their development can be used, mutatis mutandis (e.g., by replacing
additive commutators with Poisson brackets), to prove results of the type above. (While
that route only gives information about closures of T-orbits of symplectic leaves in M, ;,,
it does have the advantage of working over an arbitrary base field of characteristic zero.)

6.3. Column-echelon and row-echelon forms. We next wish to observe that the sets
Cy,» and R, , in (6.1) consist of matrices with a single column-echelon (respectively, row-
echelon) form. Note that to specify a particular column-echelon form for rank ¢ matrices
in M, +, we just need to specify the rows in which the highest nonzero entries of columns

1,...,t occur; column-echelon form requires that the list of these row indices is strictly
increasing.
Let Inc;" denote the set of all strictly increasing sequences in {1,...,m} of length ¢,
that is,
Inci* = {e=(e1,...,e;) €{1l,....,m} |er <--- < e},

and define Inc}’ analogously. For r € Inc;" and ¢ € Inc}’, define

64 Cl'={acMp:|ar; #0for j=1,...,t and a;; = 0 when 7 < r;}
(6:4) Re={ae€ My |ai, #0fori=1,...,t and a;; =0 when j < ¢;}.

For example,
p 0o ¢Cx C C C C
Ripaspy=10 0 0 C* C Cf,
0o 0 0 0 C* C

the variety of 3 x 6 matrices in row-echelon form with pivot columns 2, 4, and 5.
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Consider a permutation z € S}S;L’}. Then z(1) < --- < z(t), whence r = (2(1),...,2(t))

.. . . S2 .
lies in Inc;". Given an accompanying y € Sy, " with z <y, we thus see that

(6.5) Cy. C B 21" =Cm.

1 2
Similarly, if v € S5 and u € Sﬁ"’t with v < u, then ¢ = (v(1),...,v(t)) € Inc;" and
(6.6) Ruw C IV v 1B =R2.

The inclusions (6.5) and (6.6) exhibit orbits of symplectic leaves contained within C;”* and
R7, indexed by the following sets.
For r € Inc}" and ¢ € Incy', define

(6.7) Yt = {(y, 2) € St x S;gfl | z<yand 2(j) =r; for j=1,...,t}

YL = {(u,v) € Sg”_t X S,ftl |v <wand v(i) =¢; fori=1,... t}.

(There is no ambiguity in this notation in the one overlapping case, namely whenm =t =n
and r = ¢, since then r = ¢ = (1,2,...,t) and so z = v = 1.) We now show that the orbits
of symplectic leaves indexed by X! and L™ cover C and RY, as follows.

6.4. Theorem. Ifr € Inc;", then C]7 is a disjoint union of (T,, x T})-orbits of symplectic
leaves of M, +, indexed by X1, as follows:

(6.8) cr= || (BLyBLnB,z).I"M"
(y,z)exyi™t

Proof. Recall from (6.3) that C, , = Pfy 121y for (y,2) € ¥t where each (y,1,2,1) is

viewed as an element of Z;n’t. Hence, the sets C, . are (T}, x T})-orbits of symplectic
leaves of M,, :, and they are pairwise disjoint. Further, (6.5) shows that each such C, .
is contained in C;'. Thus, C* contains the disjoint union displayed in (6.8), and it only
remains to prove equality.

Given a € C)', note that rank(a) = t. By Theorem 3.9 and equation (5.3), a € P,, for

’r;5 Y
> (ws,w")

some w € S;,\, [t]. Now apply Corollary 5.10 and Theorem 5.11 (with n = t), to get
1
w = w™ttP(c) for some o = (y,v, z,u) € L7"" and P, = P%. Note that since v € Stst, it

) ) . _ | W11 W12
must be the identity. Write w = [w21 Wa2

(5.18) that wwibw! = 2I7"*u~". Hence, Corollary 4.3 implies that

o —

] as in (4.1) (with n = t), and observe from

(6.9) Pw C B2 u"'B; .

