Math 8: Logic

Spring 2011; Helena McGahagan

Consider the following statements:

P: All natural numbers are even. ~alses
Q:v5>2 True
R: There exists an n € N such that n > 500. T hcce.

Decide whether each statement is true or false. Then, write the negation of each statement.

P : There is a 7 et alk o bar +Hhat ‘s ooldl.

53{?%?2

R Foralt ne N, n <500,

Label the following statements as either true or false.

Por g _False Qad B _False
Q=R _Jrue P=R _True
2. If P and () are two statements, write the truth table for the statements P = Q. and
Q= P
P__ @l psq (Q3P
T T T T
T - = T
T T -

= T T |
Using this, write the truth table for P < (). Notice that this statement — “P if and only if

)" — it true only when either both P and €) are true or when both P and ¢) are false. When
P & @ is true we often say that P and Q are egquivalent statements.

P o | PO




Prove that the contrapositive of P = @) is equivalent to P = (). T ﬁjg ?}? fﬁ Show

P Q| P30 | B Fg=7F gﬁwd%@f
T T (T\ R ;\ have he Sam
T F | ik TF [ 7 TR

¢ FLT) Lol

Using only ‘negatlon ‘and,” and ‘or’ write a statement that is equivalent to P = Q. (Check
that the truth table for your statement is exactly the same as the truth table for P = @) —
in other words, your statement and “P = )" are either both true or both false!) Can you
find an equivalent statement that uses only ‘negation’ and ’and’?

£ néﬁﬁ are Severool PQM le. Qnmgpwsrs S
7 <P?Q} & (/]D anel. @L} or P
A/fro (P“—? Q;} & ﬁﬁ o Q\}

&aaﬁ@ onty Yneaodien ond Tard! We can w e
N T

(P }@f} & P oand O

3. Consider the following two true statements:

P If an object is a triangle, then it is a polygon

/) : If an number is even, then it is divisible by two.

What are the converses of these statements? Are they true?

Converse of P ¢ 1§ an object 1S o "f:z:; A0 (F@M’ f)

e Pt P S e %T&e‘:}&‘“’\em\%ﬁmﬂa

Converse éf Q 6 ]f 0. hirn ber 1S wéwsgﬂ ézzj oy
+Fhen (Eis even. (7 ve i}}

What are the contrapositives of these statements? Are they true?
The Lon#a}p@& five z:"ff a frue stadement s
% ?‘/ TAE .
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Confra. positive 55 pP: If an @éfff“f is pot a prlygon,
it i5 é“’?@ﬁ &1, wmgw%s:”%sg*ﬁa.
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Math 8: Quantifiers

Spring 2011; Helena McGahagan

1. Consider the following statements:

P:¥z e R,Jy € R such that f(z) =
@ : Fy € R such that Vz € R, f(z) =

{(a) Write the negation of each statement.

Pr 3 xeR such thot Fue® such ok f= y

Bt I xeR sueh thak YysR W

Pt Ixe® Suekh Hhat Vﬂ&R §&w3
éamg toroush Sipm o StepsS | we Limel

52 \{Eﬁék'} gl@ﬁ%@% suth that, EC"(K}#%

(b) Whether or not P and @ are true depend on what f is. What do you need to know about
about f to conclude P is true? What do you need to know to conclude that @) is true?

f FIR—R isany well li-debined Junchon P o5 +rue

§ ?Z R—=1R s o congd ﬂﬁ”%” %Mmﬂjﬁ'@ﬂ) Q s troe.,

2. (a) Define A C B. Negate this statement

'
BB means " Vo) xeA & xeB

‘ i
Til’)f ﬂéﬁm‘ﬁ"@m N ! § ¥ Such +hat X£A cundl X%Bﬁ



(b) Define A = B. Negate this statement.
A=B  means ‘%{ ; XE A& xeB”
In other words, "¥x, (xe = xeB)and. (xe B =% ﬁ-ﬁz}ﬁ

The naﬁa,{%m LS
Y Iy such et (xeh and XER) or (xeB and X dA)”

(c) Negate: ¥n € Z, n* < e or n* > m. Which is true — the original statement or its negation?
How can you prove it?

J— . J/
he ﬁﬁ%é:mm s VT neZ cuek Hhot Wze ond mem
' e, “FneZ suth+ak 2 & NTET Y

e or‘ggxmcﬂ stoabement. (S true. Prmfﬂ VT b& cases .
(ose T E %w@ﬂ @% el Tndhis case, n*<e.

lose I %M >1 T this case, "7 22 >

(d) Negate: ¥n € Z, if n < 0, then n+ 5 > 0. Which is true - the original statement or its
negation? How can you prove it?

