THE DIXMIER-MOEGLIN EQUIVALENCE
AND A GEL’FAND-KIRILLOV PROBLEM
FOR POISSON POLYNOMIAL ALGEBRAS

K. R. GOODEARL AND S. LAUNOIS

ABSTRACT. The structure of Poisson polynomial algebras of the type obtained as semiclas-
sical limits of quantized coordinate rings is investigated. Sufficient conditions for a rational
Poisson action of a torus on such an algebra to leave only finitely many Poisson prime ideals
invariant are obtained. Combined with previous work of the first-named author, this estab-
lishes the Poisson Dixmier-Moeglin equivalence for large classes of Poisson polynomial rings,
such as semiclassical limits of quantum matrices, quantum symplectic and euclidean spaces,
quantum symmetric and antisymmetric matrices. For a similarly large class of Poisson poly-
nomial rings, it is proved that the quotient field of the algebra (respectively, of any Poisson
prime factor ring) is a rational function field F(z1,...,2yn) over the base field (respectively,
over an extension field of the base field) with {x;,x;} = Ajjz;x; for suitable scalars A;j,
thus establishing a quadratic Poisson version of the Gel’fand-Kirillov problem. Finally, par-
tial solutions to the isomorphism problem for Poisson fields of the type just mentioned are
obtained.

0. INTRODUCTION

Fix a base field k of characteristic zero throughout. All algebras are assumed to be over
k, and all relevant maps (automorphisms, derivations, etc.) are assumed to be k-linear.

Recall that a Poisson algebra (over k) is a commutative k-algebra A equipped with a Lie
bracket {—, —} which is a derivation (for the associative multiplication) in each variable.
We investigate (iterated) Poisson polynomial algebras over k, that is, polynomial algebras
klz1,...,z,] equipped with Poisson brackets such that

{{Ei, k[l‘l, .. .,Cli'l‘_l]} g ]{7[:131, e ,xi_l]xi + k[l‘l, Ce ;xi—l]

for i = 2,...,n (see §1.1 for more detail on the conditions satisfied by such a bracket).
Many such Poisson algebras are semiclassical limits of quantum algebras, and these provide
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our motivation and focus (see Section 2). The Kirillov-Kostant-Souriau Poisson structure
on the symmetric algebra of a finite dimensional Lie algebra g can be put in the form of
a Poisson polynomial algebra when g is completely solvable. This also holds for the basic
example of a Poissson-Weyl algebra, namely a polynomial algebra k[x1,..., 20, Y1, ., Yn]
equipped with the Poisson bracket such that

(0-1) {zi, 25} ={vi,y; =0 {zi,y5} = dij

for all 4, j.

Our investigation has two main goals, namely to establish conditions under which Pois-
son analogs of the Dixmier-Moeglin equivalence and (a quadratic analog of) the Gel’fand-
Kirillov problem hold for Poisson polynomial rings.

0.1. The Poisson Dixmier-Moeglin equivalence. Let A be a Poisson algebra. A
Poisson ideal of A is any ideal I such that {A, I} C I, and a Poisson prime ideal is any
prime ideal which is also a Poisson ideal. The set of Poisson prime ideals in A forms the
Poisson prime spectrum, denoted P.spec A, which is given the relative Zariski topology
inherited from spec A. Given an arbitrary ideal J of A, there is a largest Poisson ideal
contained in J, called the Poisson core of J. The Poisson primitive ideals of A are the
Poisson cores of the maximal ideals. (One thinks of the Poisson core of an ideal in a Poisson
algebra as analogous to the bound of a left ideal L in a noncommutative algebra B, that
is, the largest two-sided ideal of B contained in L.) The Poisson primitive ideals in the
coordinate ring of a complex affine Poisson variety V are the defining ideals of the Zariski
closures of the symplectic leaves in V' [2, Lemma 3.5|, and they are the key to Brown and
Gordon’s concept of symplectic cores [2, §3.3].

The Poisson center of A is the subalgebra

Zy(A) = {z € A .~} =0}.

For any Poisson prime ideal P of A, there is an induced Poisson bracket on A/P, which
extends uniquely to the quotient field Fract A/P (e.g., [14, Proposition 1.7]). We say that
P is Poisson rational if the field Z,(Fract A/P) is algebraic over k.

By analogy with the Dixmier-Moeglin equivalence for enveloping algebras, we say that A
satisfies the Poisson Dizmier-Moeglin equivalence (e.g., [19, pp. 7,8]) provided the following
sets coincide:

(1) The set of Poisson primitive ideals in A;

(2) The set of locally closed points in P.spec 4;

(3) the set of Poisson rational Poisson prime ideals of A.
If A is an affine (i.e., finitely generated) k-algebra, then (2) C (1) C (3) [19, Propositions
1.7, 1.10], so the main difficulty is whether (3) C (2). No examples are known of affine
Poisson algebras for which the Poisson Dixmier-Moeglin equivalence fails. The equivalence
has been established in [7] for Poisson algebras with suitable torus actions, as follows.
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0.2. Torus actions. Suppose that H is a group acting on a Poisson algebra A by Poisson
automorphisms (i.e., k-algebra automorphisms that preserve the Poisson bracket). For each
H-stable Poisson prime J of A, set

P.spec; A= {P € P.specA| (]| h(P) =J},
heH

the H-stratum of P.spec A corresponding to J. These H-strata partition P.spec A as J
runs through the H-stable Poisson primes of A.

Now assume that H = (k*)" is an algebraic torus over k. In this case, the action of H
on A is called rational provided A is generated (as a k-algebra) by H-eigenvectors whose
eigenvalues are rational characters of A. (See §1.4 for the general definition of a rational
action of an algebraic group, and [2, Theorem I1.2.7] for the equivalence with the above
condition in the case of a torus.) Rationality will be clearly satisfied for the torus actions
given in the examples in Section 2. In view of the following theorem, all we will need to
establish is that the number of H-stable Poisson primes is finite in these examples.

0.3. Theorem. [7, Theorem 4.3] Let A be an affine Poisson algebra and H = (k*)" an
algebraic torus acting rationally on A by Poisson automorphisms. Assume that A has only
finitely many H-stable Poisson prime ideals.

Then the Poisson Dixmier-Moeglin equivalence holds in A, and the Poisson primitive
1deals are precisely those Poisson primes maximal in their H-strata. [

0.4. A quadratic Poisson Gel’fand-Kirillov problem. The original Gel’fand-Kirillov
problem asked whether the quotient division ring of the enveloping algebra of a finite
dimensional algebraic Lie algebra g over k is isomorphic to a Weyl skew field over a purely
transcendental extension K of k, i.e., the quotient division ring of a Weyl algebra over
K. Vergne raised the corresponding question for the Kirillov-Kostant-Souriau Poisson
structure on the symmetric algebra of g, namely whether the quotient field of S(g) is
isomorphic (as a Poisson algebra) to the quotient field of a Poisson-Weyl algebra [28,
Introduction], and answered this positively for nilpotent g [28, Théoréme 4.1]. We shall
use the term Poisson-Weyl field for the quotient field of a Poisson-Weyl algebra, that
is, for a rational function field K(z1,...,Zn,¥1,...,Yn) equipped with the (unique) K-
linear Poisson bracket satisfying (0-1). Vergne’s result was extended to algebraic solvable
Lie algebras g, and to Poisson prime factors of S(g) for such g, by Tauvel and Yu [26,
Corollaire 11.8]. We also mention that Kostant and Wallach showed that a Galois extension
of the quotient field of O(M,,(C)), with a natural Poisson structure, is a Poisson-Weyl field
[13, Theorem 5.24].

The above form of the Poisson Gel’fand-Kirillov problem, however, is not appropriate
for the algebras we consider. In fact, as we prove in Corollary 5.3, the quotient field of a
semiclassical limit of a typical quantum algebra can never be isomorphic to a Poisson-Weyl
field. A suitable version is suggested by quantum results, as follows.

Quantum versions of the Gel’fand-Kirillov problem have been studied by a number of
authors (e.g., see [2, pp. 230-231] for a summary). These involve quotient division rings
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of quantized Weyl algebras, which turn out to be isomorphic to quotient division rings of
quantum affine spaces

Oq(k™) = k(x1,...,zp | mizj; = gijz;z, for all 4, j)

for multiplicatively antisymmetric matrices q = (g;;) € M, (k). Semiclassical limits of

quantum affine spaces are Poisson polynomial rings k[z1,...,z,] with Poisson brackets
satisfying
(0—2) {IZ‘, LL’]'} = )\ijxixj

for all 4, j, where A = (\;;) is an antisymmetric n x n matrix over k (see §2.2). It will be
convenient to denote this Poisson polynomial algebra by kx[x1,...,2,], the corresponding
Poisson Laurent polynomial ring by kx [m{cl, ...,xF1], and the corresponding Poisson field
by kx(z1,...,2,). In all three cases, the Poisson bracket is uniquely determined by (0-2),
for instance because Poisson brackets extend uniquely to localizations [14, Proposition
1.7]. In the present situation, however, the extensions are easier to establish, since we can

give them by the formula

N g O 99
(0_3) {f’g} - Z AZ]‘TWTJ axz 83)]'.

4,j=1

For semiclassical limits of quantum algebras, a natural version of the Gel’fand-Kirillov
problem is thus to ask whether the quotient field is isomorphic to a Poisson field of the
form kx(z1,...,x,), or at least Kx(x1,...,z,) where K is an extension field of k. We
establish the former for large classes of Poisson polynomial algebras, and the latter for
Poisson prime factors of these algebras.

In the last section of the paper, we introduce some invariants for Poisson fields, with

which we show that kx(x1,...,x,) is never isomorphic to a Poisson-Weyl field, and with
which we can separate isomorphism classes of the Poisson fields kx(z1,...,2,) in many
cases.

1. A FINITENESS THEOREM FOR TORUS-STABLE POISSON PRIMES

In this section, we prove our finiteness theorem for the number of Poisson prime ideals
stable under a suitable torus action on an iterated Poisson polynomial algebra. We begin
by recalling the concept of a Poisson polynomial algebra as introduced by Oh [20].

