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Introduction

In a finite-dimensional smooth setting, the gradient flow of a function ¢ : M? —
R defined on a Riemannian manifold M? simply means the family of solutions
u: R — M? of the Cauchy problem associated to the differential equation

au(t) =-Vo(u(t) inT,pyM? teR;  u(0)=ueM”. (0.1)
Thus, at each time ¢ € R equation (0.1), which is imposed in the tangent space
TuyM? of M? at the moving point u(t), simply prescribes that the velocity
vector vy 1= %u(t) of the curve u equals the opposite of the gradient of ¢ at
u(t).

The extension of the theory of gradient flows to suitable (infinite-dimensional)
abstract/functional spaces and its link with evolutionary PDE’s is a wide subject
with a long history.

One of its first main achievement, going back to the pioneering papers by Ko-
MURA [61], CRANDALL-PAzY [33], BREZIS [21] (we refer to the monograph [22]),
concerns an Hilbert space H and nonlinear contraction semigroups generated
by a proper, convex, and lower semicontinuous functional ¢ : H — (—o00, +00].
Since in general ¢ admits only a subdifferential 9¢ in a (possibly strict) subset
D(0¢) C D(¢) :=={u € H : ¢(u) < +oo} and each tangent space of H can
be identified with H itself, it turns out that (0.1) should be rephrased as a
subdifferential inclusion on the positive real line

u'(t) € =0¢(u(t)), t>0;  u(0)=uo € D(¢), (0.2)

and it provides a general framework for studying existence, uniqueness, stability,
asymptotic behavior, and regularizing properties of many PDE’s of parabolic
type.

The possibility to work in a more general metric space (F,d) and/or with
nonsmooth perturbations of a convex functional ¢ : E — (—o00,400] has been
exploited by E. DEGIORGI and his collaborators in a series of papers originating
from [37] and culminating in [64] (see also the presentation of [6] and our recent
book [9]). One of the nice features of this approach is the so called “Minimizing
Movement” approximation scheme [36]: it suggests a general variational proce-
dure to approximate and construct gradient flows by a recursive minimization
algorithm. For, one introduces a uniform partition 0 < 7 <27 < --- < n1 < ---
of the positive real line, 7 > 0 being the step size, and starting from the initial
value U? := ug one looks for a suitable approximation U” of u at the time nr
by iteratively solving the minimum problems

1
in ¢(U) + —d*(U,U). 0.3
min ¢(U) + o—d*(U, U7™) (0.3)
Under general lower semicontinuity and coercivity assumptions, a minimizer
U of (0.3) exists so that a piecewise constant interpolant U, taking the value
U in each interval ((n — 1)7,n7] can be constructed. Limit points (possibly



after extracting a suitable subsequence) of U.(t) as 7 | 0 can be considered as
good candidates for gradient flows of ¢ and in many circumstances it is in fact
possible to give differential characterizations of their trajectories.

One of the most striking application of this variational point of view has
been introduced by OTTO [57, 74] (also in collaboration with JORDAN and
KINDERLEHRER): he showed that the Fokker-Planck equation

O —V - (Vu+uVV)=0 inR? x (0, +00), (0.4)
and nonlinear diffusion equations of porous media type
ou — AB(u) =0 in R? x (0, 400), (0.5)

can be interpreted as gradient flows, in the metric space E := Z5(R%) of Borel
probability measures in R? with finite quadratic moment, of suitable integral
functionals of the type

Mmzéfwmw@,w=% (0.6)

for a suitable choice of the nonlinearity F' and of the reference measure ~ in R%.
Here the solutions wu; of (0.4) and (0.5) yield a corresponding family of evolving
measures ; € Ao (Rd) through the identification p; = ;2%

One of the main novelties of OTTO’s approach relies in the particular distance
d on P5(R%) which should be used to recover the above mentioned PDE’s in
the limit: it is the so called KANTOROVICH-RUBINSTEIN- WASSERSTEIN distance
between two measures p, v € P5(R%), defined as

Wiy i=min{ [ o=y dy(en)
R4 xRd (0'7)

~ e ZRY x RY), 7T71$")’ = pu, 7@7 = 1/}.

The minimum in (0.7) is thus evaluated on all probability measures v on the
product R? x R? whose marginals ml,5y, 757 are y and v respectively; ', 72 :
R¢ x R — R? denote the canonical projections on the first and the second
factor.

By applying the “Minimizing Movement” scheme in &5 (R9) with the above
choice (0.6) of ¢ and with d := Wa, it is in fact possible to show that its discrete
trajectories converge to the solution of a suitable evolution PDE’s. Moreover,
OTTO introduced a formal “Riemannian” structure in the space % (R?) in order
to guess first, and then prove rigorously the form of the limit PDE’s and their
gradient flow structure like in (0.1).

The aim of this paper is to present, in a simplified form, the general and
rigorous theory developed in our book [9] (written with N. GIGLI), giving quite
general answers to the following questions:

1) Give a rigorous meaning to the concept of gradient flow in %5 (R?).



2) Find general conditions on ¢ in order to guarantee the convergence of the
“Minimizing Movement” scheme in %5(R9).

3) Characterize the limit trajectories and study their properties, applying them
to classes of specific and relevant examples.

In comparison with [9], the simplification comes from the fact that we mostly re-
strict ourselves to absolutely continuous measures, in finite-dimensional spaces,
while in [9] none of these restrictions is present.

Concerning the first point, it is clear from the heuristic arguments of OTTO
and from (0.1) that one should make precise:

la) the notion of velocity vector field of a curve (u)¢c(o,r) of measures in

Po(RY),

1b) the notion of tangent space Tan, %3(R?) of Z,(R?) at a given measure
1,

1¢) the notion of gradient of a functional ¢ (like (0.6)) at p.

The investigations about velocity and tangent space are in fact strictly related
to a deep analysis of the continuity equation

Oupre + V- (vgp) =0 in R x (0,7).

It is carried out in Section 2.6 after some basic preliminaries of measure theory
(recalled in Section 1), a brief outline on optimal transportation and Wasser-
stein distance (presented in Sections 2.1-2.4), and a more detailed review on
the classical representation formulas for solutions of the continuity equation,
which is discussed in Section 2.5. Starting form the general definition of abso-
lutely continuous curves in a (arbitrary) metric space, we will show that every
absolutely continuous family of measures (11 )se(0,7) in P2(R?) satisfies the con-
tinuity equation

Oy + V- (vgpy) = 0 in the distribution sense of 2’ (Rd x (0,7)), (0.8)

for a suitable Borel velocity vector field v; € L?(us; R?) satisfying

b T ) 1/2
Length,, (1) = / (/d |ve ()] dut(x)> dt VO<a<b<T. (0.9)
0 R

Furthermore, (0.8) and (0.9) uniquely determine v; in L?(us;R?) up to a negli-
gible set of times.

Since P3(R%) is a length space (i.e. the infimum of the distance between
any two points is the infimum of the lengths of all curves connecting the two
points), one recovers also the BENAMOU-BRENIER formula [15]

Wa(p,v) = min{/o1 (/Rd |vt(m)\2dut(x))l/2 dt :

pe € AC((0,1); P5(R?))  satisfies (0.8), po =, 1 = 1/}.
(0.10)



Recalling the usual definition of the Riemannian distance on a manifold, we
can thus consider v; as the velocity vector of the curve (i) and the squared
L?(4; R%)-norm as the metric tensor in &, (R%).

It turns out that in general the set spanned by all the possible velocity vector
field of a curve through a measure y is a proper subset of L?(jus;R%). For, vy
can be strongly approximated in L?(us;R?) by gradients of smooth functions
(and this approximability property is equivalent to (0.9)); moreover, gradients
of smooth functions are always velocity vectors (in the above sense) of smooth
curves. These facts suggests the definition of the tangent space as

L2 (pesRY)

Tan, Z5(R%) = {w pe CgO(Rd)} . (0.11)
One of the important byproducts of this analysis is the formula
d
— W2 (g, v) = 2/ (vi,t,, —i)dpy  for ae. t (0.12)
dt Rd

for the squared Wasserstein distance from a given measure v. Here ¢, are the
optimal transport maps between p; and v (provided they exist, as it happens
whenever p; are absolutely continuous) and ¢ is the identity map.

Concerning 1c), any reasonable definition of gradient in infinite dimensional
spaces should be sufficiently general to fit with various classes of non smooth
functionals. For easy of exposition, in this paper we decided to focus our atten-
tion on the case of geodesically convex (or, more generally, A-convex) functionals
(we refer to [9] for more general results). Geodesics in P, (R?) play a crucial
role and their characterization is briefly discussed in Section 2.3. Section 3
is thus devoted to the analysis of convex functionals in %5(R?) and to some
particularly important examples, discovered by MCCANN [67].

Having at our disposal a nice Hilbertian structure at the level of each tangent
space and a significant notion of convexity, it is natural to develop a subdif-
ferential theory modeled on the well known linear one. We deal with this
program in Section 4: first of all we define the (Fréchet) subdifferential d¢(u)
of ¢ at a measure . Even if it is a multivalued map, it is possible to perform a
natural minimal selection 0¢°(p) among its values, which enjoys nice features
and always belongs to the tangent space Tan, %5(R?). Sections 4.2-4.4 present
the basic calculus properties of the subdifferential: they precisely reproduce
the analogous ones of the linear framework and justify the interest for this no-
tion. Section 4.5 contains the main characterizations of the subdifferential of
the most relevant functionals (internal, potential and interaction energies, and
the negative squared Wasserstein distance).

Combining all these notions, we end up with the rigorous definition of the
gradient flow of a functional ¢ in Section 5: it always has the structure of the
continuity equation

Oupe + V- (vip) =0 in 2'(R% x (0,T)), (0.13)
which defines the velocity of p;, coupled with the nonlinear condition
vy = —0°¢(11) € Tan,, Zo(R?Y)  for Lt-ae. t € (0,T), (0.14)



linking v; to p; through the functional ¢. When ¢ has the structure of (0.6)
and py = pry, (0.14) is equivalent (in a suitable weak sense) to

VU = —VFI(pt) (015)

The remaining part of the section is devoted to study the main properties
of the gradient flows, obtained independently from the existence issue, i.e.
directly from the definition. We conclude the section providing an answer to
the second question we raised before, i.e. the construction of the gradient
flow by means of the variational approximation scheme.

Even in this case, (A-geodesic) convexity plays a crucial role and we are able
to obtain the same well known results of the theory in flat linear spaces. Here
we only mention the generation of a contracting and regularizing semigroup
satisfying, when A > 0, nice asymptotic convergence estimates. In comparison
with other papers ([29] and [76], for the porous medium equation on Riemannian
manifolds), where similar goals are pursued, our approach is totally independent
of the specific form of the functional ¢ and of the PDE that it induces: it is
ultimately based on the one hand on monotonicity inequalities (ensured by the
A-convexity of ¢), and on the other hand on (0.12), whose validity is a purely
geometrical fact. Furthermore, as shown in [9], it extends also to the case when
R? is replaced by a separable Hilbert space and/or singular (e.g. concentrated)
measures are allowed.

The last section illustrates our main examples and applications. A particular
emphasis is devoted to the linear Fokker-Planck equation (0.4) associated to a
convex potential V with arbitrary growth at infinity: as showed by OTTO, it is
the gradient flow in 5 (R?) of the relative entropy functional

o0 = [ p@)logpla)drta). = (0.16)

dy’

with respect to the invariant measure v := e~V 2%, In this case the Wasserstein
approach provides a linear semigroup in the space of measures (a Dirac mass
concentrated in a point where the potential is finite is always allowed as an
initial datum), which easily gives nice representation formulae for the solution.
The restriction of the semigroup on absolutely continuous measures w.r.t.
coincides with the Markov semigroup generated by the natural Dirichlet form
associated to .

Applications to the case of nonlinear diffusion equations and to more com-
plicated differential-integral equations are also considered.



Notation

B, (x)
#(X)
Cp(X)
C(RY)
2(X)
Pa(X)
gd

P35 (R7)
LP(u;RY)
supp ju
T#M
IN(TANTS)
To(ut, 1?)
W2 (:u7 V)
tu

Tan,,, Z5(R%)

1—2
Hy

|u'| (2)

AC? ((a,b); E)

D(¢)
Lip(¢, A)
9 (v)

|09 (v)
3°p(1)

M, (t)

MM (®; ug)

Open ball of radius r centered at x in a metric space

Borel sets in a separable metric space X

Space of continuous and bounded real functions defined on X
Space of smooth real functions with compact support in R?
Probability measures in a separable metric space X
Probability measures with finite quadratic moment, see (1.3)
The Lebesgue measure in R?

Measures in Z5(R?) absolutely continuous w.r.t. #4

LP space of p-measurable R%valued maps

Support of p, see (1.1)

Push-forward of p through r, see (1.4)

Projection operators on a product space X, see (1.8)

2-plans with given marginals p', u?

Optimal 2-plans with given marginals p', 12

2-th Wasserstein distance between p and v, see (2.6)

Identity map

Optimal transport map between p and v given by Theorem 2.3
Tangent bundle to P, (R?), see (2.42)

Geodesic curve connecting u! ro p?, see (3.1)

Metric derivative of u : (a,b) — E, see (2.2)

Absolutely continuous u : (a,b) — E with |[v/| € LP(a,b), see (2.3)
Proper domain of a functional ¢, see (4.1)

Lipschitz constant of the function ¢ in the set A

Fréchet subdifferential of ¢ in Hilbert (4.2)

or Wasserstein spaces, see Definition 4.1 and (4.20)

Metric slope of ¢, see Definition (4.4) and (4.29)

Minimal selection in the subdifferential, see Lemma 4.10
Piecewise constant interpolation of M, see (5.54)
Minimizing movement of ¢, see the definition before (5.55)



1 Notation and measure-theoretic results

In this section we recall the main notation used in this paper and some ba-
sic measure-theoretic terminology and results. Given a separable metric space
(X,d), we denote by Z(X) the set of probability measures u : Z(X) — [0, 1],
where Z(X) is the Borel g-algebra. The support of u € Z2(X) is the closed set

supp(p) = {x € X :p(Br(x))>0 Vr> 0}. (1.1)

When X is a Borel subset of an euclidean space R?, we set

ma(u)i= [ ol dp,
X
we often make the identification
2(X) = {ne P®Y): R\ X) =0}, (1.2)

and we denote by &5(X) the subspace of Z(X) made by measures with finite
quadratic moment:

Py(X):={p e Z(X): ma(pu) < o0}. (1.3)
We denote by .£¢ the Lebesgue measure in R? and set
PY(X) = {u €EP(X): kg .Zd},

whenever X € Z(R?).

1.1 Transport maps and transport plans

If p e £2(X1), and r : X1 — X5 is a Borel (or, more generally, y-measurable)
map, we denote by ruu € P(Xz) the push-forward of p through r, defined by

ryu(B) = pu(r ' (B)) VB %(X>). (1.4)

More generally we have
fr()dp(x) = [ fy)drypy) (1.5)
X1 X2

for every bounded (or r4p-integrable) Borel function f : Xy — R. It is easy to
check that
v = rpr<Lryp  Vp,ve P(Xy). (1.6)

Notice also the natural composition rule

(ros)pp=7ru(sep) wheres: X7 — Xo, 7: Xo — X3, p€ Z(Xq). (1.7)



We denote by 7, i = 1,2, the projection operators defined on a product
space X := X7 X Xa, defined by

7T1:(£C17£L'2)'—>$1€X1, 7T2Z(£E1,£I}2)'—>1'2€X2. (18)

If X is endowed with the canonical product metric and the Borel o-algebra and
p € P(X), the marginals of p are the probability measures

p=rhpe P(X;), i=1,2 (1.9)

Given pu! € P2(X;) and p? € P(Xs) the class I'(u!, u?) of transport plans
between p! and p? is defined by

T(u!, 12 = {u € P(Xy x Xo): mwyp =i, i = 1,2}. (1.10)
Notice also that
T(p', p?) = {u* x u?} if either ' or p? is a Dirac mass. (1.11)

To each couple of measures u' € P(X1), u? = ryp' € P(X,) linked by a Borel
transport map r : X; — X5 we can associate the transport plan

pi= (i x r)gp' € T(u', p?), i being the identity map on Xj. (1.12)

If p is representable as in (1.12) then we say that p is induced by r. Each
transport plan g concentrated on a pg-measurable graph in X; x X5 admits the
representation (1.12) for some p!-measurable map 7, which therefore transports

pt to p? (see, e.g., [7]).
1.2 Narrow convergence

Conformally to the probabilistic terminology, we say that a sequence (u,) C
P(X) is narrowly convergent to u € Z(X) as n — oo if

lim [ () dpn(z) = / £(2) du(z) (1.13)
X X

n—oo

for every function f € CP(X), the space of continuous and bounded real func-
tions defined on X.

Theorem 1.1 (Prokhorov, [40, ITI-59]) If a set K C H(X) is tight, i.e.
Ve>0 3JK. compact in X such that p(X\K:)<e Vpek, (1.14)
then IC is relatively compact in P (X).

When one needs to pass to the limit in expressions like (1.13) w.r.t. un-
bounded or lower semicontinuous functions f, the following two properties are
quite useful. The first one is a lower semicontinuity property:

lim inf /X o) djin(z) > /X o(x) dps(z) (1.15)

n—oo

10



for every sequence (u,,) C & (X) narrowly convergent to u and any l.s.c. function
g : X — (—o0,+00] bounded from below: it follows easily by a monotone
approximation argument of g by continuous and bounded functions. Changing g
in —g one gets the corresponding “lim sup” inequality for upper semicontinuous
functions bounded from above. In particular, choosing as g the characteristic
functions of open and closed subset of X, we obtain

liminf 4, (G) > u(G) VG open in X, (1.16)
n—oo
lim sup pn, (F) < pu(F) VF closed in X. (1.17)

The statement of the second property requires the following definitions: we say
that a Borel function g : X — [0, +00] is uniformly integrable w.r.t. a given set

Kc2(X)if
lim g(x)du(z) =0 uniformly w.r.t. p € K. (1.18)
h=o0 Hazg()2k)

In the particular case of g(x) := d(z, Z)P, for some (and thus any) Z € X and a
given p > 0, i.e. if

lim dP(Z,x)du(x) =0 uniformly w.r.t. p € K, (1.19)
oo JX\Bi (@)

we say that the set K C (X)) has uniformly integrable p-moments. The fol-
lowing lemma (see for instance Lemma 5.1.7 of [9] for its proof) provides a char-
acterization of p-uniformly integrable families, extending the validity of (1.13)
to unbounded but with p-growth functions, i.e. functions f : X — R such that

|f(z)] < A+ BdP(z,z) Ve X, (1.20)
for some A, B>0and T € X.

Lemma 1.2 Let () C P(X) be narrowly convergent to u € Z(X). If f :
X — R is continuous, g : X — (—o0, +00] is lower semicontinuous, and |f| and
g~ are uniformly integrable w.r.t. the set {pn }nen, then

lim inf /X (2) djin(z) > / o(2) duz) > —o0, (1.21a)

n—oo

lim f ) dpn (x / f(z) dp(x (1.21b)

n—oo

Conversely, if f: X — [O, 00) is continuous, u,-integrable, and
limsup/ f(@) dpn(z / f(z)du(z) < +oo, (1.22)

then f is uniformly integrable w.r.t. {n }nen-
In particular, a family {p,}nen € P(X) has uniformly integrable p-moments
iff (1.21b) holds for every continuous function f: X — R with p-growth.

11



1.3 The change of variables formula

Let » : A ¢ R — R? be a function, with A open. Then, denoting by 3, =
D(Vr) the Borel set where r is differentiable, there is a sequence of sets X, T X,
such that 7|y, is a Lipschitz function for any n (see [45, 3.1.8]). Therefore the
well-known area formula for Lipschitz maps (see for instance [44, 45]) extends
to this general class of maps and reads as follows:

/ZT h(x)|detVr|(x)dx:/Rd > h(x)dy (1.23)

z€XpNTr~—1(y)

for any Borel function h : R? — [0, 4+-0c]. This formula leads to a simple rule for
computing the density of the push-forward of measures absolutely continuous
w.r.t. £

Lemma 1.3 (Density of the push-forward) Let p € L*(R?) be a nonnega-
tive function and assume that there exists a Borel set ¥ C X, such that 7| is
injective and the difference {p > 0}\ X is L% -negligible. Then 74 (pfd) < 71
if and only if |detVr| > 0 ZL%-a.e. on ¥ and in this case

d p -1 d
’I"#(pf ) = \detVr\ or |r(2)$ .

Proof. 1If |detVr| > 0 Z%-a.e. on ¥ we can put h = pX,-1(5)ns/|detVr| in
(1.23), with B € Z(R%), to obtain

p(r—'(y))
pd:v:/ pdx:/ ————dy.
/7'1(B) r=1(B)NE Brr(x) detVr(r=1(y))|

Conversely, if there is a Borel set B C ¥ with £%(B) > 0 and |detVr| = 0 on
B, the area formula gives #%(r(B)) = 0. On the other hand

rep 2B = [ pdo>o
r=1(f(B))

because at .#%-a.e. x € B we have p(x) > 0. Hence r4(p.£?) is not absolutely
continuous with respect to .Z¢. O

By applying the area formula again we obtain the rule for computing inte-
grals of the densities:

r4(pL) _/ p
/RdF( i dr = RdF otV |detVr|dz (1.24)

for any Borel function F' : [0,400) — [0, +00] with F'(0) = 0. Notice that in
this formula the set 3, does not appear anymore (due to the fact that F'(0) =0
and p = 0 out of ), so it holds provided r is differentiable p.#%-a.e., it is p.Z%-
essentially injective (i.e. there exists a Borel set ¥ such that r|x is injective and
p=0ZL%a.e. out of ¥) and |detVr| > 0 pL%a.e. in R

12



We will apply mostly these formulas when 7 is the gradient of a convex
function g : © — R, Q being an open subset of R?. In this specific case it is
well known that the (multivalued) subdifferential dg(z) of g (we will recall its
definition at the beginning of Section 4) is non empty for every x € Q and it is
reduced to a single point Vg(z) when ¢ is differentiable at x: this happen for
Llae x €.

In the following result (see for instance [4, 44]) we are considering an arbi-
trary Borel selection r : Q — R such that

r(z) € dg(x) for every z € Q. (1.25)

Theorem 1.4 (Aleksandrov) Let Q2 C R be a convex open set and let g :
Q — R be a convex function. Then g is a locally Lipschitz function, (every
extension T satisfying (1.25) of) Vg is differentiable at £?-a.e. point of §,
its gradient V?g(x) is a symmetric matriz, and g has the second order Taylor
expansion

9(y) = 9(x) + (Vg(z),y —x) + %W?g(w),y—x) +o(ly—al?) asy—x (1.26)
for L%-a.e. x € Q.
Notice that Vg is also monotone
(Vg(x1) — Vg(z2),21 —22) >0 x1, 2 € D(Vyg),

and that the above inequality is strict if g is strictly convex: in this case, it is
immediate to check that Vg is injective on D(Vg), and that |detVZg| > 0 on
the differentiability set of Vg if g is uniformly convex.

2 Metric and differentiable structure of the Wasser-
stein space

In this section we look at Z(R?) first from the metric and then from the
differentiable viewpoints.

2.1 Absolutely continuous maps and metric derivative

Let (E,d) be a metric space.

Definition 2.1 (Absolutely continuous curves) Let I C R be an interval

and let w : I — E. We say that u is absolutely continuous if there exists
m € LY(I) such that

d(u(s),u(t)) < /tm(r) dr Vs, tel, s<t. (2.1)
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Any absolutely continuous curve is obviously uniformly continuous, and
therefore it can be uniquely extended to the closure of I. It is not difficult
to show (see for instance Theorem 1.1.2 in [9] or [11]) that the metric derivative

. du(t+ h),u(t))
1) = lim ———-—22 2.2
o) o= i A (22)
exists at Z!-a.e. t € I for any absolutely continuous curve u(t). Furthermore,
|u/| € LY(I) and is the minimal m fulfilling (2.1) (i.e. |u'| fulfills (2.1) and
m > |u/| ZLt-a.e. in I for any m with this property). For p € [1,+00] we also
set

ACP(I;E) :=={u: I — E : u is absolutely continuous and |u'| € L”(I)}.
(2.3)

2.2 The quadratic optimal transport problem

Let X, Y be complete and separable metric spaces such that and let ¢ : X XY —
[0,4+00] be a Borel cost function. Given p € Z(X), v € Z(Y) the optimal
transport problem, in Monge’s formulation, is given by

inf{ /X c(a, t(x)) dp(x) : tup = y}. (2.4)

This problem can be ill posed because sometimes there is no transport map ¢
such that txp = v (this happens for instance when p is a Dirac mass and v is
not a Dirac mass). Kantorovich’s formulation

mm{ | oy verw,u)} (25)

circumvents this problem (as u x v € T'(u,v)). The existence of an optimal
transport plan, when ¢ is ls.c., is provided by (1.15) and by Theorem 1.1,
taking into account that I'(u, v) is tight (this follows easily by the fact that the
marginals of the measures in T'(u, v) are fixed, and by the fact that according
to Ulam’s theorem any finite measure in a complete and separable metric space
is tight, see also Chapter 6 in [9] for more general formulations).

The problem (2.5) is truly a weak formulation of (2.4) in the following sense:
if ¢ is bounded and continuous, and if 4 has no atom, then the “min” in (2.5)
is equal to the “inf” in (2.4), see [47], [7]. This result can also be extended to
classes of unbounded cost functions, see [79].

In the sequel we consider the case when X = Y and c(z,y) = d*(x,v),
where d is the distance in X, and denote by T',(u,v) the optimal plans in
(2.5) corresponding to this choice of the cost function. In this case we use
the minimum value to define the Kantorovich-Rubinstein-Wasserstein distance

Walpu, ) = ( JRY d7>1/2 S (2.6)
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Theorem 2.2 Let X be a complete and separable metric space. Then Wy de-
fines a distance in P(X) and P5(X), endowed with this distance, is a complete
and separable metric space. Furthermore, for a given sequence (p,) C Po(X)
we have

n narrowly converge to p,

lim Wa(pn,p) =0 <= { (2.7)
n—oo

(4n) has uniformly integrable 2-moments.
Proof. We just prove that W5 is a distance. The complete statement is proved
for instance in Proposition 7.1.5 of [9] or, in the locally compact case, in [86].

Let p, v, 0 € Po(X) and let v € Ty (i, v) and m € T'y(v,0). General results
of probability theory (see the above mentioned references) ensure the existence
of A € (X x X x X) such that

(71, %) g d =, (72, 73) e X = m.
Then, as
7r71¢(7r1,7r3)#)\ = 71'71&)\ = 7r71¢'y =, W;(ﬂ'l,ﬂ'g)#)\ = 71'3#)\ = Wim =0,

we obtain that (7!, 73) 4\ € I'(u, o), hence

1/2
Wa(p,v) < </ d2($17$2)d(71’7f3)#>\> = [ld(z1, z3)[l L2 (n)-
XxX
As d(x1,23) < d(x1,22) + d(x2,23) and

(1, z2)ll2(x) = d(x1, 22) |22 (v) = Walp, v),

ld(w2, 23)[|L2(x) = |d(@2, 23)|[L2(n) = Wa(v, 0),

the triangle inequality Wa(u, o) < Wa(u, v) + Wa(v, o) follows by the standard
triangle inequality in L?(\). O

In the Euclidean case X = R?, notice that, thanks to Lemma 1.2, the uniform
integrability of |z|? with respect to {fi, }nen is equivalent, assuming the narrow
convergence of i, to i, to the convergence of ma (i) to ma(p). Both conditions
in the right hand side of (2.7) can be summarized, still thanks to the same
lemma, by saying that (1.21b) holds for any continuous function f with at most
quadratic growth.

Working with Monge’s formulation the proof above is technically easier, as
an admissible transport map between p and ¢ can be obtained just compos-
ing transport maps between p and v with transport maps between v and o.
However, in order to give a complete proof one needs to know either that op-
timal plans are induced by maps, or that the infimum in Monge’s formulation
coincides with the minimum in Kantorovich’s one, and none of these results is
trivial, even in Euclidean spaces.
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Although in many situations that we consider in this paper the optimal plans
are induced by maps, still the Kantorovich formulation of the optimal transport
problem is quite useful to provide estimates from above on W5. For instance:

Wi (u,v) < / d*(t(x), s(z)) do(z) whenever tyo =, syo =v. (2.8)
X
This follows by the fact that (¢,s)x0 € I'(i, v) and by the identity

/ E(t(x), (x)) do(z) = / 2 (2, y) d(t, 8) 4o
X

XxX

2.3 Geodesics in Z,(R?)

Let (E, d) be a metric space. Recall that a constant speed geodesicy : [0,T] — E
is a map satisfying

d(v(s),~(t)) = d(~(0),v(T)) whenever 0 < s <t <T.

Actually only the inequality d(v(s),y(t)) < T~1(t — s)d(v(0),7(T)) needs to be
checked for all 0 < s < ¢t < 7T. Indeed, if the strict inequality occurs for some
s < t, then the triangle inequality provides

d(v(0),7(T)) < d(7(0),7(s)) + d(v(s),7(£)) + d(v(£),7(T))

< %(8 + (=) + (T = 1))d(7(0),7(T)) = d((0),¥(T)),

a contradiction.
Using this elementary fact one can show that, for any choice of u, v €
P5(R?), and v € T',(1, v), the map
pe = ((L—t)w' + mQ)# ~  te]o,1] (2.9)
is a constant speed geodesic. Indeed,
Yoo 1= (L= )t +s72), (1= t)r' +t7%)) , v € D(ps, pe)
and this plan provides the estimate

Wa(ps, ) < (8 = 8)Wa(p, v), (2.10)

as

/ |1 —x2|2d'78t = / (1 —s)xy + sza — (1 —t)ay —tx2|2d'7
R4 xR4 Rd xR

= (s—t)2/Rd o |z1 — @2|* dry.
"X
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It has been proved in Theorem 7.2.2 of [9] that any constant speed geodesic
joining p to v can be built in this way. We discuss additional regularity proper-
ties of the geodesics in the next section. Here we just mention that, in the case
when ~ is induced by a transport map ¢ (i.e. ¥ = (¢,t)4u), then (2.9) reduces
to

e = ((1—t)i+tt)#,u te[0,1]. (2.11)

2.4 Existence of optimal transport maps

The following basic result of [60, 20, 48] provides existence and uniqueness of
the optimal transport map in the case when the initial measure p belongs to

P (RY).

Theorem 2.3 (Existence and uniqueness of optimal transport maps)
For any p € 2[R9, v € P5(RY) Kantorovich’s optimal transport problem
(2.5) with c(x,y) = |r — y|* has a unique solution . Moreover:

(1) ~v is induced by a transport map t, i.e. v = (¢,t)pp. In particular t is the
unique solution of Monge’s optimal transport problem (2.4).

(ii) The map t coincides p-a.e. with the gradient of a convex function ¢ :
R? — (—o0, +00], whose finiteness domain D(yp) has non empty interior
and satisfies

#(RT\ D(p)) = u(R*\ D(Ve)) = 0. (2.12)
(iii) Ifv = p' L% € 2$(R?) as well, and s is the optimal transport map between
v and p, then
sot=1 p-a.e. inR? and tos=1v-ae inR%

In particular t is p-essentially injective, i.e. there exists a u-negligible set
N C R? such that, setting Q = R\ N, t|q is injective. Finally

r_ P
" det V2

Proof. Since (¢,t)4u and (s,1)xv are both optimal plans between p and v, they
coincide. Testing this identity between plans on |s(t(z))— x| (resp. |t(s(y))—y|)
we obtain that s ot =i p-a.e. in R? (resp. tos =14 v-a.e. in R?):

p o(tlo)™! wv-a.e inRY.