Let s € M,,; be the (unique) partial permutation matrix such that s(j) = r; for
7=1,...,t. Then

(6.10) C™ = B, s C B sB; .
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From (6.9) and (6.10), we obtain B, zI;"'u='B; N B, sB; # @. Since zI]"'u~"! and
s are partial permutation matrices, it follows that 2I;" tyml = s (See §7.1 below for
more detail.) In particular, su(j) = 2(j) for j = 1,...,¢t. Since s(1) < --- < s(t) and
z(1) < --- < z(t), it follows that u(1) < --- < u(t). But u is a permutation in S;, and so
uw=1. Thus, o = (y,1,2,1), whence P, = P, = C, . by (6.3). Moreover, z(j) = s(j) =r;
for j =1,...,t, whence (y,z) € 2.

Therefore a € Cy , C C;"*, and the proof is complete. [

6.5. Corollary. If c € Inc}', then R} is a disjoint union of (T} x T, )-orbits of symplectic

leaves of My, indexed by 3L™, as follows:

(6.11) Re= || I".(Byu'B,nv'B).

C
(u,v)EDL™

Proof. Note that matrix transposition provides a Poisson isomorphism from CJ onto R.
Moreover, this map sends (7}, x T})-orbits to (T} x T, )-orbits. Note also that the transpose
of a permutation matrix is its inverse. Therefore, (6.11) follows from (6.8). O

7. GENERALIZED DOUBLE BRUHAT CELLS

7.1. Bruhat decompositions in M,, ,,. In the theory of reductive algebraic monoids (cf.
[26]), the role of the Weyl group is taken over by what is now called the Renner monoid.
In the case of the algebraic monoid M,,, the Renner monoid is naturally identified with
the monoid of all n x n partial permutation matrices, that is, 0, 1-matrices with at most
one nonzero entry in each row or column [26, pp. 326-7]. The Bruhat decomposition of
a reductive algebraic monoid M corresponding to any Borel subgroup B of the group of
invertible elements of M partitions M into Bruhat cells BwB where w runs through the
Renner monoid [26, Corollary 5.8]. Thus, for any Borel subgroup B of GL,,, the monoid
M, is a disjoint union of Bruhat cells Bw B, where w runs through the partial permutation
matrices in M,,.

As is well known and easily checked, the above Bruhat decomposition of M,, holds for
the rectangular matrix variety M,, , as well. Namely, if gm,n denotes the set of partial
permutations in M, ,, then

(7.1) Muyn= || BhwBi= || B,wB,.

WESmm . n WES . n
Consequently, M,, , is also the disjoint union of the generalized double Bruhat cells
(7.2) BYv"2 = Btw, B N B, wyB,,

for wy,wy € S’Jm’n. The latter generalize the standard double Bruhat cells for GL,,, which
are obtained when n = m and wy,ws € S, C Smem.

Each double Bruhat cell B¥*2 is a locally closed subset of M, , because it is an
intersection of two orbits of algebraic groups. As is surely well known, B**"2 is also
smooth and irreducible, but we could not locate a reference in the literature. We indicate
in Proposition 7.2 and Theorem 7.4 how these properties follow from our results.
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7.2. Proposition. Let wy,wy € §m,n.
(a) The generalized double Bruhat cell B***2 = Bt wB;" N B, wsB;, is nonempty if

. . > n m n, tr, m
and only if there exists some w € Sﬁ(w" ws') of the form w = [Uj W wj wg ]
1

(b) When B***2 is nonempty, it is a smooth locally closed subvariety of My, ,, which is
in addition a T-stable complete Poisson subvariety. In fact,

w1 ,w M, wlwiw™ >(wlwl
(73) Bt 2:|_|{’Pw‘we[w1 w]Z\Ufmw ]QS;( )}

Proof. The smoothness of BY*"2 in the case when it is nonempty can be obtained as
follows. First, note that the Bruhat cells B w;B;" and B, wsB, are smooth, because
they are orbits of the algebraic groups B;) x BY and B, x B, . Secondly, B¥1%2 lies
within a single GL,, x GL,, orbit O™ in M,, , for the action (g1,g2).m = gimgy ", cf.
§5.2. Now the intersection of B;fw;B; and B, wyB, in O;y"" is transversal because the
Lie algebras of B, and B, span gl,,, hence B¥**2 is smooth.

The rest of the proposition follows from Corollary 4.3 and Theorem 3.9. [

We will describe the partition (7.3) in terms of the T-orbits of symplectic leaves P
(recall (5.12)) more explicitly in Theorem 7.4 below. Additional criteria for B2 to be
nonempty are given in Theorem 7.4 and Corollary 7.7.

