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ABSTRACT. The standard Poisson structures on the flag varieties G/P of a complex reductive
algebraic group G are investigated. It is shown that the orbits of symplectic leaves in G/P
under a fixed maximal torus of G are smooth irreducible locally closed subvarieties of G/P,
isomorphic to intersections of dual Schubert cells in the full flag variety G/B of G, and
their Zariski closures are explicitly computed. Two different proofs of the former result are
presented. The first is in the framework of Poisson homogeneous spaces and the second
one uses an idea of weak splittings of surjective Poisson submersions, based on the notion
of Poisson—Dirac submanifolds. For a parabolic subgroup P with abelian unipotent radical
(in which case G/P is a Hermitian symmetric space of compact type), it is shown that all
orbits of the standard Levi factor L of P on G/P are complete Poisson subvarieties which
are quotients of L, equipped with the standard Poisson structure. Moreover, it is proved that
the Poisson structure on G/P vanishes at all special base points for the L-orbits on G/P
constructed by Richardson, Rohrle, and Steinberg.

INTRODUCTION

0.1. First we fix some notation. Let G be a connected reductive algebraic group over C.
Fix a pair of dual Borel subgroups B* in G, and set H = Bt N B~ for the corresponding
maximal torus. Denote the corresponding Lie algebras by g, b, and h. Denote by A and
AT the set of all roots, respectively all positive roots, of g with respect to h. Let I' be the
set of all positive simple roots of g. For a subset J of I, let PJi be the standard parabolic
subgroups of G, containing respectively the Borel subgroups B*. Let L; = Pj N P} be
the common Levi factor of Pj[. Denote by U* and UJi the unipotent radicals of B and
Pj[, respectively. Set p§ = Lie Pj[, (; = Lie L;, n* = LieU®*, and nf = Lie U}E.
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0.2. We fix a nondegenerate bilinear invariant form (.,.) on g for which the square of the
length of a long root is equal to 2. Recall [3, eq. (1.1)] that the standard r-matrix of g is
given by

(0.1) rg=Y_ <a’2a> ea A fo

«

where {e4 taea+ and {fo}aca+ are any sets of root vectors of g, normalized by [eq, fo] =
a¥ = 2a/{(a,a). (In the last equation, h and h* are identified via the restriction of the
form (.,.); for « € AT e, and f, are root vectors for the roots a and —q, respectively.)
The standard Poisson structure on G is given by

(0.2) G = L(rg) — R(rg) = X" (rg) — x"(rg).

Here L(ry) and R(rg) refer to the left and right invariant bivector fields on G associated
to rg € N*g 2 A*T.G.

For any subset J C I, the standard parabolic subgroup Pj“ is a Poisson algebraic
subgroup of (G, mg). The natural projection

(0.3) ns:G— G/Pf
induces the following Poisson structure on the flag variety G/ Pj’:

(0.4) g =n5(m) = —x(rq),

see [3, Theorem 1.8] and Proposition 1.3 below. Throughout the paper, for an action of G
on a variety M, we denote the extension to Ag of the infinitesimal action of g on M by

X :Ag— D(M,NTM).

For brevity, we set n = ny and 7™ = my.
Since the Poisson structure 7g vanishes on H, the left action of H on G/ Pj preserves
TF.

0.3. In this paper we investigate the geometry of the Poisson structures m; on the flag
varieties G/P;. This continues our work with Brown in [3], which we shall refer to as
Part I.

Before we state the main results of the paper, we introduce some notation on Weyl
groups. The Weyl group of the pair (G, H) will be denoted by W. For w € W, we will
denote by w a representative of w in the normalizer of H. If a formula does not depend
on the choice of this representative the dot will be omitted. The Weyl group of (L, H),
naturally thought of as a subgroup of W, will be denoted by W;. Recall that each coset
in W/W; has unique minimal and maximal length representatives. The sets of those will
be denoted by W2, ~and W,/ . respectively. Denote the longest elements of W and W
by w, and w?.

For w e W and J C T, set

(0.5) z) =wP} € G/P}, z, =2 =wB* € G/B.
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0.4. The following Theorem summarizes some of our results (Theorems 1.5, 1.8, 4.6, and
Proposition 4.2). Recall from Part I, [3, eq. (2.11)], the notation

(06) le,wQ = U;lu')l N B+’LUQB+, w1, W € w
where for w € W,

(0.7) Uz =U" NAd,(U").

Theorem. (i) There are only finitely many H-orbits of symplectic leaves on (G/P},my),
parametrized by pairs (wi,ws) € W x W such that wy < wy in the Bruhat order. The

max
torus orbit corresponding to the pair (wy,ws) is given by

S’lil,’l,UQ = Z’{whwz'Pj?
and is biregularly isomorphic to the intersection By, w, = B~ @y, N BTy, of dual Schubert
cells in the generalized full flag variety G/B™. Thus, the H-orbits of symplectic leaves on
(G/B™",7) are exactly the intersections of dual Schubert cells By, w, -

(ii) For each pair (w1, ws) as above, the Zariski closure of S . in (G/P},my) is equal
to the union of S{,’l’vz over those pairs (vy,ve) € Wlﬁax X W with v1 < vo for which there
exists z € Wy such that wi < wviz and wg > va2.

(iii) If Py is a parabolic subgroup of G with abelian unipotent radical (in which case
G/Pjr is a hermitian symmetric space of compact type), then all L j-orbits on G/Pjr are
complete Poisson subvarieties of (G/P} ,my) and all of them are quotients of the standard
Poisson group structure on L.

In addition, we prove that in the case of Hermitian symmetric spaces of compact type
the Poisson structure m; vanishes at the base points for the L j-orbits constructed by
Richardson, Réhrle, and Steinberg [18]. In this case, we also characterize explicitly the
H-orbits of symplectic leaves which fall within a given L j-orbit. This relates part (i) and
(iii) of the above Theorem. It is done in Theorem 4.13 and will not be formulated here
due to the amount of notation it requires.

The partition of the partial flag variety G/ Pf into H-orbits of leaves coincides with
Lusztig’s partition [13] of G/P} into locally closed subvarieties which are isomorphic to
intersections of dual Schubert cells in the full flag variety G/B*. More precisely, S/ =

wi1,w2

il wh ! (in the notation of [19, Section 5]) where w) and w4 are the unique elements
in W/ and W such that we = whwy. This follows, e.g., from the discussion in Rietsch

[19, Section 5] and §1.5 below.

We also derive explicit formulas for the restrictions of the Poisson structures m; to the
open B~ -orbit in Hermitian symmetric spaces of compact type for classical groups and
show that in all cases those are the quasiclassical limits of classes of quadratic algebras
that attracted a lot of attention in the theory of quantum groups (see Section 5). While
those classes were previously studied case by case, our work conceptually unifies them.
Finally, in the exceptional case Fg we find a new interesting quadratic Poisson structure
on a 16 dimensional affine space, related to a half-spin representation of so1g.
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0.5. We offer two different proofs of the first part of Theorem 0.4. The first one, which
appears in Section 1, uses the theory of Poisson homogeneous spaces. The second one (see
Section 3) is more geometric and is based upon the notion of Dirac—Poisson submanifolds
[5, 26]. The latter are submanifolds of a Poisson manifold (M, IT) which in general might
not be Poisson submanifolds but have the property that their symplectic leaves are exactly
the connected components of their intersections with the symplectic leaves of (M,II).
The second approach uses the idea of weak splittings of surjective Poisson submersions,
developed in Section 3. Briefly, if p : (M, II) — (N, 7) is such a submersion, a weak splitting
of it is a partition of N = | | .4 No into complete Poisson submanifolds and liftings 4 :
Ng — M of the restrictions of the submersions p|,-1(y,) such that (ia(Na),iax(7|N,)) are
Dirac—Poisson submanifolds of (M, II). If such a weak splitting exists, then the symplectic
leaves of the base (IV,7) are just the connected components of the inverse images under
the maps i, of the symplectic leaves of (M, II). It is interesting to note that in the present
situation the needed partition of (G/P;,7y) is exactly the partition into Schubert cells.
The second proof of Theorem 0.4 grew out from our attempt to understand geometrically
the observation [3, Remark 3.10].

0.6. As was noted earlier, many interesting quadratic algebras are quantizations of the
algebras of functions on particular Schubert cells in particular flag varieties. The idea of
weak splittings of surjective Poisson submersions also suggests that the primitive ideals of
those algebras can be obtained as push forwards from the primitive ideals of localizations
of quotients of the quantized algebras of functions on simple groups under non-algebra (!)
maps. We plan to return to this in a forthcoming publication.