1.1. Poisson polynomial algebras. Let B be a Poisson algebra. A Poisson derivation
on B is a (k-linear) map « on B which is a derivation with respect to both the multiplication
and the Poisson bracket, that is, a(ab) = a(a)b+aa(b) and a({a,b}) = {a(a),b}+{a, a(b)}
for a,b € B. Suppose that J is a derivation on B such that

(1-1) 0({a,b}) = {6(a),b} + {a,6(b)} + a(a)d(b) — d(a)(d)
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for a,b € B. By [20, Theorem 1.1] (after replacing our B and a with A and —a), the
Poisson structure on B extends uniquely to a Poisson algebra structure on the polynomial
ring A = B[x] such that

(1-2) {z,b} = a(b)x + (D)

for b € B. We write A = B[z;a, d], to denote this situation, and we refer to A as a Poisson
polynomial algebra.

The Poisson structure on A extends uniquely to the Laurent polynomial ring B[z*1],
and is again determined by « and §. Hence, we write B[xil;a,d]p for the ring BlzT!]
equipped with this structure, and we refer to it as a Poisson Laurent polynomial algebra.

In either of the above cases, we omit 0 from the notation if it is zero, that is, we write
Blz;a], and B[z*!;a], for Blz;a,0], and B[z*!;a, 0], respectively.

We will also need the converse part of [20, Theorem 1.1]: if a polynomial ring A = B|z]
supports a Poisson bracket such that B is a Poisson subalgebra and {z, B} C Bz + B,
then A = Blx; «, 0], for suitable av and 0.

1.2. Lemma. Let A = Bz*t!; alp, be a Poisson Laurent polynomial algebra, and assume
that o extends to a derivation @ on A such that a(x) = sz for some nonzero s € k. Then
every a-stable Poisson prime of A is induced from a Poisson prime of B.

Proof. Let P be an a-stable Poisson prime of A, and note that PNB is a Poisson prime of B.
Then (PN B)[z*!] is an a-stable Poisson prime of A, and we may pass to A/(PN B)[z*1].
Thus, without loss of generality, P N B = 0, and we must show that P = 0.

If P # 0, then P N B[z] # 0. Choose a nonzero polynomial p € P N B[z| of minimal
degree, say p = b,x™ + b,_12" "1 + .-« + byx + by with the b; € B and b,, # 0. Note that
n > 0, because PN B = 0. Now P contains the polynomial

a(p) — {x,pter~" = nsb,x™ + (n — 1)sb, 12" "1 + - + sby,
and hence also the polynomial
nsp — (a(p) — {z,pla™") = sbp_12" '+ -+ + (n — 1)sbyz + nsbo.

The latter must vanish, due to the minimality of n, and so b; = 0 for ¢ < n. But then
bp,x™ = p € P and so b, € P, contradicting the assumption that P N B = 0. Therefore
P =0, as required. [

1.3. Proposition. Let A = B[x;«, 6], be a Poisson polynomial algebra, and assume that
a extends to a derivation & on A such that a(x) = sx for some nonzero s € k. For each
Poisson prime QQ of B, there are at most two a-stable Poisson primes of A that contract

to Q.

Proof. Assume there exists an a-stable Poisson prime P in A that contracts to . For
b€ @, we have {x,b} € P and «a(b) = a(b) € P, whence §(b) = {x,b} — a(b)x € P, and so
a(b),d(b) € Q. It follows that {z, Q[z|} C Q[x], from which we see that Q[z] is an a-stable
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Poisson prime of A. Hence, we may pass to A/Q[z] and then localize B/@ to its quotient
field. Thus, without loss of generality, B is a field, and we must show that A has at most
two a-stable Poisson primes.

Assume there exists a nonzero a-stable Poisson prime P in A. Let n be the minimum
degree of nonzero elements of P, and choose a monic polynomial p € P of degree n, say
p=2a"+by_12" 1 +--- 4+ bix + by with the b; € B. Now P contains the polynomial

a(p) — nsp = [a(bp_1) — sbp_1]z" "t + -+ [a(by) — (n — 1)sby]z + [a(bg) — nsby],

which must be zero by the minimality of n, and so «a(b,—1) = sb,—1. For any b € B, the
following polynomial lies in P:

{p,b} — na(b)p = [nd(b) + {by—1,b} + (n — 1)bp_1(b) — new(b)by_1 2"

+ [lovver terms] .

This polynomial must be zero, and so nd(b) + {bn_1,b} = a(b)b,—1. Thus, the element
d:= Lb,_1 € B satisfies a(d) = sd and {d,b} = a(b)d — 6(b) for b € B.

Set y := x +d. Then A is a Poisson polynomial algebra of the form A = Bly; a],.
Further, a(y) = sy, and so Lemma 1.2 implies that the only a-stable Poisson prime of
Bly*';a], is zero. Therefore, the only @-stable Poisson primes of A are (0) and (y). O

Our finiteness theorem parallels a corresponding finiteness result of Letzter and the
first author [9, Theorem 4.7], which applies to torus actions on iterated skew polynomial
algebras. A key hypothesis in the latter theorem is that the automorphisms involved in
the skew polynomial structure must be restrictions of elements of the acting torus. In
the Poisson case, the corresponding ingredients are Poisson derivations, and the relevant
hypothesis relates these to the differential of the torus action. We next recall the key facts
about differentials of actions.

1.4. The differential of a group action. Let A be a k-algebra and G an algebraic group
over k, with Lie algebra g. Let o : G — Auty._a15(A) be a rational action of G on a k-algebra
A by k-algebra automorphisms. Thus, A is a directed union of finite dimensional G-stable
subspaces V; such that the induced maps a; : G — GL(V;) are morphisms of algebraic
groups. In this situation, the following hold:

(1) The differentials da; : g — gl(V;) are compatible with inclusions V; C V;, and they
induce an action doa : g — Derg(A).
(2) If G is connected, the G-stable subspaces of A coincide with the g-stable subspaces.

That the do; are compatible with inclusions V; C V; is a routine check, as in [25, Propo-
sition 23.4.17]. One thus obtains a linear action da : g — Endy(A), called the differential
of the G-action. Statement (2) is proved in [25, Corollary 24.3.3] for the case that k is
algebraically closed, but the latter hypothesis is not required. The remainder of statement
(1) is standard, but we have not located a precise reference. It can be quickly obtained
from two results in [25], as follows. For each i, the multiplication map V; @ V; — V2 C A
is G-equivariant, and so it is g-equivariant [25, Proposition 23.4.17]. Since the G-action
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on V; ® V; is the diagonal one, so is the g-action [25, Proposition 23.4.12], from which we
conclude that g acts on A by derivations.

If G is a torus, rationality of the action means that A is the direct sum of its G-
eigenspaces, and the corresponding eigenvalues are rational characters of G (e.g., see [2,
Theorem 11.2.7]). In this case, A is also the direct sum of its g-eigenspaces, and we have
the following explicit description of the g-action. We replace G and g by H and h to match
our later notation, and we write A, for the x-eigenspace of A, where x is a member of the
character group X (H). Finally, we use (—|—) to denote the Euclidean inner product (or
“dot product”) in any k".

1.5. Lemma. Let A be a k-algebra, equipped with a rational action of a torus H = (k)"
(by Ek-algebra automorphisms). Identify h = Lie H with k™, and let b act on A by the
differential of the H-action. Further, identify Z" with X (H) via the natural pairing

ZT < (kX)’r N kx

m m m
(ma,...,mp by, ... hy) — R A2 - R

Then n.a = (n|x)a forn e b, a € Ay, and v € X(H).
In particular, it follows that the h-action on A commutes with the H-action. [

Readers who do not wish to delve into the full theory of actions of algebraic groups may
take the formula in Lemma 1.5 as the definition of the h-action on A.

Whenever we have a torus H acting rationally on a k-algebra A, we will assume that
its Lie algebra b correspondingly acts on A by the differential of the H-action. We label
the action of H on A a rational Poisson action in case A is a Poisson algebra and H acts
rationally on A by Poisson automorphisms.

1.6. Lemma. Let A be a Poisson algebra, equipped with a rational Poisson action of a
torus H. Then b = Lie H acts on A by Poisson derivations.

Proof. Let n € b, and let a« € A, and b € A, for some z,y € X(H). Since h.{a,b} =
{h.a,h.b} = x(h)y(h){a,b} for all h € H, we have {a,b} € A,,. Taking account of the
identifications in Lemma 1.5, we see that

n{a,b} = (nla + y){a,b} = ((nl=) + (nly)){a, b} = {n.a,b} + {a,n.b}.

Therefore, since A is X (H)-graded, we conclude that 7.(—) is a Poisson derivation on
A O

1.7. Theorem. Let A = k[z1|[z2; a2, 02]p - - [Tn; o, On]p be an iterated Poisson polyno-
mial algebra, supporting a rational action by a torus H such that x1,...,x, are H-eigen-
vectors. Assume that there exist ni,...,n, € h = Lie H such that n;.x; = a;(x;) fori > j
and the n;-eigenvalue of x; is nonzero for each i. Then A has at most 2™ H-stable Poisson
primes.

Remark. Here the elements of H are only assumed to act on A by k-algebra automorphisms,
not necessarily by Poisson automorphisms. However, the assumption of a Poisson action
is needed in Corollary 1.8.
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Proof. Set A; = k[x1][z2; o, 62]p - - [Ti; 0, 0i]p for ¢ = 0,1,...,n. In view of §1.4, the H-
stable Poisson primes in A; coincide with the h-stable Poisson primes. Obviously Ag = k
has only one h-stable Poisson prime. Now let i < n and assume that A; has a finite
number, say n;, of h-stable Poisson primes. It follows from the relations n;.z; = «a;(x;)
that the action of 17; on A; coincides with «;. Proposition 1.3 now implies that the number
of h-stable Poisson primes in A; ;1 is at most 2n;. The theorem follows. [J

1.8. Corollary. Let A = k[z1][x2; a2, 02]p - [Tn; an, 0p]p be an iterated Poisson polyno-
mial algebra, supporting a rational Poisson action by a torus H such that x4,...,x, are
H-eigenvectors. Assume that there exist n1,...,n, € h = Lie H such that n;.z; = o;(x;)
for i > j and the n;-eigenvalue of x; is nonzero for each i. Then A satisfies the Poisson
Dixmier-Moeglin equivalence.