/ & — s(t(a))| dp(x) = / & — 8(y)] d(i, £) s
R4 Rd xRd
=/ & — s(y)] d(s, ) v
R4 xRd
- / 15(y) — s(y)| du(y) = 0.
R4

The formula for the density of v with respect to .Z? follows by Lemma 1.3,
taking into account the p-essential injectivity of ¢. O
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In the following we shall denote by ¢, the unique optimal map given by
Theorem 2.3. Notice that ¢t = V¢ is uniquely determined only pu-a.e., hence ¢
is not uniquely determined, not even up to additive constants, unless j = p.£?
with p > 0 Z%a.e. in R?. However, the existence proof (at least the one
achieved through a duality argument), yields some “canonical” ¢, given by the
duality formula

p(z)= sup (z,y) —(y) z e R (2.13)
yEsupp v

for a suitable function ¢ : suppr — (—o0,+00]. This explicit expression is
sometimes technically useful: for instance, it shows that when supp v is bounded
we can always find a globally convex and Lipschitz map ¢ whose gradient is the
optimal transport map.

The following result shows that optimal maps along geodesics enjoys nicer
properties (see also [17]).

Theorem 2.4 (Regularity in the interior of geodesics) Let u, v € P5(R?)
and let

pe == ((1—t)m! —|—t7r2)#'7

be a constant speed geodesic induced by v € To(u,v). Then the following prop-
erties hold:

(i) For anyt € [0,1) there exists a unique optimal plan between p; and p, and
this plan is induced by a map s; with Lipschitz constant less than 1/(1—t).

(i) If p = pL* € P¢(RY) then py € P$(RY) for all t € [0,1).

Proof. (i) The necessary optimality conditions at the level of plans (see for
instance §6.2.3 of [9], or [86]) imply that the support of -+ is contained in the
graph
{(z,y): yel'(x)}

of a monotone operator I'(z). On the other hand, the same argument used in
the proof of (2.10) shows that the plan v, := (7', (1 — t)7! + twg)# ~ is optimal
between p and p¢. The support of v, is contained in the graph of the monotone
operator (1 —t)I 4 tT", whose inverse

Iy :={ze Re: ye I'(z)}

is single-valued and 1/(1 — t)-Lipschitz continuous. Therefore the graph of I'"!
is the graph of a 1/(1 — ¢)-Lipschitz map s; pushing p; to . The uniqueness of
this map, even at the level of plans, is proved in Lemma 7.2.1 of [9].

(ii) If A € B(R?) is L%-negligible, then s;(A) is also .Z?-negligible, hence
p-negligible. The identity s; o t; = ¢ p-a.e. then gives

pe(A) = p(t(A)) < u(si(A)) =0.

This proves that pu; < 2. O
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2.5 The continuity equation with locally Lipschitz velocity
fields

In this section we collect some results on the continuity equation
Orpe + V- (vgpy) =0 in R? x (0,7), (2.14)
which we will need in the sequel. Here p; is a Borel family of probability

measures on R? defined for ¢ in the open interval I := (0,7), v : (z,t) —
vi(x) € R is a Borel velocity field such that

T
/ / e ()] dpa () dt < +o0, (2.15)
0 R4

and we suppose that (2.14) holds in the sense of distributions, i.e.

/0 /Rd (8t¢(x,t) + (v(2), ngo(x,t») dyy () dt = 0,
Ve CP R x (0,T)).

(2.16)

Remark 2.5 (More general test functions) By a simple regularization ar-
gument via convolution, it is easy to show that (2.16) holds if p € C} (R? x (0,T))
as well. Moreover, under condition (2.15), we can also consider bounded test
functions ¢, with bounded gradient, whose support has a compact projection in
(0,T) (that is, the support in « need not be compact): it suffices to approximate
¢ by pxr where xg € C°(R?), 0 < xgr <1, [Vxg| <2 and xg = 1 on Bg(0).

First of all we recall some technical preliminaries.

Lemma 2.6 (Continuous representative) Let u; be a Borel family of prob-
ability measures satisfying (2.16) for a Borel vector field vy satisfying (2.15).
Then there exists a narrowly continuous curve t € [0,T] — fi; € Z(R?) such
that py = fiy for L'-a.e. t € (0,T). Moreover, if p € CHR? x [0,7T]) and
t1 <ts €[0,T] we have

/ (s t2) dfigy () — / (1) dfin, (2)
ke . (2.17)
= / <3t<ﬂ+<v90a’0t>> dpe () dt.
th R4

Proof. Let us take p(z,t) = n(t)¢(x), n € C(0,T) and ¢ € C°(R%); we have

[P [ @)= [ aw( [ @@ anw) a
so that the map

te @) = [ @) diuto)
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belongs to W11(0,T) with distributional derivative

1:(¢) = /Rd (V¢(x),ve(2)) dpe(z)  for Lr-ae. t € (0,T) (2.18)
with
()] < V(#) sup V], V() 12/ [ve(@)] dpe(2), V€ LN0,T).  (2.19)

If L, is the set of its Lebesgue points, we know that £*((0,7)\ L¢) = 0. Let us
now take a countable set Z which is dense in C}(R?) with respect the usual C*
norm [|¢||c1 = suppa(|¢], |V(]|) and let us set Lz := N¢ezLe. The restriction of
the curve u to Ly provides a uniformly continuous family of bounded functionals
on C}(R9), since (2.19) shows

t
16(0) — (O] < [IClles / VO)AA Vs, t€ Ly

Therefore, it can be extended in a unique way to a continuous curve { it }+e[o, 1]
in [C}(RY))". If we show that {u;}ser, is also tight, the extension provides a
continuous curve in Z(R?).

For, let us consider nonnegative, smooth functions (3, : R? — [0,1], k € N,
such that

C(x)=1 if|z| <k, C(z)=0 ifjz|>k+1, |Vi(x)] <2

It is not restrictive to suppose that (, € Z. Applying the previous formula
(2.18), for t, s € Lz we have

T
|1 (Cr) — s (Co)| < ak := 2/0 /lc<| ot lva(x)] duy(x) dA,

with in ap < +o0o. For a fixed s € Lz and € > 0, being us tight, we can find
k € N such that ps(¢x) > 1 —¢/2 and ay < €/2. It follows that

pt(Bry1(0)) > pe(Gr) > 1—¢ Vte€ Lz,

Now we show (2.17). Let us choose ¢ € CL(R? x [0,T]) and set ¢.(x,t) =
ne (t)p(x,t), where e € C°(t1,t2) such that

0<n(t) <1, lgilngna(t) = X(t1,t)(t) YE € [0,T], lgilngn; =0y, — 04,

in the duality with continuous functions in [0,T]. We get

0= [ [ (90100 + (Fu.0),00) dote)
OT R
= [ 00 [ (pto0)+ (ou(@). Vool 0)) da(a)
Ry
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Passing to the limit as € vanishes and invoking the continuity of fi;, we get
(2.17). O

Lemma 2.7 (Time rescaling) Lett: s € [0,7'] — t(s) € [0,T] be a strictly
increasing absolutely continuous map with absolutely continuous inverse s =
tL. Then (ut,vs) is a distributional solution of (2.14) if and only if

fi:=pot, v:=tvot, s a distributional solution of (2.14) on (0,T").

Proof. By an elementary smoothing argument we can assume that s is contin-
uously differentiable and s’ > 0. We choose ¢ € CL(R? x (0,7")) and let us set
o(z,t) :== ¢(x,s(t)); since ¢ € CL(RY x (0,T)) we have

0 —/ /Rd )0sp(x,s(t)) + (V(ﬁ(:c,s(t)),i;t(x») dpe () dt

- / (1) / (aw S(1)) + (2@l s(0), 223 )
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When the velocity field v; is more regular, the classical method of charac-
teristics provides an explicit solution of (2.14). First we recall an elementary
result of the theory of ordinary differential equations.

Lemma 2.8 (The characteristic system of ODE) Let v, be a Borel vector
field such that for every compact set B C R?

T
/ (sup lvs| + Lip(vs, B)) dt < +oo. (2.20)
0 B
Then, for every x € R? and s € [0,T] the ODE
d
Xs(z,8) =z, aXt(z,s) = ve(X¢(x, 5)), (2.21)

admits a unique maximal solution defined in an interval I(x,s) relatively open
in [0, T) and containing s as (relatively) internal point.

Furthermore, if t — | X¢(x, )| is bounded in the interior of I(x,s) then I(x,s) =
[0,T]; finally, if v satisfies the global bounds analogous to (2.20)

T
S = / (sup |ve| + Lip(vt,Rd)) dt < +o0, (2.22)
0 Rd
then the flow map X satisfies

T
/ sup |0: X (x, s)|dt < S, sup Lip(X;(-,s),R%) < e”. (2.23)
0 xzeR4 t,s€[0,T]
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For simplicity, we set X;(x) := X;(z,0) in the particular case s = 0 and we
denote by 7(x) := supI(x,0) the length of the maximal time domain of the
characteristics leaving from x at ¢t = 0.

Remark 2.9 (The characteristics method for first order linear PDE’s)

Characteristics provide a useful representation formula for classical solutions
of the backward equation (formally adjoint to (2.14))

O+ (v, Vo) =1¢ inRYx (0,T), o(z,T)=¢r(z) zecR? (2.24)

when, e.g., ¥ € CL(R? x (0,7)), o7 € C}(R?) and v satisfies the global bounds
(2.22), so that maximal solutions are always defined in [0,T]. A direct calcula-
tion shows that

T
o(z,1) = ng(XT(x,t))—/t W(Xa(@,1), 5) ds (2.25)

solve (2.24). For X,(X;(z,0),t) = Xs(z,0) yields

T
P(X0(2,0),1) = or(Xr(x,0)) - / B(Xa(2,0), 5) ds,

and differentiating both sides with respect to t we obtain

Bf o Wﬂ (Xi(,0),1) = (X, (x,0),1).

Since = (and then Xy(z,0)) is arbitrary we conclude that (2.31) is fulfilled.

Now we use characteristics to prove the existence, the uniqueness, and a
representation formula of the solution of the continuity equation, under suitable
assumption on v.

Lemma 2.10 Let vy be a Borel velocity field satisfying (2.20), (2.15), let pg €
PRY), and let X; be the mazimal solution of the ODE (2.21) (corresponding
to s =0). Suppose that for some t € (0,T]

7(x) > 1T for po-a.e. v € RY, (2.26)
Then t — py = (X¢)4po is a continuous solution of (2.14) in [0,1].

Proof. The continuity of p; follows easily since limg_; Xs(x) = X;(x) for po-
a.e. x € R?: thus for every continuous and bounded function ¢ : R — R the
dominated convergence theorem yields

tim [ e = lim, / G dpol) = / (X)) o) = / G

s—t s—t

For any ¢ € C°(R? x (0,%)) and for pp-a.e. x € R? the maps t — o;(z) 1=
©(X¢(z),t) are absolutely continuous in (0,), with

pi(2) = Opp(Xi(2), 1) + (Vo(Xi(2), 1), v:(Xi(2))) = A( 1) 0 Xy,
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where A(z,t) := Oyp(z,t) + (V(x,t), v (z)). We thus have

//|<Pt )| dpio(x) dt = //|AXt t)| dpo () dt

- / [ A0l dya(o)
< Lip(y) (T+/OT /R vy ()| dpse () dt) < 400

and therefore

0= /Rd o(z,t) dug(x) —/R o(z,0) duo(z) = /Rd (@(Xg(x),tj _ np(x,O)) dpuo ()

/Rd(/ot t(@ )dt) dpo(z / . (D + (Yoo, v)) dpuy dit,

by a simple application of Fubini’s theorem. O

We want to prove that, under reasonable assumptions, in fact any solution
of (2.14) can be represented as in Lemma 2.10. The first step is a uniqueness
theorem for the continuity equation under minimal regularity assumptions on
the velocity field. Notice that the only global information on wv; is (2.27). The
proof is based on a classical duality argument (see for instance [41, 7, 19]).

Proposition 2.11 (Uniqueness and comparison for the continuity equation)
Let o4 be a narrowly continuous family of signed measures solving

Oor + V- (vi0y) =0 in RY x (0,7),
with go < 0,
T
/ / |ve| d]o|dt < 400, (2.27)
0 JRd
and

T
/ (|at|(B) + sup |v¢| + Lip(vy, B)) dt < +o0
0 B

for any bounded closed set B C RY. Then a; <0 for any t € [0,T].

Proof. Fix ¢ € C®(R? x (0,T)) with 0 < <1, R > 0, and a smooth cut-off
function

Xr(:) = X(-/R) € C*(R?) such that 0 < Xp < 1, [VXg| < 2/R,

y (2.28)
Xr =1 on Br(0), and Xg =0 on R®\ Bygr(0).
We define w; so that w; = v; on Bag(0) x (0,7T), wy =0 if t ¢ [0,7] and

sup |w;| + Lip(w;, RY) < sup |v| + Lip(vs, Bag(0)) Vt€[0,T].  (2.29)
R4 Bag(0)
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Let w§ be obtained from w; by a double mollification with respect to the space
and time variables: notice that wj satisfy

T
sup / (sup |wi| + Lip(wf,Rd)) dt < +o0. (2.30)
e€(0,1)Jo \ Re

We now build, by the method of characteristics described in Remark 2.9, a
smooth solution ¢ : R x [0, 7] — R of the PDE

0p®

ot

+ (w5, Vo) =9 inRIx (0,T), ¢ (2,T)=0 zecRL  (2.31)

Combining the representation formula (2.25), the uniform bound (2.30), and the
estimate (2.23), it is easy to check that 0 > ¢° > —T and |V¢*®| is uniformly
bounded with respect to ¢, t and z.

We insert now the test function ¢p°Xp in the continuity equation and take
into account that oo < 0 and ¢* < 0 to obtain

T
6 £
0 > —/ wsdeaoz/ / XR d + (v, XrV¢® + ¢°VXRr) dodt
Rd o Jrd ot
T T
= / / XR(d)—i-(vt—wf,VgoE))dotdt—l—/ / 0 (VXg,v) dodt
0 R4 0 R4

T T
> / / XR(¢+<vt—w§,V<p5>)datdt—/ / Vxallod] dlo] dt.
0 Rd 0 Rd

Letting € | 0 and using the uniform bound on |V¢°| and the fact that w; = v,
on supp Xg X [0,T], we get

T T 2 T
/ / XRde'tdtS/ / |VXRH’Ut|d|O't|dt§ */ / |’Ut|d|0't|dt.
0 R4 0 R4 R 0 R<|z|<2R

Eventually letting R — oo we obtain that fOT Jpa v dodt < 0. Since ¢ is
arbitrary the proof is achieved. O

Proposition 2.12 (Representation formula for the continuity equation)
Let pt, t € [0,T), be a narrowly continuous family of Borel probability measures
solving the continuity equation (2.14) w.r.t. a Borel vector field vy satisfying
(2.20) and (2.15). Then for ug-a.e. + € R? the characteristic system (2.21)
admits a globally defined solution X¢(z) in [0,T] and

we = (Xo)pmo Vi€ [0,T]. (2.32)

Moreover, if

/T/ lvy ()2 dpy () dt < +00 (2.33)
0o Jra
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then the velocity field v, is the time derivative of X, in the L?-sense

T—h 2
X - X
lim / e+n () @) _ ve(Xi(2))| dpo(x)dt =0, (2.34)
hl0 Jo R h
}llirr%) M =wv(zx) in L*(ui;RY)  for Llae. t € (0,T). (2.35)

Proof. Let E; = {T > s} and let us use the fact that, proved in Lemma 2.10,
that t — X4 (Xg, po) is the solution of (2.14) in [0, s]. By Proposition 2.11 we
get also

Xy (XE, po) < pt whenever 0 <t < s.

Using the previous inequality with s = ¢ we can estimate:
T(z)
[, sw 1Xo) —alduola) < [ [ K@) duola)
R4 (0,7(x)) R4 JO
()
L[ wxianidm)
Rd Jo

/OT /E o0 (X2(2))] dpo () dt

T
/ / "Ut| dut dt.
0 R4

It follows that X;(z) is bounded on (0,7(z)) for pg-a.e. * € R? and therefore
X, is globally defined in [0,T] for po-a.e. in R%. Applying Lemma 2.10 and
Proposition 2.11 we obtain (2.32).

Now we observe that the differential quotient Dy, (z,t) := h™ Y (Xpn(x) —
X¢(z)) can be bounded in L?(uy x £') by

L
L

T—h 1 h 5

< / / . / [r4s (Xega (1)) ds dpaoa) dt
0 R4 0
T

g/ o (X (2))[? dpo(a) dt < +oo.
0 R4

IN

XH—h(x)l; Xi(z) dpo() dt

dpo(x) dt

1 h
i [ vt ds
0

Since we already know that Dj, is pointwise converging to v; o X; po X Z!-a.e.
in R% x (0,T), we obtain the strong convergence in L?(uo x £1), i.e. (2.34).

Finally, we can consider ¢ — X;(-) and ¢ — v:(X¢(-) as maps from (0,7’ to
L?(po; RY); (2.34) is then equivalent to

2

lim - ’Ut(Xt) dt = O,

TN Xppn — X
r10 Jo h

L2 (po;R%)
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and it shows that ¢ — X;(-) belongs to AC2(0,T; L?(p0; R?)). General results
for absolutely continuous maps with values in Hilbert spaces yield that X; is
differentiable .#*-a.e. in (0,7, so that

2

X - X
lim e+h(T) @) _ vi(X:(2))| duo(z) =0 for L-ae. t € (0,T).
h—0 Rd h
Since X¢ip(x) = Xp(Xt(x),t), we obtain (2.35). O

Now we state an approximation result for general solution of (2.14) with
more regular ones, satisfying the conditions of the previous Proposition 2.12.

Lemma 2.13 (Approximation by regular curves) Let p; be a time-continuous
solution of (2.14) w.r.t. a velocity field satisfying the integrability condition

/T/ o0 ()| dpae () dt < +oo. (2.36)
0 Rd

Let (p.) € C®(RY) be a family of strictly positive mollifiers in the x variable,
(e.g. pe(z) = (2me) =¥ ? exp(—|x|?/2¢)), and set

_ B

==t 2.37
Hi (2.37)

[y = e x pey B = (Vi) * pe, vf
Then u§ is a continuous solution of (2.14) w.r.t. v§, which satisfies the local
reqularity assumptions (2.20) and the uniform integrability bounds

[ ri@Pdiie) < [ )P du@) vie©1). (239
Re R
Moreover, Ef — v¢pip narrowly and

i 10 0 = ol oy Ve € 0,7) (2.39)

Proof. With a slight abuse of notation, we are denoting the measure p§ and
its density w.r.t. ¢ by the same symbol. Notice first that |E¢|(¢,-) and its
spatial gradient are uniformly bounded in space by the product of |[v||11(,,)
with a constant depending on e, and the first quantity is integrable in time.
Analogously, |p$|(¢,-) and its spatial gradient are uniformly bounded in space
by a constant depending on e. Therefore, as v = Ef/u§, the local regularity
assumptions (2.20) is fulfilled if

1 5
IwISP},ntfe[o,T] pi (z) >0 for any € > 0, R > 0.

This property is immediate, since p; are continuous w.r.t. ¢ and equi-continuous
w.r.t. z, and therefore continuous in both variables.

Lemma 2.14 below shows that (2.38) holds. Notice also that u$ solve the
continuity equation

O +V - (vips) =0 in R x (0,7), (2.40)
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because, by construction, V - (v§ u5) = V - ((vepe) * pe) = (V- (vgar)) * pe.
Finally, general lower semicontinuity results on integral functionals defined on

measures of the form )

(B, 1) — —| dp

Re | M
(see for instance Theorem 2.34 and Example 2.36 in [8]) provide (2.39). O

Lemma 2.14 Let p € Z(R?) and let E be a R™-valued measure in R with
finite total variation and absolutely continuous with respect to p. Then

/ u*pdxé/
R4 R4

for any convolution kernel p.

2
dp

E>s<p‘2
1

fr% p

Proof. We use Jensen inequality in the following form: if ® : R™*1 — [0, +-00]
is convex, L.s.c. and positively 1-homogeneous, then

o ([ vwww) < [ awe) e

for any Borel map 1 : R? — R™*! and any positive and finite measure 6 in R?
(by rescaling 8 to be a probability measure and looking at the image measure
140 the formula reduces to the standard Jensen inequality). Fix z € R? and
apply the inequality above with ¢ := (E/u, 1), 6 := p(xz — -)p and
2
EL ift>0
(=) =130 if(2,t) = (0,0)
4+oo ifeithert <Oort=0,z%#0,

to obtain
E «p(z)|? < / E
e xplx) = @ —(y :cfydy,/ x —y)du(y
E ] e pte) [ Zwota =) dut). [ ple—~ auty)
E
< / D(—(y), Vp(z —y) du(y)
Re M
B2
= / — | Wp(z —y) du(y).
Rd | K
An integration with respect to x leads to the desired inequality. O

2.6 The tangent bundle to the Wasserstein space

In this section we endow Z5(R%) with a kind of differential structure, consistent
with the metric structure introduced in Section 2.2. Our starting point is the
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analysis of absolutely continuous curves s : (a,b) — Z5(R%): recall that this
concept depends only on the metric structure of &2, (R%), by Definition 2.1. We
show in Theorem 2.15 that this class of curves coincides with (distributional)
solutions of the continuity equation

0

T + V- (ve) =0 in R? x (a,b).

More precisel

The characterization (2.41) of tangent vectors strongly suggests to consider
the following tangent bundle to Z,(R?)

L2 (;R?)

Tan, 25(R?) := {Vyp : ¢ € C(R%)} Yu € Py(RY), (2.42)

endowed with the natural L? metric.

W22(M0,M1) =mi

Indeed, for any admissible curve we use the inequality between L? norm of wy
and metric derivative to obtain:

1 1
| oz de> [ RO de> Wi, m).

Conversely, since we know that &25(R9) is a length space, we can use a geodesic
iil and its tanient vector field vI to obtain eﬂualiti in |2.43 l —

In this way we recover in a more general framework the Riemannian inter-
pretation of the Wasserstein distance developed by OTTO in [74] (see also [73],
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[57]) and used to study the long time behavior of the porous medium equation.
In the original paper [74], (2.43) is derived using formally the concept of Rie-
mannian submersion and the family of maps ¢ — ¢xu (indexed by p < £%)
from ARNOLD’s space of diffeomorphisms into the Wasserstein space. In OTTO’s
formalism tangent vectors are rather thought as s = % ¢ and these vectors are
identified, via the continuity equation, with —D - (vsp;). Moreover vy is chosen
to be the gradient of a function 5, so that D - (Visu:) = —s. Then the metric
tensor is induced by the identification s — V¢, as follows:

(s.57),, = /R (Vibs, Vibor) dpi.

As noticed in [74], both the identification between tangent vectors and gradients
and the scalar product depend on p;, and these facts lead to a non trivial
geometry of the Wasserstein space. We prefer instead to consider directly v; as
the tangent vectors, allowing them to be not necessarily gradients: this leads to
(2.42).

Another consequence of the characterization of absolutely continuous curves
is a result, given in Proposition 2.20, concerning the infinitesimal behavior of the
Wasserstein distance along absolutely continuous curves p;: given the tangent
vector field v; to the curve, we show that

lim Wo (et (34 hve)p i)

lim 7] =0 for Lt-a.e. t € (a,b).

Moreover the rescaled optimal transport maps between p; and py4p converge to
the transport plan (¢ X v;)xu; associated to v, (see (2.56)). As a consequence,
we will obtain in Theorem 2.21 a key formula for the derivative of the map
t— W22 (/’Ltv V)'

Theorem 2.15 (Absolutely continuous curves in %,(R%)) Let I be an open
interval in R, let gy : I — Po(R%) be an absolutely continuous curve and let
|| € LY(I) be its metric derivative, given by (2.2). Then there exists a Borel
vector field v : (x,t) — vi(x) such that

v € L (pg; RY), el L2 (pyiray < |1|(E) for Ll-ae. tel, (2.44)
and the continuity equation
6,5 e + V- ('vt,ut) =0 m Rd x I (245)

holds in the sense of distributions, i.e.
// (&ap(az,t)—&-(vt(x), ngo(a:,t))) dupg(z)dt =0 Y e CPRY%T). (2.46)
I JRd

Moreover, for £1-a.e. t € I v; belongs to the closure in L?(us, RY) of the sub-
space generated by the gradients Vi with ¢ € C2°(R?).
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Conversely, if a narrowly continuous curve g : I — P5(RY) satisfies the conti-
nuity equation for some Borel velocity field wy with ||w¢| 2(,,.zey € L' (I) then
e I — Po(RY) is absolutely continuous and [p/'|(t) < ||wel|p2(,,rae) for £71-
a.e. tel.

In particular equality holds in (2.44).

Proof. Taking into account that any absolutely continuous curve can be
reparametrized by arc length (see for instance [11]) and Lemma 2.7, we will
assume with no loss of generality that || € L°°(I) in the proof of the first
statement. To fix the ideas, we also assume that I = (0, 1).

First of all we show that for every ¢ € C°(R?) the function t — ()
is absolutely continuous, and its derivative can be estimated with the metric
derivative of p;. Indeed, for s, t € I and p,, € To(us, ) we have, using the
Holder inequality,

e (@) — ps(p)| =

L (p(y) = (@) drgy| < Lip (@)W (ps, ),

whence the absolute continuity follows. In order to estimate more precisely the
derivative of u;(p) we introduce the upper semicontinuous and bounded map

V()| ifz =y,

H(z,y) = lp(@) — e(y)| ifx #y
|z — 9| |

and notice that, setting pj, = p(54p)s, we have

S - Ms ].
|l |l Jraxra

Wa(si, . 1/2
S 2(“ +hs K ) </ HQ(.T,y) dl'l'h) )
|h‘ R4 xR

If t is a point where s — pug is metrically differentiable, using the fact that
p, — (x,2)gp narrowly (because their marginals are narrowly converging,
any limit point belongs to I',(ue, 1) and is concentrated on the diagonal of
R? x R?) we obtain

_ 1/2
imsp LS < i) ([ i) = W01

h—0 |h
(2.47)
Set @ = R¢x T andlet u = [ p; dt € 2(Q) be the measure whose disintegration
is { ¢ }rer. For any ¢ € C°(Q) we have

/ Osp(x, 8) dp(x, s) = hm ple,s) = :(m,s —h) dyu(z, s)
Q

= lim ’ %(/Rd oz, s) dus(z) — /Rd o(z, s) dus+h(m)) ds.

30



Taking into account (2.47), Fatou’s Lemma yields

| [ oseteauten)| < [ i) ( [ 196t 1 )" as

< (e as) ([ wet o due )",

(2.48)
where J C I is any interval such that supp ¢ C J x R?. If # denotes the closure

in L2(u; RY) of the subspace V := {V(p, p € CSO(Q)}, the previous formula
says that the linear functional L : V' — R defined by

L(Vg) = - /Q Bup(z, 5) dp(, 5)

can be uniquely extended to a bounded functional on #. Therefore the minimum
problem

min {; /Q lw(z, s)|> du(z, s) — L(w) : w € ”I/} (2.49)

admits a unique solution v satisfying
/Q (v(z,5), Voo(z, s)) du(x, s) = (L, Vo) Vo e CZ(Q). (2.50)

Setting vy (z) = v(x,t) and using the definition of L we obtain (2.46). Moreover,
choosing a sequence (Vi,,) C V converging to w in L?(u; R?), it is easy to show
that for #!-a.e. t € I there exists a subsequence n(i) (possibly depending on
t) such that Vi, (-,t) € C°(R?) converge in L?(uy; R?) to v(-,1)).

Finally, choosing an interval J C I and n € C°(J) with 0 < n < 1, (2.50)
and (2.48) yield

s)|v(z, s)|? du(z, s) = v,w)dp = lim v, Vn)d
[ dutes) = [ o wrdn= tim [ . Vo) do

n

_ , 2d 1/2
= |l[n |HL2(J) |v|* dp .
RadxJ

Taking a sequence of smooth approximations of the characteristic function of J

we obtain
[ [ o@P dnyds < [ s ds, (2.51)
J JRA J

. . 1/2
= Jm (L) < Wz Jim ([ 190 dn)
X

and therefore
Vel L2(u, mey < W](8)  for L'-ae. t €.

Now we show the converse implication. We apply the regularization Lemma 2.13,
finding approximations pf, wi satisfying the continuity equation, the uniform
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integrability condition (2.15) and the local regularity assumptions (2.20). There-
fore, we can apply Proposition 2.12, obtaining the representation formula pf =
(TF) 4145, where T¢ is the maximal solution of the ODE 7§ = w$ (T§) with the
initial condition T§ = x (see Lemma 2.8).

Now, taking into account Lemma 2.14, we estimate

ta .
/IT;(:c)thi(x)\“'duS < (tg—tl)// 7€ () dt dp§, (2.52)
R Rd Jt;
to
S T— / / s () dy
t1 R4

to
(tg—tl)/ / (a2 dpgdt,
t1 Rd

therefore the transport plan v° := (T, x Ty, )xug € T'(ug, , pg,) satisfies

IN

ta
Wi, i) < [ lesPar <a—n) [ [ i duar
t1

Since for every t € I uj converges narrowly to u; as € — 0, a compactness
argument (see Lemma 5.2.2 or Proposition 7.1.3 of [9]) gives

to
Wi < [ Jo—yPav<ta—t) [ [ jwf dud
R2d t1 Rd

for some optimal transport plan v between g, and p,. Since ¢; and to are arbi-
trary this implies that p; is absolutely continuous and that its metric derivative
is less than ||v¢]|p2(,, re) for L1-ae. t € 1. O

Notice that the continuity equation (2.45) involves only the action of w;
on V¢ with ¢ € C°(R?). Moreover, Theorem 2.15 shows that the minimal
norm among all possible velocity fields w; is the metric derivative and that
v; belongs to the L? closure of gradients of functions in C°(R?). These facts

suggest a “canonical” choice of v; and the following definition of tangent bundle
to 322 (Rd)

Definition 2.16 (Tangent bundle) Let i € Z5(R%). We define

2 wd
Tan, P5(R?) := {Vp: p€ C’go(Rd)}L e

This definition is motivated by the following variational selection principle:

Lemma 2.17 (Variational selection of the tangent vectors) A vectorv €
L%(11; R) belongs to the tangent space Tan, P5(RY) iff

vt wlp2(urae) > 10l L2urey  Vw € L (1; RY) such that V-(wp) = 0. (2.53)

In particular, for every v € L%(u;R?), denoting by I1(v) its orthogonal projec-
tion on Tan, 2 (R%), we have V - ((v — II(v))u) = 0.
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Proof. By the convexity of the L? norm, (2.53) holds iff
/ (v,w)du =0 for any w € L*(i; R?) such that V- (wp) =0.  (2.54)
Rd

As the space of w such that V- (wp) = 0 is the orthogonal space to gradients of
C(R?) functions (in the duality induced by the scalar product of L?(u;R9)),
standard Hilbert duality gives that (2.54) holds iff v belongs to the L? closure
of {Vp: ¢ € C(R%)}. Therefore (2.53) holds iff v belongs to Tan, % (R).
O

The remarks above lead also to the following characterization of divergence-
free vector fields (we skip the elementary proof of this statement):

Proposition 2.18 Let w € L?(u;R?). Then V - (wu) = 0 iff
||’U — 'wHL2(;L;]Rd) > HUHLz(;L;Rd) Yv € Tanﬂyg(Rd).
Moreover equality holds for some v iff w = 0.

By the characterization (2.54) of Tan, Z5(R?) we obtain also
Tan,, Z5(R%) = {v € L*(u,R?) : V- (vp) =0}. (2.55)

The following two propositions show that the notion of tangent space is
consistent with the metric structure, with the continuity equation, and with
optimal transport maps (if any).

Proposition 2.19 (Tangent vector to a.c. curves) Let u; : [ — P5(RY)
be an absolutely continuous curve and let vy € L*(uy;RY) be such that (2.45)
holds. Then v, satisfies (2.44) as well if and only if v; € Tan,, P5(RY) for
Lloa.e. t € I. The vector vy is uniquely determined £-a.e. in I by (2.44)
and (2.45).