In the case when the parabolic subgroup Pjr has abelian unipotent radical, there exists
a real form Gy of G for which Gy N L; is a maximal compact subgroup of both Gy
and L. In [18], an explicit order-reversing bijection is constructed between the L ;-
orbits on G/Pj and the Gg-orbits on G/P; which were studied in great detail in the
framework of symmetric spaces by Wolf [24], Takeuchi [22], and others. It is interesting
to understand whether this bijection can be further refined to a bijection between torus
orbits of symplectic leaves of the Poisson structure 7; and orbits of leaves of a real Poisson
structure on G/PJ, e.g. the one of Foth and Lu [8].

Finally, let us note that parts (i) and (ii) of Theorem 0.4 show that each intersection
of dual Schubert varieties in G/P} (i.e., each Richardson variety [2] in G/PJ) is the
Zariski closure of a single H-orbit of symplectic leaves. This suggests the possibility to
construct explicit degenerations of Richardson varieties by deforming algebraically the
Poisson structure 7; and looking at how torus orbits of symplectic leaves deform. This
could provide a Poisson geometric approach to Schubert calculus.

0.7. We conclude the introduction with some notation to be used later in the paper.

If {aq,...,an} denotes the set of positive simple roots of the reductive Lie algebra g
and v = ), n;q; is an arbitrary root of g, then the a; height of v is defined by nq, () = n;.
The support of v is defined by

suppy = {a; | 1 <j <N, ng,(y) # 0}.
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If V is a vector space, then for a given 7 € A2V we will use the standard notation for
the linear map

(0.8) vt SV, 7€) =€
For a subspace V; C V', we set
(0.9) (V)Y ={¢cV*|&w) =0forallv e Vh).

In particular, these notations will be used for a Poisson bivector © € (M, A>T M), in which
case f : T*M — TM is a bundle map. A submanifold X of (M,7) will be called a
complete Poisson submanifold if it is stable under all Hamiltonian flows, that is, if it is
union of symplectic leaves.

Given an algebraic group G and an element g € G, we will denote by Ad, both the
conjugation action of g on G, Ady(h) = ghg™', and the adjoint action of g on LieG. As
usual, ad, will be used for the adjoint action of Lie G on itself.

As in Part I, we will use the following convention to distinguish between double cosets
and orbits in homogeneous spaces. For two subgroups C and D of a group GG and an
element g € G : (1) The notation C'¢gD will denote the double coset of g in G, and (2) the
notation C.gD will denote the C-orbit of gD € G/D.

Finally, for a locally closed subvariety Y of an algebraic variety X and a subset Z of Y,
Cly (Z) will denote the Zariski closure of Z in Y.

1. TORUS ORBITS OF SYMPLECTIC LEAVES IN FLAG
VARIETIES VIA POISSON HOMOGENEOUS SPACES

1.1. In this section we study the geometry of the Poisson structure 7; on the flag variety
G/P} by the techniques of Poisson homogeneous spaces, cf. [3, Section 1].

First we introduce some more notation to be used in the rest of the paper and recall basic
facts on minimal and maximal length representatives for cosets in Weyl groups. Denote
the set of all roots of (I7,h) by A and the corresponding subset of positive roots by A% =
A ;N AT. Recall that the (unique) minimal length and maximal length representatives w
of a coset in W/W; are characterized respectively by

(1.1) w(AY) c AT
and
(1.2) w(AT) C —AT.

Recall that there are two natural bijection between W.J. and W] given by

min

— vw! € W and ve Wl —wweW!

max min max

(1.3) N 1

min

where w, and wg are the longest elements of W and W .
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1.2. Recall that, in the terminology of [3, §1.3-1.4], the standard Poisson algebraic group
(G,m¢g) is a part of the algebraic Manin triple (G X G, Ggiag, F') where Ggiag denotes the
diagonal subgroup of G x G and F' is the dual Poisson algebraic group, given by

(1.4) F={(hut,h"'u") | he H, ut € U*}.

On the level of Lie algebras, we have the standard Manin triple (g ® g, gdiag, 9*) Where
g" = Lie F' and the bilinear form on g & g is

(1.5) (21, 22), (Y1, 92)) = (1, 91) — (22,92),
in terms of the nondegenerate bilinear form (.,.) on g fixed in §0.2.

1.3. Proposition. (a) The orthogonal complement of p}r in the dual Lie bialgebra g* for
the standard Lie bialgebra structure on g is (p7)+ =nt @& {0}.

(b) The standard parabolic subgroup Pj“ of G is a Poisson algebraic subgroup for the
standard Poisson structure mwe.

(¢) The pair (G/P} ,ns.(7c)) is a Poisson homogeneous space for the standard Poisson
algebraic group (G,mg). The Poisson structure ny.(mqg) is equal to —x(rg) and will be
denoted by wy for brevity.

(d) The Drinfeld Lagrangian subalgebra (cf. [7]) of the base point x{ = eP} of the
Poisson homogeneous space in (c) is

(1.6) ={l+nf,l+nd)|lely, nf ent} Cgdg=D(g).
It is the tangent Lie algebra of the connected algebraic subgroup
(1.7) Ly={(uf,lug) |l €Ly, uf €U}

of G x G; in particular, (G/Pj,m;) is an algebraic Poisson homogeneous space for the
standard Poisson algebraic group (G, mg) in the terminology of [3, Definition 1.7].

The proof of Proposition 1.3 is analogous to that of [3, Proposition 3.2] and will be
omitted.
Below we will need the following well known Lemma.

1.4. Lemma. All B~ -orbits on the flag variety G/Pjr are parametrized by W by

w— B~x). Moreover B=x. is bireqularly isomorphic to U, recall (0.7), by

J

uec U, — uxy,.

For completeness, we will sketch the proof of the second part of Lemma 1.4. For any
w € W, one has B~ = U, (B~ N Ady(B")). If w € W7/, then (1.2) implies that

n~ NAd,(n~) C Ady,(n;). Since U, and Ad,(U;) are connected subgroups of G, it
follows that U, C Ad, (U} ), which easily implies the second statement in Lemma 1.4.

Set
(18) QJ = {(wl,wg) < Wrﬁax x W | wy < ’wg}.
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1.5. Theorem. There are finitely many H-orbits of symplectic leaves on (G/P}, my),
bijectively parametrized by 7, and all of them are smooth irreducible locally closed subva-
rieties of G/P; . The H-orbit of leaves corresponding to (w1, ws) € Q7 is explicitly given
by

(1.9) S’ = Uspy 0o P7

w1, w2

recall (0.6), and is biregularly isomorphic to the intersection Buy, w, = B~ Ty, N BT 2y, of
dual Schubert cells in the full flag variety G/B™.

In particular, the H-orbits of symplectic leaves on (G/B™, ) are exactly the intersec-
tions of dual Schubert cells By, w,, tndexed by pairs (wi,ws) € W x W such that wi < ws.

It is easy to see that, while U,;, ., depends on the representative of w; in the normalizer
of H, the set S does not.

wi1,w2

Proof. 1t follows from [3, Theorem 1.10] that the H-orbits of symplectic leaves in (G/ P}, 7)
are smooth locally closed subsets of G/ Pj’. Moreover the same Theorem implies that they
are exactly the irreducible components of the inverse images under the map

(1.10) A:G/Pf — (Gx@Q)/L;, A(gPf)=1(9,9)Ls
of the (Bt x B™)-orbits on (G x G)/L;. The map A is an embedding because
Gdiag N Ly = (P} )diag-

(Recall that Ggiag denotes the diagonal subgroup of G' x G.)
Applying [3, Theorem 8.1], we see that each such orbit passes through the coset of

(g, 1y ) for some (wy,ws) € W, x W and all such orbits are distinct. Because (w7, w?) €

min

Ly, using (1.3) we obtain that

{(wg,wl)ZJ | w1 € WJ

max’

wQEW}

is a complete, irredundant set of representatives for all (B* x B~)-orbits on (G x G)/L.
Note that

A™Y (BT x B7)(t2,1in)Ly) C B ) .
Thus, A~ ((BT x B7)(ts,11)L,) consists of all points u~z, , with u~ € Uy, for which
there exist b* € B*, u;r,u; € Uj, and [ € Lj such that

(1.11) uby = b iglud = b aiglul

From the first equality we get that luj = Ad:bll((b_)_lu_) € Ad;ll(B_). Since w, € W
we have Ady, (ug) € B~, thus | € Ly N Ad,, (B™). For arbitrary [ € Ly N Ad,, (B~) and
u~ € Uy, there exist b~ € B~ and uj € U that satisfy the first equality in (1.11). Then
the second equality in (1.11) implies

AT (BT x B7)(to,1in)Ly) = (Uy, i1 N B we(Ly N Ad, (B™))UT).Py.
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From (1.2) one has Ad,,} (B~) = (L; N B¥)(U; N Ad,,(B7)). Thus Ly N Ad, (B~) =
L;N BT and

AT ((BY x B™)(tg,1n)Ly) = (Uy, i1 N BYwsBY) .Pf = Uy, w, P

Due to Deodhar’s theorem [6, Corollary 1.2], Uy, w, is non-empty if and only if we > w;.
On the other hand if wy > wy then S ., is irreducible and biregularly isomorphic to

Uiy wy and By, w, because of Lemma 1.4 and [3, Theorem 2.4]. O

1.6. Next we describe the relation between the Poisson structures on torus orbits of leaves
in different flag varieties for a fixed reductive group G. For a subset J C I', denote by

(1.12) py: G/BT — G/Pf

the natural projection. The composition G SNYE: /BT LENYE / Pj coincides with 77, recall
(0.3). Since the surjective maps ) and 7 are Poisson, the projection p is Poisson as well.