Proof. Theorem 1.7 and [7, Theorem 4.3]. O

Theorem 1.7 and Corollary 1.8 can be extended to certain non-polynomial affine Poisson
algebras as follows.

1.9. Proposition. Let A be a Poisson algebra which is generated (as an algebra) by a
Poisson subalgebra B together with a single element x. Assume that A supports a rational
Poisson action by a torus H such that B is H-stable and x is an H-eigenvector. Moreover,
assume that there is some nyg € h = Lie H such that {x,b} — (no.b)z € B for all b € B,
and such that the ng-eigenvalue of x is nonzero. Then there are at most twice as many
H -stable Poisson primes in A as in B.

Proof. We show that A is an epimorphic image of a Poisson polynomial ring A=B (X a,dl,
to which Proposition 1.3 applies. Let a denote the restriction of 79.(—) to B. Then, by
Lemma 1.6, « is a Poisson derivation on B, and, by hypothesis, 6(b) := {z,b} —a(b)x € B
for all b € B. Since {z,—} and « are derivations, so is §. For b,b' € B, we compute that

5({b,0'}) = {2, {b,'}} — a({b,¥'})z
= —{b,{V/,2}} = {0/, {2, b}} — ({a(b), 0’} + {b, (V') })
= ({{z, 01,0} = {a®)2,b'}) + {a(d)z,b'} — {a(b), V' }=
+ ({0, {z, V'}} — {b,a(t))x}) + {b,a(t))z} — {b,a(t))}z
= {6(b),b'} + {b,6(b")} + a(b){x, '} + a(b'){b, x}
= {0(b),b'} + {b,6(b")} + au(b) (a(t)z + 6 (b)) + (V') (—a(b)x — 6(b))
= {5(b), '} 4+ {b,6(t)} + a(b)S6 (1)) — 5(b)a(V).

Thus, the conditions for the existence of the Poisson polynomial ring A=2B [X; o, 0], are
verified.

Let f € X(H) be the H-eigenvalue of x. The action of H on B extends to a rational
action of H on A (by algebra automorphisms, at least) such that X is an H-eigenvector
with H-eigenvalue f. (It is easily checked that H acts on A by Poisson automorphisms,
but we shall not need this fact.) Since z and X have the same H-eigenvalue, they have
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the same h-eigenvalue, and hence the same 7gp-eigenvalue. Thus, the ng-eigenvalue of X
is nonzero. Since 7y acts as a derivation on A extending «, Proposition 1.3 now implies
that for each Poisson prime @) of B, there are at most two 7y-stable Poisson primes of A
that contract to ). All H-stable ideals of A are h-stable and thus ng-stable, and so we
conclude that for each H-stable Poisson prime () of B, there are at most two H-stable
Poisson primes of A that contract to (. Thus, there are at most twice as many H-stable
Poisson primes in A as in B.

Finally, the identity map on B extends to a k-algebra surjection 7 : A — A such that
m(X) = z. Obviously 7 preserves brackets of elements of B, and

T({X;b}) = a(b)z +4(b) = {z,b} = {7(X), 7(b)}

for b € B, from which we see that 7 is a Poisson homomorphism. By construction, 7 is
also H-equivariant. Hence, the set map 7! embeds the collection of H-stable Poisson
primes of A into the collection of H-stable Poisson primes of A. Therefore, there are at
most twice as many H-stable Poisson primes in A asin B. [

1.10. Theorem. Let A be a Poisson algebra, equipped with a rational Poisson action by
a torus H. Assume that A is generated by H -eigenvectors x1,...,T,, and that there exist
M,---,Nn € H = Lie H such that

(1) {zi,z;} — (mi-xj)as € k{zq,...,xi—1) for alli> j;

(2) For all i, the n;-eigenvalue of x; is nonzero.

Then A has at most 2" H-stable Poisson primes, and A satisfies the Poisson Dizmier-
Moeglin equivalence.

Proof. The first conclusion is clear when n = 0. Now let n > 0, and assume that the
subalgebra B := k(xy,...,x,_1) has at most 2"~! H-stable Poisson primes. Note that the
map 0y, = {Tn, —} — (n.—)z, is a derivation on A. Since, by hypothesis, 6, (x;) € B for
all j < n, it follows that 6, (B) C B. Since the n,-eigenvalue of z,, is nonzero, Proposition
1.9 implies that A has at most twice as many H-stable Poisson primes as B, thus at most
2™,

The final conclusion now follows from [7, Theorem 4.3]. O

2. POISSON POLYNOMIAL ALGEBRAS SATISFYING
THE POISSON DIXMIER-MOEGLIN EQUIVALENCE

We show that semiclassical limits of many standard quantum algebra constructions yield
Poisson polynomial algebras to which Theorem 1.7 and Corollary 1.8 apply.

2.1. Semiclassical limits. Suppose that R is a commutative principal ideal domain,
containing k, and that A € R with AR a maximal ideal of R. If B is a torsionfree R-algebra
for which the quotient A := B/hAB is commutative, then there is a well-defined bilinear
map 1[—,—] : B x B — B, which induces a Poisson bracket on A (e.g., see [2, §II1.5.4]).
The Poisson algebra A is known as the semiclassical limit (or quasiclassical limit) of B,
or of the family of algebras (B/mB)memax R-
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There are two standard choices for R in quantum algebra constructions. In single
parameter cases, we take R to be a Laurent polynomial ring k[g,¢ '] and h = ¢ — 1, while
multiparameter cases are usually best handled by taking R to be a formal power series
algebra k[[A]]. In the latter situation, we use the abbreviation

o0

e(a) := exp(ah) = Z

i=0
for o € k. Note that e(a + 3) = e(a)e(f) for o, 8 € k.

2.2. Semiclassical limits of quantum affine spaces. (a) Suppose that q = (g¢;;) is
an n X n multiplicatively antisymmetric matrix over k, that is, ¢;; = 1 and ¢;; = qigl for
all 4, 7. The corresponding multiparameter quantized coordinate ring of affine n-space is
the k-algebra Oq(k™) with generators z1,...,z, and relations x;x; = g;jz;z; for all 4, j.
Similarly, if q is a multiplicatively antisymmetric matrix over a commutative ring R, we
can form the R-algebra O4(R™). Observe that O4(R™) is an iterated skew polynomial
algebra over R, and hence a free R-module.

(b) To write the semiclassical limits of the above algebras, a change of notation is
convenient. Let q now be an (additively) antisymmetric matrix in M, (k). Since the
matrix e(q) = (e(g;;)) is a multiplicatively antisymmetric matrix over k[[A]], we can form
the k[[h]]-algebra B = O, (q)(k[[R]]"). As noted in (a), B is a free k[[h]]-module, and hence
it is torsionfree over k[[h]]. We identify the quotient A = B/hB with the polynomial
algebra k[z1,...,x,]. Since this algebra is commutative, it inherits a Poisson bracket such
that {z;,x;} = qijz;z; for all 4, j.

(c) There is a rational action of the torus H = (k™)™ on A such that

1

7!

(hl, ceey hn)ilﬁl = hz$z

for (h1,...,hy,) € H and i = 1,...,n. This action preserves the Poisson bracket on the
indeterminates, that is, h.{x;,z;} = {h.x;, h.x;} for h € H and all 4, j. Consequently, it
is a Poisson action. In this case, Theorem 1.7 is not needed, since A clearly has exactly
2" H-stable primes, namely the ideals (z; | i € I) for I C {1,...,n}. That A satisfies the
Poisson Dixmier-Moeglin equivalence was shown in [7, Example 4.6].

2.3. Semiclassical limits of quantum matrices. (a) Given a nonzero scalar A € k*
and a multiplicatively antisymmetric matrix p = (p;;) € M,(k*), the multiparameter
quantum n x n matrix algebra Oy p (M, (k)) is the k-algebra with generators X,; for i, j =
1,...,n and relations

P1iPjm Xij Xim + (A — 1)p1i Xim Xy (I >1i, m>j)
(2-1) XimXij = APiiPjmXij Xim (I>i, m<j)
PimXij Xim (=1, m>j).

The standard single parameter case is recovered when A\ = ¢~2

and p;; = ¢ for all i > j.
When A = 1, we just have a multiparameter quantum affine n?-space, Oq(k”2), for suitable

q.
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(b) Now let p be an antisymmetric matrix in M, (k), and A\ € k an arbitrary scalar.
Form the algebra B = O.(»).c(p)(Mn(k[[R]])), and identify the quotient A = B/hB with
the polynomial algebra over k in the indeterminates X;;, that is, A = O(M,,(k)). One can
check directly that B is an iterated skew polynomial algebra over k[[h]]. Alternatively, it
is known that Ocy) ¢(p)(Mn(k((R)))) is an iterated skew polynomial algebra over the field
k((h)), and one observes that the automorphisms and skew derivations of this structure
map the relevant k[[f]]-subalgebras into themselves. Either way, we conclude that B is
torsionfree over k[[h]].

Now O(M,,(k)) inherits a Poisson bracket such that

(p1i + Pjm) Xij Xim + AXim Xy (I >1i, m>j)
(2-2) {Xim, Xij} = A+ 01+ pjm) Xij Xim (I>i, m<j)
DimXij Xim (l=1i, m>j).