Proof. The uniqueness of v; is a straightforward consequence of the linearity
with respect to the velocity field of the continuity equation and of the strict
convexity of the L? norm.

In the proof of Theorem 2.15 we built vector fields v; € Tan,, > (R?) sat-
isfying (2.44) and (2.45). By uniqueness, it follows that conditions (2.44) and
(2.45) imply v, € Tan,, Z2(RY) for L -ae. t. O

In the following proposition we recover the tangent vector field to a curve
(ut) C 2% (RY) through the infinitesimal behavior of optimal transport maps
along the curve. See Proposition 8.4.6 of [9] for a more general result in the case
of curves (u¢) C P2(R?).

Proposition 2.20 (Optimal plans along a.c. curves) Let ju; : [ — P2$(R?)
be an absolutely continuous curve and let v, € Tan,, P5(R?) be characterized
by Proposition 2.19. Then, for £-a.e. t € I the following properties hold:

1
lim (g —4) =ve in L(uiRY), (2.56)
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where t,,™" is the unique optimal transport map between p; and pyip, and

i V2 (an, (8 + hoy) i)
h—0 ||
Proof. Let 2 C C*(R?) be a countable set with the following property: for
any integer R > 0 and any ¢ € C2°(R?) with supp ¢ C Bpg there exist (p,,) C 2
with supp ¢,, C B and ¢,, — ¢ in C1(R?).
We fix t € I such that Wy (peqn, pe)/ || — |1/ (t) = ||vell22(p,) and

=0. (2.57)

lim Hirn(e) = i) = / (Vp,ve) dpy Yo e . (2.58)
h—0 h Rd

Since Z is countable, the metric differentiation theorem implies that both con-

ditions are fulfilled for #'-a.e. t € I. Set

Ht+h
t, " —1

h
and fix ¢ € Z and a weak limit point sg of s, as h — 0. We use the identity

M - % / Pt (@) — (@) dpu

Sp =

= %/}Rd p(@ + hsp(z)) — () dup = h/Rd (Vo(x), sn(2)) + we (h) dpn

with w,(h) bounded and infinitesimal as h — 0, to obtain

/Rd (Vo,vp) dus = /]Rd (Vo,s0) du(z).

By the density of Z it follows that

V- ((so —ve)ue) = 0. (2.59)
We now claim that
2
y [sol? dpue(x) < [|w'[(1)]" (2.60)
Indeed
/ Iso? dus(z) < hmmf/ |sn|? dus
Rd
= hmmf—/ [t (z ) — x| ?du
o Wolpegn, i) 2
= hggng =W *(t).
From (2.60) we obtain that [|Sol12(,,re) < [|[#'[(#)] = [[v¢ll £2(y,;re)- Therefore

Proposition 2.18 entails that sy = vy;. Moreover, the first inequality above is
strict if sj, converge weakly, but not strongly, to sg. Therefore (2.56) holds.
Now we show (2.57). By (2.8) we can estimate the distance between iy,
and (¢ + hve)gpe with [|é + hve — £ || 12(,, re), and because of (2.56) this
norm tends to O faster than h. O
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As an application of (2.57) we are now able to show the Z'-ae. dif-
ferentiability of ¢t — Wa(us, o) along absolutely continuous curves pg, with
ne € z@S(Rd)

Theorem 2.21 (Generic differentiability of W5 (u;,0)) Let u; : I — P3(RY)
be an absolutely continuous curve, let ¢ € Z5(R%) and let v; € Tan,, P5(R?)
be its tangent vector field, characterized by Proposition 2.19. Then

d

awg(ut,a) = 2/ (. —t), (), ve()) dpe () for Z'-ae. tel. (2.61)
Rd

Proof. We show that the stated property is true at any ¢ where (2.57) holds

and the derivative of ¢t — Wa(us, o) exists (recall that this map is absolutely

continuous). Due to (2.57), we know that the limit

L= lim Wi (i + h”t’)#ﬂ;;a o) — W3 (i, 0)

exists and coincides with %sz(ﬂu o) evaluated at ¢t = £, and we have to show
that it is equal to the left hand side in (2.61).

Using the transport map s := (¢4 hvg) ot#* to estimate from above Wa((7 +
hvg)gpz, o), we get

W3+ hopnno) < [ i+ hop) otst — i do
Rd

/ | + hvg — tZE‘Z dug = 2/ (2 —t,,,ve) dug + o(h).
Rd Rd
Dividing both sides by h and taking limits as A | 0 or A T 0 we obtain

L< 2/Rd (x =1, (2),ve()) dpg(x) < L. O

The argument in the previous proof leads to the so-called super-differentiability
property of the Wasserstein distance, a theme used in many papers on this
subject (see in particular [66] and Chapter 10 of [9]). Finally, we compare the
tangent space arising from the closure of gradients of smooth compactly sup-
ported function with the tangent space built using optimal maps. Proposition
2.20 suggests indeed another possible definition of tangent cone to a measure
p € P$(RY): we define

L2 ;Rd
Tan], 25(R?) := {\(t}, — i) : v € P5(R9), X >0} () (2.62)

As a matter of fact, the two concepts coincide (see also §8.5 of [9] for a more
general statement).

Theorem 2.22 For any i € 2$(R?) we have Tan, P (R?) = Tan], 2, (R?).
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Proof.  We show first that optimal transport maps t = t7, belong to Tan, &, (R%).
Assume that supp o is contained in Bg(0) for some R > 0. We know that we
can represent t = V¢, where ¢ is a Lipschitz convex function. We consider
now the mollified functions .. A truncation argument enabling an approxima-
tion by gradients with compact support gives that V. belong to Tan, &, (RY).
Due to the absolute continuity of p it is immediate to check using the dom-
inated convergence theorem that V. converge to Vo in L?(u; R?), therefore
Vi € Tan, Z(R%) as well. In the case when the support of ¢ is not bounded
we approximate o in Z,(R?%) by measures with compact support (details are
worked out in Lemma 8.5.3 of [9]).

Now we show the opposite inclusion: if ¢ € C°(R?) it is always possible
to choose A > 0 such that = — Z|z[? + A"'¢(z) is convex. Therefore r :=
i+ A"V is the optimal map between p and v := ryu; by (2.62) we obtain
that V¢ = A(r — @) belongs to Tan], 2 (R?). O
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3 Convex functionals in % (R?)

The importance of geodesically convex functionals in Wasserstein spaces was
firstly pointed out by MCCANN [67], who introduced the three basic examples
we will discuss in detail in 3.4, 3.6, 3.8. His original motivation was to prove
the uniqueness of the minimizer of an energy functional which results from the
sum of the above three contributions.

Applications of this idea have been given to (im)prove many deep functional
(Brunn-Minkowski, Gaussian, (logarithmic) Sobolev, Isoperimetric, etc.) in-
equalities: we refer to VILLANI’s book [86, Chap. 6] (see also the survey [49])
for a detailed account on this topic. Connections with evolution equations have
also been exploited [70, 74, 75, 1, 29], mainly to study the asymptotic decay of
the solution to the equilibrium.

From our point of view, convexity is a crucial tool to study the well posedness
and the basic regularity properties of gradient flows. Thus in this section we
discuss the basic notions and properties related to this concept: the first part
of Section 3.1 is devoted to fixing the notion of convexity along geodesics in
P5(R?).

Section 3.2 discusses in great generality the main examples of geodesically
convex functionals: potential, interaction and internal energy. We consider
also the convexity properties of the map p — —WZ(u,v) and its geometric
implications.

In the last section we give a closer look to the convexity properties of general
Relative Entropy functionals, showing that they are strictly related to the log-
concavity of the reference measures.

3.1 \-geodesically convex functionals in Z2,(R?)

In McCann’s approach, a functional ¢ : 22¢(R%) — (—o0, +oc] is displacement
convez if
setting 1 =2 = (i + t(t —4)) ,put, with £ = ¢
g Mt ( ( ))#M p,l (31)
the map t € [0,1] — ¢(p;?) is convex, Vpu', p*€ Z5(RY).

We have seen that the curve pj —2 is the unique constant speed geodesic connect-
ing p! to p?; therefore the following definition seems natural, when we consider
functionals whose domain contains general probability measures.

Definition 3.1 (\-convexity along geodesics) Let ¢ : Z5(R?) — (—o0, +o0].
Given X € R, we say that ¢ is A-geodesically convex in Py (R?) if for every cou-
ple pt, u? € Po(R?) there exists p € Ty(ut, u?) such that

¢(ui*“>s(1—t>¢>(u1)+t¢<u2>—%t(l—t)W%(ul,ﬁ) vie[o1, (3.2)

where p; = * = ((1 —t)rt + t7r2)#p,, ', w2 being the projections onto the first

and the second coordinate in R? x R?, respectively.

37



Remark 3.2 (The map t — ¢(u}—2) is A-convex) The standard definition
of A-convexity for a map ¢ : R" — R requires

A

pltz+(1-t)y) <to(@)+(1-t)p(y) - FtA-tlz—y* Ve [0,1], 2,y eR"
(3.3)
(equivalently, if ¢ is continuous, one might ask that D?p > Al in the sense
of distributions). The definition of A-convexity expressed through (3.2) implies

that
the map t € [0,1] — ¢(u} —?) is A-convex, (3.4)
thus recovering an (apparently) stronger and more traditional form. This equiv-
alence follows easily by the fact that for ¢; < to in [0,1] with {t1,¢2} # {0,1}

the plan (((1 —t)mt+tyw?) x (1 —to)mt + tng)))#u is the unique element
of Fo(u%f2,#%:2).

Let us discuss now the convexity properties of the squared Wasserstein dis-
tance. In the 1-dimensional case it can be easily shown (see Theorem 6.0.2 of [9])
that &3 (R) is isometrically isomorphic to a closed convex subset of an Hilbert
space: precisely the space of nondecreasing functions in (0,1) (the inverses of
distribution functions), viewed as a subset of L?(0,1). Thus the 2-Wasserstein
distance in R satisfies the generalized parallelogram rule

W3 (', 57 7%) = (1= OW3 (', 1) + W3 (', 1) — (1 = )W5 (u?, 1)
vte[0,1], ubp?u® € Pa(R).

On the other hand, if the ambient space has dimension > 2 the following example

shows that there is no constant A such that W3 (-, u') is A-convex along geodesics.

(3.5)

Example 3.3 (The squared distance function is not A-convex) Let d =
2 and

1 1
pi=5 B +oen), =5 (000 +d-2)-
It is easy to check that the unique optimal map r pushing 2 to u® maps (0,0)

in (—=2,1) and (2,1) in (0, 0), therefore there is a unique constant speed geodesic
joining the two measures, given by

1
2 3 = -
pe =g

Choosing p! := % (80,0 + 0(0,—2)), there are two maps 7, s; pushing p' to
p; %, given by

(8(—at,t) + O2—2t1-1)) te[0,1].

T‘t(o, 0) = (—2t,t)7 rt(O, —2) = (2 — 2t, 1-— t),
5:(0,0) = (2—2t,1—1), s,(0,—2) = (=2t,1).

Therefore

13 9
W2 (273, u') = min {5t2 —Tt+ ?,5# — 3t + 2}

has a concave cusp at t = 1/2 and therefore is not A-convex along the geodesic
p2=3 for any A € R.

38



3.2 Examples of convex functionals in 2% (R%)
In this section we introduce the main classes of geodesically convex functionals.

Example 3.4 (Potential energy) Let V : R — (—o0,+oc] be a proper,
lower semicontinuous function whose negative part has a quadratic growth, i.e.

V(z) > -A—Blz|* VzeR? forsome A, BecRT. (3.6)
In Z5(R%) we define
V)= [ Ve dula). (3.7)

Evaluating V on Dirac’s masses we check that V is proper; since V'~ has at most
quadratic growth Lemma 1.2 gives that V is lower semicontinuous in &, (R?).
If V' is bounded from below we have even lower semicontinuity w.r.t. narrow
convergence.

The following simple proposition shows that V is convex along all interpo-
lating curves induced by admissible plans; choosing optimal plans one obtains
in particular that ) is convex along geodesics.

Proposition 3.5 (Convexity of V) If V is A-convex then for every ut, u? €
D(V) and p € T(ut, u?) we have

Vil ) < =V 00 = 500 [ ool dutan, ). (39

In particular V is A-convex along geodesics.

Proof. Since V is bounded from below either by a continuous affine functional
(if A > 0) or by a quadratic function (if A < 0) its negative part satisfies (3.6);
therefore the definition (3.7) makes sense.

Integrating (3.3) along any admissible transport plan p € T'(u!, u?) with
pt, u? € D(V) we obtain (3.8), since

V=) = [ V(= ) duter, )
< [ (0= 0V + V() = 50 = Dl = o) duar, )
— (=Y + )~ 51 =0 [ oy = dp(ar, o)

Rd xRd

Since V(0,) = V(x), it is easy to check that the conditions on V are also
necessary for the validity of the previous proposition.

Example 3.6 (Interaction energy) Let us fix an integer & > 1 and let us
consider a lower semicontinuous function W : R — (—o0, +-00], whose nega-
tive part satisfies the usual quadratic growth condition. Denoting by p** the
measure [ X f1 X --- X p on RF? we set

Wi (p) = g Wi(x1, o, ... xp) dpF(zy, 20, . .., 1), (3.9)
R
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If
JreRY: W(x,x,...,z) < +oo, (3.10)

then W is proper; its lower semicontinuity follows from the fact that

fn — o in Po(RY) = Xk Xk in Py (RM. (3.11)

Here the typical example is k = 2 and W(z1,72) := W(z; — x2) for some
W :R? — (—00, +00] with W(0) < +oo0.

Proposition 3.7 (Convexity of W) If W is convex then the functional Wy

is convex along the interpolating curve i —2 induced by any p € T(ut, u?), in

Py (RY).
Proof. Observe that Wj is the restriction to the subset
P (R*) = {;M pe ,%(Rd)}
of the potential energy functional W on %, (R*?) given by
W(p) = W(xy,...,zk) dp(zy, ..., xp).
Rkd

We consider the linear permutation of coordinates P : (R??)* — (R*?)2 defined
by

P((xuyl),($2,y2)’--~7($k,yk)) = ((3017~-~15k)7(y1,---yk))-

If € T'(pu1, pi2) then it is easy to check that Pup**k € T(u*, ul*) ¢ 2((RF)?)
and

(1 7) g Py (n*F) = P#((W?Q)#M) ”

Therefore all the convexity properties of W, follow from the corresponding ones
of W. (]

Example 3.8 (Internal energy) Let F : [0,400) — (—00,+00] be a proper,
lower semicontinuous convex function such that

.. F(s) d
FO)=0, 1 f—= > — f _— 3.12
(0) =0, iminf — > —oo for some a > 712 (3.12)

We consider the functional F : #5(R?) — (—o0, +0oc] defined by

Fl) = {fw Flu(@)d2'@) ifp=u 2'e Z5RY,

+o00 otherwise.

Remark 3.9 (The meaning of condition (3.12)) Condition (3.12) simply guar-

antees that the negative part of F(u) is integrable in R%. For, let us observe

40



that there exist nonnegative constants ¢y, co such that the negative part of F
satisfies
F~(s) <c1s+cas® Vs e |[0,400),

and it is not restrictive to suppose a < 1. Since p = u.L? € ,@g(Rd) and
f_—aa > d we have

/ u®(z) dLY ) = / (@) (14 [2)22 (1 + [2]) 2 d.2%(x)
Rd Rd

= (/RdU(x)(HIwI)Qdfd(x))a(Ad(1+|x|)—2a/<1—a> 44w) " < 4oc

and therefore F'~(u) € L'(RY).

Remark 3.10 (Lower semicontinuity of F) General results on integral func-
tionals (see for instance [8]) show that F is narrowly lower semicontinuous if F
has a superlinear growth at infinity. Indeed, under this assumption sequences
i = UL on which F is bounded have the property that (u,,) is sequentially
weakly relatively compact in L'(R%), and the convexity of F together with
the lower semicontinuity of F' ensure the sequential lower semicontinuity with
respect to the weak L' topology.

In the next proposition we prove the geodesic convexity of the internal energy
functional (3.13) by using the change of variable formula (1.24). This was first
shown by McCANN [67] with a different argument.

Proposition 3.11 (Convexity of F) If F' has a superlinear growth at infinity
and

the map s+ s F(s™%) is convex and non increasing in (0,+00), (3.14)

then the functional F is convex along geodesics in Po(R?).

Proof. ~ We consider two measures p! = u'#¢ € D(F), i = 1,2 and the
optimal transport map r such that ryu! = p?. Setting ry := (1 — t) + tr,
by the characterization of constant speed geodesics we know that r; is the
optimal transport map between p' and p; = rt#,ul for any t € [0,1], and
He = Utgd S gzél(Rd), with

u' (z)

=———— for pt-ae z€R™
det Vre(2) or [ -a.e. T €

ug (e (7))

By (1.24) it follows that

]-'(ut):AdF(ut(y))dy:AdF((mqé%> det Vi () dz.

Since for a diagonalizable map D with nonnegative eigenvalues

t +— det((1 —t)I +tD)*? is concave in [0, 1], (3.15)
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the integrand above may be seen as the composition of the convex and non-
increasing map s +— s?F(u(z)/s?) and of the concave map in (3.15), so that the
resulting map is convex in [0, 1] for pl-a.e. x € RY. Thus we have

F(m) det Vry(2) < (1 = ) F(u'(2)) + tF(u*(x))

and the thesis follows by integrating this inequality in R¢.
In order to express (3.14) in a different way, we introduce the function

Lp(z):=zF'(z) — F(z) which satisfies — Lr(e™%)e* = diF(e_Z)ez; (3.16)
z

denoting by F' the modified function F(e~?)e* we have the simple relation

d - d* .

~ d -~ —
Lp(z) = 7£F(Z)’ L2(2) = *@LF(Z) = @F(z), where (3.17)
L%(2) := L1, (2) = 2Lx(2) — Lg(2).
The nonincreasing part of condition (3.14) is equivalent to say that
Lrp(2) >0 Vze(0,400), (3.18)

and it is in fact implied by the convexity of F. A simple computation in the
case F' € C?(0,+00) shows

& —avaa_ @z ) 2 d
@F(s )s :@F(d'logs):LF(d~logs)S—2—|—Lp(d~1ogs)8—2,

and therefore
(3.14) is equivalent to L% (z) > —%Lp(z) Vz e (0,400), (3.19)
ie.
2L (2) > (17%)[/5‘(2), the map z — 29" 1Ly (2) is non increasing. (3.20)

Observe that the bigger is the dimension d, the stronger are the above conditions,
which always imply the convexity of F'.

Remark 3.12 (A “dimension free” condition) The weakest condition on
F yielding the geodesic convexity of F in any dimension is therefore

L3(2) = 2Lp(2) — Lp(2) >0 Vz€ (0, +00). (3.21)
Taking into account (3.17), this is also equivalent to ask that

the map s+— F(e™%)e® is conver and nonincreasing in (0,+00).  (3.22)
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Among the functionals F' satisfying (3.14) we quote:

the entropy functional: F(s) = slogs, (3.23)

1 1
the power functional: F(s) = 1sm form>1-— 7 (3.24)

Observe that the entropy functional and the power functional with m > 1 have
a superlinear growth. In order to deal with the power functional with m < 1,
due to the failure of the lower semicontinuity property one has to introduce a
suitable relaxation F* of it, defined by [55, 24]

.Pw%=%iiﬁwﬂwwmz%m with po = w- L%+ g, p L 2% (3.25)

In this case the functional takes only account of the density of the absolutely
continuous part of y w.r.t. £¢ and the domain of F* is the whole &, (R?). The
functional F* retains the convexity properties of F, see [9].

Example 3.13 (The opposite Wasserstein distance) Let us fix a base mea-
sure ! € P9(R?) and let us consider the functional

Bl) = —5 W3 (" ). (3.26)

Proposition 3.14 For each couple p?, u®> € P5(R?) and each transfer plan
w23 e T(p?, 1) we have

W3 (nh %) > (1= )W (', 1?) + tW3 (u*, 1?)

3.27
—t(l—t)/ lzo — 23]? dp? 3 (ze,23) Vit €[0,1]. (3.27)
Re x R4

In particular the map ¢ : p+— —%Wg(ul,,u) is (—1)-convez along geodesics.

Proof.  For p?3 € T'(u?,p?), we can find (see Proposition 7.3.1 of [9]) p €
Z(R? x R? x R?) whose projection on the second and third variable is u?3 and
such that

(', (1= t)n® + 7)o € Dot %), (3.28)

with p773 := (1 — t)7® + tn3) xpu?3. Therefore
W3 (', i —?) = /de |(1 = t)wg + tos — 1] dp(zy, 22, 23)
- /]de <(1 —)|zg — 212 +t|lzg — 212 — t(1 —t)|zo — x3|2> dp (1, 2, x3)
> (1= t)yW3 (u', pu?) + W3 (uh, p?) = t(1 — 1) /de |9 — @3> dp?® (22, w3).

O
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In particular, choosing optimal plans in (3.27), we obtain the semiconcavity
inequality of the Wasserstein distance from a fixed measure p2 along the constant

speed geodesics 1 —? connecting p! to p:

W3 (e ™2 1%) > (L= W3 (ut, 1) + tWF (12, 1) — t(1 = )W5 (uh, i), (3.29)

According to Aleksandrov’s metric notion of curvature (see [5], [58]), this
inequality can be interpreted by saying that the Wasserstein space is a positively
curved metric space (in short, a PC-space). This was already pointed out by a
formal computation in [74], showing also that generically the inequality is strict.
An example where strict inequality occurs can be obtained as follows: let d = 2
and

1 1 1
phi= 5 Ban +0es) . #=5 0y F0s3), 1= 5 (800 +00,-0) -

Then, it is immediate to check that W3(ut, u?) = 40, W3 (ut, u®) = 30, and
W3 (p?, 1?) = 30. On the other hand, the unique constant speed geodesic joining
pt to p? is given by

1
=g (6(176t,1+2t) + 5(57&,372:&))

and a simple computation gives

30 30 40
24 = W3 (12, 14°) > st3 -1

3.3 Relative entropy and convex functionals of measures

In this section we study in detail the relative entropy functional; although we
confine the discussion to a finite-dimensional situation, the formalism used in
this section is well adapted to the extension to an infinite-dimensional context,
see [9].

Definition 3.15 (Relative entropy) Let 7, u be Borel probability measures
on RY; the relative entropy of ju w.r.t. v is

du (du) .
—log|— ) dvy ifpu<gn,
Hply) == /]Rd dy dy

+00 otherwise.

(3.30)

As in Example 3.8 we introduce the nonnegative, l.s.c. and convex function

s(logs—1)+1 if s> 0,
H(s):=<1 if s =0, (3.31)
400 if s <0,

and we observe that, whenever p < ~, we have

H(ply) = /Rd H(%) dy>0; Huh)=0 < p=n. (3.32)
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Remark 3.16 (Changing ) Let v be a Borel measure on R? and let V :

R? — (—00, +0oc] a Borel map such that

VT has at most quadratic growth, 4 :=e~" .+ isa probability measure.
(3.33)

Then for measures in %2, (R?) the relative entropy w.r.t. y is well defined by the

formula

H(ply) == Hply) - /Rd V(z)du(z) € (oo, +00] Ve Pa(RY). (3.34)

In particular, when + is the d-dimensional Lebesgue measure, we find the stan-
dard entropy functional introduced in (3.23).

More generally, we can consider a

proper, l.s.c., convex function F : [0, 4+00) — [0, +00] (3.35)
with superlinear growth '

and the related functional

dp .
Fl—)d f
Fluly) = /Rd <dv> TR (3.36)
400 otherwise.

Lemma 3.17 (Joint lower semicontinuity) Let (7"), (u") C 2(R?) be two
sequences narrowly converging to v, u in 2(R?). Then

liminf H(p"|y") = H(ply),  hminf F(u"") = F(uly). (3.37)

The proof of this lemma follows easily from the next representation formula;
before stating it, we need to introduce the conjugate function of F’

F*(s*):=sups-s" — F(s) <400 Vs"eR, (3.38)
s>0
so that
F(s) = sup s* - s — F*(s%); (3.39)
s*eR

if sg > 0 is a minimizer of F then

F*(s*) > s*sg — F(s0), s>s9 = F(s)=sups*-s—F*(s"). (3.40)
s*>0

In the case of the entropy functional, we have H*(s*) = ¢*" —1. Now we recall a
classical duality formula for functionals defined on measures; we recall its proof
for the reader’s convenience.

Lemma 3.18 (Duality formula) For any v, u € Z(R%) we have

i) =sw { [ 5@ duta)— [ F(S @) o) : 57 € CURD}. (3.41)

45



Proof. Up to an addition of a constant, we can always assume F*(0) =
—ming>o F(s) = —F(so) = 0. Let us denote by F'(u|y) the right hand side of
(3.41). Tt is obvious that F'(uly) < H(ul|y), so that we have to prove only the
converse inequality.

First of all we show that F'(u|y) < +oo yields that u < +. For, let us fix
s*, € > 0 and a Borel set A with v(A4) < /2. Since p, v are finite measures we
can find a compact set K C A, an open set G D A and a continuous function
¢ :R? — [0, s*] such that

WG\K)<e, ~(G)<e, ((z)=s" onK, ((xr)=0 onR?\G.

Since F* is increasing (by the definition (3.38)) and F™*(0) = 0, we have
S ulK) = P < [ @) - [ (el
(@) duta) = [ P data) < Fluh)

Taking the supremum w.r.t. K C A and s* > 0, and using (3.40) we get

eF(u(A)/e) < F'(uly) if p(A) > eso.

Since F(s) has a superlinear growth as s — 400, we conclude that p(A) — 0
ase | 0.

Now we can suppose that y = p -+ for some Borel function p € L'(v), so
that

F'(uly) = sup { /}Rd (S*(x)p(z) — F*(S*(:L’))) dy(z): S* € C’;?(Rd)}

and, for a suitable dense countable set C' = {s} }peny C R

Fluh) = / sup (s p(x) — F*(s")) dy(a)

d sxeC

= lim sup (s*p(z) — F*(s*)) dy(z)

k—oo Jrd s* c€C)

where Cj, = {s7,--- ,s;}. Our thesis follows if we show that for every k
[ max (p(e) = 7 (57) dr(a) < F(ub). (3.42)
Rd s*€CK
For we call

A= {x eR?: sip(x) — F*(s}) > sip(x) — F*(s;) Vie{l,.. k}}

and



We find compact sets K; C A;-, open sets G; D A; with G; N K; = @ if 1 # j,
and continuous functions (; such that

k
Z’y(Gj\Kj) +u(Gj\ Kj) <e, (=sjonK;, (=0on R\ Gj.

=1

Denoting by ¢ := Z§:1 G, M = Z§:1 |s7], since the negative part of F'*(s*) is
bounded above by |s*|sp we have

Rd $*E€CK
k

<30 [ (0= F(6)) o) + <M + M)
"

< [ (6hpla) = F*(c(w) drfa) + (01 + Moo + 0 + F* ().

Passing to the limit as € | 0 we get (3.42). O

3.4 Log-concavity and displacement convexity

We want to characterize the probability measures v inducing a geodesically
convex relative entropy functional H(-|y) in P5(R?). The following lemma
provides the first crucial property; the argument is strictly related to the proof of
the Brunn-Minkowski inequality for the Lebesgue measure, obtained via optimal
transportation inequalities [86]. See also [18] for the link between log-concavity
and representation formulae like (3.50).

Lemma 3.19 (v is log-concave if H(-|y) is displacement convex) Suppose
that for each couple of probability measures p', p? € 2 (R%) with bounded sup-
port there exists pu € T(ut, u?) such that H(-|y) is convex along the interpolating
curve pi—? = ((1 —t)mt +t7r2)#u, t € [0,1]. Then for each couple of open sets

A, BCR? and t € [0,1] we have
logy((1 —t)A+tB) > (1 —t)logy(A) + tlogy(B). (3.43)
Proof. We can obviously assume that y(A4) > 0, y(B) > 0 in (3.43); we consider

1._ _ 1 2. _ 1
wo=v(|A) = MXA = (]B) = WXB e

observing that

H(p'ly) = —logy(4), H(p?ly) = —logy(B). (3.44)
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If u;—?2 is induced by a transfer plan g € I'(u!, u?) along which the relative
entropy is displacement convex, we have

H(pui?y) < (1= t)yH(p'|y) +tH () = —(1 — t) log y(A) — tlogy(B).

On the other hand the measure p}—? is concentrated on (1 — t)A + tB =
7} 72(A x B) and the next lemma shows that

—logv((1—-t)A+1tB) < H(/,L%HQW). O

Lemma 3.20 (Relative entropy of concentrated measures) Let y, u € Z(R%);
if ;1 is concentrated on a Borel set A, i.e. u(R%\ A) = 0, then

H(uly) > —logy(A). (3.45)

Proof. Tt is not restrictive to assume p < v and v(A) > 0; denoting by 4 the
probability measure v(-|A) := v(A) "X 4 - v, we have

Huly) = /}R log (%‘) dyi = /A log (Cf;f4~(1m) dy

du /
= [ log|—)du— [ lo A))du=H —lo A
/A g (dm) p= | log (v(A) du = H(ubya) — log (+(4))
> —log (’y(A)) O
The previous results justifies the following definition:

Definition 3.21 (log-concavity of a measure) We say that a Borel prob-
ability measure v € P(RY) is log-concave if for every couple of open sets
A, B ¢ R? we have

logv((1 —t)A+1tB) > (1 —t)logvy(A) + tlogy(B). (3.46)

In Definition 3.21 and also in the previous theorem we confined ourselves
to pairs of open sets, to avoid the non trivial issue of the measurability of
(1—t)A+tB when A and B are only Borel (in fact, it is an open set whenever
A and B are open). Observe that a log-concave measure « in particular satisfies

log (B, ((1 —t)zo +tx1)) = (1 —t)logy(Br(x0)) + tlogy(Br(x1)),  (3.47)

for every couple of points xg, z; € R, r >0, t € [0, 1].

We want to show that in fact log concavity is equivalent to the geodesic
convexity of the Relative Entropy functional H(-|7y).

Let us first recall some elementary properties of convex sets in R?. Let
C C R? be a convex set; the affine dimension dim C of C' is the linear dimension
of its affine envelope

aff C = {(1—t)x0—|—taz1 s xo, 21 € C, tER}, (3.48)
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which is an affine subspace of R?. We denote by int C' the relative interior of C
as a subset of aff C': it is possible to show that

intC#@, mtC=0C, #%C\intC)=0 ifk=dimC, (3.49)

where /" is the k-dimensional Hausdorff measure in R?. The previous theorem
shows that log-concavity of « is equivalent to the convexity of H(u|vy) along
geodesics of the Wasserstein space Z,(R?): the link between these two concepts
is provided by the representation formula (3.50).

Theorem 3.22 Let us suppose that v € P(RY) satisfies the log-concavity as-
sumptions on balls (3.47). Then supp~y is convex and there exists a convez l.s.c.
function V : R? — (0o, +00] such that

-V

y=e " - k“aﬁ(supp oy where k = dim(supp ). (3.50)

Conversely, if v admits the representation (3.50) then v is log-concave and the
relative entropy functional H(-|7y) is convex along any geodesic of Po(R%).

Proof. Let us suppose that ~y satisfies the log-concave inequality on balls and
let k be the dimension of aff (supp+). Observe that the measure v satisfies the
same inequality (3.47) for the balls of aff (supp~): up to an isometric change of
coordinates it is not restrictive to assume that k = d and aff(supp~y) = R<.