For all J C T and w € W, the sets B¥z] are complete Poisson subvarieties of
(G/Pf,m;). This follows from the facts that (G/P},n;) is a quotient of (G,7¢) and
B* are Poisson algebraic subgroups of (G, 7g). (The statement is also a simple corollary

of Theorem 1.5.)

Proposition. For every subset J C T and every w € W,/

axs the projection py restricts to
an isomorphism of Poisson varieties

/LJ|B*a:w : (B_ZCw,ﬂ') i) (B_.I';{),ﬂ']).

In particular, for (wy,ws) € Q7 this restricts to the Poisson isomorphism

where for simplicity we set Sy, w, = Sf@hwz.

Proof. Lemma 1.4 guarantees that p; is an isomorphism between the affine spaces B~ x,, C
G/B*t and B~z) C G/Pf. It was shown above that B~z, and B~z are complete
Poisson subvarieties of (G/B*,m) and (G/P},my), respectively. The first statement now

follows from the fact that u; is a Poisson mapping and the second one is a corollary of the
first. O

1.7. Remark. One can establish first Proposition 1.6 and then deduce the general case of
Theorem 1.5 from the case J = (). The proof of Theorem 1.5 in this special case is easier
than the general case. This gives a somewhat simpler proof of Theorem 1.5.

Finally we describe the Zariski closures of the torus orbits of symplectic leaves Sihm
of (G/Pj,ﬂj)
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1.8. Theorem. For all (wi,ws) € Q7, the Zariski closure of the H-orbit of symplectic
leaves S}, i (G/P},my) is equal to the union of S oy Over those (vi,v2) € Q7 for
which there exists z € Wy such that wq < viz and wy > vyz.

Note that in the special case of the generalized full flag variety G/B™, Theorem 1.8

reduces to the well known fact that for the Richardson varieties,

Bz, N Btxy, = B~ 2y, N Btx,,.

The order relation between the nonnegative parts of Sdl w, in the sense of Lusztig [13]

was also (independently) studied by Rietsch [19] and Williams [23].

Proof. By modifying Springer’s Lemma 2.2 [20] or directly using [12, Corollary 3.6], one
gets that for all (w1, ws) € W, x W inside (G x G)/Ly:

min

(BF x B4).(wa,w1)Ly = | [{(B" x B).(vz,01)Ly | (v1,v2) € Wy,

min

x W,

(1.13)
Jz € W such that wy > vz, wy > vaz}.

Acting on (1.13) by (e, ws,), and using that Ad,_ (B*) = B~ and that for w,v € W, we

have w < v if and only if wow > wov, we see that for (wy,ws) € Wrﬂm x W,

(Bt x B).(wa, wow1) Ly =|_[{(B* x B™).(vz, wov1)Ls | (v1,v2) € Wil x W,

dz € Wy such that wow; < wovyz, wy > voz}.

We deduce from the second correspondence between W/, and W,/ in (1.3) that for all

min max
(wl,wg) € WJ X W,

max

(Bt x B).(wa,w1)Ly =| [{(B* x B7).(va,v1)L | (v1,v2) € Wy

max

x W,
(1.14)
dz € Wy such that w; < wyz, we > vaz}.

Now we apply [3, Lemma 2.6] for Y equal to the image of the embedding A from (1.1)
and the stratification of (G x G)/L; by (BT x B™)-orbits. Note that A(G/P}) intersects
each (BT x B™)-orbit transversally since the diagonal of g g and by & b_ span g®g. It
follows that

(115)  Clygypt) (AG/PF) N ((BY x B7).(wn, un)L,))
= A(G/P+) N <B+ X B_).('LUQ,'U)l)ZJ.

Recall from the proof of Theorem 1.5 that for (wy,ws) € WS x W,

A(G/PT)((BT x B7).(we,w1)Ly) # 0 if and only if w; < wo,

in which case o
S) o, =AT (BT x B7).(wa,w1)Ly) .

w1, w2

The Lemma now follows from (1.14), (1.15), and the fact that A is an embedding. [

The Zariski closures of the H-orbits of symplectic leaves inside each Schubert cell in
(G/P},my) have a particularly simple form.
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1.9. Proposition. For each w € W7 the following hold.

(i) The H-orbits of symplectic leaves in the Schubert cell (B~ ), C G/P}, mi|p-s) are
parametrized by W= = {wy € W | wy > w} by

Wo € sz '—>SJ

w, W2

— +
— Uy iy P}

(ii) For each wy € W=Y, the Zariski closure of S;
consists of all S

inside the Schubert cell B~ x;

,W2
for vo € W such that w < vy < ws.

;U2

This proposition generalizes Theorems 3.9 and 3.13 from [3].

Proof. The first part follows from
S? o, =Upw, - PT C (Uyw).Pf =Bz

w,wa

and the fact that the Schubert cells B~z for w € W2, partition G/P; .
It is easy to deduce the second part from Theorem 1.8 but we offer a direct proof which
better explains the result.
In terms of the isomorphism pu|g—,, : B 2w — Bz, (cf. §1.6), S, is given by
SY vy = (1iB-2,) " (B™ 2 N BT ay,).

w, w2

Applying [3, Lemma 2.6] for the partition X = G/B" = ||, ¢y BT %w, and Y = B2y,
and using the standard formulas for closures of Schubert cells, leads to

Clg-z, (B 2w N B zy,) = | ] (B~ 2w N BT xy,).

vo EW,w<ve <ws

The second part of the Proposition follows from this, applying once again the isomorphism
HJ |B— Loy * [

2. WEAK SPLITTINGS OF SURJECTIVE POISSON SUBMERSIONS

2.1. First we recall the definition of a Poisson—Dirac submanifold of a Poisson manifold,
given by Crainic and Fernandes in [5, Section 9].

Definition. Assume that (M,II) is a smooth (real or complex) Poisson manifold. A
submanifold X of M is called a Poisson—Dirac submanifold if the following two conditions
are satisfied:

(i) For each symplectic leaf S of (M,11), the intersection SNX 1is clean (i.e., it is smooth
and T,(SNX)=T,SNT, X forallz € SNX) and SN X is a symplectic submanifold of
(5, (11]s)~1).

(ii) The family of symplectic structures (I|s)~*|snx is induced by a smooth Poisson
structure m on X.

Here and below, for a nondegenerate Poisson structure 7y we denote by (mo)~! the
corresponding symplectic form.

In the setting of the above Definition, the symplectic leaves of (X, 7) are exactly the
connected components of the intersections of the symplectic leaves of (M, IT) with X.
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2.2. The following simple criterion was proved in [5].

Proposition. Assume that (M,11) is a Poisson manifold and that X is a submanifold for
which there exists a subbundle E of T'x M such that

(i) TxM =TX & E and

(ii) the restriction of the Poisson tensor Il to X splits as

H|X:7T—|—7TE

for some smooth bivector fields = € T'(X, A\2°TX) and 7 € T'(X,\?E).
Then X is a Poisson—Dirac submanifold of (M,I1) and the induced Poisson structure
on it coincides with .

Crainic and Fernandes call submanifolds satisfying the conditions of Proposition 2.2
Poisson—Dirac submanifolds admitting a Dirac projection. Earlier, Xu [26] investigated
such submanifolds with an extra property, namely that E° is a Lie subalgebroid of T* M,
equipped with the standard cotangent bundle algebroid structure, recall (0.9).

2.3. Definition. Assume that (M,II) and (N, ) are Poisson manifolds and that p :
(M,11) — (N, 7) is a surjective Poisson submersion. A weak splitting of p is a partition

(2.1) N=|]Na
acA

of (N,7) into complete Poisson submanifolds such that for each o € A, there exists a
smooth lifting io : Noo — M (of plp-1(n.) :p~ Y (Ny) — Ng) with the properties:

(i) ia(Ny) is a Poisson—Dirac submanifold of (M,II) and

(i) the induced Poisson structure on io(Ngy) 1S i« (TN, )-

Note that i, is not required to be a Poisson map. An important special case is illustrated
in algebraic terms in Proposition 2.6.