- ¢ i‘j’
The ntgation is WIne g s.te 11<0 and nt540

; e e B2 g
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3. Write the following staterents (from your homework) in symbols, then write their nega-

tions.
Stakemet e Z, 2[n* % 2|n

(a) If n is an integer such that n? is even, then n is even. -
sacLtion ¢ Fne Z Sw«:ﬁ that 2|n*and 2.4n.
The nuoiber 8881 has a prime factor that is at most 89.
y gm%fff; { %

8%@&55}*@&11& = o P rsm@§< g9 s.t. 4@ gﬁﬁ %

(c) An integer that is equal to three consecutive integers multiplied

Stabmat:V neZ . @mﬁﬁs‘fﬂ (m=1)(m)(m1)) = 3|n
N{;ﬁ@“@m jﬁg?ﬁ’ <. t. {Emaiﬁ sb. n={m=t}{m)imi }} Aned 5%"

gether is d1v151ble



Math &: Sets
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1. Answer the questions from the lecture notes: Let A = {l,2} and B = {1,3,5}.
(a) Find AUB, ANB, B\ A, A\ B, and A x B.

AUuB= 91,2,%,5%
Ans=913

ByA= 73, 5%

[H]

{23
AxB = 5 (1,10, (1L3),0.5) (2,1), (2,3), (2,5 3

ANR

(N@-%fae_ Ax'@g !’\O\S BME%F 2*5’5{@ ﬁ%ﬁmﬂm%ﬁ;&?}

Eoch element is an

(b) Find P(A) and P{B).
POAY=§ ¢, §1%, 923, 11,283
PsY =1, 17, 133,153,133, 11,53, 13,53, ,%,5%

(Ncﬂ{vm P(AY has 2/ ﬁwéﬁ elements
ond p[f’?} ,Z')ﬁ.g Z!fﬁi - 53:8 5/€m_ﬂﬁ,&$')



2. Let A and B be given sets.

(2) P(AU B) 2 P(A) U P(B)

Assume SEPHIUPIBY Then b\tj definit ion @}{? uinion,
Cither SeP(A)Y or S¢PIB)
(ase T [f SeP(A), +hen SCA. Since A< AUB,
71‘%:'8 !m}piéfS SQ»AU@} So Sé P(ﬁ 5.,)35}
OiseTE [f SeP(RY, +hen S€B, Aqain, BE AULB
@SEAuB%ﬁSéPMUg} 5
I either case, SEPAVES &% ¥S, SePHUPB)= S¢ %@yﬁ}g '

(b) Prove that A = (ANB)U(A\ B) |
First, show A € (An8) V(A B)
Assume }(éﬁ, f@S@I ff Xé 5} then €A NE,
CaseIl If X ¢ B, #hen xe ANB
In either case, xe {Aﬂ@} UCANE)

Now, show (AnB)y (A~B) € A.
Assume xe @ﬁ@}@{ﬁ%‘%g}‘ Then }{;%ﬁf}ﬁ or xe A B
ng X € ,4/}-8; +hen xe A, On +he other f?&fﬁ@é}

If xe ANB, Hhen x e A a,/saaﬂ

3. Consider a chess tournament in which N people enter. You can represent each person
by an integer, and the result of each game can be represented by an ordered pair (n,m),
indicating that person n won against person m. (Why is important we used the ordered
pairs (n,m), rather than the sets {n,m}? Can you think of other ways to represent the
games using only sets?) Consider the set

S={(n,m)e{L,2,..,N} x{1,2,..., N} : n won a game against m}

If this is a knockout tournament (so anyone who loses a game is eliminated, until there is
only one person left, who won all his or her games), how many elements are in S? /\j, ’

N1 Pwpfﬂ iﬁﬁfé;@’?‘cf there must be one {zﬂf?éﬁ; )
paky one ) ordered pair in whiCh &Par'gam wi ho
loses appears in the 2M/ cooradinats.