Let us now introduce the set

,_ d. o V(Br(@))
D := {x cR%: hrﬁ})nf —a > 0}. (3.51)

Since (3.47) yields
V(B () | (’Y(Br(ﬂﬁo)))l_t (v(&(mm)t fe(0.1) (3:52)

rk rk rk

it is immediate to check that D is a convex subset of R? with D C supp~.
General results on derivation of Radon measures in R? (see for instance
Theorem 2.56 in [8]) show that

lim sup LBT(JC))

a < oo for L%ae. xeR? (3.53)
rl0

and
d

lim sup < 400 for y-a.e. z € R (3.54)

r
rio - Y(Br(2))
Using (3.54) we see that actually + is concentrated on D (so that supp~y C D)
and therefore, being d the dimension of aff (supp ), it follows that d is also the
dimension of aff(D).

If a point Z € R? exists such that

lim sup 77(BT (2))

ns G =+,
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then (3.52) forces every point of int(D) to verify the same property, but this
would be in contradiction with (3.53), since we know that int(D) has strictly
positive .Z?-measure. Therefore

V(Br(z))
rd

lim sup < 400 for all z € R? (3.55)

rl0

and we obtain that v < £%, again by the theory of derivation of Radon mea-
sures in R%. In the sequel we denote by g the density of v w.r.t. .Z¢ and notice
that by Lebesgue differentiation theorem g > 0 Z%a.e. in D and g = 0 Z%-a.e.
in RY\ D.

By (3.47) the maps

'Y(Br(-r)))

Vilw) = —log (F217

are convex on RY, and (3.55) gives that the family V,.(x) is bounded as r | 0
for any € D. Using the pointwise boundedness of V,. on D and the convexity
of V,. it is easy to show that V,. are locally equi-bounded (hence locally equi-
continuous) on int(D) as r | 0. Let W be a limit point of V,., with respect to
the local uniform convergence, as r | 0: W is convex on int(D) and Lebesgue
differentiation theorem shows that

Ellifr& Vi(z) = —logg(x) = W(z) for Z%ae. z € int(D), (3.56)

so that v = ¢4 = e’WXint(D)Zd. In order to get a globally defined convex
and l.s.c function V' we extend W with the 400 value out of int(D) and define
V to be its convex and l.s.c. envelope. It turns out that V' coincides with W on
int(D), so that still the representation v = e~V %% holds.

Conversely, let us suppose that v admits the representation (3.50) for a given
convex Ls.c. function V and let u', pu? € 225 (R9); if their relative entropies are
finite then they are absolutely continuous w.r.t. v and therefore their supports
are contained in aff(supp~y). It follows that the support of any optimal plan
p € To(pt, pu2) in P9(R?) is contained in aff (supp v) x aff (supp 7): up to a linear
isometric change of coordinates, it is not restrictive to suppose aff (suppy) = R¢,
p, p? € P3RY), y=eV - 2% 2(RY).

In this case we introduce the densities u? of y* w.r.t. £%, observing that

dpt
o wieV i=1,2,
dy

where we adopted the convention 0-(+00) = 0 (recall that ui(x) = 0 for Z%-a.e.
x € R*\ D(V)). Therefore the entropy functional can be written as

M) = [ w@logui@)de+ [ Viw)du'(a), (3.57)
Rd Rd
i.e. the sum of two geodesically convex functionals, as we proved discussing

Examples 3.4 and Examples 3.8. Lemma 3.19 yields the log-concavity of ~.
O
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If v is log-concave and F satisfies (3.22), then all the integral functionals F(-|v)
introduced in (3.36) are geodesically convex in &5(R9).

Theorem 3.23 (Geodesic convexity for relative integral functionals) Suppose
that v is log-concave and F : [0, +00) — [0, +00] satisfies conditions (3.35) and
(3.22). Then the integral functional F(-|y) is geodesically convex in %5(R9).

Proof. Arguing as in the final part of the proof of Theorem 3.22 we can assume
that v := e=V.Z? for a convex ls.c. function V : RY — (—o0, +0o] whose
domain has not empty interior. For every couple of measures u*, u? € D(F(-|v))
we have

pt=uleV -y, Fuily) = / F(ul(z)eV@)e V@ de, i=1,2. (3.58)
Rd

We denote by r the optimal transport map for the Wasserstein distance push-
ing p' to p? and we set rt == (1 — )i + tr, p; = (r!)xp'; arguing as in
Proposition 3.11, we get

ufw)e? (ri@) oy
¢ = 2222 ) det (re()) g .
(,Uth/) /]Rd ( det V’I”t<$) ) et Vr (1‘)6 €L, (3 59)

and the integrand above may be seen as the composition of the convex and
nonincreasing map s — F(u(z)e™%)e® with the concave curve

t— =V (ri(z)) + log(det Vri(x)),
since D(z) := Vr(x) is a diagonalizable map with nonnegative eigenvalues and

t+— logdet (1 —t)I +tD(x)) is concave in [0,1].
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4 Subdifferential calculus in %,(RY)

Let X be an Hilbert space. In the classical theory of subdifferential calculus
(see e.g. [22]) lower semicontinuous functionals ¢ : X — (—o0, +00] with

proper domain D(¢) := {v eX: o)< —|—oo} #0, (4.1)

the Fréchet Subdifferential O¢ : X — 2% of ¢ is a multivalued operator defined
as

E€0br) = wveD(@), lminf 2w )

w—v |U} — ’U|

>0, (4.2)

which we will also write in the equivalent form for v € D(¢)
£€dp(v) = ow) =)+ (Ew—v)+o(jlw—v|) asw—wv. (4.3)

As usual in multivalued analysis, the proper domain D(9¢) C D(¢) is defined
as the set of all v € X such that 0¢(v) # @; we will use this convention for all
the multivalued operators we will introduce.

The metric counterpart of the Fréchet Subdifferential is represented by the
metric slope of ¢, which for every v € D(¢) is defined by

)

|0¢](v) = lim sup

w— |w — v

and can also be characterized by an asymptotic expansion similar to (4.3) for
s>0

5> 0¢|(v) <=  S(w) =) —slw—v|+o(lw—v]) asw—v. (45)
It is then immediate to check that
£€0p(v) = 0¢|(v) <[¢]. (4.6)

The Fréchet subdifferential and the metric slope occur quite naturally in the
Euler equations for minima of (smooth perturbation of) ¢:

A. Euler equation for quadratic perturbations. If v, is a minimizer of

2

1
w = (1, v;w) = g(w) + 2*|“’ —v|® forsome 7>0,veX (47)
T

then

vy € D(0¢) and — Ve 0p(vr); (4.8)

i
concerning the slope we easily get

v —vr]

vr € D(|0¢]) and  |94|(v) < (4.9)

T
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For A-convex functionals the Fréchet subdifferential enjoys at least two other
simple but fundamental properties, which play a crucial role in the correspond-
ing variational theory of evolution equations:

B. Characterization by variational inequalities and monotonicity. If
¢ is A-convex, then

A
o) = Bw) 2 9(0)+ (Ew—v)+ Slw—of* Vwe D(e)
(4.10)
in particular,

&G edp(vi) = (&1—&,v1—w) > Aoy —va* Vo, va € D(09).
(4.11)
As in (4.10), the slope of a A-convex functional can also be characterized by
a system of inequalities for s > 0

52 100l(0) = ow) 2 6(v) — shw— vl + Sw o Ve D)

(4.12)
which can equivalently reformulated as
(1) —p(w) | A ’
0 = —_— 4 v — . 4.13
oolt0) = sup (2= 4 (4.3

C. Convexity and strong-weak closure. [22, Chap. I, Ex. 2.3.4, Prop. 2.5]
If ¢ is A-convex, then d¢(v) is closed and convex, and for every sequences
(vn) C X, (&) C X we have

En € 00(vn), vn — v, & =& = £€09(v), é(va) = d(v). (4.14)
The slope is l.s.c.

Uy — U = lLIIliorcl)f|3qb\(vn) > |0¢|(v). (4.15)

Modeled on the last property C, and following a terminology introduced by
F.H. CLARKE, see e.g. [80, Chap. 8], we say that a functional ¢ is regular if

§n € 0d(vn), o0 = ¢(vn)

Uy = v, & =& pn—

} —  £€09(v), ¢=0¢(v).  (4.16)

D. Minimal selection and slope. If ¢ is regular (in particular if ¢ is A-
convex) |9¢|(v) is finite if and only if dp(v) # @ and

96](v) = min {1¢] : ¢ € Dp(v) }. (4.17)

The inequality < in (4.17) follows directly from (4.6). The other one is
simple to check, using the Hahn-Banach theorem, in the A-convex case. In
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the more general case when ¢ is regular, one can use the existence (proved
even in a general metric setting in Lemma 3.1.5 of [9]) of an infinitesimal
sequence (7,) C (0,+00) and minimizers v,, of w +— ¢(w) + |w — v|?/27,
such that ¢(v,) — ¢(v) and
lim L ~ Ul
n—o00 Tn

= [09](v).

As (v — vy) /T € O¢(v,) we can use the regularity property and a weak
compactness argument to obtain £ € d¢(v) with |¢] < |06]|(v).

E. Chain rule. If v: (a,b) — D(¢) is a curve in X then

%cb(v(t)) = (&0'(t)) Ve Ip(u(t)), (4.18)

at each point ¢ where v and ¢ o v are differentiable and d¢(v(t)) # 0. In
particular (see [22, Chap. III, Lemma 3.3] and Corollary 2.4.10 in [9]) if ¢
is also A-convex, v € AC(a,b; X), and

/ 06| (v(1)) v/ ()| dt < +oo, (4.19)

then ¢ o v is absolutely continuous in (a,b) and (4.18) holds for #!-a.e.
t € (a,b).

The aim of this section is to extend the notion of Fréchet subdifferentiability and
these properties to the Wasserstein framework (see also [29] for related results).

4.1 Definition of the subdifferential for a.c. measures

In this section we focus our attention to functionals ¢ defined on P,(R¢). The
formal mechanism for translating statements from the euclidean framework to
the Wasserstein formalism is simple: if p < v is the reference point, scalar prod-
ucts (-,-) have to be intended in the reference Hilbert space L?(u;R?) (which
contains the tangent space Tan, %5(R?)) and displacement vectors w — v corre-
sponds to transport maps ¢, —¢, which is well defined if 1 € 2% (R?). According
to these two natural rules, the transposition of (4.2) yields:

Definition 4.1 (Fréchet subdifferential and metric slope) Let us consider
a functional ¢ : P5(RY) — (—o0,+oc] and a measure p € D(¢p) N P¢(R?T). We
say that & € L?(u;R?) belongs to the Fréchet subdifferential Od(u) if

00) =000 > [ (6@ 80— a)dule) +o(Walur).  (420)
When & € 0¢(1) also satisfies
) =0 > [ (€). o) = ) duta) + ot = illaguz).  (421)

then we will say that € is a strong subdifferential.
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It is obvious that d¢(u) is a closed convex subset of L?(u; R?); in fact, we could
also impose that it is contained in the tangent space Tan, %%, (R9), since the
vector € in (4.20) acts only on tangent vectors (see Theorem 2.22): for, if II
denotes the orthogonal projection onto Tan, %5 (R%) in L?(u;RY),

£€0g(p) = &€ Ip(p). (4.22)

It is interesting to note that elements in d¢(u) N Tan, P2(RY) are in fact strong
subdifferentials.

Proposition 4.2 (Subdifferentials in Tan, % (R?) are strong) Let
p € D(¢) N P3(RY) and let & € 9¢(u) N Tan, P>(R?). Then £ is a strong

Proof. We argue by contradiction, and we assume that a constant 6 > 0 and

a sequence (s,) C L?(u; R?) with €, := ||$n, — #/|z2(4;ra) — 0 as n — oo exist
such that
0i) =000 — [ (€ on =)< 0z = () (423)

Let us denote by t,, the optimal transport pushing u onto p,,: we know that

th — iHL2(u;Rd) = Wg(,u,,/,&n) < En — 0. (424)
By the definition of subdifferential, there exists ng € N such that for every
n > ng

Siin) — B1) > / (€.t — i) dpt — D

Rd 2 ns

combining with (4.23) we obtain

)
/ (&t — sp)du < ——¢, Vn > ng. (4.25)
Rd 2
Up to an extraction of a suitable subsequence, we can assume that
. ‘o
LN 3 - b weakly in L?(u; RY)  as n — oo; (4.26)
En En

by (4.25) we get
/ (€, —3)du < 9 < 0. (4.27)
Rd 2
On the other hand, for every function ¢ € C°(R%), the global estimates
((y)—C(2) <(D¢(x),y—2)+Cly—x*,  ((2)=((y) < (D¢(x), 2—y)+Cly—a|®

for some constant C' > 0 yield
0= [ (€ltule)) = Clonta)) dulo) < [ | (DC(@).ta(a) = 81 (a) du(o)
e / (15nw) — 2P + [t0(z) — ol?) dite)

> [ (D¢ tuo) — su(o) du(o) + 2022,
Rd
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Dividing by e,, and passing to the limit as n — co we get
/ (D¢t —38)du>0 V(e CFRY. (4.28)

Since the gradients of C2°(R?) functions are dense in Tan, Z5(R?), (4.28) con-
tradicts (4.27). O

The DEGIORGI’s definition of the metric slope of ¢ is in fact common to func-
tionals defined in arbitrary metric spaces [37].

Definition 4.3 (Metric slope) Let us consider a functional ¢ : Po(R?) —
(—00,+00] and a measure u € D(¢). The metric slope of ¢ at p is defined by

v) — +
001 = imsup W (4.29)

or, equivalently, by

96](1) = inf {5 > 02 9(v) = 6(u) — sWalv, 1) + o(Wa(v, 1))

(4.30)
as Wa(v, u) — 0}.

4.2 Subdifferential calculus in Z2¢(R?)

We now try to reproduce in the Wasserstein framework the calculus proper-
ties for the subdifferential, we briefly discussed at the beginning of the present
section.

In order to simplify some technical point, we are supposing that

¢ P (Rd) — (=00, +00] is proper and lower semicontinuous,

. (4.31a)
with D(|09]) © 24 (RY),
and that for some 7, > 0 the functional
1
v O(r,u;v) = §W22<M7 v)+ ¢(v) admits at least (4.31b)

a minimum point y,, for all 7 € (0,7.) and p € P5(RY).

Notice that D(¢) C 2¢(R?) is a sufficient but not necessary condition for
(4.31a): the internal energy functionals induced by a class of sublinear func-
tions F satisfy (4.31a), but have a domain strictly larger than 22¢(R?) (see
Theorem 10.4.8 of [9]).

A. Euler equation for quadratic perturbations. When we want to min-
imize the perturbed functional (4.31b) we get a result completely analogous to
the euclidean one:
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Lemma 4.4 Let ¢ be satisfying (4.31a,b). Fach minimizer p, of (4.31b) be-
longs to ur € D(|0¢|) and

1
;(tﬁf —1i) € 0¢(u-) is a strong subdifferential. (4.32)

Proof. The minimality of u, gives for every v € 2, (R?)
1
6(v) = Blur) = O(r, 15v) = @(, i ) + o= (W s ) = W3 (v, 1))
1 2 2
o= (W2 o) = WEvp)) (4.33)
1
> —5-Walur,v) (Wz(unu) + Wa(v, u))- (4.34)

Letting v converge to p,, (4.34) yields

WQ(N‘H 1/)

109](pr) < (4.35)

By (4.31a) we get ju, € P&(RY); if v = tyu, we have
WGiron) = [ 16, (0) — al dir (o). WEOi) < [ [t0) ~ 0 dus (o),

and therefore the elementary identity 1|a|? — 1(b|?> = (a,a — b) — 1|a — b|? and
(4.33) yield

o) =0l 2 5 [ (1t ) = ol = I ) — 8() ) dise ()
1 Iz 1
= [, (GO =800 =) g 1e0) o) )

1 1 ;
= [ @) = at() =) e ) = 5= il

a T

We deduce %(tl’jT — z) € 9¢(u,) and the strong subdifferentiability condition.
O

The above result, though simple, is very useful and usually provides the first
crucial information when one looks for the properties of solutions of the varia-
tional problem (4.31b). The nice argument which combines the minimality of
pr and the possibility to use any “test” transport map ¢ to estimate W3 (txv, u)
was originally introduced by F. OTTO.

4.3 The case of A\-convex functionals along geodesics

Let us now focus our attention to the case of a A-convex functional:

¢ is A-convex on geodesics, according to Definition 3.1. (4.36)
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B. Characterization by Variational inequalities and monotonicity. Sup-
pose that ¢ satisfies (4.31a,b) and (4.36). Then a vector & € L?(u; R?) belongs
to the Fréchet subdifferential of ¢ at u iff

o(v) — d1) > /

[ (€@ t1() = b dua) + §W3 ) Vo Do), (437

In particular if €, € 0p(p;), 1 =1,2, and t = t,2 is the optimal transport map,
then

/Rd (€x(t(x)) — &1 (2), t(x) — ) dur () = AW3 (p1, f2). (4.38)

Concerning the slope of ¢ we have for every s > 0

A
s> |00l() = () = d(p) — sWalv, ) + SW3(vip) Vv € D(o),
(4.39)
or, equivalently,

0] (1) = sup

v +
((b(u)gb() + A Wa (s, V)) : (4.40)
vEp

W2(M7V) 2

Proof.  One implication of (4.37) and of (4.39) is trivial. To prove the other
one, in the case of (4.37) suppose that & € d¢(u) and v € D(¢); for ¢ € [0, 1]
we set p; = (4 + t(t,, — 1))p and we recall that the A-convexity yields

A 200 < o) — gu) ~ 20— OWE(ww). (a4)

On the other hand, since Wa(pu, pt) = tWa(p, v), Fréchet differentiability yields

M > lim infl/Rd (€(z), " (z) — ) dp(z)

lim inf
tl0 t—0+

> [ (€@ tia) ) duo)

since th (z) = x + t(t,(z) — ).
In the case of the slope (4.39), (4.41) and the fact that

it X0 > 05 W, 0) (4.42)
yield (4.39). O
A simple consequence of (4.40) is the lower semicontinuity of the slope:
o= i PR = limin[96|(n) > |06](). (4.43)
Indeed, if v # p then v # p, for n large enough, hence
a0 i COP VAP B skl S V)

n—00 WQ(,LL”,V) - WQ(N) V)

By estimating the left hand side with lim inf,, |0¢|(u,,) and taking the supremum
w.r.t. v we obtain (4.43).

98



C. Convexity and strong-weak closure. The next step is to show the
closure of the graph of d¢: here one has to be careful in the meaning of the
convergence of vectors £, € L?(un; R™), which belongs to different L?-spaces,
and we will adopt the following natural one.

Definition 4.5 Let (u,) C 2(R?) be narrowly converging to p in 2(R%) and
let v, € LY (j,; R™). We say that v, weakly converge to v € L'(u; R™) if

lim [ C(@)on() dyun(x) = /}R C@pp@)du(s) Ve CRRY).  (444)

n—oo [pd

Clearly, if ||v,| 1 (4, ;rm) is bounded, a density argument shows that the
convergence above is equivalent to the narrow convergence (i.e. in the duality
with Cp(R%)) of the vector-valued measures v,u, to vu. We now state (see
[9, Theorem 5.4.4] for a more general statement) some basic properties of this
convergence.

Theorem 4.6 Let (1) C P2(R?) be converging to p in P2(RY) and let v, €
L?(u,; R™) be such that

sup/ |, (2) |2 dpn () < +o00. (4.45)
neN JRd

Then the sequence (v,,) has weak limit points as n — oo, and if v is any limit
point, along some subsequence n(k), we have

[ o@P duta) < timint [ oy (@) duoey (4.46)
Rd — 00 Rd'
Jim [ (ony.0) iy ) = [ (0(0). ) dua), (4.47)

or every continuous function ¢ : R* — R™ with at most linear growth.
2

Proof. The first statement is a direct consequence of the lower semicontinu-
ity of the relative entropy functional (3.36), in the case when F(z) = 22, see
Lemma 3.17 (here actually only the narrow convergence of the pu,, is needed).
The convergence property (4.47) follows by a simple truncation argument, tak-

ing into account that, |z|? is uniformly integrable w.r.t. {i, nen. O

Lemma 4.7 (Closure of the subdifferential) Let ¢ be a A-convex functional
satisfying (4.31a), let (u,) be converging to p € D(¢) in Pa(RY), let &, €
00(un) be satisfying

sup / En (@) dpn(z) < oo, (4.48)

and converging to & according to Definition 4.5. Then & € 0¢(u).
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Proof. Let v € D(¢) and let C be the constant in (4.48). We have to pass to
the limit as n — oo in the subdifferential inequality

00) = 900 > [ (€0t (2) = ) dpa@) + 5 WEGurov). (440

By the lower semicontinuity of ¢ the upper limit of ¢(v) — ¢(p,,) is less than
#(v)—¢(1). Passing to the right hand side, given e > 0 we choose t € C?(R%; R?)
such that [t/ — 2| 12(,;re) < €* and split the integrals as

/ (€(2). 82 () — E(2)) dpin () + / (€0(2),E() — 2) dyun (). (4.50)
R4 R4

By the Young inequality, the first integrals can be estimated with

C 1 -
4= hmsup/ it —tdu, = — fy - hmsup/ ly — t(x)]* dv,,,
R4 xR4

2 26 pnooo 2 n-oo

where v, = (i X t}, )xpun are the optimal plans induced by t}, . Now, by
Proposition 7.1.3 of [9] (showing that optimal plans are stable under narrow
convergence), we know that -,, narrowly converge to the plan v = (¢ x ¢/, )# 1
induced by t/; moreover, as |y|* is uniformly integrable with respect to {'7n}
(because the second marginal of 7y,, is constant), Lemma 1.2 gives that the upper
limits above are less than

[ w-t@Par= [ -t
R4 xR? Rd xRd

Summing up, we proved that the limsup of the first integrals in (4.50) is less
than (C' 4 1)e/2. The convergence of the second integrals in (4.50) to

/ (€(2),E(z) — ) du(x)
Rd

follows directly from Theorem 4.6(i). As a consequence

fimint [ (6,0, (@) = o) dun(2) 2 [ (€0).ti0) ~ ) duto)
AR /If &) du(x).

As € is arbitrary, the variational inequality (4.49) passes to the limit. O

4.4 Regular functionals
Definition 4.8 A functional ¢ : P5(RY) — (—o0,+o0] satisfying (4.31a) is
regular if, whenever the strong subdifferentials &,, € 0d(n), ©n = &(n) satisfy

Hn — 1 m QQ(Rd)v Pn — @, sup H€n||L2(u";Rd) < 400 (4 51)

&, — & weakly, according to Definition 4.5,
then § € 0¢(n) and ¢ = ().
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We just proved that A-convex functionals are indeed regular.

In the “differential” proof of the convergence of the implicit Euler scheme for
gradient flows we will use the following time-dependent variant of Lemma 4.7
whose proof uses the same approximation arguments.

Remark 4.9 Let u? : [0,7] — 22%(R?) be uniformly bounded and pointwise
converging in [0, 7] to py : [0,7] — P¢(R?) asn — oco. Let £,,, & : [0, T] x R? —

R? be such that -
sup/ / €, |2 duldt < 400
n Jo Jre

and

n—oo

T T
lim / / £ pduidt = / / Epdpdt Vo € C ((0,T) x Rd) .
0 Jrd 0 Jrd

Then, for all v € P, (R?) we have

T T
lim / / (8, — i, €") duldt = / / (£~ i.€) dpsdt.
n—oo Jo Jra f 0o Jrd

D. Minimal selection and slope.

Lemma 4.10 Let ¢ be a regular functional satisfying (4.31a,b). p € D(|0]) if
and only if Op(u) is not empty and

1961(2) = min { 1€l 2 usne + € € 06() } (4.52)

where the metric slope |0¢|(1) is defined in (4.4).

By the convexity of 0¢(u) there exists a unique vector £ € ¢(u) which attains
the minimum in (4.52): we will denote it by 9°¢(p), it belongs to Tan, Pa(R?)
and it is also a strong subdifferential.

Proof. 1t is clear from the very definition of Fréchet subdifferential that

100 (1) < |€llL2(urey V€ € Op(1);

thus we should prove that if |9¢|(1) < 400 there exists & € d¢p(u) such that
1€l 2 (uray < |0¢](11). We argue by approximation: for p € D(|0¢|) and T €
(0,74), let r be a minimizer of (4.31b); by Lemma 4.4 we know that

_ W3 (s )

T2 ’

£ = %(th — i) € 9¢(uy), /Rd €, ()] dpr (@)

and & is a strong subdifferential. Furthermore, it is proved in Lemma 3.1.5 of
[9] (in a general metric space setting) that there exists a sequence (7,,) | 0 such
that

2
lim %;“) = 092 (). (4.53)

n—oo

61



By Theorem 4.6(i) we know that £ has some limit point £ € L?(u; R?) as 7 | 0,
according to Definition 4.5. By (4.51) we get & € d¢(u) with [[€] p2(ure) <
|00|(1), so that £ is the (unique) element of minimal norm in d¢(u).

By (4.22) we also deduce that & € Tan, %>(R%) and Proposition 4.2 shows
that £ is a strong subdifferential. O

Remark 4.11 (The A-convex case) When ¢ satisfies the A\-convexity assump-
tion (4.36), the proof of Property (4.53) is considerably easier, since p., satisfies
the a priori bound [9, Thm. 3.1.6]

(14 2m) ) < g ), (4.54)

For, we choose p; = (i+t(¢};” — %))y and we recall that A\-convexity of ¢ yields

1 1
— Wi, p1r) + () < ;WS(M 1) + & (ae)

2T
L2 (= ) WR )+ (1= 00() + ().

Si
T

Since the right hand quadratic function has a minimum for ¢ = 1, taking the
left derivative we obtain

(4 2) W3 r) + 6(7) — 9) <0,

and therefore, by (4.40)

1 W22 (M» /ff'r) ¢(ﬂ) B (;5(,[1,7) W22 (/~L7 ,ur)
5(1 + A7) T2 = T B 272

A

Wa(pir, 1) W3 (17, 1)

00l =21 — (1 o) =2
1

2(1+ A7)

IN

1061 (),
which yields (4.54).

E. Chain rule. Let ¢ : P5(R%) — (—o0,+00] be a regular functional sat-
isfying (4.31a,b), and let p : (a,b) — py € D(¢) C P2(RY) be an absolutely
continuous curve with tangent velocity vector vy. Let A C (a,b) be the set of
points t € (a,b) such that

(a) 10¢|(p) < +o00;
(b) ¢ o is differentiable at t;
(c) condition (2.56) of Proposition 2.20 holds.
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Then
G0 = [ (@@ o) dula) Ve €o(u), Ve (@5)

Moreover, if ¢ is A-convex along geodesics and

b
/wwmmmmw<+m, (4.56)

then the map t — ¢(u) is absolutely continuous, and (a,b) \ A is L -negligible.
Proof. Let t € A; observing that

1 _
vy = E(tﬁf;*" —i) — v in L?(up RY), (4.57)

we have
W) = 00p) = [ (onl0). &) dusla) +ofh). (@59

Dividing by h and taking the right and left limits as h — 0 we obtain that the
left and right derivatives d/dty¢(u:) satisfy

) > | (@) () diao)

) < [ ) el di)

and therefore we find (4.55).

In the A-convex case, using (4.40) it can be shown (see Corollary 2.4.10 in
[9]) that (4.56) implies that ¢t — ¢(u) is absolutely continuous in (a, b) and thus
conditions (a,b,c) hold .#!-a.e. in (a,b). O

4.5 Examples of subdifferentials

In this section we consider in the detail the subdifferential of the convex func-
tionals presented in Section 3.2 (potential energy, interaction energy, internal
energy, negative Wasserstein distance), with a particular attention to the char-
acterization of the elements with minimal norm.

We start by considering a general, but smooth, situation.

4.5.1 Variational integrals: the smooth case

In order to clarify the underlying structure of many examples and the link be-
tween the notion of Wasserstein subdifferential and the standard variational
calculus for integral functionals, we first consider the case of a variational inte-
gral of the type

x,u(x w(z))dr if p=u- 2% with u L(RY
F() = RdF(, (), Vu(x))d fu A th v € C*(R%) (4.5)

400 otherwise.
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Since we are not claiming any generality and we are only interested in the
form of the subdifferential, we will assume enough regularity to justify all the
computations; therefore, we suppose that F : R? x [0, +00) x R? — [0, +00) is
a C? function with F(x,0,p) = 0 for every z, p € R% and we consider the case
of a smooth and strictly positive density u: as usual, we denote by (z,z,p) €
R? x R x R? the variables of F' and by §.% /6u the first variation density
0F
ou
Lemma 4.12 If p = u- %% € 23(RY) with u € C*(R?) satisfies F(u) < +00
and w € L?(u; RY) belongs to the strong subdifferential of & at p (in particular,
by Proposition 4.2, if w € d¢(u) N Tan, P5(RY)), then
0F
w(z) = V(;—(a:) for p-a.e. x € RY, (4.61)
u
and for every vector field & € C2°(R%;R?) we have
0F
w(z) - &(x) du(z) = — 5—(9&) V- (u(x)é(z)) da. (4.62)
Rd Rd u

Proof. We take a smooth vector field & € C°(R%RY) and we set for ¢ € R
sufficiently small p. := (¢ + €§)xp. If w is a strong subdifferential, we know
that

(x) :== Fy(z,u(x), Vu(z)) — V - Fp(z, u(z), Vu(x)). (4.60)

F(pe) — F
< [ wle) ) duta) < i ZLL=Z0,
Rd cl0 €
(4.63)
on the other hand, by the change of variables formula we know that p. = u..2?
with

i sup 2 #e) = F @)
€10 £

- u
 det(I +¢eVE)

The map (z,¢) — uc(x) is of class C? with u.(z) = u(z) outside a compact set
and

ue(y) o(i+ EE)_l(y) Vy e R (4.64)

Ou,
ue(w)|,_y = ulx), “aix) sy =~V (u(@)E(@)). (4.65)
Standard variational formulae (see e.g. [53, Vol.I, 1.2.1]) yield
F e) F (5 7
lim M _— /R %(x) V- (u(2)é(x)) de, (4.66)

which shows (4.62).

Let us now suppose that w € 9.% (u) NTan,, %5 (R%); then (4.66) holds when-
ever 4 + e€ is, an optimal transport map for |¢| small enough, and in particular
for gradient vector fields € = V¢ with ¢ € C°(R?). Since Tan, 2 (R?) is the
closure in L2(u; R?) of the space of such gradients, we have

/ w(x)-&(z) du(z) = —/ V%z(x)E(m) du(z) V& € Tan, Py(R?). (4.67)
R4 Rd U

We obtain (4.61) noticing that §.% /du € Tan, Z>(R?), by the assumption that
u € C2(RY). O
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4.5.2 The potential energy

Let V : R? — (—o0,+00] be a proper, ls.c. and A-convex functional and let
V(i) = Jza Vdp be defined on P3(R%). We denote by graphdV the graph
of the Fréchet subdifferential of V in R% x R?, i.e. the subset of the couples
(71,22) € RY x R satisfying

A
V(.’Eg) > V(ml) + <.’132, xr3 — $1> + §|$1 — $2|2 Va3 € R%. (468)

As usual, 9°V(z) denotes the element of minimal norm in OV (x).

Notice that the potential energy functional (as well as the interaction energy
functional) fails to satisfy (4.31a), and for this reason it would be more appro-
priate to consider a more general notion of subdifferential, involving plans and
not only maps as elements of the subdifferential, and, at the same time, takes
onto account transport plans and not only transport maps (see §10.3 of [9]).

In the present case, we choose an intermediate generalization, and say that
€ € L?(u; RY) belongs to the Fréchet subdifferential 0V (u) at p € D(V) if

V) V= it [ ey ) i)+ o(Waer). (469

The following characterization of 0V and of its minimal selection is proved in
Proposition 10.4.2 of [9)].

Proposition 4.13 Let p € P5(R%) and € € L*(u;RY). Then
(i) € is a subdifferential of V at p iff £(x) € OV (x) for p-a.e. x.
(ii) 0°V (i) = 0°V (z) for p-a.e. x € RY.