When )\ = 0, we have a semiclassical limit of a quantum affine n?-space, a case covered in

§2.2. Hence, we now assume that A # 0.
Observe that

{Xim , k[Xi5 | (i,7) <iex (I, m)]} C
k[ Xij | (4,7) <tex (I, m)] Xim + K[ X5 | (1, 7) <tex (I,m)]

for all [, m, and so when the X;; are adjoined in lexicographic order, O(M,(k)) is an
iterated Poisson polynomial algebra of the form

O(Mn(k)) = k[Xll][XIZ; aq2, 512];0 tt [Xnn; Apn, 5nn]p .

In view of (2-2), we have

(Pii + pjm) Xij (I>1d, m>j)
(2-3) am(Xij) = § (A + D + pjm) Xij (I >1i, m<j)
pijij (l = iv m > J)

(c) There is a rational action of the torus H = (k*)?" on O(M,,(k)) such that
hXZJ = hihn—l—inj (h = (hl, RN hgn) € H)
for all i, j, and it is clear from (2-2) that this is a Poisson action. If we identify Z>"
with X(H) as in Lemma 1.5, then each X;; has H-eigenvalue €; + €, ;, where (€1, ..., €2,)

is the canonical basis for Z??. Hence, the differential of the H-action gives an action of
h = Lie H = k*" on O(M,,(k)) by derivations such that

n.Xij = (i + Nngs) Xij (n=(n1,---,m20) €DH)
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for all 4, j.
(d) For I,m =1,...,n, define n;, € b as follows:

Mm = (pl17 <oy Pins Pimy - - - s Pm—1,m> )‘7)‘ +pm+1,m7 s 7)\ +pnm)

Then observe that 7;,.X;; = aum(Xi;) for (i,7) <iex ({,m), and that the 7,,-eigenvalue of
Xim is A. Since we have assumed that \ # 0, the hypotheses of Theorem 1.7 and Corollary
1.8 are satisfied. Therefore A has at most 2"° H-stable Poisson primes, and A satisfies
the Poisson Dixmier-Moeglin equivalence. The case of the latter result with n = 2 and the
standard Poisson bracket was established by Oh in [19, Proposition 2.3].

2.4. Semiclassical limits of quantum symplectic and even-dimensional euclidean
spaces. Multiparameter versions of the mentioned quantum algebras are instances of the
algebras K f: I(‘ig (k) introduced by Horton [11], and we treat that general class.

(a) Let I' = (vi;) € My, (k*) be a multiplicatively antisymmetric matrix, and let P =
(p1,...pn) and @ = (qi1,...gn) be vectors in (k*)™ such that p; # ¢; for all i. Then

Kflg(k) is the k-algebra with generators x1,41,..., 2, Yy, and relations
YilYj = YijY;iYi (all 7, 7)
TiYj = PjVji¥iTi (i <)

(2-4) TiYj = C.Ij’Yi'iliji (z: > ]:)
Tikj = qiPj ~VijTiTs (1<)
Ty = GYiTi + Z(Qe — De)Yexe (all 7)

£<i

See [11, Examples 1.3-1.7] for the choices of parameters which yield the standard quantum
symplectic and even-dimensional euclidean spaces, and related algebras. This construction
can be performed over a commutative ring R, assuming the p;, ¢;, and ;; are units in R,
and as in [11, Proposition 2.5], Kf; 19 (R) is an iterated skew polynomial algebra over R.
(b) Now let T" be an antisymmetric matrix in M,,(k), and let P and @ be vectors in k",

with p; # ¢; for all i. Form the algebra B = Kz(f()li)e@)(k[[h]]), and identify the quotient
A = B/hB with the polynomial algebra k[x1,y1,...,Zn,yn]. Now B is an iterated skew
polynomial algebra over k[[A]], so it is a torsionfree k[[h]-module. Hence, A inherits a

Poisson bracket such that

{Yi, vi} = Vijyiy; (
{zi,y;} = (pj + vjs) Ty, (
(2.5) {zi,y;} = (g5 + v50) (i >j)
{zs, 25} = (¢ — pj + viz)ziz; (
(

{zi,vi} = qmayi + (g0 — po)zeye
<1
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This Poisson algebra A was introduced by Oh in [21] and denoted AS:IQ (k). It is an iterated
Poisson polynomial algebra of the form

A = k[z1][y1; a1, 81]p[ze; ablplye; a2, 02lp - [Tn; ] p[Yn; @y Onlp

such that

(i) = (=pj + Vij)wi o (Yi) = Vji¥i
(2-6) aj(z;) = —q;jx;

oy (x5) = (—qi + pj + v5i) i o (yi) = (@i + Yij )y
for all ¢ < j.

(c) There is a rational Poisson action of the torus H = (k*)"*! on A such that
h.x; = h;x; h.y; = hlhn-i-lh;lyi
for h € H. Then b = Lie H = k™*! acts on A by derivations such that
0T = Ni; N-yi = (ML + 1 — )Y

for n € b.
(d) Define n;, 7 € b as follows:

m = (—ql,O,...,O,l)
n; = (_pj +’71j7"'7_pj +’yj—1,ja_Qj707"'7077j1) (.7 > 1)
M = (=@ +Dpj + V15— +Pj + Vs @1+ 715) (7>1).

Note first that 1;.21 = a1(z1), and that the n;-eigenvalue of y; is 1. For j > 1, we have
n;.x; = oj(z;) for i < j and n;.y; = a;(y;) for i < j, and the n;-eigenvalue of y; is g; — p;.
Finally, we have n’.z; = o(z;) and nj.y; = o/(y;) for i < j, and the n’-eigenvalue of
x; is p; — q;. Thus, the hypotheses of Theorem 1.7 and Corollary 1.8 are satisfied. We
conclude that A has at most 22" H-stable Poisson primes, and that it satisfies the Poisson
Dixmier-Moeglin equivalence. The case n = 2 of the latter result was established by Oh
in [20, Theorem 3.5].

2.5. Semiclassical limits of quantum odd-dimensional euclidean spaces. Mul-
tiparameter versions of quantum euclidean spaces in the odd-dimensional case can be
constructed analogously to the even-dimensional case treated in [11]. Since these alge-
bras have not (to our knowledge) appeared in the literature, we take the opportunity to
introduce them here.

(a) As for the 2n-dimensional case, let I' = (v;;) € M, (k*) be a multiplicatively
antisymmetric matrix, and let P = (p1,...p,) and Q = (q1,-..¢,) be vectors in (k*)"
such that p; # ¢; for all 4. Further, let A € k, and assume that each p; has a square root
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in £, which we fix and label pi1 /2 Define K i 19 A(k) to be the k-algebra with generators
20, T1, Y1y -+, Tn,Yn and relations

20T = pi_l/z%'zo (
20Yi = p;/zyizo (
Yiyj = VijY;Yi (
(2-7) TiYj = PjVjiYiTi (4 <J)
TiYj = q575iY;Ti ('
Ty = Gip; Vi (
(

TiYi = qiYiTi + Z(CM — pe)yee + Az
e<i

The standard single parameter algebra corresponds to the case where the p; = ¢~2, the
¢ = 1, the 75, = ¢~* for i < j, and A = (¢ — 1)¢"~(/2). (This requires a change of
variables, as in [15, §§2.1, 2.2], [18, Example 5], or [11, Example 1.5].) On the other hand,
if we take A = 1 and all the p; = 1 (with pr/? = 1), then zj is central in Ki’lg”\(k:), and

(2
Ki’FQ”\(k)NzO — 1) is the multiparameter quantized Weyl algebra A?T(k) (see, e.g., [2,
§1.2.6]).

This construction can be performed over a commutative ring R, assuming the relevant
parameters are units in R and the p; have square roots in R. As in the even-dimensional
case [11, Proposition 2.5], K 71: IQ *(R) is an iterated skew polynomial algebra over R.

(b) Now let I" be an antisymmetric matrix in M, (k), let P and @ be vectors in k™ with
pi # g for all i, and let A € k. Form the algebra B = K@ (k[[A]]), and identify
the quotient A = B/hB with the polynomial algebra k|zg, xl’, Y1y -+, Tn,Yn|. Here we have
used Ah rather than e(\) to ensure commutativity of B/hB, and we take e(p;/2) as the
chosen square root of e(p;). Since B is an iterated skew polynomial algebra over k[[R]], it

is a torsionfree k[[h]]-module. Hence, A inherits a Poisson bracket such that

{20, i} = —(pi/2)z0m; (
{20,9i} = (pi/2) 20y (
{yiyi} = vijviy; (

(2-8) {zisyit = (pj +vj0)wy; (i < 7)
{zi, 95} = (@5 + vji)ziy; (
{zi, 25} = (g0 — pj + vij)viz; (
{wi,vi} = Gwiyi + (g0 — po)weye + Mg (

0<14

This Poisson algebra is an iterated Poisson polynomial algebra of the form

A = klzo][x1; a4 ]plyns an, 01lpl@a; aglplye; a2, 02l - - [0 @ p[Yns n, Onlp -
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(c) There is a rational Poisson action of the torus H = (k*)"*! on A such that

h.l‘i = hziljl h.Zo = hn+120

h.yi = hi+1hi—1yi

for h € H. We leave it to the reader to check that the hypotheses of Theorem 1.7 and
Corollary 1.8 are satisfied. We conclude that A has at most 22"*! H-stable Poisson primes,
and that it satisfies the Poisson Dixmier-Moeglin equivalence.