Math 8: Integers

Spring 2011; Helena McGahagan

1. Let a,b € Z. Write the definition of the highest common factor of @ and b. Then, negate
this definition.
A . 3
d=hed(a.,b} meons M o and dl b ond Mee 2o suah thet

C%&, e Q..ib,} Coz A 24

The ﬁﬂ%&%ﬂ;ﬁ s N CX,%’ o or d¥b or %Q&E{, Sueh ek

clo. ond. el ormd. & 737

2. (a) Let a,b,d € Z. Consider the equation a s + bt = d. We want to find integer solutions
to this equation (i.e., find s,t € Z). We have a theorem (a consequence of the Euclidean
algorithm) that gives a condition on d that guarantees it is possible to find solutions. What

is the condition? A _ SﬂC, ‘g {& } 5@ \}

(b} Prove: If a,b € Z, then any common factor of a and b divides hef(a, b).
et d- hefloyby . Assume ¢ is o Common

Coctor of o and B, We RKpow There exiat

S, Z such thak  d=os+ bt. Since
cla and clb, we Know ¢{astbt)

St d
(¢} Consider the equation in part (a) again. If we have a solution (s,,¢,} (8o these numbers
satisfy the equation a s, + bt, = d), we have infinitely many solutions ... can you find all of

2 | o ]
them? (‘ﬂﬂﬁrf_ 1S oo deivial case? TF a=0, hem atl’ ”Zif‘fm »ﬁ“ﬁgﬁ
& oz i A 2 .
Assume o 3O and b#04% 562 seive 0O38+by
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¢S % So+nb ic o Solution @]ﬁ@ as + @‘i‘;ﬁﬁ
[t = te-na L |
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et Finde in ers S20 ond £20 Suchthat 2%3*5#%‘“5,“5%

te
3 A warehouse has two trucks; dﬁe can hold 28 boxes, and one can hold 34. If the warehouse
only sends out the trucks full, and returns them empty, can it move 844 boxes from the
warchouse to a store? How many different ways can this be done? .

Using fhe Cuclidear algoeithm ; 34212816/ 6=/ 7 2]
) ha{{%ﬁ »{}ﬁiz ﬁ e fz@iﬂﬁﬁ’f / @ﬁg,z‘fﬁ

;2% 6-4= 728 TS = 534~ éﬂumghm /%?7;:;3 by Y22
b see Hat  So = rZ532 Grd te =2/10 solves SBYT 403445428,
Weﬂ Knaw %é?a“é &55 $Q£u%s€3mg {’3?’5’ ?&ﬁaﬁ;@, f@g@fﬁ "ygmj‘;:wﬂg A E

Qﬁo the %‘ﬂﬂ“ §5=-2532 4+ Ifn %mm Somée pIE pa
jﬁ Ao - 1Y9n |

To 5@@5 o five Solubons, we nesel 1#n 72532 ane 14 <21 E

> Yy <N € (50 The enly o positive soludions are tt)= ({}M’)

4, Gear A turns at two revolutions per minute. Gear A has 32 teeth and is meshed into Gear| ( 12,1 @:}
B which has 120 teeth. How often will both gears be simultaneously back in their starting _ 8?

positions? . 20= 532 ?Zf{) f -
. - [ 22:24 4 Chack
%ﬁﬂj? {%E@f 32} 8 ( 2438 gg% ‘“%%/mm a@&sﬁf
_ yl o
Then, = ?@g% = 5:30 = {204 = égg@

8/%!’“ /5 %M’Fﬁﬁ (.;m:’“ /@ éaxrmgg éjéééﬁf = };m ’ﬁg”;)f‘mﬁ’ﬁi f-'%f
"}‘f'i’?"iégj 5¢ f{i}@“ﬁ“ afe 5&2.{’2@{, e “ﬁ“;eﬁ ofar ﬁ"ég"’? !E‘%w% YT
Cear A turns |5 fimes in |45 min]
5. If aclbe and ¢ # 0, prove that alb.
ASSQﬁW@ @,5&&& Z c#0. /{/saj, QSSUmMmE G f be
W%,%ww exiSts %e’ﬁ’ Such Hhat ba=% C.
%-m@j%r& {5 gﬁ}ﬁ =0 and. since C£0, +his
implies h=ga,, By definition , This means Q. /b g

6. Let a,b,d € Z. Prove that"hcf(ad, bd) = |d| hef(a,b). (You may assume d # 0 and a, b are
wtboth0.) /ot = hefla,bd. Then rlo and ¢ | b

Sinece we ailso  Know M!']d) ldr [da and Mﬁrwéa
To show faiff‘ is the ?Mﬁ O 2 o im Ty wﬁw o

dao and b, &Ssume Ced is such thet C/c:ﬁ& 55’—}@%
Find s,£ Suchthat r= S&f“éﬁ +hen ;{” féS&?‘ é;%é?
Since Q,Né! ardl. fﬁdj , We f)a,v’cf C;j [dr.

Smif’{i g jv{*‘ >Q} +his {mﬁ@ﬁé@g 4 & fei!?’" Kl