4.5.3 The internal energy

Let F be the functional

/ Flu(@)) d2(z) if p=u- 29 € 29(RY,
Rd/

Fu) = (4.70)
400 otherwise,
for a convex differentiable function satisfying
F d
F(0)=0, liminf () > —oo for some o > —— (4.71)

sl0 s d—+2

as in Example 3.8. Recall that if F' has superlinear growth at infinity then
the functional F is l.s.c. with respect to the narrow convergence (indeed, under
this growth condition the lower semicontinuity can be checked w.r.t. to the
stronger weak L' convergence, by Dunford-Pettis theorem, and lower semicon-
tinuity w.r.t. weak L' convergence is a direct consequence of the convexity of

7).
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We confine our discussion to the case when F' has a more than linear growth

at infinity, i.e.
F
lim (2)
z—+00 YA

see Theorem 10.4.6 and Theorem 10.4.8 of [9] for a discussion of the (sub)linear
case.

We set Lr(z) = 2F'(2) — F(z) : [0, 4+00) — [0,400) and we observe that Lp
is strictly related to the conver function

= +o0, (4.72)

G(z,8) :=sF(z/s), z¢€][0,+00), s€ (0,400), (4.73)
%G(z, s) = —EF'(z/s) + F(2/s) = —Lp(2/s). (4.74)

In particular (recall that F(0) = 0, by (4.71))

F(z) -~ Glz5)

G(z,8) < F(z) fors>1, p—

1 Lp(z) ass|1. (4.75)

We will also suppose that F' satisfies the condition
the map s+ s?F(s7%) is convex and non increasing in (0,400), (4.76)

yielding the geodesic convexity of F.
The following lemma shows the existence of the directional derivative of F
along a suitable class of directions including all optimal transport maps.

Lemma 4.14 (Directional derivative of F) Suppose that F : [0,4+00) — R
is a convex differentiable function satisfying (4.71), (4.72) and (4.76). Let p =
u?? € D(F), r € L*(p;R?) and t > 0 be such that

(i) v is differentiable u.?%-a.e. and vy == (1 —t)i + tr is u.L%-injective with
|det Vri(z)| > 0 uf?-a.e., for any t € [0,7];

(i) Vrg is diagonalizable with positive eigenvalues;
(i) F((ri) i) < +00.
Then the map t — t=(F((r¢)up) — F*(n)) is nondecreasing in [0, and

+00 > ltilr([)l ]:((rt)#lz) —Fw =— /Rd L (u)tr V(r — ) de. (4.77)

The identity above still holds when assumptions (ii) on v is replaced by
(i) |V (r — i) || oo (g raxay < +00 (in particular if r —i € C2°(R%GRY)),
and F satisfies in addition the “doubling” condition

3C>0: F(z4+w)<C(A+F(z)+F(w)) Yz, w. (4.78)
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Proof. By assumptions (i) and (ii), taking into account Lemma 1.3 we have

F((re)pp) —F(p) = /Rd F (det@ii(m)) det Vry(x)de — | F(u(z))dx

Rd
_ /R (Glu(w), det Vru(a) - Flu(e) ) da

for any ¢ € (0,¢]. Assumption (4.76), together with the concavity of the map
t s [det (1 — )T + tVr)]"/9, implies that the function

G(u(x),det Vry) — F(u(z))

. te (0,7 (4.79)

is nondecreasing w.r.t. ¢ and bounded above by an integrable function (take
t =t and apply (iii)). Therefore the monotone convergence theorem gives

- Flrdu) = 70 _ /R 2G(u(a), det U (a)|,_, dr

and the expansion det Vry = 1+ ttr V(r — ) + o(t) together with (4.74) give
the result.

In the case when (ii’) holds, the argument is analogous but, since condition
(ii) fails, we cannot rely anymore on the monotonicity of the function in (4.79).
However, using the inequalities

F(w) — F(0) < wF'(w) < F(2w) — F(w)

and the doubling condition we easily see that the derivative w.r.t. s of the func-
tion G(z, s) can be bounded by C(1+ F*(z)) for |s—1] < 1/2. Therefore we can
use the dominated convergence theorem instead of the monotone convergence
theorem to pass to the limit. O

The next technical lemma shows that we can “integrate by parts” in (4.77)
preserving the inequality, if Lz (u) is locally in W11,

Lemma 4.15 (A “weak” integration by parts formula) Under the same
assumptions of Lemma 4.14, let us suppose that

(i) supp pu C Q, Q being a convex open subset of R? (not necessarily bounded);
(ii) Lr(u) € Wl (9);
(iii) supp((r7)xp) is a compact subset of Q for some t € [0,1];
(iv) 7 € BVioe(R%GRY) and D -r > 0.
Then we can find an increasing family of nonnegative Lipschitz functions Xy :

R? — [0, 1] with compact support in Q such that X3, T xa and

7/ Lp(u(z))trV(r —1)ds > limsup/ (VLp(u),r —)Xpdz.  (4.80)
R4 Rd

k—o0
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Proof. Possibly replacing r by 77, we can assume that { = 1 in (iii). Let us
first recall that by Calderon-Zygmund theorem (see for instance [8]) the point-
wise divergence tr (Vr) is the absolutely continuous part of the distributional
divergence D - r; therefore we have

/ vir (Vr)de < —/ (Vu,r)dz, (4.81)
R R

provided v € C2°(R?) is nonnegative. As r is bounded, by approximation the
same inequality remains true for every nonnegative function v € W(R%). For
every Lipschitz function 1 : R? — [0,1] with compact support in €2, choosing
v :=nLp(u) € WH1(R?) we get

[ ety (vrde < = [ (GoLew). e s
On the other hand, a standard integration by parts yields
/Q(nLF(u)) tr (Vi) de = —/Q(V(an(u)),i> dx; (4.83)
summing up with (4.82) and inverting the sign we find
— /Rd (nLp(w)) tr (V(r —2)) de > /Rd (V(nLp(u)),r — i) dz. (4.84)

Now we choose carefully the test function . We consider an increasing family
bounded open convex sets {2 such that

QccQ Q=] %
k=1

and for each convex set ), we consider the function

Xk () := kd(z, RT\ Q) A 1. (4.85)
X is an increasing family of nonnegative Lipschitz functions which take their
values in [0, 1] and satisfy Xj(z) = 1 if d(z,R?\ Q) > #; in particular, X;, = 1

in K for k sufficiently large. Moreover X is concave in ), since the distance
function d(-,R?\ Q) is concave. Choosing 1 := Xy, in (4.84) we get

- [ aLet) (V- de = [ (VLew,r-i)xds
R4 Rd
+/ (VXk,? — 1) Lp(u)dz  (4.86)
Qp

> /Rd<VLF(u),r — 1) Xi dx
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since the integrand of (4.86) is nonnegative: in fact, for Z%-a.e. x € ), where
Lp(u(z)) is strictly positive, the concavity of Xj and r(z) € K yields

(VXi(2),r(2) —i(2)) 2 Xp(r(2) — Xp(2) = 1 = Xp(2) 2 0.

Passing to the limit as & — oo in the previous integral inequality, we obtain
(4.80) (recall that the function in the left hand side of (4.80) is semiintegrable
by (4.77)). O

In the following theorem we characterize the minimal selection in the subd-
ifferential of F and give, under the doubling condition, a formula for the slope
of the functional.

Theorem 4.16 (Slope and subdifferential of F) Let I : [0,+00) — R be
a convez differentiable function satisfying (4.71), (4.72), (4.76) and (4.78). As-
sume that F has finite slope at p = ul? € P$(R?). Then Lp(u) € WHL(RY),
VLp(u) =wu for some function w € L?(uL%RY) and

1/2
( |w(x)|2u(x)dx) = |0F|(1) < +o0. (4.87)
Rd

Conversely, if VLp(u) € Wl‘ljc1 (R?) and VL (u) = wu for some w € L?(u; RY),
then F has a finite slope at p = ul? and w = 9°F ().

Proof. (a) We apply first (4.77) with » = 0 u.%%-a.e. and r = ¢ and take into
account that

Wajts (1= )3+ tr) o) < 12 r0sm
to obtain
[ | Lotu)dz < 0F\ )il ooy
R
so that Lp(u) € L'(RY). Next, we apply (4.77) with r —4 equal to a C2°(R% R?)

function ¢ (notice that condition (i) holds with ¢ < sup |[Vt|) and use again the
inequality Wa(u, ((1 —t)i +tr)gp) < tl|lr — @[ L2(u24) to obtain

[ Ertuts (96 do < 0 ()t ruzrey < 107" () sup el
R L
As t is arbitrary, Riesz theorem gives that Lp(u) is a function of bounded

variation (i.e. its distributional derivative DLy (u) is a finite R%-valued measure
in R%), so that we can rewrite the inequality as

d
> / t; dD; Ly (u)
i—1 /R?

By L? duality theory there exists w € L?(u.Z% R?) with ||w]||2 < |0F]|(u) such
that

< OF|(1)[tl 2 (uzpaima-

d
Z/ tidDiLF(u):/ (w,t)du?? Yt e CF(RYRY).
i=1 R4 Rd
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Therefore Lr(u) € WHL(RY) and VLg(u) = wu. This leads to the inequality
< in (4.87).

In order to show that equality holds in (4.87) we will prove that (7 x w)xp
belongs to 8F (11). We have to show that (4.37) holds for any v € D(F). Using
the doubling condition it is also easy to find a sequence of measures v, with
compact support converging to v in %y(R%) and such that F(v}) converges to
F(v), hence we can also assume that supp v is compact.

As ¢, is induced by the gradient of a Lipschitz and convex map ¢, we know
that all the conditions of Lemma 4.14 are fulfilled with » = V¢, and also Lemma
4.15 holds; therefore, by applying (4.77), the geodesic convexity of F, and (4.80)
we obtain

F(v) - Flu) > limsup / (VL (), (r = D)X da

h—o0

= limsup/ (w, (r —i))Xpude = / (w,r — 1) dyu,
Rd

h—o0 R4

proving that w € OF (u).

Finally, we notice that our proof that w = VLp(u)/u € 0F(u) does not
use the finiteness of slope, but only the assumption w € L?(u;R?), therefore
these conditions imply that the subdifferential is not empty and that the slope
is finite. O

4.5.4 The relative internal energy

In this section we briefly discuss the modifications which should be apported
to the previous results, when one consider a relative energy functional as in
Section 3.3.

We thus consider a log-concave probability measure v = e~V - £ € 2(R9)
induced by a convex l.s.c. potential

V:R? = (—o00,400], with Q=int D(V) # 0. (4.88)
We are also assuming that the energy density
F:[0,400) — [0,+00] is convex and ls.c.,
it satisfies the doubling property (4.78), (4.89)
and the geodesic convexity condition (3.22),

which yield that the map s — F(s) := F(e~*)e® is convex and non increasing
in R. The functional

Fuly) = /Rd F(p)dy = /KZF(u/ef‘/)e*V dz, p=p-y=uL (4.90)

is therefore geodesically convex in &, (R?), by Theorem 3.23. It is easy to check
that whenever F is not constant (case which corresponds to a linear F' and a
constant functional F), F has a superlinear growth and therefore F is lower
semicontinuous in Z5(RY).
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Theorem 4.17 (Subdifferential of F(:|v)) The functional F(-|v) has finite
slope at p = p-~ € D(F) if and only if Lr(p) € Wli)cl(Q) and VLp(p) = pw
for some function w € L?(u; R?). In this case

1/2
([, ko dut@) ™ = 107100 (491)
and w = 0°F ().

Proof. We argue as in Theorem 4.16: in the present case the directional
derivative formula (4.77) becomes

F((re)gply) — F(uly)
t

400 > lim
t10
_ _/ Le(u/e V) (e V¥ —i) — e V(VVr—i))dr (4.92)
Rd
= _/ LF(p)tr@(e*V(r - z)) dx
Rd
for every vector field r satisfying the assumptions of Lemma 4.14 and F (74 p|v)

is finite. Choosing as before r = i +¢e"'t, t € C°(Q;R?), since V is bounded in
each compact subset of €2, we get

/ Lr(p)tr Vtde < |0F|(u)sup|eVt],
Q R

so that Lp(p) € BVioe(Q2). Choosing now r =i + ¢ with t € C°(Q; R?) we get

d
3 / t;dDiLp(p) dry
i=179

so that there exists w € L%(u; RY) such that

< [OF () 18]l L2 iy

d
Z/tidDiLF(p)d’y:/ (w,t}dﬂ:/ (uw, t)e”V de YVt e CZ(Q;RY),
/e R4 Rd

thus showing that Lg(p) € Wb (Q) and VLp(p) = ue™Vw = pw.
Conversely, if Lr(p) € Wli)cl(ﬂ) with VLp(p) = pw and w € L?(u;R?),
arguing as in Lemma 4.15 we have for every measure v = rxpu with compact

support in 2

F(vly) = Fuly) = limsup — /Q Lr(p)tr V(e (r — )Xk da

k—o0

> Jim sup / (XeVLp(p) + L (0) VX7 — i) dy
Q

k—o0

> limsup/ (VLp(p),r — )Xy dvy
Q

k—o0

> hmsup/ (w,r — )X dp = / (w,r —1)dpu,
k—o0 Q Q

which shows, through a density argument, that w € 0F (u). O
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4.5.5 The interaction energy

In this section we consider the interaction energy functional W : 22,(R%) —
[0, +00] defined by
1

Win) = 5 / W) di e

Without loss of generality we shall assume that W : R — [0, +00) is an even
function; our main assumption, besides the convexity of R?, is the doubling
condition

ICw >0: W(a+y) <Cw(l+W(z)+W(y)) Vz,yeRL  (4.93)

Let us first state a preliminary result: we are denoting by fi the barycenter of
the measure pu:

o= /Rd xdu(z). (4.94)

Lemma 4.18 Assume that W : R? — [0, 400) is conver, Gateaur differen-
tiable, even, and satisfies the doubling condition (4.93). Then for any u € D(W)
we have

. W (z)du(z) < Cw (14+W(p) + W (i) < +oo, (4.95)

/Rd W@ =)l diex ) < o (14 S+ W) < +00. (496)
X

where Sw = sup|,|<; W(y). In particular w := (VW) x p is well defined for
p-a.e. © € R, it belongs to L' (u; RY), and it satisfies

/ (VW (x1 — 22), 51 — 21) dy(z1,y1) dp(22)
RARe (4.97)

:/ <w($1),y1—$1>d7(1’17y1)7
R2d

for every v € T'(p,v) with v € D(W). In particular, choosing vy := (i X 7)up,
we have

/Rded (VW (x —y),r(x))du x p(z,y) = / (w(z),r(x)) du(x) (4.98)

R4
for every vector field r € L*(u; R?) and for r := \i, A € R.

Proof. By Jensen inequality we have

W(x—p) < y Wz —y)duly) YVzeR% (4.99)

so that a further integration yields

y W(z — pi) du(z) < W(p); (4.100)
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(4.95) follows directly from (4.100) and the doubling condition (4.93), since
W(z) < Cw(1+W(x—p)+ W(R).
Combining the doubling condition and the convexity of W we also get

VW (z)| = sup (VW (x),y) < sup W(z +y) — W(x)

ly|<1 ly|<1 (4.101)
< Cw(1+W(z)+ sup W(y)), '
ly|<1

which yields (4.96).

If now v € D(W) and v € I'(u,v), then the positive part of the map
(x1,9y1,72) — (VW (21 — 22),y1 — x1) belongs to L'(v x u) since convexity
yields

(VW (21 — 22),y1 — 1) < W(y1 — 22) — W(z1 — 22),

and the right hand side of this inequality is integrable:

» W (y1—w2) dyxp = /de W (y1—w2) dvxp < C(IHWW)+W (1) +W (7—p)),

W(x1 —z2)dy X p= W(x1 — z2) du x = W(u).
R3d R2d

Therefore we can apply Fubini-Tonelli theorem to obtain
/ ) (VW (21 — 22),y1 — 21) dy X p(21, Y1, 72)
R3

= [ ([ WG = ) — ) due)) dyGor,)
R2d NJX

— [ ([ W - aduten)) o - ) (o)
R2d X

:/ (w(z1),y1 — 21) dy (21, Y1),
R2d

which yields (4.97). O

As the interaction energy fails to satisfy (4.31a), as we did for the potential
energy functional we say that & € L?(u; R?) belongs to the Fréchet subdifferen-
tial OW(u) at p € D(OW) if

W) =W 2 _int [ (e(w)y - a)dyo) + o(Walu,r). (4102
YEL o (1:v) JRd xRA

Theorem 4.19 (Minimal subdifferential of W) Assume that W : R? —

[0, 4+00) is convex, Gateauz differentiable, even, and satisfies the doubling condi-

tion (4.93). Then u € P5(RY) belongs to D(|OW)]) if and only if w = (VW )*u €

L2(u;RY). In this case w = 0°W(u).
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Proof. As we did for the internal energy functional, we start by computing
the directional derivative of W along a direction induced by a transport map
r = i+t, with t bounded and with a compact support (by the growth condition
on W, this ensures that W(r4pu) < +00). Since the map

Wz —y) + () — ty)) = Wz —y)
t

is nondecreasing w.r.t. ¢, the monotone convergence theorem and (4.98) give
(taking into account that VW is an odd function)

W((E + tt)ppp — W(p)

400 > lim

t10 t
N % /RdXRd (VW(z —y), (t(z) — t(y))) dp x p = /Rd (w, t) dp.

On the other hand, since [OW|(1) < 400, using the inequality Wa((24+t8) 4, p) <
||t||L2(M;Rd) we get

[t die = oW el

changing the sign of ¢ we obtain

[ty di| < 0wl el

and this proves that w € L2(u;R?) and that ||w| > < [OW|(u).

Now we prove that if w = (VW) x u € L?(u; RY), then it belongs to W ().
Let us consider a test measure v € D(W), a plan v € I'(i, v), and the directional
derivative of W along the direction induced by ~. Since the map

WA =) (@1 —a2) + U1 —yo)) = Wzr — a2)
t

is nondecreasing w.r.t. ¢, the monotone convergence theorem, the fact that VW
is an odd function, and (4.98) give

(L =)+ t7%) gy = W(p)
W) =Wy > lim —

1
= 5/ (VW (21 —22), (y1 — 1) — (Y2 — x2)) dy X ¥
R2d x R2d

/ (w(z1),y1 — 21) dy(z1,91),
R2d

and this proves that (2 x w)xp € OW(u). O
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4.5.6 The opposite Wasserstein distance

In this section we compute the (metric) slope of the function ¢(-) := —1WZ(-, u?),
i.e. the limit W20 i) — W2 122)
Z i 2 \Vs 107) — 2 (M [ _ a . 4.103
1rl?ij Wa(v, 1) 09| (1); ( )

observe that the triangle inequality shows that the “lim sup” above is always less
than Wy (p, 42); however this inequality is always strict when optimal plans are
not induced by transports, as the following theorem shows ([9, Theorem 10.4.12]);
the right formula for the slope involves the minimal L? norm of the barycentric
projection of the optimal plans and gives that the minimal selection is always
induced by a map. We recall that, given v € I'(u, v), the barycentric projection
4 is the map in L?(u) characterized by w#(y’y) = Au, or equivalently by

/ yo(x) dy = / F(@)p(x) du(z) Vo € CZ(RY).
R4 xR R4

Theorem 4.20 (Minimal subdifferential of —1W3(-,v))
Let ¢p(p) = =3 W3 (p, ). Then

op(p)={Fy—i: yeT,(v)} Vi € Po(RY).

In particular

0P = min{ [ i du: v e Tt} e 2R, (w10

and 0°Y(u) = 4 —1 is a strong subdifferential, where 7y is the unique minimizing
plan above.

Finally 1 — |0v|(p) is lower semicontinuous with respect to narrow convergence
in P(R?), along sequences bounded in Po(R?).

4.5.7 The sum of internal, potential and interaction energy

In this section we consider, as in [29], the functional ¢ : P5(R?) — (—o0, +]
given by the sum of internal, potential and interaction energy:
1

o(p) == /RdF(u)dx-l- RdVdu+ 5

/ Wdpx p if p=u2?, (4.105)
R4 xR

setting ¢(u) = +ooif 4 € Po(R?)\ 2¢(RY). Recalling the “doubling condition”
stated in (4.78), we make the following assumptions on F', V and W:

(F) F : [0,4+00) — R is a doubling, convex differentiable function with su-
perlinear growth satisfying (4.71) (i.e. the bounds on F~) and (4.76)
(vielding the geodesic convexity of the internal energy).

(V) V: R4 — (—o00,+0oq] is a Ls.c. A-convex function with proper domain
D(V) with nonempty interior 2 C R<.
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(W) W :R? — [0, +0c0) is a convex, differentiable, even function satisfying the
doubling condition (4.93).

The finiteness of ¢ yields

supppu C Q= D(V), u(09) =0, (4.106)

so that its density u w.r.t. Z¢ can be considered as a function of L!(2).
The same monotonicity argument used in the proof of Lemma 4.14 gives

Joa VA((1 = )i +tr)pp — [oa Vdp _
t

+00 > lim / (VV,r — i) du, (4.107)
t]l0 R4
whenever both [p, Vdp < +o0 and [5, V drup < 4o0.
Analogously, denoting by W the interaction energy functional induced by
W /2, arguing as in the first part of Theorem 4.19 we have

WL = 8)a + tr)yep) = W(p)
t

+00 > lim = / (VW) xp),r — 1) du, (4.108)
tl0 Rd

whenever W(u) + W(rxp) < +o0o. The growth condition on W ensures that

w € D(W) implies rup € D(W) if either 7 — 4 is bounded or r = 2¢ (here we

use the doubling condition).

We have the following characterization of the minimal selection in the sub-
differential 9°¢(u):

Theorem 4.21 (Minimal subdifferential of ¢) A measure p = u.2?% € D(¢) C
Py (RY) belongs to D(|0¢|) if and only if Lr(u) € VVlicl(Q) and

uw = VLp(u) +uVV +u(VW)xu  for some w e L*(u;RY).  (4.109)
In this case the vector w defined p-a.e. by (4.109) is the minimal selection in

Op(p), i.e. w=0¢(p).

Proof.  We argue exactly as in the proof of Theorem 4.16, computing the

Gateaux derivative of ¢ in several directions 7, using Lemma 4.14 for the internal

energy and (4.107), (4.108) respectively for the potential and interaction energy.
Choosing r = i + t, with t € C2°(; R?), we obtain

- [ Levetdos [ (Vi [ (W)t duz 00l 2.
R4 R4 R4

(4.110)
Since V is locally Lipschitz in 2 and VW = v is locally bounded, following the
same argument of Theorem 4.16, we obtain from (4.110) first that Lg(u) €
BVioe(R?) and then that Lp(u) € WL (R?), with

VLp(u)+uVV +u(VW) xu=wu for some w € L?(u;R?) (4.111)

with [lwl|rz < [0¢](p).
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In order to show that the vector w is in the subdifferential (and then, by
the previous estimate, it is the minimal selection) we choose eventually a test
measure v € D(¢) with compact support contained in 2 and the associated
optimal transport map 7 = ¢;;; Lemma 4.14, (4.107), (4.108), and Lemma 4.15
yield

6w) = 0) 2 56 (1= 1)+ 1)) |y,

:—/QLF(U)V~(r—i)dm—&—/ﬁ(VV,r—i)du—F/Q<(VW)*u,r—i>d,u

Zlimsup/ <VLF(u),r7i>thx+/ (VV + (VW) s u,r — i) du
h—oo JQ Q

= lim sup/ (VLp(u) + uVV +u(VW) xu, r — )X}, dx
Q

h—o00

:/Q<uw,r7i>dx:/g<w,r7i>d,u.

Finally, we notice that the proof that w belongs to the subdifferential did not
use the finiteness of slope, but only the assumption (previously derived by the
finiteness of slope) that Lp(u) € WL (Q), (4.109), and ¢(u) < +o0; therefore

loc
these conditions imply that the subdifferential is not empty, hence the slope is
finite and the vector w is the minimal selection in d¢(u). O

An interesting particular case of the above result is provided by the relative
entropy functional: let us choose W = 0 and

F(s):=slogs, ~:= %e‘v c gl = e~ V@)tlog2) | pd

with Z > 0 chosen so that y(R?) = 1. Recalling Remark 3.16, the functional ¢
can also be written as

o(n) = H(uly) —log Z. (4.112)

Since in this case Lr(u) = u, a vector w € L?(u;R?) is the minimal selection
0°p(u) if and only if

[ V@) due) = / (w(z), ¢(2)) du(z) — / (VV(2), ¢(2)) du(z),

R4 R Re
(4.113)
for every test function ¢ € C2°(R%;RY); (4.113) can also be written in terms of
_ dp
p=1{as

- / PV e V() dr = / pwle), e O¢()) d, (4.114)

R

which shows that pw = Vp.
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5 Gradient flows of \-geodesically convex func-
tionals in 22, (RY)

In this chapter we state some structural results, concerning existence, unique-
ness, approximation, and qualitative properties of gradient flows in 2, (R%)
generated by

a proper and ls.c. functional ¢ : P5(RY) — (—o0, +o). (5.1a)
We will also assume that

¢ is A-geodesically convex, according to Definition 3.1. (5.1b)

Since we are mostly concerned with absolutely continuous measures, some tech-
nical details will be simpler assuming that

D(|0o¢]) ¢ 25 (RY); (5.1c)

finally, the (simplified) existence theory we are presenting here will also require
that for some 7, > 0

1
the map v +— ®(7, ;) = EWQQOA v)+ ¢(v) admits at least (5.1d)

a minimum point p,, for all 7 € (0, 7,) and p € P(X).

Notice that (5.1b) gives that any minimizer y, in (5.1d) belongs to 2¢(R%),
due to Lemma 4.4.

Remark 5.1 (5.1d) is slightly more restrictive than lower semicontinuity in
Z5(R%); by the standard direct method in Calculus of Variations, it surely
holds if ¢ satisfies the following coerciveness-l.s.c. conditions:

1
inf 5 - 5.2
ue;l(Rd)qs(M) T gy, malu) > oo, (5.22)
tn — 1 narrowly in P(R?)
=

sup ma(py) < +00 lim inf ¢(p1,) > B(p). (5.2b)

n—oo

Another sufficient condition yielding (5.1d) and satisfied by our main examples
is (5.61): it will be introduced in the “existence” Theorem 5.8.

The inclusion (5.1¢) is a simplifying assumption, which ensures that the
flows stay inside the absolutely continuous measures, thus avoiding more com-
plicated notions of subdifferentials (see Chapter 11 of [9], where this restriction
is completely removed).

Definition 5.2 (Gradient flows) We say that ju, € ACZ_ ((0,+00); P2(R%))
18 a solution of the gradient flow equation

vy € —0¢() >0, (5.3)
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if, for L -a.e. t > 0, uy € P$(RY) and its velocity vector field v, € Tan,,, P2(R?)
belongs to the subdifferential (4.20) of ¢ at ps.

Recalling the characterization of the tangent velocity field to an absolutely con-
tinuous curve, the above definition is equivalent to the requirement that there
exists a Borel vector field v; such that

vy € Tan,, Z5(RY) for Lt-ae. t > 0, el 2 (uira) € Line(0,400),  (5.4a)
the continuity equation
Ope +V - (vgpy) =0 in R? x (0, +00) (5.4b)
holds in the sense of distributions according to (2.46), and finally
—vy € 0¢(py) for Ll-ae. t > 0. (5.4c)

Before studying the question of existence of solutions to (5.3), which we will
postpone to the next sections, we want to discuss some preliminary issues.

5.1 Characterizations of gradient flows, uniqueness and
contractivity

Theorem 5.3 (Gradient flows, E.V.I., and curves of Maximal Slope)
Let ¢ : P5(RY) — (—o00,+o0] be as in (5.1a,b). An absolutely continuous curve
1€ ACE . ((0,+00); Z2(RY)) with py € P5(RY) for L -a.e. t € (0,400) is a

loc

gradient flow of ¢ according to Definition 5.2 if and only if it satisfies one of
the following equivalent characterizations:

i) There exists a Borel vector field v, with ||0¢||2(,,.ray @ Li (0, +00) such
that

Oupir + V- (Vepe) =0 in RY x (0, +00), (5.5a)

in the sense of distributions, and

~ [ (ot =) < 6l0) — o) — WE o) Vo € D), (550)

L1-a.e. in (0,+00).

120(:(07 +OO) (Zn particu—

lar the velocity vector field v, € Tan,, P5(R?)) satisfying the continuity
equation

Oupir + V- (Depe) =0 in RY x (0, +00), (5.6a)

ii) Bvery Borel vector field ©; with [|0¢][12(,,;re) in L

in the sense of distributions, satisfies the variational inequality

_ /R (04,85, — ) dpe < (o) — D) — %Wg(a, pi) Yo € D(¢), (5.6b)

fort € (0,400) \ A, A being a L-negligible set.
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iii) The metric Evolution Variational Inequalities

Le
2dt
hold for every o € D(¢).

W3 (us,0) + %Wg(ut,a) < (o) — p(ue) for Lr-ae. t>0 (5.7)

i) The map t — ¢(ue) s locally absolutely continuous in (0,+00) and
d 1, 1.y ) ,
—ﬁ(ﬁ(ﬂt) > §||Ut||L2(m;Rd) + 5\3¢| (ue) ZL*-a.e. in (0,+00). (5.8)
v) The map t — ¢(ut) is locally absolutely continuous in (0,+00) and
d .
—$¢(Nt) = [[vill 22, ma) = 100 (1) £ -a.e. in (0,+00). (5.9)

In particular, (5.3) and v) yield

—v; = 0°¢(uy)  for Lt-a.e. t > 0. (5.10)

Proof. i) If y; is a gradient flow according to Definition 5.2, recalling the
property of the subdifferential (4.37), it is immediate that p; and its velocity
vector field v, satisfy (5.5a,b).

Conversely, suppose that ©; satisfies (5.5a,b) and let us denote by v; €
Tan,, Z5(R?) the tangent velocity vector of u;. Since, by (2.55), for £!-a.e.
t > 0 v, is the orthogonal projection of ©; on Tan,, %5(R?), the difference
vy — vy is orthogonal to the tangent space, and therefore by Theorem 2.22 we
have

/ (0 — v, b, —i)duy =0 Vo€ Py(RY),  for Llae. t>0. (5.11)
R4

As a consequence, v; fulfills (5.5b) for #!-a.e. t, and this property characterizes
the elements of the subdifferential.
ii) follows by the same argument, thanks to (5.11).
iii) Assume that (5.7) holds for all o € D(¢). For any o € D(¢) fixed, the
differentiability of W# stated in Lemma 2.21 gives
1d 2 . o 1
——W5 (e, 0) = (vg,8 — ¢ Ydue for L -ae. t € (0,400).
2dt Rd fe

Therefore we can find, for any countable set D C D(¢), a £!-negligible set of
times A such that

. A
- [t =i < 6(0) = o) = §WE o) (512
holds for all t € (0,400) \ NV and all ¢ € D. Choosing D to be dense relative to

the distance Wa(p, v) + |d(1) — ¢(v)| in D(¢), we obtain that (5.5b) holds for
all t € (0,+00) \ V. The converse implication is analogous.
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iv) If p; is a gradient flow in the sense of (5.3), taking into account that
AR ||’Ut||L2(Mt;]Rd) and that |0¢(u)| < H'Ut”[p(ut;Rd) (by (4.52)) we obtain

|06 (pe)|1t] € Lioe (0, +00).

Thanks to the A-convexity and the lower semicontinuity of ¢, this implies
(see Corollary 2.4.10 in [9]) that ¢ — ¢(ue) is locally absolutely continuous
in (0, +00). Then, the chain rule (4.55) easily yields

~ o) = [ o ds = 06 ) (513)

for #'-a.e. t > 0, and therefore (5.8).