2.6. Semiclassical limits of quantum symmetric matrices. Fix a positive integer n.

(a) Coordinate rings of quantum symmetric n x n matrices have been introduced by
Noumi [17, Theorem 4.3, Proposition 4.4, and comments following the proof] and Kamita
[12, Theorem 0.2]. Asin [10, §5.5], we take the case of Noumi’s algebra with all parameters
equal to 1, which agrees with Kamita’s algebra after interchanging the scalar parameter ¢
with ¢!, This is a k-algebra with generators y;; for 1 <14 < j < n. If the construction is
instead performed over a rational function field k(q), the k[g*!]-subalgebra B generated
by the y;; is then an iterated skew polynomial algebra over k[gT!], and the quotient
A = B/(q — 1)B can be identified with the polynomial ring k[y;; | 1 <i < j < n]. Hence,
A inherits a Poisson bracket, which has the following form, as calculated in [10, §5.5]:

(2-9) {yij, yim} = (sign(l — j) + sign(m — @) yay;jm + (sign(l — i) + sign(m — 7)) yimyji

for i < j and | < m, where sign(¢) is 1, 0, or —1 according as ¢ is positive, zero, or negative,
and where y;s = ys if needed. The Poisson algebra A is an iterated Poisson polynomial
algebra of the form

A= k[yll][?ﬂQ; 12, 512]]9 e [ynn; Ann, 5nn]p )

where the indeterminates y;; (for 1 < i < j < n) have been adjoined in lexicographic
order, and where

—Yij (i=l<j<m)or(i<l<j=m)or(i<j=1<m))
(2-10) aim(yis) = —2y;; ((i=j=l<m)or (i<j=1=m))
0 (otherwise)

for | <m and i < j with (7,7) <jex (I, m).

(b) There is a rational Poisson action of the torus H = (k*)™ on A such that h.y;; =
hih;y;; for all h € H and all 4, j. Then h = Lie H = k™ acts on A by derivations such
that n.y;; = (n; + n;)yi; for all n € h and all 4, j. Let (e1,...,€,) denote the canonical
basis for b, and set n;,, = —€ — €, for 1 < 1 < m < n. Then nm.yi; = aum(yi;) for
(,7) <iex (I,m), and the n;,,-eigenvalue of y;,, is either —2 or —4 (depending on whether
I <morl=m). Thus, the hypotheses of Theorem 1.7 and Corollary 1.8 are satisfied. We
conclude that A has at most 2™("T1)/2 H_gtable Poisson primes, and that it satisfies the
Poisson Dixmier-Moeglin equivalence.
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2.7. Semiclassical limits of quantum antisymmetric matrices. Fix a positive inte-
ger n.

(a) The coordinate ring of quantum antisymmetric n x n matrices was introduced by
Strickland in [24, Section 1]; it is a k-algebra with generators y;; for 1 < i < j < n and
relations involving a scalar ¢ € k*. If the construction is instead performed over k(q),
the k[gT!]-subalgebra B generated by the Y¥i; is then an iterated skew polynomial algebra
over k[gT!], and the quotient A = B/(q — 1)B can be identified with the polynomial ring
klyi;j | 1 <i < j <n]. Hence, A inherits a Poisson bracket, which has the following form,
as noted in [10, §5.6(b)]. (The factor 2 in [op. cit.] does not appear here, because we are
using Strickland’s construction without changing ¢ to ¢*/ 2)

(2-11) {yij» yim} = (sign(l — j) + sign(m — ©)) yayjm — (sign(l — ) + sign(m — 7)) yimy;i

for i < j and [ < m, where y;s = —ys and yss = 0 if needed. The Poisson algebra A is an
iterated Poisson polynomial algebra of the form

A= k[y12] [913; 13, 513]19 e [ynfl,n; Ap—1,n, 6n71,n]p ’

where the indeterminates y;; (for 1 < i < j < n) have been adjoined in lexicographic
order, and where

(2-12) ctm (ys3) = { ~Vij (f [{i, 5} 0 {l,m}| = 1)

0 (otherwise)

for | <m and i < j with (7,7) <jex (I, m).

(b) There is a rational Poisson action of the torus H = (k)™ on A such that h.y;; =
hih;yi; for all h € H and all ¢, j. Then h = Lie H = k™ acts on A by derivations such that
n.yi; = (n; +n;)yi; for all n € h and all 4, j. Let (e1,...,€,) denote the canonical basis for
b, and set 7y, = —€; — €, for 1 <1 <m < n. Then ny,.Yi; = um (yij) for (4, 5) <iex (I,m),
and the 7;,,-eigenvalue of y;,, is —2. Thus, the hypotheses of Theorem 1.7 and Corollary
1.8 are satisfied. We conclude that A has at most 2"("~1/2 H-stable Poisson primes, and
that it satisfies the Poisson Dixmier-Moeglin equivalence.

3. FRACTION FIELDS OF POISSON PRIME QUOTIENTS

We now turn to the Poisson structure of fields of fractions of Poisson prime quotients
of iterated Poisson polynomial rings.

3.1. Recall from §0.4 the notation kx[z1,...,z,] for the Poisson algebra based on the
polynomial ring k[z1,...,x,]| with {z;,z;} = A\jjx;x; for all 4, j, where A = ();;) is an
antisymmetric matrix in M, (k). The corresponding Poisson Laurent polynomial algebra
and Poisson field are denoted kx [xfl, ..,z and ka(21,...,1,), respectively.

The algebra kx [afl, ...,z can be identified with the group algebra kI', where I' =
Z", by writing monomials in the z; in the form z® = z{'x5? - -z for elements a =

(a1,...,a,) € I'. There is then an antisymmetric bilinear form b : I" x I' — k such that

bla, B) = Y aidiB

4,j=1
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for a, 3 € T, and {2, 2"} = b(a, B)2“tP for o, 8 € T. Conversely, if b is any k-valued
antisymmetric bilinear form on T, there is a Poisson bracket on kI" such that {z® z°} =
b(a, B)z*t8 for a, 3 € I'. We denote this Poisson algebra by kyI'. The following facts
about k,I" are well known. See, for instance, [27, Lemma 1.2] where they are proved in
the case k = C; the arguments are valid over arbitrary base fields.

3.2. Lemma. LetT'=7" for somen € N, let b be a k-valued antisymmetric bilinear form
on I', and let kyI' be the Poisson algebra based on kI' described in §3.1. Set

I'y={ael|bla,—) =0},
a subgroup of I'. Then Z,(kyI') = kI'y, and every Poisson ideal of kyI' is generated by its

intersection with Z,(k,I"). O

3.3. Corollary. Let I' and b be as in Lemma 3.2. If Z,(kyI') = k, then kyI' is Poisson
simple, that is, its only Poisson ideals are 0 and kpyI'. [J

We can now determine the structure of the fields of fractions of Poisson prime factors of

the algebras kx[z1,...,%,]. The method is a Poisson version of the proof of [8, Theorem
2.1].
3.4. Theorem. Let A = kx[x1,...,z,] for some antisymmetric matric A € M, (k), and

let P be a Poisson prime ideal of A. Then there exist a field extension K O k and an
antisymmetric matriz p € M, (k), for some m < n, such that Fract A/P = K,,(y1,. -, Ym)
(as Poisson algebras).

In fact, p is the upper left m x m submatriz of Ao, for some o € GL,(Z).

Proof. Write A = (\;5).

IfI={ie{l,...,n}|x; ¢ P} and X is the submatrix of X consisting of the rows and
columns indexed by I, then there is a Poisson prime ideal P’ in kx/[z; | ¢ € I] such that
A/P = kxi[x; | i € I]/P'. Thus, there is no loss of generality in assuming that x; ¢ P for
all 7. Now P induces a Poisson prime ideal @) in the algebra B = kjy [xlil, ..., 1] such
that @ N A = P, and Fract A/P = Fract B/Q (as Poisson algebras).

Write B = k" as in §3.1, where I' = Z™ and b is the k-valued antisymmetric bilinear

form on I' obtained from . Set

o= {a el |2*+Q € Z,(B/Q)),

and observe that I'g is a subgroup of I'. We claim that I'/T'¢ is torsionfree. If o € I" and
ta € T for some ¢t € N, then (z* + Q)" = 2'* 4+ @ lies in Z,(B/Q), whence

t(z® + Q) {2 +Q, B/Q} = {(=* +Q)", B/Q} =0.

Since t(z® + Q)'~! is a unit in B/Q, it follows that {z* + Q, B/Q} = 0, that is, a € T'q.
Therefore I'/T'g is torsionfree, as claimed.

Now I'/T'g is a free abelian group of rank m < n, so there exists a basis (e1,...,€,)
for I' such that I'g is generated by {€m41,...,€n}. Let (71,...,7n) denote the standard
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basis for I'. There is a matrix o = (0,5) € GL,(Z) such that each ¢, = Y__, 057s, and

we set € equal to the antisymmetric matrix oo™ € M, (k). Then B = kg2, ..., 2],
where z; = x for ¢ = 1,...,n. Hence, after replacing the z; and A by the z; and &, we
may assume that (e1,...,€,) is the standard basis for I'. In particular, this means that

i+ Q€ Z,(B/Q) fori=m+1,...,n.

Set K = Fract Z,(B/Q) C Fract B/Q, let p € M,,(k) be the (antisymmetric) upper left
m X m submatrix of A, and form the Poisson K-algebra C'= K,, [ylﬂ, ..., yEY. Thereis a
K-algebra homomorphism ¢ : C' — Fract B/Q such that ¢(y;) = x; + Q for i = 1,...,m,
and ¢ is a Poisson homomorphism because

{0(wi), d(y;)} = {zi, 25} + Q = Nijziw; + Q = o({wi, y5})

fori,7 =1,...,m. Since x; + Q € K for i > m, the image of ¢ contains all the x; + @,
and so
Fract ¢(C') = Fract B/Q = Fract A/ P.

Thus, it only remains to show that ¢ is injective.

We claim that C' is Poisson simple. Identify C' with K.A in the notation of §3.1, where
A = 7" and c is the k-valued antisymmetric bilinear form on A obtained from p. Further,
identify A with the subgroup of I' generated by €y, ..., €y,; then I' = A @ I'g and c is the
restriction of b to A x A. We use Lemma 3.2 to prove that Z,(C) = K, after which
Corollary 3.3 will imply that C is Poisson simple. Thus, let a € A, that is, « € A and
c¢(a,—)=0. For j =1,...,m, we obtain

0= C(Oé, Ej) = Z ai)\ij;
i=1

and consequently
{l’a, ill'j} == Zai)\ij.fba.fl?j =0.
i=1

Since {z%,z;} € @ for j > m (because z; + Q € Z,(B/Q)), it follows that z* + Q €
Z,(B/Q), and so a € I'g. However, ANTg = 0, forcing @ = 0. We have proved that
A. =0, and hence Z,(C) = K by Lemma 3.2. Corollary 3.3 now implies that C' is Poisson
simple, as claimed.