2.4. Remark. If a surjective Poisson submersion p : (M,I1) — (N, 7) admits a weak
splitting as in Definition 2.3, then the symplectic foliation of (N,7) is easily described in
terms of the symplectic foliation of (M,II1). Namely, each symplectic leaf of (N, ) lies
entirely in one of the submanifolds N, and is of the type i 1(S Niy(Ny))® where S is a
symplectic leaf of M and (S Niy(Ny))® is a connected component of (S Nig(Ny)).

2.5. The following Proposition provides a sufficient condition for the condition (ii) in
Definition 2.3 which is easier to check.

Proposition. Assume that p : (M,I1) — (N, ) is a surjective Poisson submersion. Let

N:|_|Na

acA

be a partition of (N, ) into complete Poisson submanifolds such that for each a € A,
there exists a smooth lifting i : No — M (of plp—1(n,) : p~1(N,) — N,) whose image is
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a Poisson—Dirac submanifold admitting a Dirac projection with respect to a subbundle E,
of T;,, (v, yM , cf. Proposition 2.2. If the E, are tangent to the fibers of p (i.e., Eq contain
the tangent spaces to the fibers of p), then the condition (ii) in Definition 2.3 is satisfied
and the families {Nqo}aca, {ia}taca provide a weak splitting of p.

Proof. For m € i,(N,) denote the fiber of p through m by F,, = p~!(p(m)). Since
p: (M,II) — (N,7) is Poisson and i, is a lifting of pl,-1(n,) : p7'(Na) — No we have

(2.2) TonM =T, (ia(Ny)) @ T Frn
and
(2.3) 1L, — iaw (TN, )m € T Fin AT M.

On the other hand, the fact that i,(N,) C M satisfies the conditions of Proposition 2.2
implies

Ol (n.) = Ta + TE,,

(24) for some 7, € I'(iq(Na), A*T(ia(Ny))), Tg, € D(ia(Na), N2Ey).

Putting together (2.2)—(2.4) and T,,F,, C E,(m) gives mq = iq«(7|n,) which is exactly
the condition (ii) in Definition 2.4 (taking into account Proposition 2.2). [

2.6. If p: (M,II) — (N, ) is a Poisson map, then the pull back p* : (C*°(N),{.,.}r) —
(C>°(M),{.,.}) is a homomorphism of Poisson algebras and turns C*° (M) into a module
for the Poisson algebra (C°°(N),{.,.}x). The following Proposition provides an algebraic
characterization of an important special case of weak splittings of surjective Poisson sub-
mersions. Its proof is simple and will be left to the reader.

Proposition. Assume that p : (M,11) — (N, x) is a surjective Poisson submersion and
i : N — M a smooth lifting of p. Denote by Tp the subbundle of TM whose fibers are
the tangent spaces to the fibers of p. Then the trivial partition of N with one stratum and
the map i : N — M provide a weak splitting of p such that I1|; ny € A2 Ti(N) @ /\2Tp|l-(N)
if and only if i* : (C°(M),{.,.}u) — (C>®(N),{.,.}x) is a morphism of (C>°(N),{.,.}x)
modules.

2.7. All weak splittings of surjective Poisson submersions considered in this paper will
be in the category of (complex) quasiprojective Poisson varieties. This means that in
the setting of Definition 2.1, we require X to be a (smooth) locally closed subvariety of
the smooth quasiprojective Poisson variety M. In Proposition 2.2, we require E to be an
algebraic subbundle of T'x M. Finally, in the algebraic setting, in Definition 2.3 we require
(2.1) to be an algebrogeometric stratification of M (in the sense of [3, §0.8]) and the maps
1o to be algebraic.
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3. WEAK SPLITTINGS OF SURJECTIVE POISSON SUBMERSIONS FOR FLAG VARIETIES

3.1. Since the Poisson structure wg vanishes on the maximal torus H of G, the left and
right regular actions of H on G preserve it, and thus 7 descends to a Poisson structure
on G/H. One can see this in another way: H is a Poisson algebraic subgroup of (G, n¢),
thus m¢ descends to a Poisson structure on the homogeneous space G/H because of [3,
Theorem 1.8]. Denote the standard projection by

(3.1) 7:G — G/H, andset 7g/g=T(7q).

It is clear that the projections

(3:2) vy (G/H,mq/m) — (G/P},m;), vy(gH)=gPy

are surjective Poisson submersions. For brevity, set v = vp. Finally, for w € W, set
(3.3) yw =wH € G/H.

The following Theorem contains the main result in this Section. Based on it, a second
proof of Theorem 1.5 is given in §3.9.

3.2. Theorem. Assume that G is an arbitrary complex reductive algebraic group and J
1s a subset of the set of positive simple roots I'. The partition into Schubert cells

G/Pf= || Bz

WEW 1l ax
and the morphisms
(3.4) il B~x) — G/H, given by il (u"xl) — u yy, foru” €U,

provide a weak splitting, in the sense of Definition 2.3, of the surjective Poisson submersion

vy (G/H,mq/a) — (G/PF,my) (recall (0.5), (0.7), and (3.1)—(3.3)).
The proof of Theorem 3.2 will be split into several Lemmas.

3.3. We will use the identification of vector spaces
(3.5) T.GoT,G=gog " =2D(g) Zgdg=T.GoT.G.

coming from the embeddings of g and g* in the double D(g) = g & g of the Lie bialgebra
g, cf. §1.2. This induces the identifications

(3.6) T,GoT,G=Ry(g®g") = Ry(gDg) =T,GoT,G, forged.

Here and below, L, and R, refer to the left and right translations a — ga and a — ag,
for a € G. For simplicity of the notation, we denote in the same way the induced tangent
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maps 1, — Ty and T, — Toy. In the identifications (3.6), the tangent and cotangent
spaces at g correspond respectively to:
TyG = Ry(8adiag),

3.7
(3.7) T;G = Ry(Lie F) = Ry{(h+n*,—h+n") | h€h, n= ent},

recall the notation in §1.2. The pairing between them is given by (1.5).

The main reason for using the identifications (3.6) is that the graph of Fg’ g TG = T,G
(cf. (0.8)) under those identifications corresponds to the Drinfeld Lagrangian subalgebra
[7] [, of D(g) for the base point g of (G, 7¢), considered as a homogeneous space over itself.
Since 7 vanishes at e, one has [ = Lie F. Moreover, because the map g — [, C D(g) is
G-equivariant with respect to the adjoint action of G on D(g) = g @ g (see [7]), one has

[, = Ady(Lie F) = Ady, ({(h+n",—h+n") |hebh, nT ent}).
Taking into account R, o Ad, = L, this leads us to the following result.

3.4. Lemma. In the identification (3.6), the graph of Wg’g T, — T,G, cf. (0.8), corre-
sponds to the subspace

Ry(AdyF)=Ly(LieF) =Ly ({(h+nt,~h+n") | h € b, n* en'}) C T,G & T,G.

We will further need the following well known result.

3.5. Lemma. If V; and V5 are subspaces of a finite dimensional vector space V and
m € N2V, then
VO CVy <=  we AV + A,

Sketch of the proof. The standard nondegenerate pairing between V & V and V* @ V*
restricts to a nondegenerate pairing between A2V and A?V*. Then 7#(V?) C V4 if and
only if 7 € (V2 A V5)°. One easily checks that for all subspaces V; and V; of V, one has
(VEAVR) = A2V + A%V, O

3.6. For all w € W, define the following algebraic subbundles E, and E,, of THU;wG
and Ty, G /H, respectively:

Eu(bw) = Ly (67) + Ry (nt NAdy(n™)) C Ty (G), forbe HU,,

3.8 -
(3.8) By =1 (Bw) € Ty, G/H,

recall (3.4). It is easy to see that the push-forward in (3.8) does not depend on the choice
of preimage. For a subvariety N C G such that N = 7717(N), denote by T(7|x) the
bundle over N whose fibers are the tangent spaces to the fibers of 7|y:

(3.9) T(r|n)(g) = Ly(h) CTyG, g€ N.

The fact that the E,, are algebraic bundles follows from E,, D T(7| HU-w): forallw e W
and b € HU,, one has E,(bw) D Lyw(b%) D Lyw(h) = T(| -, ) (bw).
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Proposition. For every w € W, the following hold:
(1) T(HUyw) + Ey = Tyyyy- G,
T(HUgw) N E, = T(Tlgug w)
w6l gy € NPT(HUyw) + A2Ey, and
(2) T(Upyyw) ® Ey = Ty=y., G
7TG/H|U1;yw € NT(Upy yw) © N Ey,
recall (0.4), (3.3), (3.4), (3.8), and (3.9).