Conversely, if t — ¢(u:) is locally absolutely continuous and p; satisfies
(5.8), we know that d¢(u;) # 0 for £ -a.e. t > 0; thus the chain rule (4.55)
shows that

icp(t) = / (&, v))dpy V€€ 0p(uy), for L'-ae. t > 0. (5.14)
dt R4

Choosing in particular &, = 8°¢(u;), for L -a.e. t > 0 we get

[ (Gl + 516 + (€ew) die < 0. (515)

It follows that
&,(x) = —vi(z) for pp-ae. x € RY

i.e. V¢ = —8O¢(,U,t).

v) is equivalent to iv) by the previous argument. O

Remark 5.4 The “purely metric” formulations (5.7) or (5.8) do not require
that p; is an absolutely continuous measure at Z'-a.e. t € (0,4+00) and do
not depend on an explicit expression of the subdifferential of ¢, as only the
metric slope is involved; therefore they can be used to define the gradient flow
of ¢ under more general assumptions: again, we refer to [9] for a complete
development of this approach. Different points of view have been considered in
[29, 76].

Theorem 5.5 (Uniqueness and contractivity of gradient flows) If u! :

(0, +00) — P5(RY), i = 1,2, are gradient flows satisfying pi — p* € Py(RY)
ast | 0 in Po(R?), then

Wa(ub, p2) < e MWa(ut, u?) YVt > 0. (5.16)

In particular, for any po € P2(RY) there is at most one gradient flow p; satis-
fying the initial Cauchy condition py — pg ast | 0.

Proof. 1If u}, u? are two gradient flows satisfying the initial Cauchy condition
pi— ptast | 0,i=1,2, by the E.V.I. formulation (5.7) we can apply the next
Lemma 5.6 with the choices d(s,t) := W2 (ul, u?), 6(t) := d(t,t), thus obtaining
§ < —2M4. Since 6(04) = W2(ut, u?) we obtain (5.16). O
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Lemma 5.6 Let d(s,t) : (a,b)?> — R be a map satisfying
jd(s,t) — d(s", )] < [v(s) —o(s')],  |d(s,t) = d(s, )] < [v(t) = v(t)]

for any s, t, ', t' € (a,b), for some locally absolutely continuous map v :
(a,b) — R and let 6(t) := d(t,t). Then ¢ is locally absolutely continuous in
(a,b) and

d d(t,t) —d(t — h,t d(t,t +h) —d(t,t
—4(t) < limsup (t1) = d{ ’ )—i—limsup (t,t+h) = dt,t)
dt h10 h R0 h

ZLa.e. in (a,b).

Proof.  Since |§(s) — §(t)| < 2|v(s) — v(t)| the function ¢ is locally absolutely
continuous. We fix a nonnegative function ¢ € C¢°(a,b) and h > 0 such that
+h +supp( C (a,b). We have then

/5 t+h Clth) =), _ /C d(z;L—h,t—h)dt

/C(t) ) *z( ) dt+/ C(t+h) (t’”h]i*d(t’t)dt,

where the last equality follows by adding and subtracting d(¢ — h,t) and then
making a change of variables in the last integral. Since

“Hd(t,t) —d(t — h,t)| < h 7 u(t) —v(t — h)| — [v/(t)] in Li.(a,b) as h | 0

and an analogous inequality holds for the other difference quotient, we can
apply (an extended version of) Fatou’s Lemma and pass to the upper limit in
the integrals as h | 0 (recall that Fatou’s lemma with the limsup holds even for
sequences bounded above by a sequence strongly convergent in L!); denoting
by « and ( the two upper derivatives in the statement of the Lemma we get
— [6¢"dt < [(a+ B)¢ dt, whence the inequality between distributions follows.
O

5.2 Main properties of Gradient Flows

In this section we collect the main properties of the gradient flow generated by a
functional ¢ : P(R?) — (—o0, +00| satisfying the assumptions (5.1a,b,c). We
limit this exposition to functionals ¢ whose modulus of (geodesic) convexity is
quadratic (A-convexity according to Definition 3.1); more general assumptions
could also be considered as in [29)].

Theorem 5.7 (Main properties of gradient flows) Let us suppose that ¢ :

P5(RY) — (—o0,+o0] satisfies (5.1a,b,c) and let us suppose that its gradient

flow py exists for every initial value pg € D, D being a dense subset of D(¢).

A-contractive semigroup. For every ug € W there exists a unique solution
= Sluo] of the Cauchy problem associated to (5.3) with limg oy = po-
The map o — Stlio] i a A-contracting semigroup on D(9), i.e.

Wa(S[uo(t), S[o](t)) < e MWaluo, o) Y ho, vo € D(@).  (5.17)
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Regularizing effect. S; maps D(¢) into D(0¢) C D(¢) for every t > 0,

the map t — e*'|0¢|(11¢) is non increasing, (5.18)
and each solution u; = Siluo] satisfies the following regularization esti-
mates: 1

P(pe) < §W22(M0,0)+¢(V) ifA=0

A (5.19)

P(pe) < mWS(MOaU) +o(v) ifAF#0

_ox- A 1
e A 09 () < |3¢>\2(V)—Q*tWS(Mt,U)thng(#ovV)
A t
— ?2/0 W2 (s, v)ds (5.20)

for every o € D(09).

Energy identity. If v, € Tan,, &% (RY) is the tangent velocity field of a gradi-
ent flow py = St[po], then the energy identity holds:

b
/ /Rd lve ()2 dpg () dt 4 () = D(pa) V0 <a<b<+oo. (5.21)

Asymptotic behavior. If A\ > 0, then ¢ admits a unique minimum point [
and for t > tg we have

23 ) < ) — 0 < o l00P () VEZ0,  (5.220)
Wa (s, 1) < Walpua), f)e 2710, (5.22b)
Bp) — 6() < (9pmy) — $() ) =010, (5.220)
06| (1) < [0 (s, )e 710 (5.22d)
If A =0 and @ is any minimum point of ¢ then we have
0l < 2L o) - oy < U)o

the map t — Wo(ue, t) is not increasing.

Right and left limits, precise pointwise formulation of the equation.
For every t > 0 the right limit

Hi+h
t#t

vy = 1}5% exists in L2 (pg; RY) (5.24)
and satisfies
—viy = 0%(pe) Vit >0, (5.25)
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0 == [ loes i = —16P () Ve>0. (526)
+

(5.24), (5.25), and (5.26) hold at t = 0 iff pg € D(9¢p) = D(|0¢|). More-
over, there exists an at most countable set C C (0,400) such that the
analogous identities for the left limits hold for every t € (0,400) \ C:

Ht—h
vo = lim 2 = —9°p (),
; BlO R ¢ Wite(0,+00)\C.  (5.27)
— () = —|0¢]* (e)-

dt_
Proof.

Regularizing effect. We first observe that for every h > 0 the map ¢ — pyyp
is still a gradient flow, and therefore estimate (5.16) yields

Wopean, ) < e ETOW, (g yns i) V0 < tg < t < 400. (5.28)

Setting
Wa(patn, pie)

§(t) := limsup t>0, (5.29)
h10 h
(5.28) yields
the map ¢+ e§(t) is nonincreasing. (5.30)

We denote by .4 the subset of (0, 4+00) whose points tg satisfies i, € D(9¢) C
Z%(R?), the metric derivative of y; coincides with [v¢]|2(,,.re) and —vy, =
0°P(ur,): by the definition of gradient flow, Theorem 2.15, and point v) of
Theorem 5.3, £*((0,400) \ V) =0 and

0(t) = Vel L2 (pueg ity = 1001 (1) < 400 Vit € (0, 400) \ N; (5.31)

in particular, (5.30) yields 6(t) < +oo for every ¢ > 0.
We want to show now that

5(t) = 06| () Yt > 0. (5.32)

Integrating the E.V.I. (5.7) in the interval (¢,¢ + h) and dividing by h we get
for every o € D(¢)

1 [ A
i (0 + G ds = o)
1
_QhWZ(/u‘ta ) %Wg()u’t-l-}wg) (533)
147
SW(Wz(M,U)ﬁ-Wz(NHh,U))
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Passing to the limit as A | 0 and recalling that the map ¢ — ¢(u;) is (absolutely)
continuous, we obtain

8(0) — 9(0) + S W3(u,0) < 5(0)Walpe,0), (539

which yields
0] (ue) < 6(t) Vit =0. (5.35)

Choosing o := p; in (5.33), and rescaling the integrand, we can use (4.40) to
obtain

1 1 [t A
Thngz(ﬂwrh,/it) < E/o (éf’(ﬂt) — ¢(pttns) — 5W22(/~Lt+hs, Mt)) ds

L w( P W (b
<106/ (110) 2 Mt}:rshs,ut) Y i 2(Ut}-;-h  Ht) ds.

Passing to the limit as h | 0 we obtaln

6*(t) < |8¢|(Mt)/0 o(t)s ds = %|3¢|(ut)5(t), (5.36)

which yields (5.32) and in particular (5.18).
The estimates (5.19) follow easily by integrating in the interval (0,¢) the
following form of (5.7)

L W3 10,0) + 6(0) < (o) (531)

and recalling that ¢ — ¢(u) is nonincreasing; when A # 0 we get

e —1

At t d eAs ) t N
< _ S
5 ¢(ut)_/0 73 Wz(M87U)d5+/O e**¢(0) ds

eM— 1

——4(0).

In order to show (5.20) we apply (5.18), the fact that — % ¢(u;) = |0¢|* (1) and
finally the E.V.I. to obtain

1
S §W22(,U0,0') +

672)\ tt2

a0 < /O se™ *|9[2(us) ds < — /0 s(8(us)) ds
=/O P(ps) ds — to(pus)

< H0(0) ~ (1)) + 5 W3 (o, )

If o € D(9¢), using (4.40) we can bound the right hand side by
1
1061(0)Wapes0) — 5 (A + WS (1, 0) + 5 WE (1o, o / W3 (0

2 5 tA
S 5|8¢| ( )_ 7W2 (:U/ta )+ W2 Ho, 0 W2 Hs, T
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which yields (5.20).

A-contractive semigroup. Thanks to the A-contraction estimate of Theo-
rem 5.5, it is now easy to extend the semigroup S defined on D to its closure,
which coincides with D(¢). Observe that each trajectory u; of the extended
semigroup still satisfies the E.V.I. formulation (5.7); moreover, the previous
regularization estimates show that ¢ — g, is locally Lipschitz and p, € D(]0¢|)
for every ¢ > 0, in particular u; € 22¢(R%) for every t > 0. Theorem 5.3 then
shows that u; is a gradient flow for ¢.

Energy identity. It is an immediate consequence of (5.9).

Asymptotic behavior. When \ > 0 (5.28) shows that for every gradient flow
e the sequence k — py, satisfies the Cauchy condition in P (R?), since

Wa(pt1, ) < € Walpug, pe—1). (5.38)

Therefore it is convergent to some limit fi; (5.19) and the lower semicontinuity of
¢ show that i is a minimum point for ¢; in particular, the constant curve t — [
is a gradient flow. (5.22b) is a particular case of the A-contraction property
(5.17) and in particular it shows that the minimum point 7 is unique, when
A>0.

The inequality (5.22d) is simply (5.30), while (5.22a) is a general property
of \-geodesically convex functions (even in metric spaces, see Theorem 2.4.14 of
[9]): for, if u € D(J¢), property (4.40) of the slope and Young inequality yield

A 1
o) — o(i) < 100 ()Wa(p, i) — §W22(u,/1) < §|3¢|2(M)- (5.39)
For the opposite inequality, being 0 € d¢(fi), from (4.37) we easily get
A
() = d(7) = W3 (. 1)- (5.40)

The estimate (5.22c) now follows by observing that (5.39) yields

D (6(n) — o) = ~106P () < —2A(0(e) —6(M). (5.41)

Right and left limits, precise pointwise formulation of the equation.
Here, for the sake of simplicity, we are assuming that A > 0.

We already know that 9¢(u) is not empty for t > 0: we set &, = 0°¢(uy);
since the slope |9¢| is lower semicontinuous (see (4.43)) and the map t —
|0¢|(11¢) is nonincreasing, we obtain

1061(pe) = 1im |0 (s11-n)- (5.42)
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Moreover, the map ¢ — ¢(u;) is absolutely continuous, nonincreasing, and its
time derivative coincides .#'-a.e. with the nondecreasing map —|9¢|%(u¢); it
follows that t — ¢(u¢) is continuous and convex, so that

T d(pren) — G(pe)
Haéﬁ(ﬂt) = 1}1?3 Y

Let now fix t > 0 and an infinitesimal sequence h,, such that

= —|0¢|* (1) = —6%(t) Vt>0. (5.43)

Hith .
ty, ™ —1

o = weakly in L (ug; RY). (5.44)
n
By the definition of subdifferential, it is immediate to check that
d -

100 () = 1€l 0 = G0 = [ €t di (549

On the other hand
[0l 2(uemay < 0(E) = €411 L2 (u0sme)- (5.46)

It follows that v, = —§&,; since the limit is uniquely determined independently

of the subsequence h,,, we obtain that

1}5101 e~ — ¢, weakly in L2(pug; RY). (5.47)
On the other hand
t“t+h oz
lim sup ’ ad ¢ = lim sup Walpte, ftevn) =0(t) = 1€l L2y ire)
hio he lpegurey  nlo h ’

and therefore the limit in (5.47) is also strong in L?(u; RY).

The same argument can be applied for the left limit at each continuity point
of the map t — |0¢|(u¢) (whose complement C in (0, +00) is at most countable)
i.e. for every t such that

i |96] (s11-n) = |01 (1), (5.48)
observing that in this case
d
H%Cf)(#t) = *|3¢‘2(Nt) (5.49)

and (by the Zl-a.e. equality of |u| and |0¢(u:)| and the monotonicity of
|0¢(p1t)])

WZ(Mtfha,Uft) _ l K
h h Jen

and therefore for any t € (0, +00) \ C we have

1 t
il ds = 5 / 100] (1) ds < |06](ue_n),  (5.50)
t—h

Ht—h 3
tu, " —1
h

= lim sup

W- _
Walti-mt) < \agi(u).  (5.51)
L2(ueRd) k1O h

lim sup ’
R1O

O
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5.3 Existence of Gradient Flows by convergence of the
“Minimizing Movement” scheme

The existence of solutions to the Cauchy problem for (5.3) will be obtained
as limit of a variational approximation scheme (the “Minimizing Movement”
scheme, in De Giorgi’s terminology [36]), which we will briefly recall.

The variational approximation scheme. Let us introduce a uniform par-
tition P, of (0,400) by intervals I” of size 7 > 0

Pr={0<ti=r<t=2r<--<tl=nr<--}, I':=((n-1)7,n7],

and a given family of “discrete” values M? approximating the initial value pg €
D(¢) so that

M? — o in Po(RY),  H(MP) — p(uo) as | 0. (5.52)

If (5.1c) and (5.1d) are satisfied, for every 7 € (0,7.) we can find sequences
(M) en C P%(RY) recursively defined by solving the variational problem
1 o2

minimizes p — ®(7, M* Y ) = — W3 (u, MP 1) + (). (5.53)

MTL
2T

We call “discrete solution” the piecewise constant interpolant
M. (t) :=M" ifte ((n—1)1,n7], (5.54)

and we say that a curve y; is a Minimizing Movement of ¢ starting from
o, writing p; € MM (®P; po), if there exists a family of discrete solutions M,
such that

M,(t) = py  in Py(RY) for every t >0, as7 | 0. (5.55)

In order to clarify why this variational scheme provides an approximation of

the Gradient Flow equation (5.3), we introduce the optimal transport maps
n—1

t! = t%; pushing M to M"~!, and we define the discrete velocity vector

V" as (¢ —t)/7. By Lemma 4.4 and Theorem 4.20

th—1

V"=

T

€ dp(M?), (5.56)

which can be considered as an Euler implicit discretization of (5.3). By intro-
ducing the piecewise constant interpolant

Vi(t):=V" ifte((n—1)r1n7l, (5.57)

the identity (5.56) reads

—V,(t) € 0¢(M,(t)) fort > 0. (5.58)
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By general compactness arguments, it is not difficult to show that, up to subse-
quences, V, M, — vy in the distribution sense in R¢ x (0, +00), for some vector
field v(t, ) = v¢(z) satisfying

Oy + V- (vpp) =0 in R x (0,400),  [|vg]l 2, me) € Line (0, +00). (5.59)

The main difficulty is to show that the nonlinear equation (5.58) is preserved in
the limit.

Here we present two proofs of this fact based on two qualitatively different
assumptions: the first one is a coercivity assumption: for every C > 0 the
sublevels

{u € PyRY) : () < C, my(p) < C’} are compact in Po(RY).  (5.60)

The second one is a strong converity assumption: for every p € D(]0¢|) and
00, 01 € D(¢)

5 6(02) — S WE(a0,00)5°

is convex in [0, 1]. (5.61)
o5 = ((1- st + Stzl)# 1

the map

The first assumption is typically satisfied when the domain of ¢ consists of

measures supported in a bounded domain (as in this case convergence in %5 (R?)
reduces to the narrow convergence). The second assumption is slightly stronger
than A-convexity along geodesics (corresponding to the case when either p = o
or u = oy), but it happens that the conditions imposed on the internal, potential
and interaction energy functionals to ensure convexity along geodesics, ensure
(5.61) as well. The same phenomenon occurs for —WZ(-,v), that turns out to
satisfy (5.61) with A = —1.
In [9] (see in particular Theorem 11.3.2 therein) one can find more general results
where one imposes only compactness with respect to the narrow topology of
Z(R?) and convexity along geodesics: in this case one has to impose that both
¢ and |0¢| are lower semicontinuous with respect to the narrow convergence,
an assumption that is fulfilled in many cases of interest. However, the proof of
these convergence results is much harder, compared to the one presented here,
and it involves a deep wvariational interpolation argument due to DE GIORGI.

Theorem 5.8 (Existence and approximation of Gradient Flows) Let us
assume that ¢ : Po(R?) — (—o0,+oo] satisfy (5.1a,b,c) and at least one of
the conditions (5.60), (5.61) hold. Then for every po € D(¢p) there exists a
unique solution p; of the gradient flow (according to Definition 5.2) satisfying
the Cauchy condition

ltllr{)l e =po in Pa(RY). (5.62)

Moreover, for every choice of the discrete initial values MY satisfying (5.52), the
discrete solutions M, (t) converge to j; in Po(RY), uniformly in each bounded
time interval.
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Finally, if condition (5.61) holds with X\ > 0 and M? = g € D(®), for every
t = kT € P, we have the a priori error estimate

. 2
W3 (10, M- (1) < 7(6(10) = 6+ (10) < 10610, (5:63)
where we set
1
o (p) = yeézgf(Rd) o(v) + EWQZ(M’ v) = ueglf(ﬂ{d) O(7, u; v). (5.64)

We give two separate proofs of this result, in the coercive case and in the
strongly convex case. For the sake of simplicity, we also assume that ¢ > 0; the
a priori estimates needed in the more general coercive case can be found in [9].

Proof of Theorem 5.8 in the coercive case.
A priort estimates. We easily have

T WR(Mp, M7V

5 o + (M) < ¢(MP™H), (5.65)

which yields

+oo n n—
oM7) < 6(MY) ynen, Y WIMEDMIT)  2000)

= <= (5.66)
n=1
In terms of M, this means that
sup (M, (1)) < ¢p(M?) YT > 0. (5.67)
>0
From the last inequality of (5.66) we get for 0 <m <n
"L Wo(ME, MET)
Wao (M, M™ WollMy, My )
Q(M-r ) M‘I’ ) <7 Z T
k=m+1
" wzark, 1)\ 172
=7 Z 72 ((n B m))
k=1
1/2 1/2
< (2¢(M£)) ((m—n)T) . (5.68)

Compactness and limit trajectory p;. (5.68) and (5.52) show that in each
bounded interval (0,7 the values {¢(M,(t))},>o are bounded and {M,(t)},=0
are bounded in %,(R?), thus belong to a fixed compact set of #5(R?) thanks
to the coercivity assumption (5.60).
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By connecting every pair of consecutive discrete values M"~! M" with a
constant speed geodesic parametrized in the interval [tn=1,¢7], we obtain by
(5.68) a family of Lipschitz curves M, satisfying

Wa (M, (t), M, (s)) < O(t — s)V/2,

Wo(M(t), M.(t)) < Cy/T Vi, sel0,T], (5.69)
where C' is a constant independent of 7. Since the curves M, are uniformly
equicontinuous w.r.t. Was, Ascoli-Arzela Theorem yields the relative compact-
ness of the family {M,, }hen in C°([0, T]; P2(R%)) for each bounded interval
[0, T); we can therefore extract a vanishing sequence (73,) such that M, (t) — p
in P5(R%) for any t € [0, +00).

Space-time measures and construction of v. Recall that t” is the optimal
transport map pushing M” to M"~1, and that the discrete velocity vector V.
is defined by (¢ — ¢}) /7. Let us introduce the piecewise constant interpolants
t-(t): =t} ifte((n—1)7,n7l. (5.70)
For every bounded time interval It := (0, 7], denoting by X7 := R? x Iy, we
can canonically identify T-'M, and T~ 'u to elements of P,(Xr) simply by
integrating with respect to the (norgalized) Lebesgue measure T~ 1% in Ir.
Therefore V; is a vector field in L?(M,;R?%) and (5.66) yields

T JR— — JR— —
//m(ag,t)ﬁdMT(x)dt:/ IV (2, )2 A3+ (2, 1)
0 R4 Xr

IV 61)
oy Wl oy,
n=1

Hence, by Theorem 4.6, and taking into account the convergence in %5 (Xr) of

T='M, to T~ 'y, the family V, has limit points as 7 | 0. We denote by v the

limit (up to the extraction of a further subsequence, not relabeled) of V', .
Then, (4.46) and (5.71) give

/ |'u(x,t)|2du(a:,t)§liminf/ V., (2, )2 A0, () < 26(0).  (5.72)
Xr h— Xr

o0

The limits u, v satisfy the continuity equation (5.4b). The following
argument was introduced in [57]. Let us first observe that for every 1) € C2°(R?)
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we have
[ 6@ i@ - [ vl diT (¢ - 7))
R4 R4
= [ (@) = 06 0.0) T (0)2)
= [ (Vla)n E ) AT () + <l 1)
=7 [ (V@) V@) d (0)(0) + (1)

where, for a suitable constant Cy depending only on the second derivatives of

(8

le(m, ¥, t)| =

[, (#12) = 0fEa) = Vi) - (@~ .)) dFT, ()
< Cy /Rd |z — T, (2,1)|? dM, (t)(z) = Cy7? /]Rd |V7(x,t)|2 dM . (t)(z).

Choosing now ¢ € C((0,T) x R?), applying the estimate above with 9(-) =
»(t,-) and taking into account (5.71), we have

— Opp(x,t) dp(z,t) = lim — ovp(z,t)dM,, (z,t) =
X h—o0 X
— hlim —7—}:1 / ((p(x,t—l— Th) — go(x,t)) dM,,-h ({E,t)
—00 X

T
~ lim <w(t,x),ﬁh>dmh(a:,t)+T;1/ (. $(t, ), 1) dt
0

h—o0 X

= / (Ve(t, z),v) du(z, t).
Xr

The limits p, v satisfy the equation —v; € 9¢(u;). For o € Po(R?) fixed
we can use the variational characterization of the subdifferential (4.37) and
(5.58) to obtain

(t) =i, Vo (t)) dM - (t) + AW3 (0, M (1))

—
o~
3

o0) = 6V (0)) — [

Rd

for all 7 > 0, t > 0. Then, we choose a nonnegative n € C°((0,7T)) with
[/ mdt =1 and integrate in time the previous inequality multiplied by n(t) to
find

o(0) > / (M (B))n(t) dt /X (5:(t) — i, Vo(t) dBL, (On(ty e (5.73)

T
A / W2 (0, 31, (t))n (t) dt,
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where 8, (t) is the optimal transport map between M, (t) and o. Next, we set
T = 7 in (5.73) and pass to the limit as h — co. By the lower semicontinuity
of ¢ and the convergence of M,, (t) to yi;, the convergence of the first and third
integrals in the right hand side is trivial. Concerning the second integrals, their
passage to the limit is ensured by the time-dependent version of Lemma 4.7, see
Remark 4.9. Therefore we obtain

T T
mwz[;ammww—/ m;wmowmwm+AAvwwmeMt

Xr

If ¢ € (0,T) is a Lebesgue point for the map

l— <tzt - ia Ut> dﬂh
Rd

choosing a family 7; converging to 7 in the inequality above we get
0(0) 2 olue) ~ [ (87, ~ ivo0) dur
R

As o is arbitrary, (4.37) again gives that —vz € 9¢(usz).

In conclusion, the uniqueness of gradient flows gives that p, v do not depend
on the chosen subsequence, and so there is full convergence as 7 | 0. Finally,
a simple compactness argument based on the equi-continuity of M, gives the
local uniform convergence in [0, +00).

Proof of Theorem 5.8 in the strongly convex case.

We shall only give a brief sketch of the proof (showing a rough error estimate,
still sufficient to prove convergence) in a simplified setting, by assuming that
the strong convexity assumption (5.61) holds for A > 0, ¢ is nonnegative, and

As a preliminary remark, let us observe that if o4 is defined as in (5.61) we
have

V@Wﬂdzéd

A

= (1= WE (. 0) + sWE(uon) = (1) [

< (1 — 8)Wi (i, 00) + sW3(u,01) — s(1 — 8)Wi(0g,01). (5.74)

2
1—8)t7%° + st?* — | du
I H

tzo—z’ +s

2
g0 __ 401
‘ t =t

! —i‘ —s(l—s)

2
)

2
dp

oo __ 401
t# tM

This inequality reflects a nice convexity property of the functional ® defined in
(5.53) and provides the starting point of our estimates.

93



A “metric variational inequality” for M. The first step consists in writ-
ing a variational inequality for the discrete solution, analogous to (5.7): here we
will use in a crucial way (5.61) and (5.74). In fact, it is easy to see that they
yield the following strong convexity property for the functionals s — ®(7, u; o)

1
(7, 1505) < (1= 5)8(7, p;00) + s8(7, g 01) = 5-5(1 = )W (00, 01). (5.75)

Starting from the minimum property (5.53) and applying (5.75) with p =
MY 6o := M, 0:=01 € D(¢), we get

d(r, M2 M) < (1, M"Y 04)

1
<(1 = 8)®(r, M* Y M) + s®(1, M5 0) — ;s(l — s)WE(M?™, o).

The minimum condition says that the right derivative at s = 0 of the right hand
side is nonnegative; thus we find

1
O(r, M ;o) — (1, M2 M) — Ewg(Mf,a) >0 VYoeD(¢), (5.76)

which can also be written as

1/1 1

— (5w 0) = SWE(ME T 0)) < 6(0) — 9(MY)
1
=

W3 (M7, M.

(5.77)
2r

A continuous formulation of (5.77). We want to write (5.77) as a true
differential evolution inequality for the discrete solution M ,, in order to compare
two discrete solutions corresponding to different time steps 7, n > 0, and to try
to reproduce the same comparison argument which we used in Theorem 5.5.
Therefore, we set

+(t) := “the linear interpolant of ¢(M"~1) and ¢(M™)” if t € (1" 1,7
¢ ( ) p T T T T1

i.e.
=t eyt n—1 4n

(b‘l'(t) = f(b(MT ) + f¢(MT) te (t'r 7tr}' (578)
Analogously, for any o € D(¢) we set

2 =1t 9 mo1 A . n—1 4n

WT(t70) = WQ (M‘r ?0—)+ 7W2 (MT70) te (tT 7t7']‘
(5.79)
Since
d

1
ZWE(ti0) =~ (WM, 0) - WEOMI TN ))  te (e,
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neglecting the last negative term, (5.77) becomes

GIWAt:0) < 6(0) — 6r () + 3 A1) VIEOT)\Pr  (5:80)
where we set, for t € (271 ¢7],

1 n _

L0 o0 - B o) 20, o

The comparison argument. We consider now another time step n > 0
inducing the partition P,, a corresponding discrete solution (M,’;), and the
piecewise linear interpolating functions

k k-1

t, — S s
W2, (t,s) = "TWE(t,Mj;) + T"Wf(t,M,’;*l) s €ty ], (5.82)

observing that

W2, (t,s) =W} (s,t) Vs, t>0, W2, (2, sk) = W3 (M, M)). (5.83)

T7°n

Taking a convex combination w.r.t. the variable s € I¥ of (5.80) written for
o:=M}~" and o := M}, we easily get

o1

ot 2
Reversing the roles of  and 7, and recalling (5.83), we also find

01 1

%EWE,U(LL’ 5) < ¢ (t) — dn(s) + 5%’,7(5) t>0, s€(0,400)\ P,. (5.85)
Summing (5.84) and (5.85) we end up with

W2, (1) < by(s) — 6-() + %%(t) t € (0,400)\ Py, 5> 0. (5.84)

%Win(t, 8)+%Wﬁn(s,t) < R (t)+%n(s) te (0,400)\P-, s € (0,400)\Py.
(5.86)
Choosing s =t we eventually find
d
aVt/’fm(t, t) < Z-(t) + %, (t)  te(0,00)\ (PrUP,), (5.87)

and therefore, being ¢ — me(t, t) continuous,

T
W2, (T.T) < WZ,(0,0) +/ (%T(t) - =%,(t)) dt YT >0.  (5.88)
0

Observe now that

400 +oo  ntd +o00
Z-(t) dt = R dt =) r(p(MITY) — (M)
0 ; ! ; ( ) (5.89)
< To(M7),
so that (5.88) yields
W2, (T,T) < W3 (M2, M) + 7¢(M2) + no(My) VT > 0. (5.90)
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Convergence and rough error estimates. Recalling that
WM, M) < 1o(M7), WMy, My~) < (M),
and that, for t € I” N If;,
WE (N, (1), M, (0)) < 3(W2, (4, 1) + WE(M, Mz) + WE(M, M),
we get

sup W3 (M- (t), My (t)) < 3(W3 (M7, M) + 2r¢(M?) + 206 (M), (5.91)

t>0

thus showing that 7 — M, (t) is a Cauchy sequence in P, (R?) for every t > 0.
Denoting by p its limit, we can pass to the limit in (5.90) as 1 | 0 by taking 7
fixed and choosing t € P,, thus obtaining the error estimate

sup WE (N (t), ) < WEMY, o) + 0 (M2). (5.92)

1 s the gradient flow. To this aim, it suffices to check that u; satisfies the
metric Evolution Variational Inequality (5.7) with A = 0 for every o € D(¢).
Starting from the integrated form of (5.80) and recalling (5.89), we get for every
0<a<b< 40

b
SW2(b,0) — W2(a,0) + / br(t)dt < (b— a)plo) + H(MO).  (5.93)
Since
lin W2(1,0) = W3 (re,0),  limninf or(8) = (), limo(MY) = 0(10) < +oc,

we easily get

SWR(i0,0) — Wi aa, 0 / o) dt < (b—a)d(o) Yo € D(@), (5.94)

which yields (5.7). The regularization estimates of Theorem 5.7 (which depend
only on the metric E.V.I. formulation), together with (5.1c), show then that
pe € P3(RY) for t > 0. O

5.4 Bibliographical notes

The notion of gradient flows. There are at least four possible approaches
to gradient flows which can be adapted to the framework of Wasserstein spaces:

1. The “Minimizing Movement” approximation. We can simply consider
any limit curve of the variational approximation scheme we introduced in
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Section 5.3, a “Generalized minimizing movement” in the terminology sug-
gested by E. DE GIORGI in [36]. In the context of &25(R?) this procedure
has been first used in [57, 71, 72, 70, 73] and subsequently it has been
applied in many different contexts, e.g. by [56, 68, 74, 50, 51, 54, 46, 26,
27,1, 52, 43, 10]. It has the advantage to allow for the greatest generality
of functionals ¢, it provides a simple constructive method for proving ex-
istence of gradient flows, and it can be applied to arbitrary metric spaces,
in particular to &2, (R4), the space of probability measures endowed with
the p-Wasserstein distance.