Since ker ¢ is a Poisson ideal of C', it must be zero. Therefore ¢ is injective, and the
proof is complete. [J

We next construct a Poisson version of the derivation-deleting map introduced by Cau-
chon in [4, Section 2].

3.5. Lemma. Let A = Blx;,0], be a Poisson polynomial algebra. Assume that 0 is
locally nilpotent, and that ad = §(a+ s) for some s € k*. Then the rule

o0

(3-1) o) =3 % (_?1)% 5 ()"

n=0
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defines a k-algebra homomorphism 6 : B — Blz*1], and
(3-2) {z,0(b)} = b (b)x

for allb € B.

Proof. Note first that (3-1) at least defines a k-linear map 6 : B — B[zT!], and that
6(1) = 1. We compute that

e(ab):i%(%l)nan(ab)x—":; ( )n§(> )" (b2~

for all a,b € A. Therefore 6 is a k-algebra homomorphism.
For b € B, we have

{z,0(b)} = Z — <_—1> (ad™(b)z + 6" (b))z ™"

n=0

This proves (3-2). O

3.6. Lemma. Let A = Blz;o, 0], be a Poisson polynomial algebra, and assume that
ad = 0(a+ s) for some s € k. Then

(3-3) 6" ({a,b}) = Z (7) ({6'(a), 6™ (b)} + m&'a(a)s™ (b) — 16" (a)5™ (b))

l+m=n

for all a,b € B and n > 0.

Proof. Let L denote the k[z]-linear map {z,—} : A — A. Because of the Jacobi identity
for the Poisson bracket, L is a Poisson derivation on A. Hence, L satisfies the Leibniz Rule

(34 ran) = ¥ ()@ o

l+m=n
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for a,b € A and n > 0. Next, write =; and =5 for congruence modulo the ideals (x) and
(2) in A, respectively. We claim that

-1
n(n2 )Sdn—l(a)}x

for a € B and n > 0. This holds trivially when n = 0, and by construction when n = 1.
If (3-5) holds for some a € B and some n, then

(3-5) L™(a) =5 6"(a) + [nd"'a(a) +

n(n—1)s
2
=, 6" (a) + [(n + 1)6"a(a) + WW(@}@

because ad”™ = 0" (a + ns). Thus, by induction, (3-5) holds.
Now let a,b € B and n > 0. In view of (3-4) and (3-5), we have

L"({a,b}) =1 > (7) {6(a) + [16'a(a) + uél—l(aﬂx,

L™ a) =5 6" (a) + ad™(a)z + [né"a(a) + §"(a)]x

l+m=n 2
(36) 5(0) + [maa(b) + T 5 4]
= 2 (7))@ @.0m 0 + Ui+ Vi),
I+m=n

where
U = 167 a(a)d™ 1 (b) — mé™ L (b)6' T (a)

m(m — 1)

Vim = DS 5101 (g m g 5 5m=1 (53 (a).

2 2
Observe that

3 (?)Uzmz 3 (lzl)(umala(aw%)

e T
(3-7) - 2 <z7_1 1><m+1)5l(a)5mo‘(b)
R
= % () et o) - @sman).
I+m=n
while
"y =S ")+ )18 (a)o™ (b)
=02 ()
(3-8) _g S (li‘l)(mﬂ)mal(a)am(b)
I+m=n

>0
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Combining (3-6), (3-7), and (3-8), we obtain

(3-9) L"({a,b}) =1 ) <7)({5l(a),5m(b)}+m51a(a)5m(b)—lél(a)éma(b)).

l+m=n

Since L™ ({a,b}) =1 6" ({a,b}), (3-9) implies (3-3). O

3.7. Lemma. Under the hypotheses of Lemma 3.5, the map 0 is a Poisson homomorphism
from B to Blz*';a,d],.

Proof. For a,b € B, we compute, using (3-2), that

(a)z™,0(b)}

—_
>
—
Q
S—
>
—
>
S—
—
I
[]e
=]~
VRS
|
—_
~_
—
2,

(\
I
o

({5l (a),0(0)}z~" —16'(a){x, H(b)}x_l_l)

1
K
=|

T
o
7 N N

1
K
=|

(3-10) — ) ({0'(a).6(b)} — 16" (a)6a(b)
=0
> - +m
= 2. ﬁ (71) ({8'(a), 8™ (D)™™} — 16" (@)™ (b)) 2!
I,m=0
3 1 —1 o —l—m
B l,;o ilm! (?) (G + Dim)e ’
where
(3-11) Cim = {8'(a), 5™ (0)} +md'a(a)5™ (b) — 18" ()5 ()

Dy = lmsét(a)6™(b) +md™+ (a)s™ (b)z ™

for all [, m. The contribution of the Dy, terms to the sum in (3-10) is

> _ l+m

Z l|_7ln| (?1) [lmsél(a)(sm(b)x—l—m+m6l+1<a)6m(b)x—l—m—1]

I,m=0

1 l+m
v B SEN RS
l,m= 1
1 -1 t—14+m . N L
+tZ_1 (t—1)i(m—1)! (?) 6" (a)3™ (b)
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Because of (3-11), (3-12), and Lemma 3.6, we may simplify (3-10) to

(0(0).00)) = l,mio () e
= :OO% (%)n 6" ({a,b})a™" = 0({a, b}).

Therefore 6 preserves the Poisson bracket. [J

3.8. Theorem. Under the hypotheses of Lemma 3.5, the map 0 extends uniquely to an
1somorphism of Poisson Laurent polynomial algebras,

~

0 : B[yil;a]p — B[xil;a,é]p,

such that 0(y) =

Proof. First, § extends uniquely to a k-algebra homomorphism B[y*!] — B[z*!] such that
0(y) = x. In view of (3-2) and Lemma 3.7, the forms 6({—, —}) and {6(—),0(—)} agree on
pairs of elements from B U {y*'}, from which we see that they agree on pairs of elements
from A. Hence, the extended map 6 is a Poisson homomorphism, and it only remains to
show that € is bijective.

For surjectivity, we already have z*! = 0(y*!), and so we just need to see that B is
contained in the image of §. Given b € B, there is some [ > 0 such that §'(b) = 0, and we
proceed by induction on [. If I <1, then 6(b) = 0 and 6(b) = b. Now let I > 1, and write

0(b) = b+2l L And™(b)z~™ for some A, € k. Since 6" 1(67(b)) =0forn=1,...,1—1,
we can assume by induction that §1(b),...,d!~1(b) are in the image of §. Consequently,
0(b) — b is in the image of 0, and thus b is in the image of 6. This establishes the induction
step, and proves that 6 is surjective.

Let p € B[y™!] be nonzero, and write p = > ., b;y for some b; € B and some integers
I < m, with b,, # 0. Each of the terms 0(b;y’) is a Laurent polynomial of the form
b;z* + [lower terms]. Hence, 0(p) = b, 2™ + [lower terms], and thus 0(p) # 0. Therefore 0
is injective. [

The following is the main result addressing our quadratic version of the Poisson Gelfand-
Kirillov problem. It is a Poisson version of [4, Théoreme 6.1.1].

3.9. Theorem. Let A = k[z1][xe; ag,d2]p - - [Tn; n, Onlp be an iterated Poisson polyno-
mial algebra such that

(a) 0; is locally nilpotent for all i.
(b) There exist s; € k™ such that a;0; = §;(a; + s;) for all i.
(c) There exist \jj € k such that a;(x;) = Nijx; for alli> j.
Let X = (\ij) be the antisymmetric matriz in My, (k) whose entries below the diagonal agree
with the scalars in (c). Then:

(1) Fract A = kx(y1,---,Yn)-



POISSON POLYNOMIAL RINGS 23

(2) For any Poisson prime ideal P of A, there exist a field extension K 2 k and an
antisymmetric matriz p € M, (k), for some m < n, such that Fract A/P = K,,(y1,. .-, Ym)
(as Poisson algebras). In fact, p is the upper left m x m submatriz of o Aa*™, for some
ocGL,(Z).

Proof. Let P be an arbitrary Poisson prime ideal of A, and set B = kx[z1, ..., 2,]. In view
of Theorem 3.4, it suffices to show that

(*) Fract A/P = Fract B/Q for some Poisson prime ideal @ of B, where Q = 0 if
P =0.
We prove (*) via a triple induction: first, with respect to n; second, with respect to the
number d of indices i for which §; # 0; and third (downward), with respect to the maximum
index ¢ for which é; # 0. (If d = 0, we take t = n + 1.) Since there is nothing to prove if
n=1ort=n+1, we may assume that n > 2 and t < n.
Case 1: x,, € P. Then there exists a Poisson prime ideal P’ in the algebra

Al = k[.%’l][ilj'2; a2, 52];0 e [xn—l; On—1, 5n—1]p

such that A/P = A’/P’. By our primary induction, there is a Poisson prime ideal @’ in
the algebra B’ = kx/[z1,...,2n—1], where A" is the upper left (n — 1) x (n — 1) submatrix
of A, such that Fract A’/ P’ = Fract B'/Q’. Observe that Q = Q' + Bz, is a Poisson prime
ideal of B such that B'/Q’ = B/Q. Thus, Fract A/P = Fract B/Q.

Case 2: z, ¢ P and t = n. Then §,, # 0. Set

A/ = k[xl][x% 2, 52]]) e [xn—l; An—1, 5n—1]P[y; O571]p-

By Theorem 3.8, Alx;!] = A’[y~!], and so there exists a Poisson prime ideal P’ in A’
such that Fract A/P = Fract A’/P’, where P’ =0 if P = 0. The number of nonzero maps
among dg, ...,0,—1 is d — 1. Thus, our secondary induction yields (*) in this case.