For the remainder of this section,

Fiz a nonnegative integer t < min{m,n},
and let §j§1n denote the subset of §m7n consisting of partial permutations of rank ¢.

7.3. Lemma. FEvery partial permutation in gfnn can be uniquely represented in the form

(7.4) yI" "ot

S2 S; sz ‘ ,
for somey € S and v € Sp,' "7, and also uniquely in the form

(7.5) 2
5132 52
for some z € Sy """ and u € S,
S2 S; Sz
Proof. The second statement follows from the first by noting that S,," " = S,/ "™ 'S}

sz 5 s2
and S," " = S," ""*S} and that 71" = I,""7 for all T € S} C Sy, Sp.

To prove the first statement, we first show that each element of §fnn can be represented
in the form (7.4). This follows from the facts that

Stn = Sml"" Sy
nl""t =0 =10"" forall 7, € S2,_, and 5 € S2_,

" =1""r for all 7 € S} C Sy, S
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~ S2 Sl 52
The lemma will now follow if we prove that the sets S}, and Sp," ™" x S," """ have the
same number of elements. The cardinality of the second set is (mL_'t),t,(nth), = t!(T) (?)
because each coset in S,,/S2,_, or S,,/StS?_, has a unique minimal length representative.
Observe that a partial permutation w € an’n is uniquely defined by prescribing its domain
dom w, range rngw (both of cardinality ¢), and a bijective mapping from dom w to rngw.

Therefore the cardinality of St is (M. O

m,n t

7.4. Theorem. Fiz two partial permutations wy,wy € St with (unique) decompositions

m,n

(7.6) wy =yl "ot wo = 21"t

S2 S; Sz S; Sz S2
for somey € Syt T, v e Sy TN, 2z € Sy T, andu € S (¢f. Lemma 7.3). Then the
following hold.
(a) The generalized double Bruhat cell B**""“2 = B} w B} N B, weB;, is nonempty if
and only if z <y and v < u.
If z <y and v < u, then:
(b) The partition of B*+"™2 into T-orbits of symplectic leaves is given by

T E S?n_t CS,, z11 < y}

w1, W __ t
(7.7) B = I_l {P(y,UTQ,ZTlaU) Ty € 5721—15 CS,, v <u

(¢) The T-orbit of symplectic leaves Pfy 0,2 1s an open and dense subset of B¥1:"2,

(d) B¥v"*2 is a smooth irreducible locally closed subvariety of My, .
For the proof of Theorem 7.4 we will need two lemmas. Recall the set X" from (5.13).

7.5. Lemma. For any o = (y,v,z,u) € X;"", we have

PLC Bty BTN B 2" u B,

Proof. The lemma follows from Lemma 5.3 because, for 71, ro as in (5.11),
Iyt = by T (b)) T € BTy LM v BT

and

-1
r Iyt = b3 2 [8 Ifn?—t} " [% InO—ti| w (b))t
= by 2l (b))t € B2 uT BT O
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7.6. Lemma. Set
iT’" = {(y, vo, 20, u) € S}S;;”’t X ngsi’t X Sitlsz”’t X Sgi’t | 20 <y, vo < u}.
Then

«m,n 2
(78) ZT?” = {(y7UOT27ZO7—17u) (y7U07 ZO’U) < Et » T < Sm_t g Sm’ }

7 €52 ,C Sy, 2011 <y, vor2 < u

Proof. Tt is clear that every element of ¥}"™ has the form (y,vo72, 2071, u) for some

(y,v0, 20,u) € Ss;i’t X Sstlsift % ngsift % S’r‘?i—t
and some
7€ Spt C Sm neS, , S8,
such that
20T <Y VoTs < 1.

1g2

sls .
But zg € Sy "™ and 7 € S2,_, imply that 29 < 2971 and therefore 2y < y. Analogously,
one obtains that vy < vg7y and as a consequence of it vg < u. Therefore

(y, V0, 20, "LL) < i?%n

This proves that ;""" is contained in the set on the right hand side of (7.8). The
opposite inclusion is straightforward. [J

Proof of Theorem 7.4. Combining Lemma 7.6 and Corollary 5.12, one obtains

(7.9) (91”’" = |_| |_| {P(tnyOT%ZOTl,u)

(y7v07Z07u)€E:n7n

1 €52 _, CSm, 2011 <y
T2 € SEL—t C STL: voT2 < U '

At the same time,

(7.10) o= || Br'wiB*'NB wB".

w1,w2€§fmn
From Lemma 7.5, for each T-orbit of leaves on the right hand side of (7.9) one derives:

P C BTyl"™ vy ' BTN B~ 2I;""u 'B™.