2. Curves of Maximal Slope. We can look for absolutely continuous curves
e € AC2 ((0,400); P2(R%)) which satisfy the differential form of the
Energy inequality

Solm) <~ P(0) ~ 51061 u) < ~lsl(m) - WI(t)  (5.99)

for #1-a.e. t € (0,+00). This definition, introduced in a slightly different
form in [37] and further developed in [38, 64, 9], it is still purely metric and
it provides a general strategy to deduce differential properties satisfied by
the limit curves of the Minimizing Movement scheme.

3. The pointwise differential formulation. It is the notion we adopted in
Definition 5.2 and which requires the richest structure: since we have at
our disposal a notion of tangent space and the related concepts of velocity
vector field v; and (sub)differential O¢(1;), we can reproduce the simple
definition of gradient flow modeled on smooth Riemannian manifold, i.e.

vy € —0d (). (5.96)

The a priori assumption that u; € 23 (RY) avoids subtle technical com-
plications arising from the introduction of “plan-” (or measure valued-)
subdifferentials instead of the simpler vector fields. The general theory,
which also covers the case of an underlying separable Hilbert space of in-
finite dimension, has been presented in [9]. A different approach has been
developed in [29].

4. Systems of Evolution Variational Inequalities (E.V.I.). In the case of
A-convex functionals along geodesics in &25(R?), one can try to find solu-
tions of the family of “metric” variational inequalities

S W (u,v) < 6(0) — 9lu) — SWE(pv) Vv e D). (597
This formulation can be considered as a “metric” version of BENILAN [16]
notion of integral solutions of contraction semigroups in Banach spaces
generated by m-accretive operators; it provides the best kind of solutions,
for which in particular one can prove not only uniqueness, but also various
regularization effects and nice asymptotic behavior. These results are in
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fact completely analogous to the corresponding ones of the Hilbertian
theory, thus showing that they do not strictly depend on the linearity of
the underlying space.

Of course, the fact that such strong formulation always admits a solution
involves the (geodesic) convexity of the functional ¢ and a crucial “curva-
ture” property of the distance (3.27). In [9] we discussed the role of these
properties and presented new existence results in general metric spaces,
extending the previous theory of [65].

Convergence of the variational approximation scheme. The variational
approximation scheme is one of the basic tools for proving existence of gradient
flows.

a)

At the highest level of generality, when the functional ¢ does not satisfy any
convexity or regularity assumption, one can only hope to prove the existence
of a limit curve which will satisfy a sort of “relaxed” differential equation. In
this case the proof relies on compactness arguments: passing to the limit in
the discrete equation satisfied at each step by the approximating sequence
MY, one tries to write a relaxed form of the limit differential equation, as-
suming only narrow convergences of weak type. A possible formalization of
this point of view has been discussed in [9, Thm. 11.1.6] and an application
to fourth order evolution equations is presented in [52] (see also [81] in the

simpler framework of the Hilbert theory).

It may happen that under suitable closure and convexity assumptions on the
sections of the subdifferential, which should be checked in each particular
situation, this relaxed version coincides with the stronger one, and therefore
one gets an effective solution to (5.3). Here we outlined the main points of
this argument in the first proof of Theorem 5.8: in this case a final relaxation
of the limit differential inclusion can be avoided, thanks to the (geodesic)
convexity of the functional.

In general, this direct approach could be considered as a first basic step,
which should be common to each attempt to apply the Wasserstein formalism
for studying a gradient flow.

A second approach involves the regularity of the functional according to
Definition 4.8, and still works with general distances and functionals. In this
case the metric formulation of gradient flows as curves of maximal slope (see
(5.95) and (5.8)) plays a crucial role.

The key ingredient, which allows to pass to the limit, is a refined discrete
energy estimate (related to DE GIORGI’s variational interpolation) and the
lower semicontinuity of the slope, which follows from the regularity of the
functional. We presented a detailed analysis of this point of view in [9].

A third approach, presented in the second proof of Theorem 5.8, can be per-
formed only if the distance of the metric space, as in the case of %5(R%),
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satisfies strong “‘curvature-like” bounds (related to Example 3.13): more-
over, the functional should satisfies a strong A-convexity condition.

It extends to the Wasserstein framework previous results: the celebrated
CRANDALL-LIGGETT [32] generation theorem for nonlinear contraction semi-
groups in Banach spaces, the optimal error estimates of [14, 82, 69] for gra-
dient flows in Hilbert spaces, the convergence results of [65] in non positively
curved metric spaces (we refer to [9] for a more detailed discussion).

Despite the strong convexity requirements on ¢, which are nevertheless sat-
isfied by all the examples of Section 4.5 in %5(R%), this approach has inter-
esting features:

e it does not require compactness assumptions of the sublevels of ¢ in
P5(R?): the convergence of the “Minimizing movement” scheme is
proved by a Cauchy-type estimate.

e [t provides an explicit bound for the error between a discrete approxi-
mation and the continuous solution.

e it is well suited to study the stability of the gradient flow with respect to
I'-convergence of the generating functionals (see [9, Theorem 11.2.1]).
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6 Applications to Evolution PDE’s

In this section we present some applications of the theory developed in the
previous section to some relevant PDE’s. Since many approaches are obviously
possible, let us briefly mention some advantages of the “Wasserstein” one:

a) The gradient flow formulation (5.3) suggests a general variational scheme
(the Minimizing Movement approach, which we discussed in the first part of
this paper) to approximate the solution of (6.4a,b,c): proving its convergence
is interesting both from the theoretical (cf. the papers quoted at the end of
the previous section) and the numerical point of view [59].

b) The variational scheme exhibits solutions which are a priori nonnegative,
even if the equation does not satisfies any maximum principle as in the
fourth order case [72, 52].

¢) Working in Wasserstein spaces allows for weak assumptions on the data:
initial values which are general measures (as for fundamental solutions, in
the linear cases) fit quite naturally in this framework.

d) The gradient flow structure suggests new contraction and energy estimates,
which may be useful to study the asymptotic behavior of solutions to (6.4a,b,c)
[74, 13, 25, 29, 2, 83, 42], or to prove uniqueness under weak assumptions on
the data.

e) The interplay with the theory of Optimal Transportation provides a novel
point of view to get new functional inequalities with sharp constants [75, 85,
3, 31, 12, 39, 62, 84].

f) The variational structure provides an important tool in the study of the
dependence of solutions from perturbation of the functional.

g) The setting in space of measures is particularly well suited when one considers
evolution equations in infinite dimensions and tries to “pass to the limit” as
the dimension d goes to co.

First of all we mention the basic (but formal, at this level) example, which
provides one of the main motivations to study this kind of gradient flows.

6.1 Gradient flows and evolutionary PDE’s of diffusion
type

In the space-time open cylinder R? x (0, +-00) we look for nonnegative solutions
u : RY x (0, 4+00) of a parabolic equation of the type

55\
Dou—V - (v(%)u) —0 inR% x (0, +00), 6.1)
where e
J&Eu) = -V . F,(z,u, Vu) + F,(z,u, Vu). (6.2)
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This is the first variation of a typical integral functional as in (4.59a,b)

Y

(u) = /Rd F(z,u(x), Vu(x)) dz (6.3)

associated to a (smooth) Lagrangian F' = F(x,z,p) : R? x [0, +00) x R? — R.
Observe that (6.1) has the following structure:

Ou+V - (vu) =0 (continuity equation), (6.4a)
vu = uVy (gradient condition), (6.4b)
0F (u) . .
Y =— 5 (nonlinear relation). (6.4c)
Observe that in the case when F' depends only on z = u then we have
0F
&iu) =F,(u), uVF,(z,u)=VLp(u), Lp(z):=2F'(z)—F(z). (6.5)

Since we look for nonnegative solutions having (constant, by (6.4a), normalized)
finite mass

(@, ) >0, / w(zt)dz =1 V>0, (6.6)
Rd

and finite quadratic momentum
/ lz|2u(z, t) de < 400 Vit > 0. (6.7)
Rd

Recalling Example 4.5.1, we can
identify u with the measures j; := u(-,t).£7, (6.8)

and we consider .# as a functional defined in %23(R?). Then any smooth positive
function w is a solution of the system (6.4a,b,c) if and only if 4 is a solution in
P5(R%) of the Gradient Flow equation (5.3) for the functional 7.

Observe that (6.4a) coincides with (5.4b), the gradient constraint (6.4b)
corresponds to the tangent condition v; € Tan,, Z5(RY) of (5.4c), and the
nonlinear coupling ¢y = —0.% (u)/du is equivalent to the differential inclusion
vy € —0.7 () of (5.4c).

At this level of generality the equivalence between the system (6.4a,b,c) and
the evolution equation (5.3) is known only for smooth solution (which, by the
way, may not exist); nevertheless, the point of view of gradient flow in the
Wasserstein spaces, which was introduced by F. OTTO in a series of pioneering
and enlightening papers [71, 57, 73, 74], still presents some interesting features,
whose role should be discussed in each concrete case.

6.1.1 Changing the reference measure

In many situations the choice of the Lebesgue measure .£¢ as a reference mea-
sure, thus inducing the identification (6.8), looks quite natural; nevertheless
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there are some interesting cases where a different measure ~ plays a crucial role
(see e.g. the example of Section 4.5.4 and the next Section 6.3) and it may hap-
pen that an evolution PDE takes a simpler form by an appropriate choice of
5.

From the Wasserstein point of view, an integral functional ¢ inducing the
gradient flow is defined on measures p, but its explicit form depends on the
reference v, so that different PDE’s involving the density of p w.r.t. v could
arise from the same functional.

Let us suppose, e.g., that ¢ takes the integral form

o) = 7(p) = [ Plap@.Vo@)drle) itu=p. (69
where v is a probability measure induced by the (smooth) potential V, i.e.
v:=e V2% c Py(RY). (6.10)
Since i . ,
u=oog=e P and Vp=-¢e" (uVV 4+ Vu), (6.11)

the integrand F (z,Z,p) of (6.9) is related to the integrand F' of the representa-
tion (6.3) by the relation

zi=e"@z =@ (VY (x) +p)

F(z,2,p)=e VO F(2,2,p) = e VO F (2, @2,V (2VV (2) + p)).
(6.12)
In this case it could be better to write the solution of the gradient flow
generated by ¢ in terms of the density

p = ‘;—";t =ev d‘i;fd, (6.13)

and to use the differential operators associated with
Vyp:i=e" V(e Vp) =Vp—pVV, (6.14a)
V, £:=e"V - (eVE)=V-£-€-VV, (6.14b)

which satisfy the “integration by parts formulae” with respect to the measure
gl

/RdE.VCdVZ—/RdCVw.Ed% /Rdv.ggdy:_/wvwg.ﬁd% (6.15)

when ¢ € C°(R?), ¢ € C°(R%;R?). The system (6.4a,b,c) preserves the same
structure and takes the form

Oep+Vy - (vp) =0 (continuity equation), (6.16a)
vp = pV (gradient condition), (6.16b)
0T
P =— 57([)) (nonlinear relation,), (6.16¢)
p
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where
5.7~ (p)
op
For, (6.16a) (resp. (6.16b)) can be transformed into (6.4a) (resp. (6.4b)), simply
by multiplying the equation by e~V and recalling (6.14b). The equivalence of
(6.16¢) and (6.4c) follows by a direct computation starting from (6.12): by
(6.11) we get (with the obvious convention to evaluate F in (z,u, Vu) and F in

(z,p,Vp))

= *V»Yﬁ‘ﬁ(l'?p,vp)ﬁ’ﬁg(l',p,vp) (617)

55‘ - ~ ~
‘/&(Au):szV'Fp:FerVV’Fﬁ*V‘Fﬁ
- 5 _ 075(p)

Remark 6.1 (Equations in bounded sets and Neumann B.C.) The pos-
sibility to change the reference measure is also useful to study evolution equa-
tions in a bounded open set 2 C R?: they correspond to a measure v whose
support is included in Q, e.g.

vi=2 d| o
Observe that in any case the family of time-dependent measures p; = ut.,?d‘ o
which solves of the gradient flow equation according to Definition 5.2, still satis-
fies the continuity equation (5.4b) in R¢ x (0, 4+00). This can be seen as a weak
formulation of the continuity equation for u; in € x (0,+00) with Neumann
boundary conditions on 9 x (0, +00):

Opur +V - (vpur) =0 in 2x(0,400), wvr-n=0 on d2x(0,+00). (6.18)

6.2 The linear transport equation for A\-convex potentials
Let V : R — (—o0,40o0] be a proper, Ls.c. and A-convex potential. We are

looking for curves t +— p; € P5(R?) which solve the evolution equation

3}
okt + V- (vipe) =0, with —v,(2) € 9V () for p-ae. z € R (6.19)

which is the gradient flow in %25(R9) of the potential energy functional discussed
in Example 3.4:

V() = g V(z)du(x). (6.20)
If V is differentiable, (6.19) can also be written as
0
5 = V- (VVy) in the distribution sense. (6.21)

In the statement of the following theorem we denote by T the A-contractive
semigroup on D(V) C R? induced by the differential inclusion

%Tt(x) € —OV(Ty(x), To(z)=z Yzec D). (6.22)
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Recall also that, according to Brezis theorem, 4T}(z) equals —9°V (Ty(z)) at
each point ¢ > 0 of differentiability.

Theorem 6.2 For every po € Po(R?) with supppug C D(V) there exists a
unique solution (ug,v) of (6.19) satisfying

lim py = po, / |v,g(x)|2 du(x) € Llloc(O, +00); (6.23)
tl0 Rd

this solution is the gradient flow of V in the sense of the E.V.I. formulation
(6.19) and of the Energy Identity (5.9) of Theorem 5.5. In particular it induces
a A-contractive semigroup on {p € P2(RY) : supp(n) C D(V)} and it exhibits
the reqularizing effect and the asymptotic behavior as in Theorem 5.7.
Moreover, for every t > 0 we have the representation formulas:

pe = (T3) 4 pto, vi(z) = =0°V(x) for u-a.e. x € R (6.24)

Proof.  Proposition 3.5 shows that the functional V satisfies (5.1a), (5.1b),
(5.1d); it is also easy to check that (5.61) holds. On the other hand, V does not
satisfy (5.1c), thus our simplified existence results can not be directly applied.
Nevertheless, the more general theory of [9] covers also this case and yields the
present result.

In any case, the solution to (6.19) can also be directly constructed by the
representation formula (6.24). For, it is immediate to check directly that if we
choose g of the type

K K
o = Zakéu, ar >0, Zak =1, xz,€ D(V), (6.25)
k=1 k=1
then
K
=Y akdr, () = (T) 4o (6.26)
k=1

solves (6.19) (see also Section 2.5, where the connection between characteristics
and solutions of the continuity equation is studied in detail), whereas (6.23)
follows by the energy identity

b
[ 10V @) it + 6(11@) = 6(T(w) Ve € DIV

Arguing as in the proof of Theorem 2.21 we also get for every o € D(V) and
every v € To(put,0)

W) = [ i)y drta)
A

= V(o) ~ V() ~ SWE(pe.0) (6.27)
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at any t where s — Wsy(us,0) and all s — Tg(x;) are differentiable. The
measures p; = (T;)x o thus solves the E.V.I. formulation (5.7) of the gradient
flow for every initial datum gy which is a convex combination of Dirac masses
in D(V). A standard approximation argument via (5.17) and Theorem 5.7
yields the same result for p; = (T;)#po and every admissible initial measure

o € D(V): for, being supp g C D(V), we can find a sequence (v,) C D(V) of
convex combination of Dirac masses

K, K,
Un i= Zan,kisxn.m ke = 0, Z angk =1, xnk€ D(V)’ (6'28)
k=1 k=1
such that v, — po in P, (R?). O

6.3 Kolmogorov-Fokker-Planck equation

The aim of this section is to present a systematic study of the “Wasserstein”
approach to Kolmogorov-Fokker-Planck (KFP in the following) equation, which
was firstly proposed by JORDAN, KINDERLEHRER, AND OTTO [57].

From this point of view, this equation is the gradient flow of the Relative
Entropy functional discussed in 3.3; when the involved potential V' is A-convex,
we have at our disposal all the tools to develop a self-contained variational
theory for the generation of a A-contracting semigroup in %5(R%) with nice
regularizing properties, independently of the growth of V' (for other kind of
estimates we refer to [34] and the references therein).

The particular “linear” structure of the subdifferential of the Entropy yields
the linearity of the semigroup. Under quite general assumptions, which can be
be applied to more general situations, the construction of a family of kernels
and of general representation formulae is particularly easy in the Wasserstein
framework, as well as the extension of the semigroup to LP-spaces with respect
to the invariant measure v := e~V 2. The A-contractivity in Z(R%) and the
regularizing effect of the Wasserstein construction are also crucial to derive the
Feller property for the KFP semigroup. We also show the equivalence with the
more usual approach by Dirichlet forms in L?(7).

Even if the theory presented here is finite-dimensional, we tried to develop
sufficiently general arguments which could be extended to an infinite dimen-
sional setting, taking also account of the more general theory available in [9]. Tt
would be interesting to compare this point of view with other well established
approaches (see e.g. [35, 18]).

6.3.1 Relative Entropy and Fisher Information

Let us consider

a l.s.c. A—convex potential V : R% — (—o0, 4-00]

with Q := Int(D(V)) # 0; (6.29)
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for the sake of simplicity, we assume that the reference measure induced by the
potential V' is a probability measure with finite quadratic moment, i.e.

vi=e V2% Py(RY). (6.30)

This condition, up to a renormalization, is always satisfied if, e.g., A > 0.
Observe that the density e~V of y with respect to 2% is 0 outside Q = D(V).
We adopt the convention to write a measure u € 22§ (R9) supported in Q as

p=u? =py, u=e"p; (6.31)

the Relative Entropy (see Section 3.3) of u w.r.t. «y is defined as

H(ul7)=/plogpd7=/u(logu+V) dz, (6.32)
Q Q

whereas the Relative Fisher Information is defined as

Z(plv) ::/Q ’Vpp

whenever u,p € W;- 1(Q) (recall that V is locally Lipschitz in §2); as usual,

loc

we set H(puly) = 400 if p is not absolutely continuous, and Z(u|y) = +oo if
1,1
p & Wi (Q).
Let us collect in the following proposition the main properties of these two
functionals, we already discussed in Sections 3 and 4 and 5.

/ Vol p’ {Vu+uVV|

- (6.33)

Proposition 6.3 (Entropy and Fisher information) LetV, v be as in (6.29)
and (6.30).

i) A-convexity of the Relative Entropy. The functional p— H(uly) is
A-displacement convex and it also satisfies the strong convezity assumption
(5.61).

it) Subdifferential and slope of the Entropy: A measure p = pvy =

ufd|Q belongs to D(OH) = D(|OH]) iff Z(p|y) < 400, i.e.
e WhiQ) and Y2 =Y L9y e L2(sRY; (6.34)
in this case
o v 2 d
E=0"H(uly) <= §&=— p P e L2 rY), (6.35)
so that
I(uh)=/ﬁ\€\2du= |OH|? (). (6.36)
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iii) Variational inequality for the logarithmic gradient. If T(uly) <
+o00, the logarithmic gradient & = Vp/p satisfies

[ (t-2) €45 li—o) du < 1) ~Hlnb) Vo e 23R (631)

iv) Log-Sobolev inequality. If A > 0 then
1

Hply) < 55 Z(uly) Vie 25 (R7). (6.38)

v) Derivative of the Entropy along curves. Let pu:t € [0,T] — p =
piy € Po(RY) be a continuous family of measures satisfying the continuity
equation

Opn+V-(vp)=0 inD'(R?x(0,7)) (6.39)

for a Borel vector field v with

T T
/ / |vt|2 dpy dt < +00, / Z(pely) dt < +oo. (6.40)
o Jo 0

Then the map t — H(ut|y) is absolutely continuous in [0,T] and for L1-
a.e. t € (0,T) its derivative is

d \Y
—H(v|pwe) = / v, 1 dpe = / vy - Vpp dy. (6.41)
dt Q P )

Proof. i) follows from Propositions 3.5 and 3.11. The generalized convexity
property (5.61) follows by analogous arguments (see [9, Prop. 9.3.9]).

it) and 1) have been proved in Theorem 4.21 and (4.37).

iv) follows from (5.22a).

v) follows from the general Chain rule (4.55). O

6.3.2 Wasserstein formulation of the Kolmogorov-Fokker-Planck equa-
tion

Under the same assumption (6.29), (6.30) of the previous section, and recalling
the differential operators of (6.14a,b), let us introduce the Laplacian operator
A, induced by ~:

Ap:=V,-(Vp)=e"V-(eVVp)=Ap—Vp-VV, (6.42)

and its formal adjoint (with respect to the Lebesgue measure) Fokker-Planck

operator
Alu = e VA (eYu) =V (Vu+uVV). (6.43)

Indeed, we formally have
e VA (e¥u) = eV [A(u) - V(eVu) VV]
= ¢ V[V ("Vu+e"uvV) - V(e u) VV]
= Au+Vu-VV 4+uAV =V - (Vu+uVV).

107



For smooth functions with compact support in € they satisfy
—/Awpé“dW:/Vp-VCdv:—/pAde% (6.44)
Q Q Q
—/ A:ugdxz—/uAWCdx. (6.45)
Q Q

In the case of the centered Gaussian measure with variance A~! we have

V(z) = %(MIF — Mog(A/2m)), ~= ~3lal’ g (6.46)

1
@r/Na2°

A, is the Ornstein-Uhlenbeck operator A — Az - V.
The general definition of gradient flow, when particularized to the Relative
Entropy functional, reads as follows:

Definition 6.4 (“Wasserstein” solutions of K.F.P. equations) A contin-
wous family py = pyy = ut.fdb € C%(0,4+00); Z2(RY)) is a Wasserstein
solution of the Kolmogorov-Fokker-Plank equation if t — Z(u|y) belongs to

L% (0,400) so that for £ -a.e. t € (0,+00)
\Y \Y
Pty Ut € W1107C1 (Q), gt = Tpt = % +VV e LQ(,LLt;Rd), (647)
t t
and v
Bupte — V- (Mtp—”t) =0 in 2'(R? x (0+ 00)). (6.48)
t

In terms of test functions (6.48) means

+o0
/ / (f o+ YLt vc) dugdt =0 Y¢eCPREx (0,+00)), (6.49)
0 Q Pt

so that p; satisfy the weak formulation

+oo
/ / (f peOC+ Vp, - vg) dydt =0 Y¢eC=(RY % (0,400))  (6.50)
0 Q
of
Opr — Aypr =0 in Qx (0,+00), € VOppr =0 on I x (0,+00) (6.51)
Remark 6.5 In terms of the Lebesgue density us, (6.48) reads

“+o0
/ /(—u@tC—F(Vu—l—uVV)-VC)dmdtzO V¢ e O2(RY x (0, +00)),
0 Q

(6.52)
corresponding to the Fokker-Planck equation

Opu — Alu = Opu — V - (Vu +uVV)=0 in Q x (0,400), (6.53)

with homogeneous boundary conditions (Vu +uVV) -n =0 on dQ x (0, +00).
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We introduce the narrowly closed and convex (both in the metric and linear
sense) subset of P, (R?)

P5(Q) = {,u € Z5(RY) : supp(p) C ﬁ} (6.54)

Theorem 6.6 For every pg € P2(Q) there exists a unique Wasserstein so-
lution p = pyy = ut$d|9 of the Kolmogorov-Fokker-Planck equation (6.48)
satisfying py — po in Po(RY) ast | 0 and it coincides with the Wasserstein
gradient flow generated by the functional ¢(u) := H(uly).
The maps Sy : po — e, t > 0, define a continuous \-contractive semigroup in
P5(Q) which can be characterized by the system of E.V.I.

1d

A _
§%W22(Nta0) + §W22(Nta0) < H(oly) = H(mly) Vo e P2(Q).  (6.55)

It exhibits the regularizing effect

with, for A > 0,
1 2 1 2
H(pely) < 5W3 (t,7),  Z(pely) < 2" (pe:77)- (6.57)

The map t — e T(usl7y) is non increasing and it satisfies the Energy Identity

b
H(ps|7) +/ Z(pelv) dt = H(paly) VO <a<b< oo (6.58)

When A > 0 the asymptotic behavior of u; as tg <t — +00 is governed by

Walpe, ) < e MWy (1, 7),  Hpely) < e 2ETH (g, 1),

(6.59)
T(pely) < e 20T (g, ).
Moreover, for every t > 0 (and also for t =0, provided Z(uo|y) < +00)
Ht+h
HlimM = Vo in L2 (pg; RY),
Ao R Pr (6.60)
- H(penly) = Hpely) '
i - = Z(puel).
Proof. Is is not difficult to check that
D) = 75(Q). (6.61)

For, D(¢) contains all the measures of the type

1

Hzg,p = WXBP(IO) e with Bp(l'o) CcC Q7
P

109



and their convex combinations, so that

ZO&Z(SM S D(gb) ifz, €Q, «a; >0, ZO@' =1.

Since the subset of all the finite convex combinations of J-measures concentrated
in Q is dense in P3(Q), we get (6.61).

By Proposition 6.3 the Relative Entropy functional p — H(u|y) satisfies all
the assumptions of Theorem 5.3, Theorem 5.7, and Theorem 5.8 (in the strongly
convex case). Theorem 6.6 is a simple transposition of the results of Section 4,
taking also into account the particular form of the subdifferential of H expressed
by (6.35) and the fact that v is the unique minimum of H with H(y|y) = 0.

O

We conclude this section by briefly discussing some further properties of the
semigroup constructed by Theorem 6.6. We first introduce the “transition prob-
abilities” vy + = ¥y ¢y
L . . L dv, it 1 s
Vgt i= S¢[0y) with densities o, := 3 € Li(y) Yze, t>0. (6.62)
Y

Besicovitch differentiation theorem and the narrow continuity of « — S;[d,] give
that the explicit formula

Vet (Br(y))
Vot (y) - —hn;llsoup 7( )

provides us with a pointwise definition of the densities ¥, ; satisfying
for every t > 0 the map (z,y) € Q x Q — J,.,(y) is Borel. (6.63)

Theorem 6.7 (The associated Markovian semigroup) Let (S;);>o be the
semigroup constructed in the previous Theorem 6.6 and let us consider the set
of densities

B, = {p ceL'(y):pye @g(Rd)}. (6.64)

Extension to a contraction semigroup in LP(v). There ezists a unique strongly

continuous semigroup of linear contraction operators (F1)i>0 in L'(v)
such that

(“ilpol =pe <= Silpor] =pev)  Vpo € By. (6.65)

For every p € [1,4+00] % is a continuous (only weakly* continuous, if
p = +00) contraction semigroup in LP(7)

100l oy S Mol oy Yo € LP(), (6.66)
it 1s order preserving

po<p1 = Fipo] < FAlpal, (6.67)



and regularizing, since
FH(L>®(7)) € Cp(Q) Vit >0. (6.68)
Moreover

+(Lip(©)) C Lip(Q) Vt >0,

. Cntrs , (6.69)
Lip(#[p]; 2) < e ™" Lip(p, ) Vp € Lip(Q).

Representation formula. The semigroups Si, % admit the representation
formulas

Selu] = pry with  p(x) = /]Rd Yy o(x) dp(y)  ~v-a.e. (6.70)

Flpl o with o) = [ D@ dr) e 671

Dirichlet form. .% coincides in L2(vy) with the (analytic) semigroup .%; asso-
ciated to the symmetric Dirichlet form with domain

Wy2(Q) = {p EWi(Q) :pe L’(v), Vpe LQ(V;Rd)} C L*(%),

8! loc
(6.72)
a(pn) = [ Vp-Vndy Vpgewii@. (67
In particular, if po € L%(vy) then the solution p; = % [po] satisfies
p € Lie([0,+00); W12(2)) N C°([0, +00); L* (7)) (6.74)

and

+oo
/0 (— (P, Oem) L2(+) + ax (ps ?7)) dt =0 Ve C((0,+00); W;2(2)).
(6.75)

Symmetry of the transition densities. For every t > 0 the transition den-
sities Uy ¢ satisfy

Vo (y) =y u(x)  fory x y-ae. (z,y) € Q2 xQ, (6.76)

so that the “adjoint” representation formula holds

Flpol = pi with py(e) = /Q DerWpoly) dr(y),  (6.77)

which provides the continuous representative of p; when pg € L>®(7).
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Proof. Most of the results stated in the theorem are a direct consequence of
the “linearity” of the semigroup .#; and of its regularizing effect; therefore, we
postpone their proof to the next section, where we will discuss from a general
point of view the construction of a Markov semigroup starting from a “linear”
Wasserstein semigroup.

Here we only consider the last two properties, establishing the link with the
“Dirichlet form” approach. Let us first observe that W.*(£2) is dense in L2(Q2)
and it is an Hilbert space with the norm

0lRs2 0y = ol +arlor) = [ (P + Vo) (679

In fact, this is equivalent to the lower semicontinuity property of a, with respect
to convergence in L?/

pn € WA(Q), pn—p in L3(7)

1,2
SUP Gy (pns pn) < C = PEWQ), ay(pp) < C

(6.79)

Formulation (6.75) is stronger than the Wasserstein one as p is supposed to

be in L7, ([0, +00); W}?(Q)); whenever this extra regularity holds, then more

general test functions in W.»*(Q2) are allowed in (6.50), since it is not difficult to

check that C2°(R?) functions are dense in W12(€2); it is then possible to recover
(6.75) directly from (6.50).

The main idea is then to prove that a Wasserstein solution starting from

o = poy with pg € L?(v) satisfies the energy estimate (in fact an identity)

T
;/ /WVMPde41/\m¢%wfg/|mFdw VT >0, (6.80)
0 Q Q Q

by evaluating the time derivative of the L?(y)-norm of p along the solution of
the gradient flow.

For, we need a preliminary regularization and we consider the family of real
convex superlinear functions Fj, : [0, +00) — [0, +00) (depending on &k > 0)

2

Fy(p) = 1" o=k (6.81)
kp(1 —logk +logp) if p >k,

which satisfy
0 < Fr(p) < ck +kplogp, Fr(p)1p° askl+oo Vp>0. (6.82)

F}. induces the relative energy functional

ﬂwﬂﬁﬁﬂ@h~ (6.83)
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A direct calculations shows that Fj satisfies (3.22) and
2 ifp <k,
Le() =30 (6.84)
kp if p >k,
so that for a measure p = py

VL (p)

E=0Fi(ul) & peWpi(Q), &= € L*(;RY).  (6.85)

Being Lp Lipschitz, the Chain rule for Sobolev functions p € W,}l(Q) yields

2o0Vp in QNniz:plx) <k},
Vg (p)=4 "7 {opla) < k} (6.86)
kVp mQﬁ{x.px >k}.
if Z(uly) < +oo then p € D(OFy) since
I 2
/ v?(p) pdy < AT (ply) < +oc. (6.87)
Q

If 1o = poy, po € L2(7) then Fy(uo|y) < +o00, H(mo|y) < +00, and the chain
rule (4.55) yields

VL v
Fr(pely) + / F"’p):)ptdvdt Fi(po) /|po|2d’y<+oo (6.88)

By (6.86)
VFi(p:) - Vpe

dy > 2/ IV pul? dr,
Pt QN{p:<k}

so that the Monotone Convergence Theorem yields (6.80).
Let us now check the last statement of Theorem 6.7. (6.75) and the regularity
(6.74) yields that for every n € W;-*(Q) the map

t— / lplndy is absolutely continuous, with

@ p (6.89)

%/ ZilpIndy + ay(Filpln) = 0.
Q

By integrating (6.89) and choosing initial data p,n € VV1 2 being a. a symmetric
form it is immediate to check that % is self-adjoint in L2( ) and we have

/p%[n]dv:/%[p]ndv Vp,n € L*(). (6.90)
Q Q

For every bounded nonnegative p, n € L>(y), (6.71) yields

/Q o) /Q B, o()n(y) d(y) ) dr( / /Q Pt (W)p(@) dy(2) )n(y) dy (y).