Case 3: t < n. Then 6, = 0. Since {z,,r1} = Ap1T12,, We see that {z,, k[z1]} C
k[z1]zy, and so k[zi,z,] is a Poisson polynomial algebra of the form k[z:|[z,;al],. For
t=2,...,n—1, we have

{Zl)i, k[l’l, Ce ,Sl)i_l]} Q k[l’l, Ce ,Sl?i_l]ZlJi + ]{Z[l‘l, ce ,.’171'_1]
and {x;,x,} = —A\pixiTy = \in@n 2, from which it follows that
{.Ti, ]{7[5171, . ,.Ti_l,.fli'n]} Q k[a:l, e ,.’Ei_l,ﬂjn]flli + k[l’l, ce ,.ZCi_l,{IJn].

Hence, we may rewrite A in the form

A = klza][mn; af Jp[w2; 0, 8oy -+ [Tn-1; 01,61 ]p

for suitable o and ], such that of(x;) = A\;jx; for j < i and for j = n. Note that o and
d} restrict to a; and 0; on k[x1,...,x;—1], and that §}(z,) = 0. It follows easily that 0] is
locally nilpotent, and that a6, = J;(a; + s;). Finally, the map ¢; is nonzero because it
restricts to d¢, and it occurs in position ¢+ 1 in the list 0,0,05,...,9,,_;. Thus, our tertiary
induction yields (*) in this case.

Therefore (*) holds in all cases, and the theorem is proved. O
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4. POISSON POLYNOMIAL ALGEBRAS SATISFYING
THE QUADRATIC GELFAND-KIRILLOV PROPERTY

We apply Theorem 3.9 to the algebras discussed in Section 2, to obtain the following
result.

4.1. Theorem. Let A be any of the Poisson algebras of §52.2(b), 2.3(b), 2.4(b), 2.5(b),
2.6(a), 2.7(a). For any Poisson prime ideal P of A, there exist a field extension K O k and
an antisymmetric matric p € My, (k), for some m, such that Fract A/P = K,,(y1,. .., Ym)
(as Poisson algebras). In case P =0, we have K = k and m = tr.deg;, A. O

In each case, bounds on m and restrictions on g can be obtained via Theorem 3.9. We
leave details to the interested reader. The form of the Poisson field Fract A is given below.

The examples in Section 2 are already expressed as iterated Poisson polynomial algebras,
and so what remains is to establish hypotheses (a), (b), (c) of Theorem 3.9 in each case.
For (a), the following observation is helpful: To check that a derivation § on an algebra
A is locally nilpotent, it suffices to check that ¢ is locally nilpotent on a set of algebra
generators for A. (This follows directly from the Leibniz Rule for §.) Hypothesis (b) is
built into the situation of Corollary 1.8, as follows.

4.2. Lemma. Let A = k[z1][z2; a2, 02]p - -+ [Tn; an, On]p be an iterated Poisson polynomial
algebra, supporting a rational Poisson action by a torus H such that x1,...,x, are H-
eigenvectors. Assume that there exist ny,...,n, € h = Lie H such that n;.x; = a;(x;) for

i > j and the n;-eigenvalue of x;, call it s;, is nonzero for each i. Then a;0; = §;(a; + ;)
for all 7.

Proof. Fix i € {2,...,n}. Since the derivations 7n;.(—) and «; agree on z1,...,x;_1, they
must agree on the algebra A; 1 = k[z1,...,z;_1]. Let y; denote the H-eigenvalue of x;,
so that z; € Ay,. Then s;x; = n;.x; = (n;|yi)zi, and so (n;|y;) = si.

Consider an H-eigenvector f € A;_1, say f € A, for some z € X(H), and note that

{@i, [} = ci(f)ai +0:(f) = (- f)ws + 6:(f) = (milz) fri + 0:(f).

As shown in the proof of Lemma 1.6, {z;, f} € A,,+.. Since also fz; € A, ., we see that
9i(f) € Ay,+~. Consequently,

@;6i(f) = ni-0:(f) = (nilyi + 2)8:(f) =

8i (nil2) f + (nilya) f)
= 6i(mi-f + sif) = i + 8:)(f)-

The lemma then follows from the rationality of the action of the torus H. [

Since we have shown that the examples in Section 2 satisfy the hypotheses of Corollary
1.8, we conclude from Lemma 4.2 that they also satisfy hypothesis (b) of Theorem 3.9.

4.3. The algebra A of §2.2(b) is just kq[z1,...,%y], and Theorem 3.4 applies.
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4.4. Let A = O(M,(k)) with the Poisson bracket given in (2-2). As the case A = 0 is
covered by §4.3, we assume that A # 0. Condition (c) of Theorem 3.9 is given by (2-3).
The maps 9, in this algebra satisfy

Sim (Xij) = {

In particular, 67 (X;;) = 0 for all (¢,j) <iex (I,m), whence &, is locally nilpotent.
Thus, the hypotheses of Theorem 3.9 are satisfied. In particular, the theorem implies
that Fract A = k(Y;; | i,7 =1,...,n) with
{}/lma }/74]} = { ( ! ! . )
(A +pii + pjm)YiiYim (I >4, m <j).

0 (otherwise).

4.5. Let A= Af’lg(k) as in §2.4(b). Condition (c) of Theorem 3.9 is given by (2-6). The
maps 0; here satisfy
0i(zy) = di(y;) =0 (j <i)
Si(mi) = = (a — p)may -
I<i

Thus 6?2 vanishes on 1, ¥1,...,%;—1,¥i—1,;, whence §; is locally nilpotent. In this case,
Theorem 3.9 shows that Fract A = k(vy, w1, ..., v,, w,) with

{wm wj} = Yij W; Wy

{vi,wi} = (pj + vji)viw;
{vi,w;} = (g5 + vji)viw;
{vi,v;} = (g — pj + vij)viv;

4.6. Let A be as in §2.5(b). Condition (c) of Theorem 3.9 is clear from (2-8). The maps
0; here satisfy

6i(wj) = di(y;) = 0i(20) =0 (j <)

Si(i) == (@ —p)mys — Azg -
1<i
Thus 67 vanishes on zg,x1,y1,...,%i1,Yi_1, i, whence J; is locally nilpotent. We see
from Theorem 3.9 that Fract A = k(ug,v1, w1, ..., Vs, wy,) with

{uo,vi} = —(pi/2)uov;

{uo, wi} = (pi/2)uow;
{wi7 U)j} = Yij Wi Wy

{vi, wi} = (pj + vji)viw;
{vi, w;} = (g5 + vji)viw;
{vi,v;} = (¢ — pj +vij)viv;



26 K. R. GOODEARL AND S. LAUNOIS

4.7. Let A be as in §2.6(a). Condition (c) of Theorem 3.9 is given by (2-10). The maps
d1m in this algebra satisfy

—2YimYi; (1<l<j<m)
Ot (Yij) = § —2Yi¥Yim — 2YimYji (i<j<l<m)
0 (otherwise)

for I < m and i < j with (4,5) <jex (I, m). It follows that &7 (y;;) = 0 for all (4,7) <jex
(I,m), whence 6y, is locally nilpotent. In this case, Theorem 3.9 implies that Fract A =
I{I(Z”|1§'L§]§TL)Wlth

Zij Zim ((i=l<j<m)or(i<l<j=m)or(i<j=1<m))
{zij, 2im} = § 2zi521m (i=j=l<m)or (i<j=1=m))
0 (otherwise)

for I <m and i < j with (7,7) <jex (I, m).

4.8. Let A be as in §2.7(a). Condition (c) of Theorem 3.9 is given by (2-12). The maps
01 in this algebra satisfy

—2Yimy1j (i<l<j<m)
Oim(Yij) = —2Ya¥jm + 2YimYji (i<j<l<m)
0 (otherwise)

for | < m and i < j with (4,7) <jex (I, m). It follows that 62 (y;;) = 0 for all (4,7) <jex
(I,m), whence d;,, is locally nilpotent. In this case, finally, we see from Theorem 3.9 that
Fract A = k(z; | 1 <i < j <n) with

Zij2lm (lf HZ;]} N {va}‘ = 1)
{Zij7 Zlm} = .
0 (otherwise)

for I < m and i < j with (7, 7) <jex (I,m).
5. ISOMORPHISM INVARIANTS OF QUADRATIC POISSON FIELDS

In this final section of the paper, we address the question of when Poisson fields
kx(z1,...,2,) and ky(z1,...,2,) can be isomorphic. It is easily seen that a sufficient
condition is the existence of an invertible integer matrix A such that g = AXA"™ (Lemma
5.1), and we show that in a number of cases, this condition is also necessary. The method
is to show that the set of matrices BAB™, for B € M,,(Z), is an invariant of kx (1, ..., %,).
By similar means, we also show that kx(z1,...,,) cannot be isomorphic to any Poisson-
Weyl field. The invariants we use are Poisson analogs of some invariants introduced by
Alev and Dumas in [1].

For purposes of computation in kx(z1,...,z,), observe that the Poisson bracket of any
monomials ¢ and z? is given by

(5-1) {z%,2" = > abpAma®? = (aXb")z"*?,
I,m=1

where a,b € Z™ are viewed as row vectors.
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5.1. Lemma. Let A\, pu € M, (k) be antisymmetric, and assume there exists A € GL,(Z)
such that p = AXNAY. Then kx(z1,...,xn) = kyu(x1,...,2,) (as Poisson algebras over k).