Proof. Part (2) follows from part (1). The following inclusions imply the first statement
in part (1):

Ty (HUZ w) + Ey(uw) D Ry (67 N Adyy (67) + 07 N Ady (n7)) + Ly (b7)
= Rpuw(Ady(67)) + Luw(bT) = Ry (Adpy (7)) + Ly, (b™)
= Lp(b™ +b7) = Ty (G),

where w € W and b € U,,. We used that b € HU,, C Ad,(B~) and thus Ad,(b™) =
Ad,(67).
It is clear that

(3.10) T(HUyw) N Ey 5 T(7] y-,,)

because HU,w = U, wH. Next we show the opposite inclusion. Fix b€ HU,. lf z € g
and Rpy(x) € Thw(HU,w) N By, then = 11 = Adpy(y) + z2 for some y € bT and
r1 €b7 NAd,(b7), and z2 € nT N Ad,(n7). So

Adyw(y) = 21 — 22 € b~ N Adp(67) + 1 N Ady(n™) = Ady(b7) = Adpe (7).

Taking into account Ady,, (y) € Adp,(b™), one obtains y € h and x = 0, and consequently
x € h. This proves the opposite inclusion to (3.10) and completes the proof of the second
statement in (1).

In the rest of this proof we show the third property in part (1). Under the identification
(3.6), the tangent space Ty, (HU,, w) corresponds to Rpy, (b7 N Ady(b7))diag) for all b €
HU,,;. Recall that the images of the tangent and the cotangent spaces to G in (3.6)
are given by (3.7) and the pairing between them is given by (1.5), see §3.3. By a direct
computation, one checks that under the identification (3.6), (Ty., (HU,, w))? corresponds to
Rpw((nTNAd,(n7))@n"), see (0.8)—(0.9). (Here and below, for two subalgebras f1, f2 C g,
by f1 @ fo we denote the canonical direct sum subalgebra of g & g and not the possible
direct sum inside g.) Recall that the graph of ﬂé : Ty G — Ty, G is given by Lemma 3.4.
If Ry () € 7l (Thw (HUL w))?), then there exist nt € n™ N Ad,(n~) and n~ € n~ such
that

(x+nT,24+n") € Adpy(Lie F) C Adp, (b @ b7).
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Comparing the first components gives x € Ady, (b7) + nt N Ad,(n7), and consequently

78 (Tow (HU; w))°) C Ry (Adp (67) + 0% N Ad,, (n7))
= L (67) + Row(nt NAdy(n7)) = E, (bw).

Now the third statement in part (i) follows from Lemma 3.5. O

3.7. Proof of Theorem 3.2. First we prove the Theorem in the case J = (). For all
w € W, the tangent spaces to the fibers of vy inside U, y,, are n.(Lp,(b7)) for b€ HU,,,
and they are contained in E,,. Proposition 2.5 and part (2) of Proposition 3.6 imply that

(3.11) Te/Hly=y, — i (T|p-u,) € N2E,, forallwe W,

which establishes the Theorem in the case J = ().
For the general case, in addition to Proposition 3.6 (ii), we need to prove that

(3.12) Tty g, — s (Ti|B-27) € N2Ey, forallJCT, we W’

Because i}, =i? o (us|p-,,) " and

,LLJ|B—xw : (B_xwa 7T|B—mw) - (B_(E;{}, 7TJ|B*9:;L)
is a Poisson isomorphism for all w € W (recall (1.12) and Proposition 1.6), we get that
(3.13) in (Mgl p-ns) =il (n|p-y,), forallwe W

Equations (3.11) and (3.13) imply (3.12), and this completes the proof of the Theorem. [

3.8. Lemma. The H-orbits of symplectic leaves of (G/H, ¢ i) are evactly the projec-
tions T(B~w1 B~ N BtwyB™) of the double Bruhat cells of G onto G/H, for wi,ws € W.

Sketch of the proof. The proof of the Lemma is analogous to the well known fact that the
H-orbits of symplectic leaves of (G, mg) are the double Bruhat cells of G. The Drinfeld
Lagrangian subalgebra of the base point eH of G/H is Lie(Hgiag(UT x U7)), see [3,
Theorem 1.8]. The H-orbits of symplectic leaves of (G/H,m¢ /g ) are the inverse images of
the (Bt x B7)-orbits on (G X G)/Haiag(U' x U™) under the map

(3.14) G/H — (G X G)/Haiag(UT xU7), gH + (9,9)Haiag(UT x U7).

By the Bruhat Lemma, the (B* x B™)-orbits on (G X G)/Hgiag (U xU ™) are parametrized
by W x W via

W x W 3 (wy,ws) — (BT x B™)(wa,w1)Haiag(UT x U7).

Finally, the inverse images of the above orbits under (3.14) are exactly the projections
7(B~w; B~ N BtwyBT). O
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3.9. A second proof of Theorem 1.8. For w € W7 and wy,ws € W, the intersection
of 7(B~w1B~ N BtwyBT) with i) (B~x)) = Uy, is nonempty only if w; = w and
we > w, because it lies inside 7(B~w N B~ w1 B~) (thus w; = w) and consequently inside
B~wB™ N BTwyB* (thus wy > w by [6, Corollary 1.2]). If w; = w and wo > w, then the
intersection of 7(B~w; B~ N BTwyBT) with the image of i}, is 7(Uy w,), cf. (0.6), and is
a nonempty irreducible subvariety of G/H by [3, Theorem 2.3]. Theorem 3.2, Lemma 3.8,
and the argument of the proof of [3, Theorem 1.8] imply that for each wy € W with we > w,
the set 7(Uy w,) is a (single) H-orbit of symplectic leaves of (il‘{,(B_xi),i{U*(wﬂfoi)).
Thus, the H-orbits of symplectic leaves of (B~ x;,, 7| g~y ) are

(i) o T(Up ) = Uiy - P = S5

w w,wsz?

we € W, wy > w.
This completes the second proof of the Theorem. [

Let us note that although in the second proof of Theorem 1.8 we still used the theory of
Poisson homogeneous spaces in Lemma 3.8, we avoided the combinatorics arguments from
the first proof. The latter were replaced by the geometric construction of weak splittings
of Poisson submersions. In addition, in a subsequent publication we will demonstrate that
those geometric arguments can be extended to the quantum situation, while we are not
aware of any quantum version of the dressing orbit method that provides a classification
of H-invariant prime ideals of some class of associative algebras.

4. HERMITIAN SYMMETRIC SPACES OF COMPACT TYPE.

4.1. In this Section we investigate the Poisson structure 7; on G/ P for the case when the
unipotent radical Uj of Pj’ is abelian and G is a simple algebraic group. The flag varieties
G/ P}L of this type exhaust all irreducible Hermitian symmetric spaces of compact type,
[24]. We show that in this case all Lj-orbits on G/P; are complete Poisson subvarieties
with respect to the Poisson structure m;. We then use the results of Richardson, Rohrle,
and Steinberg [18] on special representatives for the L j-orbits on G/P;. We prove that
the Poisson structure 7; vanishes at all such special base points, and as a result of this
(G/P},my) stratifies into complete Poisson subvarieties each of which is a quotient of L,
equipped with the standard Poisson structure.
First, set

(4.1) ry= Z ea N fo and mwp, = L(ry) — R(ry),
aEA}r

cf. (0.1) and (0.2). These are respectively the standard r-matrix and the standard Poisson
structure on the reductive group L;. It is well known that (L, 7 ;) is a Poisson algebraic
subgroup of (G, mg). Set also

(4.2) Fr= Y. €ah fa
aEAT\AT

Observe that rg =77 + 7.
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4.2. Proposition. Assume that J C I is such that U}L s abelian. Then the following
properties hold.
(i) The Poisson structure m; on G/Pj is given by

(4.3) g =—x(r7).

In particular, all L j-orbits on the flag variety G/Pjr are complete Poisson subvarieties of
(G/Pj—, 7TJ).

(ii) Under the identification ¥y : nj = B=.Pf C G/P}, ¥ ;(z) = exp(x)P], of
Lj-spaces (where Ly acts on the first term by the adjoint action), the restriction of the
Poisson structure m; to B=.P} corresponds to —x(r;) € I'(nys, A*Tny;). Here x : A’l; —
['(n7,A*Tn7) is derived from the adjoint action of Ly onnj.

Proof. (i) For allu € U7,
L. (77) — Ru(77) = Ry (Ady 7y —75) =0

because U is abelian and 7, € n¥ An7. Thus, ng(u) = x%(r;) — x(ry) for u € Uj .
Since 17.x®(r;) = 0, we have m; = —x(r;) on the open B~-orbit on G/P;. But both
bivector fields in (4.3) are algebraic, so they coincide.

The second statement in (i) directly follows from (4.3). It is also a consequence of
Theorem 1.1(b) in [18], stating that each Lj-orbit on G/P} is the intersection of a P -
orbit and a Pj -orbit. (The latter are complete Poisson subvarieties of (G/P},m;) as was
shown in §1.6.)