(y,v072,2071,u) =
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Comparing (7.9) and (7.10) now proves at once parts (a) and (b).
(c) Because of (7.7), it suffices to show that

t
(7.11) Plyorsszrin) S Plyw.z )

for ;1 € 82, , and 5 € S2_, such that zr; < y and vre < u. Fix such 71, 7, recall the

>(wg,wg") 1]

bijection ;""" — S% given in Corollary 5.10, and set

@ = w oy, v, 2 1) = wluJo™t whulP™ ™
° T yI" "1 yJm 2 lw™

m

wluJPry o1 wQqu’mz_lwm}
o

N o
w = w, (b(y?'UTZa ZTl,U) = |: ylzﬂ,nv—l thrnTl—lz—lw
By Theorems 5.11 and 3.13, (7.11) is equivalent to w < w.
First, note that w(j) = w(j) = n+ wi(j) for j € v({1,...,t}). Now w and w both
map v({t +1,... ,n}) bijectively onto wgu({t +1,... ,n}), and for w this restriction is
2

order-reversing because u,v € Ssn_t. It follows that w({l, e ,j}) < w({l, o ,j}) for
j=1,...,n. Similarly, w and w agree on n + wg”‘z({l, . ,t}), and the restriction of w to
n—+ w;”z({t +1,... ,m}) is order-reversing, from which we conclude that w({l, . ,j}) <
@({1, . ,j}) for j =n+1,...,N. Therefore w < w, as required.

(d) The irreducibility of B***2 follows from part (c) since P(ty7v7z7u) is irreducible by
Theorem 3.9. [UJ

7.7. Corollary. For partial permutations wy,ws € §fnn, the generalized double Bruhat

cell BY%2 = Btw Bf N B, wy B, is nonempty if and only if
(7.12) dom(w) < dom(ws) and rng(wq) > rng(ws)

(recall §3.11).

Proof. Let wy = yI;""v™! and wy = 2I;"""u~? for y, v, 2, and u as in Theorem 7.4.
If B*¥1:2 is nonempty, then by the theorem, z < y and v < u. Hence,

dom(wq) =v({1,...,t}) <wu({1,...,t}) = dom(wo)

(7.13) rg(wi) = y({1,...,t}) > z({1,...,t}) = mg(wo).

Conversely, assume that dom(w;) < dom(ws) and rng(w;) > rng(ws), so that (7.13) holds.
It follows, as shown in the proof of Lemma 5.7, that v({t +1,... ,n}) > u({t +1,... ,n})

1

2
Since u,v € S,f”‘t, we obtain v(j) > u(j) for j =t +1,...,n. But then, since v € S}?t,
Lemma 5.7(b) implies that v < u. Similarly, z <y. O
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APPENDIX A. DOUBLE COSET REPRESENTATIVES

A.1. Let G be a complex reductive algebraic group with fixed positive/negative Borel
subgroups B* and maximal torus T = BT N B~. Fix a parabolic subgroup P of G,
containing a Borel subgroup B D T of G with the property that for each simple factor F
of G, either BNF=B*NForBNF=B NF.

Denote by Lg the Levi factor of P containing T" and by N the unipotent radical of P.
So, we have the the Levi decomposition P 2 Ly x N. Denote by N the unipotent subgroup
of G dual to N.

We will assume that Ly is decomposed as a product of two reductive subgroups

(A.1) Lo= L1 X Lo
such that there is an isomorphism

(A.2) ©:L; = Ly
with the property that for every simple factor Fy of L,
(A.3) O(FLNB*) =F,NnB*

for some simple factor F; of Ly and an appropriate choice of the sign.

Denote the Weyl group of G by W and the Weyl groups of L; (i = 0,1,2) by W,
considered as subgroups of W. Clearly Wy = W; x W5. Denote the composition of the
projections P — P/N = Ly and Ly — L; (i=1,2) by m; : P — Lj;.