Proof. Let aq,...,a, denote the rows of A, set y; = % for ¢ = 1,...,n, and observe using

(5-1) that
(5-2) {yi, yita = (@iAa} ) yiy; = pisyiy;

for all 4, j. Since A is invertible, z1, ..., z, all liein k(y1, ..., yn), so the y; are algebraically
independent over k and k(y1,...,yn) = k(z1,...,z,). Hence, there is a k-algebra auto-
morphism ¢ of k(x1,...,x,) sending y; — x; for all 7. Since the Poisson brackets {—, —}x
and {—, —}, are determined by the values {y;,y;}x and {z;,x;},, we conclude that ¢ is
a Poisson isomorphism of kx(z1,...,z,) onto ky(z1,...,2,). O

5.2. Proposition. Let K = kx(x1,...,x,) for some antisymmetric X € M, (k).
(a) If By is the k-subspace of K spanned by {{f,g} | f,9 € K}, then Bx Nk = {0}.
(b) For any n-tuple y = (y1,...,yn) of nonzero elements of K, let Cx(y) denote the
matriz ({yi,yj}(yiyj)_l) € M,(K). If Cx = {Cx(y) | y € (K*)"}, then Cx N M, (k) =
{AXNA" | A e M, (Z)}.

Proof. Put the lexicographic order on Z", and let L denote the corresponding Hahn-
Laurent power series field in z1, ..., z, (cf. [5, Theorem VII.3.8]; a more detailed treatment
can be found in [6, Section 2]). The field L consists of formal series ) _; a,z® where I is
a well-ordered subset of Z™ and the o, € k. Finite sums in L are identified with Laurent

polynomials in k[zF!,..., 2], Since L is a field, it thus contains (a copy of) K. Let

) n

7 : L — k be the k-linear map that gives the constant term (i.e., the coefficient of %) of
elements of L. Observe that the Poisson bracket on K extends to L by setting

Ny, Of Og
{fag}_ Z Azszxjaxi aili'j

1,j=1

for f,g € L. This formula gives a well-defined element of L because the supports of
x;(0f/0x;) and x;(0g/0x;) are contained in those of f and g.

(a) It suffices to show that 7({f,g}) = 0 for any f,g € L. Write f = > .; @,z and
g= Zbe J Bpz® where I and J are well-ordered subsets of Z™ and the g, 3, € k. Then

(5_3) {f7 g} = Z )‘ij (Z aiaaxa) (Z bjﬁbxb) = Z Z )\”az Ozaﬁb.’L' b
i,7=1 a€l beJ acl,bed 1,5=1
and consequently

({f g} Z Z )\’Ljal aaﬁb Z (— Z )\ijaiaj)aaﬁ,a.

a€l,beJ i,j=1 acInN(=J) 1,j=1
a+b:0
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Since A is antisymmetric, each of the sums Z:‘ =1
as desired.

(b) Tt follows from (5-2) that ANA™ € Cj for all A € M,,(Z). Hence, it suffices to show
that for any (yi,...,yn) € (L*)", the matrix (m({y:,y;}(viy;)~"')) has the form AXA™
for some A € M,,(Z).

Write each y; = }°,c7(;) ®iay® where I(7) is a well-ordered subset of Z" with minimum
element m(i), the a;q € k, and «; ,,¢;) # 0. Note that yi_l = Zbej(i) Bipx® where J (1)

is a well-ordered subset of Z" with minimum element —m(7), the By, € k, and §; _,,(;) =
% (i

For any i,j = 1,...,n, the series {y;,y,} is supported on the set of those ¢ € Z" for
which ¢ > m(i) + m(j) (cf. (5-3)), and so

Aijaia; is zero, and thus 7({f,¢}) =0,

7 ({yi yi} (ayy) 1) = {2™0, 2™y O7m0) = m(i) Am(j)"

by (5-1). Thus, (7({ys, vy, }(viy;) ")) = AXA™ where A is the matrix in M, (Z) with rows
m(1),...,m(n). O

The following corollaries give two immediate applications of Proposition 5.2. They are
Poisson analogs of results of Alev and Dumas, who proved that the quotient division ring of
a quantum plane O, (k?) cannot be isomorphic to a Weyl skew field [1, Corollaire 3.11(a)],
and that for nonroots of unity ¢,r € k*, the quotient division rings of O,(k?) and O, (k?)
are isomorphic if and only if ¢ = r*! [1, Corollaire 3.11(c)].

5.3. Corollary. Let A € M, (k) be antisymmetric. Then kx(x1,...,x,) is not isomorphic
to a Poisson-Weyl field. In fact, it is not isomorphic to any Poisson field containing
elements x and y with {z,y} = 1.

Proof. By Proposition 5.2(a), {z,y} # 1 for all z,y € kx(z1,...,2,). O

5.4. Corollary. Let A = [_0)\ 3] and p = [_OM ’5} for some A\, € k. Then kx(z1,12) =

ky(z1,22) if and only if A = £p.

Proof. If A\ = —pu, the k-algebra automorphism of k(zq,z2) fixing x; and sending xy +—
x5! transforms {—, —}x to {—, —},, providing a Poisson isomorphism of kx(x1,x2) onto
ku(z1,22).

Conversely, assume that kx(z1,22) = ky, (21, 22). By Proposition 5.2(b),

[ANA" | A € M, (Z)} = {BuB"™ | B € M,(Z)},

from which we see that Z\ = Zu. Since char k = 0, this implies A = +pu. U

Cases (b) and (c) of the following theorem are Poisson analogs of results of Panov [22,
Theorem 2.19] and Richard [23, Théoreme 4.2].
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5.5. Theorem. Let A\, u € M, (k) be antisymmetric, and assume that one of the following
holds:

(a) A € GL, (k).

(b) The subgroup ZZJ':1 ZXi; of (k,+) is cyclic.

(¢) The subgroup z?;j:l ZXij of (k,+) is free abelian of rank n(n —1)/2.

Then kx(x1,...,2n) = ku(x1,...,2y) if and only if there exists A € GL,(Z) such that
p= AXA".

Proof. Since the theorem is clear if n = 1, we may assume that n > 2. Sufficiency is
given by Lemma 5.1. Conversely, assume that kx(z1,...,2,) = ku(z1,...,2,). In view of
Proposition 5.2(b), there exist A, B € M,,(Z) such that u = AXNA"™ and A = BuB". Note
that A = (BA)A(BA)®™.

(a) In this case, it follows from the equation A = (BA)A(BA)' that det(BA)? =1, and
consequently A, B € GL,,(Z).

(b) By assumption, 2?,3:1 Z\;j = Z for some A € k. If A =0, then A = 0 and {—, —}x
vanishes. In this case, {—, —}, must also vanish, whence g = 0 and p = IAI".

Now assume that A # 0. Then A\~!\ is an antisymmetric integer matrix, and so there
exists C' € GL,(Z) such that

0 d, 0 --- e 0
~d; 0 ;
0
cOTIA e = | 0 d.
—d, 0
0
0 - _—
for some nonzero integers di, ... ,d, (e.g., [16, Theorem IV.1]). Hence, we obtain a block
matrix decomposition
A O
tr
exce=[3 9

with A € G Ly, (k). Since C is invertible over Z, we may replace A by CAC*™, and so there
A O
0 0}'

The equations p = AXA'"™ and A = BuB' imply that A and p have the same rank,
namely 2r, and that » 7', Zpi; = D27, Z\ij = ZX. Hence, we also obtain a block
M 0
0 O

is no loss of generality in assuming that A = [

} for some D € GL,,(Z) and some M € GLs,. (k).
M O
0 o}

matrix decomposition DuD' = {

As above, there is no loss of generality in assuming that p = [
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Write A and B in block form as

All A12:| |:Bll B12:|
A — B =
|:A2l Ao B Baa

where Ay; and By are 2r x 2r. The equations g = AXA' and A = BuB'" now say that

M 0] [A;LAY, Ay LAY A 0] [BuMBY B MBS
{0 0} - {AﬂLAgrl AglLAng {0 0} - {BglMBﬁ B21MB§rJ !
and so A = (B11A411)A(B11411)". As in case (a), it follows that A;; € GLs,.(Z). Hence,
the matrix F = {Aél I 02 } lies in GL,(Z). Since p = EAXE"™, the proof of part (b) is
complete.

(c) Since A is antisymmetric, the group Z? j=1ZA\;j is generated by the \;; for i < j,
so the assumption of rank n(n — 1)/2 implies that {\;; | 1 < i < j < n} is a basis for
> i i1 ZXij. As noted in the proof of part (b), Y77 | Zui; = 377 ;) ZXAij, and so this
group also has a basis {y;; | 1 <i<j <n}.

Next, identify A with the linear transformation on k™ given by left multiplication of A
on column vectors. We claim that Z™ Nker A = {0}. If a = (a1,...,a,)" € Z™ Nker A,
then A\jsas + Aizasz + -+ + Apa, = 0. Since Aio,..., A1, are Z-linearly independent, it
follows that as = a3 = -+ = a, = 0. Then Ayja; = 0, which implies a; = 0 because
Ao1 = —A12 # 0. Thus a = 0, establishing the claim. Since A = (BA)A(BA)™, it follows
that Z™ Nker(BA)™ = {0}. But (BA)™ is an integer matrix, so we obtain det(BA)™ # 0,
and thus det(BA) # 0.

Write BA = (d;;), and compare entries in the equation A = (BA)A(BA)"™:

17

Nj= Y didimdim = Y (didjm — dimdji) Nim

I,m=1 1<l<m<n
for all 4, 7. Since the \;,, for | < m are Z-linearly independent, we find that
ditdjm — dimd;; = 0319

forl <i<j<nand1l <[l < m <n. It follows from the Laplace relations that all
the 2 x 2 and larger minors of BA for which the row and column index sets differ must
vanish. In particular, this implies that the adjoint matrix D = adj(BA) is diagonal. Since
BAD = det(BA)I, and det(BA) # 0, we conclude that BA must be a diagonal matrix.

The equation A = (BA)A(BA)"™ now reduces to \;; = d;;\i;d;; for all i, j, whence
di;d;; = 1 for all i < j. Since n > 2 and the d;; are integers, d;; = £1 for all ¢, whence
BA € GL,(Z). Therefore A € GL,(Z), proving part (c). O

It is tempting to conjecture that the equivalence of Theorem 5.5 holds for arbitrary
antisymmetric A, p € M, (k).
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