Part (ii) follows from part (i) by noting that B=.P; = U;.PJ is L; stable and ¥
intertwines the actions of Ly on n; and B _.Pj. O

4.3. The Lj-orbits on G/P} were classified by Richardson, Rohrle, and Steinberg [18],
and previously the L ; orbits on the unipotent radical U; = B _.P}L cG/ Pj’ were treated
by Wolf [25] and Muller, Rubenthaller, and Schiffmann [14]. We recall the parametrization
of the L j-orbits on G/P from [18, Theorem 1.2]. Fix a maximal sequence (31, ... , B%) of
long roots in A“L\A}r which are mutually orthogonal. Denote by u_g, a nontrivial element
in the one-parameter unipotent subgroup of G corresponding to the root (3;. Denote by
wg, € W the reflection corresponding to [;.

Note that {wg, }¥_; mutually commute because {3;}¥_; are mutually orthogonal. (The
elements {u_g, }¥_; also mutually commute because U; is abelian.) Let g, be a repre-
sentative of wg, in the normalizer of the maximal torus H of G. Finally, set

t s
vo = [[up [] u-p, for 0<t<s<k.
i=1 j=t+1

Theorem. (Richardson-Réhrle-Steinberg [18]) If the parabolic subgroup P} of G has
abelian unipotent radical, then {ZBStPj_ |0 <t <s <k} isa system of representatives for
the L -orbits on G/P} .
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4.4. Let us recall that Pjr has an abelian unipotent radical only if it is a maximal parabolic
subgroup of G. In addition, if J = I'\{ o'}, then P} has abelian unipotent radical if and
only the o height of the longest root 6 of g is equal to 1. (We fix this root o’ for the
remainder of this Section.) If this condition is satisfied, then the o/-height of any root
v € A is equal to 0,+1. Moreover n,/ (v) = 1, 0, or —1, if 7 is a root of n}', [y, or ny,
respectively (i.e., v € AT\AT A, or —(AT\AT)).

4.5. We will work with a special maximal set (01,...,8k) of mutually orthogonal long
roots in AT\A¥. We proceed analogously to the proof of [18, Proposition 2.8], defining
inductively (; and subsets I'; of the set I' of positive simple roots of g. Let 3; = 6 be the
highest root of g and I'y = I'. Assume that for some ¢« < k, we have already defined 3; and
I';. Let fi+1 be the set of all roots in I'; that are orthogonal to /3;. (Since (3; is dominant
in the root system defined by I';, all roots in it that are orthogonal to 3; are combinations
of simple roots in fi+1.) If £ > 1, then fi+1 contains o’. Denote by I';1; the connected
component of fi—H containing o/. (Here we identify I" with the Dynkin graph of g and
view fi+1 as a subgraph of it.) Finally, set 8; 11 to be the highest root of the root system
defined by I'; 1.
This sequence has the properties that

(4.4) suppB; CsuppfB; =1y for j>i

(cf. §0.7) and that 3; is the longest root in the root system defined by T';.
For simplicity of the exposition, we set

(4'5) U—p; = eXp(fBi)?

but we note that all proofs work for general u_g,.
We will also use special representatives for the reflections wg, € W in the normalizer of
the maximal torus H of G (and will thus omit the dot on top of them). Set

(46) wg; = eXp<eﬁi) exp(_fﬁi) exp(egi).

This normalization is not necessary for the proof of the main result in Theorem 4.6, but
it simplifies the exposition. Since 3; and [3; are orthogonal for i # j and 3; + 3; is not a
root of g, we have that wg, (3;) = 0 and [fg,, fg,] = 0, and consequently

les. fs,] =0, Adu, (f3,) = 3,
Adwﬁi (u—ﬁj) = U_ﬁj, Adwﬁi (eﬁj) = eﬁj

for the special representatives (4.6) of wg, .
The first main result in this sections is contained in the following Theorem.
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4.6. Theorem. If Pf 18 a parabolic subgroup with abelian unipotent radical in the complex
simple algebraic group G, then the Poisson structure my vanishes at the base points xStPj
of the Lj-orbits on G/P} (0 <t < s < k). Therefore, all L;-orbits on G/P} are complete
Poisson subvarieties of (G/P} ,ms) and are quotients of (L, 7r,), cf. [3, Theorem 1.8].

Even in the case of Grassmannians, Theorem 4.6 contains new information, compared
to Part I [3], where we dealt with the open B~ -orbits on Grassmannians.

Let us note that Theorem 4.6 is not valid for an arbitrary maximal set (f1,..., k) of
mutually orthogonal long roots of AT\A¥. For instance, in the case of A4 and o/ = €3 —ea,
take 81 = €3 — €; and B2 = €4 — €2. Then 7; does not vanish at u_g, u_g, Pjr. The easiest
way to see this is to note that the Poisson structure 7 2 on the matrix affine Poisson space

Ms 5 (cf. [3, eq. (1.7)]) does not vanish at [(1) (1)] and then to use the embedding from [3,

Proposition 3.4].
For the proof of Theorem 4.6, we will need several Lemmas.

4.7. Lemma. Assume that 3 is a long root in AT\AY and set

wp = exp(eg) exp(—f3) exp(ep).

Let o be any root of g and y, € g a nontrivial vector in the corresponding root space. If

[f3,Ya] # 0, then wg(a) = a — (3 and

[fﬁ7 Yol = — Adwﬁ (Ya)-

Proof. Firstly, there is no root v of g such that v — 8 and v — 203 are roots as well.
For if this happens, then the o’ height of v needs to be equal to 1, i.e., v € AT\AY,
because the o heights of all roots of g are 0 or +1. Consequently, v + # would not be
a root and (v,3Y) > 2. This would be a contradiction, since [{y,3")| < 1 because
is a long root. From this we get that the only roots of g of the form a + i3 for i € Z
are a and a — (3, thus wg(a) = a — 3, ad.,(z,) = 0, and adfcﬁ (zo) = 0. Consequently,
Span{ya, [f3,Ya|}, under the adjoint action, is isomorphic to the vector representation of
the sl triple {eg, 8Y = [eg, f3], fs}. By a standard computation, in this basis wg acts by

[_01 (1)]7 S0 Adwg(ya) = _[fﬁaya]' O

4.8. Lemma. If o € AT is such that
[fpireal 0 and [fs;, fa] #0
for some i # j <k, then 5; — a — (3 EA}' and
(4.7) (i eal Nfgys fal + Ufsis epia—p ] A5y fi-a—p;] = 0.
Proof. 1t follows from Lemma 4.7 that

wg,(a) =a—F; and wg,(—a)=—a—f;.
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Since 3; and 3; are orthogonal, wg, (3;) = 0 and
wg,wg, (a) = wg, (o — B;) = a+ B — Bi.

Therefore 3; — o — [3; is a root of g. Because a — 3; is a root of o’ height equal to —1,
it belongs to —(AT\AT). As a consequence of this, suppa C supp 3; = Iy, recall §4.5.
If i < j, then suppa C I'; C I'j, and the fact that o + 3; is a root would contradict the
property that ; is the highest root of the root system of I';, cf. §4.5. Thus, ¢ > j and
a + (3; is a positive root in the root system of I';. Since (3; is the highest root in this root
system, 3; — a — 3; needs to be a positive root.

Because Adwﬁj wg, preserves the bilinear form (.,.) on g,

(4.8) Adngwﬁi (a) = afs,—a—p, and Adngwﬁi (fa) = a—legi_a_gj

for some a € C*. Equation (4.6) implies that Ady,, (fs,) = —ep,. Combining the above
facts and using that Ady, (es;) = e, (cf. §4.5) leads to

Adwﬁj wg, ([fﬁz ) ea]) = _a/[e/gi7 fﬁi—a—ﬁj]'

Thus, [eg,, f3,—a—p,;] # 0, and consequently [f3,,es,—a—p,] # 0. Applying twice Lemma
4.7 and (4.8), we get that
[fﬁz‘ ) eﬁi*afﬂj] = - Adwgi (eﬁi*a*/@j) = _aAdw%iwﬁj (fa)
- aAd’w@j (fa) = _a[fﬁjafa]'

In the third equality, we used that Adwﬁj (fa) is the lowest weight vector for the vector

representation of the sly triple {egs,, 3 = [eg;, f3,], f3,} (under the adjoint action) and in

this representation w%i acts by —id, recall (4.6). Analogously,

[fﬁja fﬁi—a—,@j] = - Adng (fﬁi—a—ﬁj) = _a’_l Adwﬁiw%j (ea)
=q ! Adwﬁi (ea) = —ail[fﬁi,ea].

Hence,
[fﬁw eﬁi—a—ﬁj] A [fﬁj’fﬁi—oé—ﬁj] = (_a[fﬁjv fa]) A (_ail[f/@ivea])

= —[fgi €l N[ S8y, fal- -

4.9. Lemma. For all0 <t <s <k,

Ad;_lﬁtJrl...u_gs (ry)=ry— Z Z ([f6j7€a] N fa+ea N [fﬁj:fa]) .