Finally, define the following subgroup of P:

(A.4) R={pe P|0Om(p) =mp)}

In this Appendix we give a classification of all (B, R) double cosets of G. Recall that
WWi denotes the set of (unique) minimal length representatives of cosets from W/Wj,
see [3, Proposition 2.3.3] for details. For an element w € W, we will denote by w a
representative of it in the normalizer of 7" in G.

Theorem. In the above setting, every (B1, R) double coset of G is of the form
BTwR, for some w e WW2,

For distinct w € W2 the above double cosets are distinct.

Let us note that in the case when L; and Ly have more than one simple factor, it is
possible to obtain R as a subgroup of P in several different ways by changing L; and Ls. In
such a case, Theorem A.1 produces different sets of representatives for the (B*, R) double
cosets of G. As is clear from Lemma 3.8, sometimes one of these sets has better properties
than the others.

For the proof of Theorem A.1, we will need the following lemma.
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A.2. Lemma. (a) (Bruhat Lemma) All (B, P) double cosets in G are uniquely param-
etrized by WWo, by v € WWo s BToP.

(b) For any v € WWo,
Bt =9N,B{ N,

where By = B* N Ly and
N, = NN Ad;*(BY) N, =NnAd;'(BM).
(¢c) There is a bijection of sets
WWo x Wy — Wtz (v,u) — vy.

(d) Set Q = RN Lo ={l;0(ly) | Iy € L1}. All (Bf,Q) double cosets of Lo are uniquely
parametrized by Wy, by wy — By 1in Q.

Proof. Part (a) is well known.
Part (b) follows from the well known description of minimal length representatives:

WWe = fw € W | w(a) is a positive root for any positive root a of Lg}.

See, e.g., [3, Proposition 2.3.3]. Part (c) is a consequence of Wy = Wy x Wha.
To prove part (d), we first show that it suffices to establish (d) in the case that

(A.5) ©(Li N B") =LyN B™.
For each simple factor F} of L;, the assumption (A.3) can be written in the form
©Ad,(FyNBT)=FKNBT,

where u is either the identity or the longest element of the Weyl group of F;. Hence, there
exists an element u; € Wi such that u% =1 and

©Ady, (LiNBT) =LyNnB*.

The map ©=0o0 Ady, |1, is an isomorphism of L; onto Ly, and the subgroup @ of G
obtained by changing © to © in the definition of () can be written as

Q={l10(11) |, € Ady, (L)} = {Ady, (11)O(1) | I € L1} = Ady, (Q).

If (d) holds for é, then, since W7 = Wiuq, we may express the result as

_ +o )
L= || BfininQ,
w1 €W1
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and consequently

Ly=Loin = | | BjinQ,
w1 €EWr

as desired. Thus, we may assume (A.5), as claimed.

Recall the fact that if Fy, Fy are subgroups of a group C, then the set of (Fy x Fy, A(C))
double cosets of C' x C' (where A(C) C C x C denotes the diagonal copy of C') is in one to
one correspondence with the set of (F1, F5) double cosets of C, by (Fy X F3)(y1,y2)A(C) —
Fiyys ' Fy. If we identify Lo with Ly x Ly via ©, then @ is identified with A(L;), and
because of (A.5), By is identified with By x By, where Bf” = LiNB*. Since the (B, Bf")
double cosets of L; are uniquely parametrized by W7y, the (B]” x B", A(L1)) double cosets
of Ly x Ly are uniquely parametrized by W7 x {1}, and part (d) follows. [

Proof of Theorem A.1. Since P = LgR, the Bruhat lemma implies that every (BT, R)
double coset of G is of the form BT 0lyR for some v € WWo and Iy € Ly. In addition,
the Bruhat lemma also implies that if BTolgR = BT¢'I)R for some v,v’ € WWo and
lo,l{, € Lo, then v/ = v.

From the facts that R = QN = N(@Q, that Ly normalizes N, and N, C N, we get

NyloR = NyloQN = IoQN.
Thus, from part (b) of the above lemma, we have
BT olgR = 0N, (By 10Q)N.

Since N, C N and NLyN is the Cartesian product of the subsets N, Ly and N of G, we
get that for v € WWo and Iy, I} € Lo,

BTilyR = BYol)R <= B{lyQ = B{ Q.

Part (d) of the lemma now implies that all (BT, R) double cosets of G are uniquely
parametrized by W"o x Wy, by (v,u) — BtouR. The theorem, finally, follows from
part (c) of the lemma. [
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