J=t+1 aeAj’
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Proof. For arbitrary 0 <i < kand 0 < j < k and a € Ay, the sum a + 3; 4+ §; is not a
root of g since its o’ height is —2. Taking into account that u_g, = exp(fg,), we get

Ad_l 5 (T‘J) =

u,5t+1...u, s

Z (604 - [fﬂtJrl?eOé] T T [f/357€01]) A (fa - [f5t+1ﬂfa] T eee T [fﬁs7f04]) :

+
a€A7

The Lemma will follow if we show that for all s <1,7 <k,

S s cal Alfsys fol = 0.

+
a€eA7

This is a corollary of Lemma 4.8, which implies that all a € A% for which [fs,, 4] # 0
and [fs,, fa] # 0 can be grouped in pairs such the sum of the corresponding expressions
[f8:>€al N [fs;, fa)] Will be equal to 0. [

In the setting of §4.3, for each 0 <t < k set

t
i=1

The same notation will be used for the representative of w; in the normalizer of H in G
which is the product of the representatives (4.6).

4.10. Proof of Theorem 4.6. We will prove that
(4.10) Ady! ([fo,,eal) A fa) EpT NG, forae AT, 0<t<j<k
Analogously, one shows that
(4.11) Ady,! (ea A[fs,, fa]) €pT NG, foraceAY, 0<t<j<k
It is clear that

-1 _
(4.12) Ady, (ea A fa) €n™ Ant, forae AT, 0<t <k

Lemma 4.9, (4.10)—(4.12), and the commutativity of w; and u_g, ,, ... u_g, (cf. §4.5) imply
that
Ad,,,(ry) Ep}“/\g, for 0 <t <s<k,

which is equivalent to the vanishing of 7; at xStP}L.
Thus, we are left with showing (4.10). We will make use of the following fact [18,
Lemma 2.10 (b)]:

(*) For~y € —(AT\AT), the set of all 3;, 0 <1 < t, not orthogonal to v has cardinality
0, 1, or 2, and accordingly w;(y) € —(AT\AT), Ay, or AT\AT.
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If wy'(—a) ¢ —(AT\AT), then Ad;tl(fa) € pt and we are done. If wi(a)™! €
—(A*T\AT), then applying (*) for v = w; '(—a) one gets that there exists 0 < i < ¢
such that w; '(—a) = wg,(—a) = —a — B;. This means that (3Y,a) = —1, and con-
sequently (8, — ;) = —1 ((8;,8;) = 0 since j > t > i). If [fg,,eq] = 0, then
we are done. If [fs,,eq] # 0, then using (*) again, this time for v = a — 3;, we get
w; N — B5) ¢ —(AT\AT); therefore Ad;tl[fgj,ea]) € p¥. This establishes (4.10) and
thus the Theorem. U

4.11. In the last part of this Section (§4.11-4.13), for a parabolic subgroup Pj’ with
abelian unipotent radical, we characterize the symplectic leaves of (G, 7T}_) within each
L j-orbit. First we recall some facts on minimal length representatives in Weyl groups. For
two subset I and J of the set of positive simple roots I' of G denote by Wy, and TW/.
the set of (unique) minimal length representatives of the cosets in W \W and W \W/W .
Recall the following standard facts, see e.g. [4, Lemma 4.3].

Lemma. For arbitrary I,J C T the following hold.
(i) Every element of W/. —can be uniquely represented as a product vw for some w €

W andve Wy nwiow),

min min
(i1) Every element of W can be uniquely represented as a product viwve for some w €
TWdi, va € Wy and v, € Wy n Wi,

4.12. We will need the following results from [18], recall (4.9).

Theorem. (Richardson-Rohrle-Steinberg) If Pj C G has abelian unipotent radical, then
the following hold.

(i) For any given P -orbit and any given P -orbit on G/P} , the two orbits are either
disjoint or else intersect in a single L j-orbit.

(ii) The set {ws}r_, coincides with 7WJ/.
Llo<s<x Py wsPj.

(i) For all 0 <t < s <k, we have

and thus G/P} = Lo<s<k PfwsPf =

Lyxa Py = Py aw Py NPT awPT,

cf. (4.9).

Part (i) is [18, Theorem 1.1 (b)], part (ii) is [18, Proposition 2.11], and part (iii) is [18,
Lemma 3.5 (d)]. We will illustrate the inclusion

Ly.xaP} C Py aw Py NPT wPy.

Since g, and u_g, commute for i # j (cf. §4.5),

s t
LyxaPf =L; [] us, [[wiP} C P;wPy.
j=t+1 i=1
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Because [eg,, fg,] = 0 for i # j and w3 =1,

¢
LJ.xstPj:LJHexp(eg (Hexp —eg, ) exp(fp,) exp( 651> H wg, Py

i=1 i=1 j=t+1
- -
C Py .wsPjy.

The second main result of this section is contained in the following Theorem.

4.13. Theorem. Assume that Pj’ 1s a parabolic subgroup of G with abelian unipotent
radical. For all0 < s <t < k, the H-orbits of symplectic leaves of (LJ.acstPj, WJ\LJ_mstP;,)

are S(Ulwtwj vawavs) (cf. (1.9)) for unique

(4.13) V3 € WJ, v € Wrn Wigjwt((]), vo € WirnN WmeS(J)

min

such that viwsw! < vow,vs.

As an example, let us note that the L j-orbits inside the open B~ -orbit on G/ Pjr are
the orbits L. $05PJ+, for 0 < s < k. Theorem 4.13 implies that the symplectic leaves of

(LJ.a;OsP WJ]LJ 2o P+) are S/ for some v3 € Wj and vo € W;N W‘mwS(J) such

(wd ,vawivs)

that wo*] < Vw43,

Proof. Because Uy, 1, C B~w1 N BTwy BT, recall (0.6), we have

J
Swl wa

= Uspy wy,-P7 C B~ N BTz, C Pya, NPfx). .
It follows from Lemma 4.11, Theorem 4.12 (ii), and (1.3) that every element of Q7 can be
uniquely represented in the form (vlwtw;] , vawsv3) for some 0 < s,t < k and vs, vy, vy as
in (4.13) such that viwyw! < vaw,vs. For such a pair, we have

Storwew? wawas) C P7 v1wiwd Py 0O PY wpwsvs PY = P aw Py 0 Py s Pf
Theorem 4.12 implies that the last intersection is nontrivial only if ¢ < s, in which case it
is equal to L J.:I:tst. This completes the proof of the Theorem. [

5. THE OPEN B™-ORBITS IN COMPACT HERMITIAN SYMMETRIC SPACES

In this section, we treat in detail the restriction of the Poisson structure w; to the open
B~ -orbit of G/ Pjr in the case when G is a complex simple group and P}L is a parabolic
subgroup with abelian unipotent radical. First, in §5.1, we obtain general formulas for
Trlg- Pt Then, in §5.3-5.6, we use it to derive explicit formulas for all classical groups
and show that all such Poisson structures are quasiclassical limits of interesting classes of
quadratic algebras, of the type known as quantized coordinate rings of classical varieties.
(See, e.g., [10] for a general survey of quantized coordinate rings.) In §5.7, we show that
the Eg case gives rise to a new quadratic Poisson structure on a 16 dimensional affine
space, related to a half-spin representation of so1g.
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5.1. For a general reductive Lie algebra g with fixed dual Borel subalgebras b* as in the
Introduction, consider an irreducible representation V;‘ of g with highest weight A. Define
the bivector field

(5.1) my = x(rg) € T((V))*, A*T(V)")

(cf. (0.1) and §0.2) where y is derived from the action of g on (V;')*. If 7 is Poisson, then
the corresponding Poisson bracket on the algebra of regular functions on (Vg)‘)*, identified
with the symmetric algebra S (Vg’\), is induced by

(5.2) {vi,v2} = m(rg(vi ® v2)), wvi,v2 € VgA

where m : V;‘ ® Vg)‘ — S(V;‘) is the multiplication map, m(vy,vs) = v1vs.
In the setting of §0.2, for « € AT and g € AT\AT set

(5.3) [eas €] = Nageatrs, [fases]l = N_ape_arp, Nag, Noap€C.

For a Lie algebra g, we will denote by g’ = [g, g] its derived subalgebra.
Finally, for arbitrary J C I, denote by 6| the restriction of the highest root of g to (a
dominant weight) of [;.

Proposition. Assume that G is a complex simple algebraic group and Pj“ 18 a parabolic
subgroup of G with abelian unipotent radical. Then the following hold.
(1) Under the adjoint action of 1y, the space n}L is an irreducible representation of U}

with highest weight 0|;. The restriction of the Poisson structure my to B‘.P}L C G/Pf,
identified with n; by x +— exp(z) P}, coincides with —W[G,Jl‘], cf. (5.1)—(5.2).

(2) The Poisson structure on n; = {ZﬁeAJF\AJJr yafs |ys € C} = ABTIZIATL from the
first part is also is given by

{yﬂ7y’y} = Z (_Na,,@N—a,’yya—Fﬁy—a—Fw + N—a,ﬁNa,'yy—a+ﬁya+’y)a ﬁyﬁy € A+\A:]|—
aEA}'

Proof. The first statement of part (1) is well known. The simplest way to show it here, is
to observe that L; has finitely many orbits on n); (acting by the adjoint action) because
it has finitely many orbits on G/ Pj’. This implies that n}; is an irreducible representation
of I, (under the adjoint action) and it must have highest weight 6| ;.

The second statement in part (i) now follows from the first one, Proposition 4.2(ii), and
the definition (5.1).

Part (ii) is an immediate corollary of part (i), see (5.2). O
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5.2. Assume that the positive simple roots a4, ... ,ay of the simple algebraic group G are
enumerated as in [1]. Recall that only maximal parabolic subgroups Pj’ of G can have an
abelian unipotent radical. Moreover, those are exactly the parabolic subgroups PF+\ (am}
for which the simple root a,,, appears with multiplicity 1 in the expansion of the highest
root 6 of g in terms of the positive simple roots, i.e., the «,, height of # is equal to 1. In
other words, ., should be a cominuscule root. This leads to the following choices for «,,
according to the type of G:

AN a1,...,0N,
By aq,

Cn an,

Dy a1, N _1,QN,
Eg o, ag,

E7 Q.

For the other types (Es, Fy, G2), there are no parabolic subgroups with abelian unipo-
tent radicals. Below we will denote by w,, the m-th fundamental weight of G.

5.3. Ay case. In this case, g = sly,
d=a1+...+ay =wi +wn,

and all simple roots «,, (m = 1,...,N) are cominuscule. The derived subalgebra of the
Levi factor of the parabolic subalgebra p;\{am} is [}\{am} > s, @ sly_m+1. Under the

adjoint action of [’F\ {am}? the nilradical nff\ {am} is identified with V;[}; ® (V;{lev_mﬂ)* where
V;‘fll denotes the vector representation of sl;. In Part I, we showed that, after applying the
twist [3, eq. (3.14)], the induced Poisson structure on nff\ (o) corresponds to the standard

quadratic Poisson structure on the space of rectangular matrices My _p41.m (cf. [3, eq.
(1.7)]). It is the quasiclassical limit of the quadratic algebra of quantum matrices.

5.4. By case. In this case, g = soan 41,
9:&1+2042—|—...—|—20¢N:w2,

and the only root that is cominuscule is ;. Furthermore, [}\ {an} > s0on_1, and under

the adjoint action the nilradical nff\ {ay} COTTEsponds to the vector representation Vgl
of soon_1. If we identify

N N
o\ fai} {22 Ti(Enyin — Ent1) + 22 Yi(Ej1 — ENt1.n+5)
1= J=

+ 2(Fan+11 — Enti12841) ‘ z;,y;,2 € C} = AN

Y
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then the induced Poisson structure on MR\ (0} is given by

2{x;,x;} = zxj, i< j
2{yi,y5} = —viy;s i<
2{z,z;} = —zx, for all j
2{z,y;} = 2y;, for all j
2{zi,y;} = ziy;, i £
2{zi,yi} = 2 leyl — 22 for all 7.
1>1

This is the quasiclassical limit of the odd dimensional quantum Euclidean space, Oif\/f; 1(C),

introduced by Reshetikhin, Takhtadzhyan, and Faddeev, [17, Definition 12]. (See [15,
§82.1, 2.2] for a simplified set of relations.)

5.5. Cny1 case. In this case, g = sp, and
0 =201 +...+2an_1+ any = 2wi.

The only cominuscule root is an, and [f\ {an} = sly. Then under the adjoint action the
nilradical nff\ {an} corresponds to the second symmetric power SQ(V;[’;I) . Vf&l of the

vector representation of sly. If we identify ME\ fan) with the space of symmetric matrices
of size N by

— 00
"M\{an} = {[Y 0] ' Y = (yij)zz\,jj:p Yij = yji},

then the Poisson structure on M\ fan) is given by

{yizs yim} = (sign(m — ) + sign(l — 7)) yaryjm
+ (sign(l — 1) + sign(m — j))yimyﬂ.

Interestingly, this Poisson structure is not, as one might expect after seeing §5.4, the quasi-
classical limit of a quantum symplectic space (see [17, Definition 14] or [15, §1.1]). Instead,
it is the quasiclassical limit of the algebra of quantum symmetric matrices introduced by
Noumi in [16, Theorem 4.3, Proposition 4.4, and comments following the proof] (with the
parameters ay all set equal to 1), and of the one given by Kamita [11, Theorem 0.2] (with
q and ¢! interchanged).

5.6. Dy case. In this case, g = soqy,
0=oai+2a0+...+2an_2 +any_1 + ay = wy,

and the cominuscule roots are ay, any_1, and ay. (We will assume N > 4.) Below we
consider those three cases.
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(a) Root ay. Here [’F\{al} = 509(y—1) and “145\{041}7 considered an [’F\{al}—module under

the adjoint action, is isomorphic to the vector representation V5! (N1 of s05n_1). We
identify
N N
M\ o} = {> wi(Ensin — Ent10) + Y _yi(Ejn — Engingg) | 2i,y; € C}
i=2 j=2
— AQ(N—l)

Then the induced Poisson structure on n;\ {an} is given by

20wy, x5} = @iy, i<j
2{yi,yj} = —viy;, i<j
€z, y;} = ziy;, i #j
{zi,yi} = — Z:Ulyl, for all 7.
>4

It is the quasiclassical limit of the even dimensional quantum Euclidean space OZE%_D(C),

see [17, 15].

(b) Root ay. In this case, I, 4 = sly and under the adjoint action nff\{aN} is
isomorphic to V72 = /\2‘/5“[’]1V where V7! is the vector representation of sly. Identify
ME fan) with the space of skew-symmetric matrices of size N by

— 00
nF\{OéN} = {|:y 0] ‘ Y = (yij)zI'Yj:h Yi; = _yji} .

Then the Poisson structure on n;\ {an} is given by

2{yij, yim } = (sign(l — j) + sign(m — ) yaryjm
- (Sign(l — i) + sign(m — j))yimyﬂ.

This is the quasiclassical limit of the algebra of quantum antisymmetric matrices introduced
by Strickland in [21, Section 1] (with ¢ replaced by ¢'/?).

(c) Root ax_1. One can lift the involutive automorphism of the Dynkin graph Dy
(preserving aq, ... ,an—_2, and interchanging ay_1 and an) to an automorphism of sosy
that restricts to an isomorphism between Ip\{q,_,1 and Ip\(q,y) (interchanging their -
matrices) and their modules n;\ {an 1} and “1:\ {an}’ As a result, that automorphism of

$50o restricts to an isomorphism between the Poisson structures on n;\ {an 1} and n;\ {an}’
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5.7. FEg case. With this example, we show that compact Hermitian symmetric spaces
for exceptional groups give rise to new interesting quadratic Poisson structures on affine
spaces.

The highest root of the simple Lie algebra ¢ of type Ejg is

0 = a1 + 2as + 2a3 + 3ay + 205 + ag = wa,

and eg has two cominuscule roots: a; and «ag. Similarly to §5.6(c), one lifts the involutive
automorphism of the Dynkin graph Fg that interchanges o7 and ag and fixes the other
nodes to an automorphism of eg that restricts to an isomorphism between [}\ {an} and
[%\ (g} and between their modules nli\ (an} and n;\ {ae}: This linear map provides an
isomorphism between the induced Poisson structures on n;\ {ar} and n;\ {ae}

In the case of the root ay, we have [’F\{al} 2 5019, and as an If\{al}—module n;\{al} is
isomorphic to one of the half-spin representations V33 = of so19. As a vector space, Vi3
is identified with

VanVeanNV

for a 5 dimensional vector space V, cf. [9, Section 20]. A basis {vy,...,v5} of V gives
rise to the basis {v;, A---Awv;, | nodd, iy <...<ip} of Vi3 . We view it as a set of
coordinate functions

{yr | I CA{1,...,5}, |I| odd}

on (V53 )*. In terms of those coordinates, the induced quadratic Poisson structure on this

16 dimensional affine space is given by

{yr,ys} = Y sign(j — 0)a;5 vy oGy phot

ieI\J
jeJ\I
i#]
1 1.7 1 1,7
— 5 Z @5 Y1\{i.g}YI0{igy T 5 Z @5 Y1u{i,j}YI\{i.j}-
{¢,7}CI\J {i,7}CI\I
1<j 1<j
Here, for two subsets I and J, and two elements ¢ and j of {1,... ,5}, we set

I(i,j)={lel|i<l<jor j<l<i}

and
af:jf] — (_1)|I(i7j)|+|J(i,j)|,
For example, for i < 7,
v vint = vy
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