(6.91)
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By (6.63) and Fubini’s Theorem, we get (6.76).

Finally, the fact that . is a continuous semigroup in L!(v) follows directly
from the estimate (6.80): being .#; non expansive, it is sufficient to check that
Zp] — p strongly in L'(y) as t | 0 on the dense subset L?(vy). The uniform
bound of (6.80) provides both the weak and the strong convergence of .7 [po]
to pg in L?(y) as t | 0. O

Remark 6.8 (Dirichlet forms and analytic Markovian semigroups) Since
the variational solution of (6.75) is unique (by J.L. L1ONS’ Theorem on vari-
ational evolution equations in a Hilbert triplet, see e.g. [23]), in the proof of
Theorem 6.7 we do not really need the converse implication showing that solu-
tions of (6.75) are Wasserstein solutions of (6.50) with

b
/ Z(pyly)dt < +00 V0 <a<b<+oo. (6.92)
a

Nevertheless, we briefly mention how one can pass from (6.75) to the Wasserstein
formulation; the main point is to show that the relative Fisher information is
locally integrable in (0, +00).

Let us first recall that for every py € L?(y) LIONS’ Theorem provides a
unique solution

p € Lie([0, +00); W2()) N Hi ([0, +00); (W32())) € C°([0, +00); L*(v))

solving (6.75) or, equivalently,

d
— pnd*y—|—/ Vp-Vndy=0 VneWi‘Q(Q), ZL'a.e. in (0, +00),
Q

dt Jo
(6.93)
and such that lim; | p; = po strongly in L?(vy). Moreover p, satisfies the energy

identity
T 2 1 2 1 2
Vo dydt+ 5 | lor["dy =5 | lpol”d, (6.94)
0 Q Q Q

and since a, is symmetric the map .%; : pg — p; is a contraction analytic semi-
group in L2(). In particular, p enjoys the nicer property p € C°((0, +00); W,i’z ().
Moreover, a standard truncation argument in Sobolev space yields

ay(pt ALt AL) < ay(p,p) Ve WHQ), (6.95)

so that a, is a closed and symmetric Dirichlet form in L*(y) (see e.g. [63]); in
particular

Jile)=c YeceR;,  po<p =  Hilpo) < Fi(p1)- (6.96)

In order to check the equivalence with the Wasserstein formulation, we observe
that for every initial datum py € L () with po(x) > r > 0 for v-a.e. z € Q,
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the unique solution p; of (6.93) still satisfies the lower bound p; > r by (6.96);
moreover, (6.94) yields

400 +oo
/ Z(peyly) dt < r‘l/ / IV pi|? dy dt < +o0, (6.97)
0 0 Q

so that, by Theorem 5.3, the measures p; = pyy provide the unique Wasserstein
solution of (6.50) (since v is a finite measure, C>°(RY) is a subset of W12(9)).

Therefore the semigroups . and . coincide on L?(7y)-densities bounded away
from 0: a simple density argument shows that they coincide on L?().

Remark 6.9 The measures (v;+):>0 are a Markovian semigroup of kernels as-
sociated with (S;)¢>o [63, II-4]

6.3.3 The construction of the Markovian semigroup

Among general A-contracting semigroups in #5(R%), the Kolmogorov-Fokker-
Planck equation enjoys several other interesting features, due to its linearity.
As we will see in the next Lemma, this is a direct consequence of the following
“linearity condition”

& =00(1i), ;i >0, g +az=1

9 6.98
E(arp + aopo) = & pn + azEzuz} = € 0p(aipm +a1pz) (6.98)

satisfied by the Wasserstein subdifferential of ¢(u) := H(u|7y).

The aim of this section is to show how easily one can deduce contraction and
regularizing estimates starting from a “linear” Wasserstein semigroup; in par-
ticular, the construction of the fundamental solutions is particularly simple. It
should not be too difficult to extend the following results to infinite dimensional
underlying spaces, taking into account that the existence and the uniqueness of
the gradient flow of the Relative Entropy functional extend to this context (see

[9])-

Lemma 6.10 (Linearity of the gradient flow) Let ¢ : #5(R?) — (—o0, +o0]
be a functional satisfying (5.1a,b,c,d) and let Sy be the \-contractive semigroup
generated by its gradient flow on D(¢) as in Theorem 5.7. If ¢ satisfies (6.98),
then the semigroup Sy satisfies the “linearity” property

Stlarpi+asps] = aySilpn]+aoSiue] V1, pe € D(§), a1, a0 >0, ar+az = 1.
(6.99)

Proof.  Take two initial data pq,pue € D(¢) and set p; ¢ = Si[pi], viy =
—0°¢(p;,¢) their velocity vector fields, py = aqpis + aopos, and define the
vector field v; so that

Vifht = Q11U 1t + QU2 ¢li2 ¢ (6100)
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Assuming a; > 0 and introducing the densities

o dpie
pz,t . d,ut )

so that v, = ayp1, V14 + op2,V2, Qipiy + op2 =1,
it is easy to check that for every t > 0
/ "Ut|2 dpy = / la1p1pv1,e + 062P2,tU2,t|2 g
R Rd

<o / |v1.|?p1e dpe + 042/ [va,¢|* p2,¢ dpue

Rd R
=m / |’U1)t|2 d/JLt + / I'U27t|2 d,ug,t. (6.101)

Rd R4

It follows that the map ¢ +— |[v¢|[12(,,;re) belongs to L (0,+0c0) and, by lin-
earity, p; satisfies the continuity equation

Oepe + V- (vp 1) =0 in RY x (0, +00). (6.102)
Since vy € Op(ug) by (6.98), u is the unique gradient flow with initial datum
a1 + aopig, that is gy = S(agpr + agps). O

Let v be a nonnegative Borel measure on R?, with support D, and let B, be
defined as in (6.64);

Theorem 6.11 Fort >0, let Sy : Po(D) — Po(D) be satisfying the following
assumptions:
S; is a continuous A-contracting semigroup. (6.103a)

Siul <y Vupe PyD), t>0. (6.103b)
Stlap+Bv] = aSu]+8Si[v] Yu, v e Po(D), a, >0, a+=1. (6.103c)
The the following properties hold:

Extension to L!(y). There exists a unique narrowly continuous semigroup
(denoted by .#;) of bounded linear operators on L (v) such that

Stlpy] = Flply Vp € B,. (6.104)

Contraction and order preserving properties. .%; is in fact a contraction
and order preserving semigroup, i.e.

Representation formula. Denoting by vy 5 = 0; 5y the “transition probabili-
ties”

dl/w,t

Lt YeeD, t>0
dve (v) VzeD, t>0,

(6.106)

l/m,t = St [&v]? thh densztzes 19$7t =
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the semigroup Sy admits the representation formula

Silu] = pry  with  p(z) = /]Rd Uy () dp(y)  for y-a.e. x € D.
(6.107)

Invariant measure and Markov property. If
v € P5(RY) s an invariant measure, i.e. Si[y] =~ VYt >0, (6.108)

then
S(LP(y)) C LP(y)  Vp € [1,+0o0) (6.109)

and the restriction of % to LP(v) is a continuous (weakly* continuous if
p = 00) contraction semigroup.

Proof. Let us first extend S by homogeneity to the cone .#5(D) of nonnegative
finite measures with finite second moment

Mo(D) = {)\u Lue Py(D), A= o} (6.110)
simply by setting
Si[Au] = ASi[u] Y e Pa(D), A>0. (6.111)

It is easy to check that this extension preserves properties (6.103a,b) and, more-
over, (6.103c) holds for every couple of nonnegative coefficients «, 3:

Stlap + pr] = aSiu] + BSi[v] Vu, v € #2(D), o,3 > 0. (6.112)

The uniqueness of .%; is then immediate: if py € #5(D) then by (6.104) and
(6.103b)

o = 22 (6.113)

Being . continuous, it is sufficient to determine it on the set

Cyi={pe L) [laflot@)l (@) < +oo}, (6.114)
which is clearly dense in L'(7); since each p € C., can be decomposed as

p=ps+ —p- where piv, p_7y € M2(D) (6.115)

Z;[p] should be equal to the difference between % [p;] and F[p—]. Let us
check that this representation is independent of the particular decomposition:
if p/,, p__ is another admissible couple as in (6.115), then p + p” = p/, + p_
and therefore

Lilp+] + Sl = FAlps + L] = Al + p-] = Al + Flp-],
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showing that
Filp+] = Filp-] = Al ] = Al

Choosing in particular p; := max[p,0] and p_ := —min[p, 0] we get the bound
il < 1ol + [0 e (6.116)

o113y + o=l 2y = Nl 1 s

which shows that .#; is nonexpansive. Therefore, it can also be uniquely ex-
tended to a nonexpansive linear operator on L!(v).
From the narrow continuity of x — S;[d,] we also get

the map z — / ©(y)V,¢(y) dy(y) is continuous Ve € CO(RY).  (6.117)
D

In order to prove the representation formula (6.107) we observe that for every
initial measure v = Y. a;0,, € P2(D) and every p € CP(D), vy = S;[v] satisfies

/D ) dui(y Zal/ et (W) dr(y) =
:/D(/Dw(y)ﬁx,t(y) dv(y)) dv(x).

Therefore, by approximating in %5(R%) an arbitrary measure u € P(D) by a
sequence of concentrated measures v¥ = 3. aFd v, since Si[v*] — Si{u] = pe =
pry in P(RY), (6.117) yields

| ewntaw= [ ([ cwoewnw)ae. @)

and therefore (6.107) follows by Fubini’s Theorem.

(6.118)

Finally, if v is an invariant measure, then .#[1] = 1; the order preserving
property shows that ||;[p]||ze(y) < [|pllL=(y). By interpolation, the same
property holds for every space LP(7). O

In order to study the adjoint semigroup .#* of . we further suppose that

sup / o(0,4(2)) dy(z) < 400 VageD, tr>0  (6.120a)
yeDNB,(x0) J D

for some continuous convex function ¢ : [0,4+00) — [0,4+00) with more than
linear growth at infinity, and

lim sup/ o(Spl(x)) dy(xz) < +o0 Vp e By NL¥(7y). (6.120Db)
tlo Jp

In the case of the KFP semigroup we have seen that these properties hold with
»(2) = zln z. For every function ¢ € L*(y) we can thus define

G@) = 7 10a) = [ D)) () (6121)
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The next result show that .7 is the adjoint semigroup of .%; and it exhibits
the Feller regularizing property.

Theorem 6.12 (The adjoint semigroup) Under the same assumption of the
previous theorem and (6.120a,b), .%; is a strongly continuous semigroup in L (vy)
and the maps 7} defined by (6.121) are the weakly*-continuous, nonexpansive,
adjoint semigroup on L () induced by %4, i.e. they satisfy

/ SCpdy = / CHlpldy  VpeL'(y), ¢ e L®(y). (6.122)
Rd R
Moreover, for everyt >0
FE(L®(y) € CR(D), #(Lip(D)) C Lip(D), (6.123)
Lip(.%[p); D) < e M Lip(p, D) Vp € Lip(D). (6.124)

Proof. We already know that .#; is a narrowly continuous contraction semi-
group in L!(v). For linear semigroups, strong continuity is equivalent to weak
continuity [77]; therefore, being B, NL>(y) a dense subset in (the positive cone
of) L'(v), it is sufficient to check that

Filpo] = p weakly in L'(y) Vpo € B, N L>®(7). (6.125)

(6.125) follows then directly from the narrow continuity of the map ¢ — .#;[po]
and its weak compactness in L!(v) given by the uniform bound (6.120b).

Let us denote by 5’2* the adjoint semigroup, defined as in (6.122), and by ¢,
the image of ¢ € L>(v) by .%/; we introduce the measures

Voo = L
7 y(By(x0))
satisfying

XB,(z0) "V € @2(]1%‘1), Vo € D =supp(y), r >0, (6.126)

Vo, = 0py in Po(RY) asr |0, Vg€ D. (6.127)
Let us check that the functions

XB, (z0) dSt[Vz,] /
97 = = = 97 = [ 9 dvy
T0,t ‘% |:7(Br(x0)):| d’}/ ) Ig,t(l.) b y,t(x) IYIO(y)
satisfy
Vot = Vo weakly in L'(y) asr]O0. (6.128)

For, narrow convergence is provided by (6.127) and the continuity of S; in
P5(R?), whereas narrow compactness (when r € (0, rq]) is provided by (6.107),
Jensen inequality, and (6.120a), since

[ o) @ = [ o [ d@ar,m)de
= /D ( /D (@(%,t(x)) dWQO(y)) dy(r) = /D ( /D @ (Vye(z)) dfy(x)) i (y)

< sup / o(9y()) dy(z) < +o0.
YEDNB, (o) J D
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It follows that for every ¢ € L>°(v) and every zo € D,t > 0 the limit

- ) 1
Glan) = tim s | PRCEE (6.120)
exists since

S N
v(By(z0))

X B, (x0)
'Y(Br(xo))

- [eA[ e Y= [ cop,

/ G@)dy(@) = | (]
B, (zo) R4

and therefore

o) =t [ ¢ dv= [ COaprdy = 7 (0w (6.130)
rl0 JRd Rd
Then, Lebesgue differentiation theorem yields (;(z) = [(](x) for v-a.e. z € D,
thus showing that .&/* = .7*.
From (6.120a) (providing compactness with respect to the weak L' topology)
and the narrow continuity of 2 — S;[d,] we obtain

Opt — Opp¢ weakly in L'(y) asz — 29 Vit >0, (6.131)

and therefore ft is the continuous representative of (;; this also shows the first
inclusion of (6.123).

The second inclusion of (6.52) follows easily, since for each ¢ € Lip(D),
setting (¢ = 7" ({), for each couple of points x, y € D we have

Ge(w) = Gly)| = o Gt dSi[0:] — » Gt dS4[6,]| < Lip(¢; D)Wa(St[0x], S¢[dy])

< Lip(¢; D)e™ MWa(6s, ) = e Lip(¢; D)|x — yl.

6.4 Nonlinear diffusion equations

In this section we consider the case of nonlinear diffusion equations in R?.

Let us consider a convex differentiable function F : [0, +00) — R which sat-
isfies (4.71), (4.76) and (4.78): F' is the density of the internal energy functional
F defined in (4.70).

Setting Lp(z) := zF'(z) — F(z), we are looking for nonnegative solution of
the evolution equation

Oy — A(Lp(uy)) =0 in R? x (0, +00), (6.132a)

satisfying the (normalized) mass conservation

u; € LY(RY), / u(x)de =1 Yt>0, (6.132b)
Rd
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the finiteness of the quadratic moment

/ |z|2us(z) dz < 400 Vit >0, (6.132c)
Rd

the integrability condition Lp(u) € L (R? x (0,+00)), and the initial Cauchy
condition
13%1 uy - L4 = g in Py(RY). (6.132d)

Therefore (6.132a) has the usual distributional meaning

+00
L L (Fwac - mreac)ara =0 veeor (B (0.409).

We can always assume possibly redefining u; in a #'-negligible set of times,
that t — u;.2? is narrowly continuous in [0, +00).

Theorem 6.13 Suppose that F has a superlinear growth as in (4.72). Then
for every pg € P2 (RY) there erists a unique solution

u € ACR((0, +00); Z2(RY))
of (6.132a,b,c,d) among those satisfying

[VLp(uw)?

" dx € Li,.(0,4+00). (6.133)

Lie(u) € Lhe((0, +o0k WL R, [

The map t +— Si[po] = ps = weLe is the unique gradient flow in Po(R?) of the
functional F defined in (4.70), which is geodesically convex (and also satisfies
(5.61) with A=0).

The gradient flow satisfies all properties of Theorem 5.7 for A = 0. In particular,
it is characterized by the system of E.V.IL

1d

5awg(ut,a) < Flo) = Flu) ZL'-ae., Yo € D(F), (6.134)

it 18 non exrpansive
Wa(Siluo], Se[vo]) < Walpo, vo) ¥ po, vo € Pa(RY) (6.135)

and regularizing

sup t/ F(u(z)) de < 400,
R4

0<t<1
L 2
p ¢ [ ITEEOADE (6.0
o<t<1l  JRrd u ()
L 2
t0—>/ de 18 monincreasing,
Rd U,t(x)
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and for every t >0
t " —i  VLIp(u)

. o md
S £ i 22,
, (6.137)
 Flpen) = F(pe) [ IVLE(w(2))]
Jlim = dx.
h10 h Rd ut ()

Proof. The proof is a simple combination of Theorem 5.3, Theorem 5.7 and
Theorem 5.8 (in the strongly convex case, see also [9, Proposition 9.3.9]), and
of the results of Section 4.5.3 for the functional F, noticing that the domain of
F is dense in P5(RY). O

Remark 6.14 When F' has a sublinear growth and satisfies

then it is possible to prove [9, Thm. 10.4.8] that F still satisfies (5.1c) and the
Wasserstein semigroup generated by F provides the unique solution of (6.132a)
in the above precise meaning: for, even if ug is not regular (e.g. a Dirac mass),
the regularizing effect of the Wasserstein semigroup shows that p; := S[uo)(¢) is
absolutely continuous w.r.t. the Lebesgue measure Z¢ for all t > 0: its density
uy wr.t. Z? is therefore well defined and solves (6.132a).

Remark 6.15 Equation (6.132a) is a very classical problem: it has been stud-
ied by many authors from different points of view, which is impossible to recall
in detail here.

We only mention that in the case of homogeneous Dirichlet boundary conditions
in a bounded domain, H. BREzIS showed that the equation is the gradient flow
(see [22]) of the convex functional (since Lp is monotone)

u
P(u) = Gr(u)dr, where Gp(u):= / Lp(r)dr,
R 0
in the space H~1(Q). We refer to the paper of OTTO [74] for a detailed com-
parison of the two notions of solutions and for a physical justification of the

interest of the Wasserstein approach.

It is also possible to prove that the differential operator —A(Lg(u)) is m-
accretive in L' (R?) and therefore it induces a (nonlinear) contraction semigroup
in L'(R?). Notice that here we allow for more general initial data (an arbitrary
probability measure), whereas in the H~! (or L') formulation Dirac masses are
not allowed (but see [78, 30] in the fast diffusion case).

6.5 Drift diffusion equations with non local terms

Let us consider, as in [28, 29|, a functional ¢ which is the sum of internal,
potential, and interaction energy:

o(u) = F(u)dz + Vd,u—l-}/ Wdpx p if p=u??
R4 R4 2 JrdxRd
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Here F, V, W satisfy the assumptions considered in Section 4.5.7; as usual we
set ¢(p) = +oo if u € Py(RY) \ P¢(R?). The gradient flow of ¢ in FPy(RY)
leads to the equation

By — V - (VLF(ut) FuVV 4+ u(VIV) % ut) —0, (6.139)

coupled with conditions (6.132b), (6.132¢), (6.132d).

Theorem 6.16 For every g € Po(R%) there exists a unique distributional
solution uy of (6.139) among those satisfying us L% — pg in P2(R?) ast | 0,
Lp(ut) € L, ((0,+00); whl(Q)), and

loc
H VLF(ut)

Ut

+ VV 4+ (VW) * uy € L. (0, +00). (6.140)

L2 (pg;RY)

Furthermore, this solution is the unique gradient flow in P5(RY) of the func-
tional ¢, which is A-geodesically convex, and therefore satisfies all the properties
stated in Theorem 5.7. In particular, when X\ > 0 there exists a unique mini-
mizer . of ¢ and the gradient flow generates a A-contracting and regularizing
semigroup which exhibits the asymptotic behavior of (5.22a,b,c,d).

Proof. The existence of u; follows by Theorem 5.8 (besides ((5.1)) the function
¢ satisfies the strong convexity assumption (5.61), see [9, Theorem 9.3.5]) and
by the characterization, given in Section 4.5.7, of the (minimal) subdifferential
of ¢. The same characterization proves that any u; as in the statement of the

theorem is a gradient flow; therefore the uniqueness Theorem 5.5 can be applied.
O

In the limiting case F, V = 0, the generated semigroup loses its regularizing
effect and its existence and main properties follow from the more general theory
of [9]. In this way it is possibile to study a model equation for the evolution of
granular flows (see e.g. [25]).

Notice that, as we did in Section 6.3, we can also consider evolution equa-
tions in convex (bounded or unbounded) domains 2 C R? with homogeneous
Neumann boundary conditions, simply by setting V (z) = 4+oc for x € R%\ Q.

6.6 Gradient flow of —17?/2 and geodesics

For a fixed reference measure o € %5(R?) let us now consider the functional
¢(p) == —3WZ(p,0), as in Theorem 4.20. Being ¢ (—1)-convex along general-
ized geodesics, we can apply Theorem 5.7 to show that ¢ generates an evolution
semigroup on P5(R?). The following result ([9, Theorem 11.2.10]) shows that
this evolution semigroup coincides with the (unique) extension of the geodesic
between o and pp as long as this extension is still a minimizing geodesic.

Theorem 6.17 Let be given two measures o, jig € Po(R?) and suppose that
v € To(o, o) satisfies the following property: the constant speed geodesic

() = (1= s)r" +s7%)
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can be extended to an interval [0,T], with T > 1. Then the formula
t— u(t) == v(eh), for 0 <t <log(T), (6.141)

gives the gradient flow of p — —%Wg(u, o) starting from pg.

124



References

[1]

[2]

[3]

[6]

[7]

M. AGUEH, Existence of solutions to degenerate parabolic equations via the
Monge-Kantorovich theory, Adv. Differential Equations, to appear, (2002).

——, Asymptotic behavior for doubly degenerate parabolic equations, C. R.
Math. Acad. Sci. Paris, 337 (2003), pp. 331-336.

M. AcuEH, N. GHOUSSOUB, AND X. KANG, The optimal evolution of the
free energy of interacting gases and its applications, C. R. Math. Acad. Sci.
Paris, 337 (2003), pp. 173-178.

G. ALBERTI AND L. AMBROSIO, A geometrical approach to monotone func-
tions in R™, Math. Z., 230 (1999), pp. 259-316.

A. D. ALEKSANDROV, A theorem on triangles in a metric space and some
of its applications, in Trudy Mat. Inst. Steklov., v 38, Trudy Mat. Inst.
Steklov., v 38, Izdat. Akad. Nauk SSSR, Moscow, 1951, pp. 5-23.

L. AMBROSIO, Minimizing movements, Rend. Accad. Naz. Sci. XL Mem.
Mat. Appl. (5), 19 (1995), pp. 191-246.

——, Lecture notes on optimal transport problem, in Mathematical aspects
of evolving interfaces, CIME summer school in Madeira (Pt), P. Colli and
J. Rodrigues, eds., vol. 1812, Springer, 2003, pp. 1-52.

L. AMBROSIO, N. Fusco, AND D. PALLARA, Functions of bounded vari-
ation and free discontinuity problems, Oxford Mathematical Monographs,
Clarendon Press, Oxford, 2000.

L. AMBROSIO, N. GIGLI, AND G. SAVARE, Gradient flows in metric spaces

and in the spaces of probability measures, Lectures in Mathematics ETH,
Birkhauser, Ziirich, 2005.

L. AMBROSIO, S. LISINI, AND G. SAVARE, Stability of flows associated to
gradient vector fields and convergence of iterated transport maps, Preprint,
(2005).

L. AMBROSIO AND P. TiLLI, Topics on Analysis in Metric Spaces, no. 25
in Oxford Lecture Series in Mathematics and its Applications, Oxford Uni-
versity Press, Oxford, 2004.

A. ARNOLD AND J.DOLBEAULT, Refined convex Sobolev inequalities, Tech.
Rep. 431, Ceremade, 2004.

A. ArNOLD, P. MARKOWICH, G. TOSCANI, AND A. UNTERREITER, On
convex Sobolev inequalities and the rate of convergence to equilibrium for
Fokker-Planck type equations, Comm. Partial Differential Equations, 26
(2001), pp. 43-100.

125



[14]

[15]

[16]

[17]

[18]

[25]

[26]

C. BA1ocCcCHI, Discretization of evolution variational inequalities, in Partial
differential equations and the calculus of variations, Vol. I, F. Colombini,
A. Marino, L. Modica, and S. Spagnolo, eds., Birkhduser Boston, Boston,
MA, 1989, pp. 59-92.

J.-D. BENAMOU AND Y. BRENIER, A computational fluid mechanics so-
lution to the Monge-Kantorovich mass transfer problem, Numer. Math., 84
(2000), pp. 375-393.

P. BENILAN, Solutions intégrales d’équations d’évolution dans un espace
de Banach, C. R. Acad. Sci. Paris Sér. A-B, 274 (1972), pp. A47-A50.

P. BERNARD AND B. BUFFONI, Optimal mass transportation and Mather
theory, JEMS, (to appear).

V. 1. BOGACHEV, Gaussian measures, vol. 62 of Mathematical Surveys and
Monographs, American Mathematical Society, Providence, RI, 1998.

F. BoucHut, F. GOLSE, AND M. PULVIRENTI, Kinetic equations and
asymptotic theory, vol. 4 of Series in Applied Mathematics (Paris),
Gauthier-Villars, Editions Scientifiques et Médicales Elsevier, Paris, 2000.
Edited and with a foreword by Benoit Perthame and Laurent Desvillettes.

Y. BRENIER, Polar factorization and monotone rearrangement of vector-
valued functions, Comm. Pure Appl. Math., 44 (1991), pp. 375-417.

H. BRrEzIS, Monotonicity methods in Hilbert spaces and some applications
to nmonlinear partial differential equations, in Contribution to Nonlinear
Functional Analysis, Proc. Sympos. Math. Res. Center, Univ. Wisconsin,
Madison, 1971, Academic Press, New York, 1971, pp. 101-156.

H. BrEzIS, Opérateurs mazimauz monotones et semi-groupes de contrac-
tions dans les espaces de Hilbert, North-Holland Publishing Co., Am-
sterdam, 1973. North-Holland Mathematics Studies, No. 5. Notas de
Matemadtica (50).

H. BrEzis, Analyse fonctionnelle - Théorie et applications, Masson, Paris,
1983.

G. ButrTAzzO, Semicontinuity, relaxation and integral representation in
the calculus of variations, vol. 207 of Pitman Research Notes in Mathemat-
ics Series, Longman Scientific & Technical, Harlow, 1989.

E. Cacriori AND C. VILLANI, Homogeneous cooling states are not always
good approximations to granular flows, Arch. Ration. Mech. Anal., 163
(2002), pp. 329-343.

E. A. CARLEN AND W. GANGBO, Constrained steepest descent in the 2-
Wasserstein metric, Ann. of Math. (2), 157 (2003), pp. 807—846.

126



[27]

[28]

[31]

[32]

—, Solution of a model Boltzmann equation via steepest descent in the
2-Wasserstein metric, Arch. Ration. Mech. Anal., 172 (2004), pp. 21-64.

J. A. CARRILLO, R. J. McCANN, AND C. VILLANI, Kinetic equilibra-
tion rates for granular media and related equations: entropy dissipation
and mass transportation estimates, Rev. Mat. Iberoamericana, 19 (2003),

pp. 971-1018.

J. A. CARRILLO, R. J. MCcCANN, AND C. VILLANI, Contractions in the

2-Wasserstein space and thermalization of granular media, Arch. Ration.
Mech. Anal., (2006).

E. CHASSEIGNE AND J. L. VAZQUEZ, Theory of extended solutions for fast-

diffusion equations in optimal classes of data. Radiation from singularities,
Arch. Ration. Mech. Anal., 164 (2002), pp. 133-187.

D. CORDERO-ERAUSQUIN, B. NAZARET, AND C. VILLANI, A mass-
transportation approach to sharp Sobolev and Gagliardo-Nirenberg inequal-

ities, Adv. Math., 182 (2004), pp. 307-332.

M. G. CrANDALL AND T. M. LIGGETT, Generation of semi-groups of

nonlinear transformations on general Banach spaces, Amer. J. Math., 93
(1971), pp. 265-298.

M. G. CRANDALL AND A. PAzy, Semi-groups of nonlinear contractions
and dissipative sets, J. Functional Analysis, 3 (1969), pp. 376-418.

G. DA PrATO AND A. LUNARDI, Elliptic operators with unbounded drift

coefficients and Neumann boundary condition, J. Differential Equations,
198 (2004), pp. 35-52.

G. DA PRATO AND J. ZABCZYK, Second order partial differential equations
in Hilbert spaces, vol. 293 of London Mathematical Society Lecture Note
Series, Cambridge University Press, Cambridge, 2002.

E. DE GIORGI, New problems on minimizing movements, in Boundary
Value Problems for PDE and Applications, C. Baiocchi and J. L. Lions,
eds., Masson, 1993, pp. 81-98.

E. DE Giorc1, A. MARINO, AND M. TOSQUES, Problems of evolution in
metric spaces and mazximal decreasing curve, Atti Accad. Naz. Lincei Rend.

Cl. Sci. Fis. Mat. Natur. (8), 68 (1980), pp. 180-187.

M. DEGIOVANNI, A. MARINO, AND M. TOSQUES, FEvolution equations
with lack of convezity, Nonlinear Anal., 9 (1985), pp. 1401-1443.

M. DEeL PiNo, J. DOLBEAULT, AND I. GENTIL, Nonlinear diffusions, hy-

percontractivity and the optimal LP-FEuclidean logarithmic Sobolev inequal-
ity, J. Math. Anal. Appl., 293 (2004), pp. 375-388.

127



[40]

[41]

[42]

[43]

[44]

[45]

[51]

C. DELLACHERIE AND P.-A. MEYER, Probabilities and potential, vol. 29 of
North-Holland Mathematics Studies, North-Holland Publishing Co., Ams-
terdam, 1978.

R. J. DIPERNA AND P.-L. L1ONS, Ordinary differential equations, trans-
port theory and Sobolev spaces, Invent. Math., 98 (1989), pp. 511-547.

J. DoLBEAULT, D. KINDERLEHRER, AND M. KOWALCZYK, Remarks about
the Flashing Rachet, Tech. Rep. 406, Ceremade, 2004.

L. C. EvaNs, W. GANGBO, AND O. SAVIN, Diffeomorphisms and nonlin-
ear heat flows, SIAM Journal of Math. Anal., (to appear).

L. C. Evans AND R. F. GARIEPY, Measure theory and fine properties of
functions, Studies in Advanced Mathematics, CRC Press, Boca Raton, FL,
1992.

H. FEDERER, Geometric measure theory, Die Grundlehren der mathema-
tischen Wissenschaften, Band 153, Springer-Verlag New York Inc., New
York, 1969.

J. FENG AND M. KATSOULAKIS, A Hamilton Jacobi theory for controlled
gradient flows in infinite dimensions,, tech. rep., 2003.

W. GANGBO, The Monge mass transfer problem and its applications, in
Monge Ampere equation: applications to geometry and optimization (Deer-
field Beach, FL, 1997), vol. 226 of Contemp. Math., Amer. Math. Soc.,
Providence, RI, 1999, pp. 79-104.

W. GANGBO AND R. J. McCANN, The geometry of optimal transportation,
Acta Math., 177 (1996), pp. 113-161.

R. GARDNER, The Brunn-Minkowski inequality, Bull. Amer. Math. Soc.,
39 (2002), pp. 355-405.

L. GiacoMELLI AND F. OTTO, Variational formulation for the lubrica-
tion approximation of the Hele-Shaw flow, Calc. Var. Partial Differential
Equations, 13 (2001), pp. 377-403.

—— Rigorous lubrication approximation, Interfaces Free Bound., 5
(2003), pp. 483-529.

U. GiaNAzzA, G. ToscaNI, AND G. SAVARE, A fourth order parabolic
equation and the Wasserstein distance, tech. rep., IMATI-CNR, Pavia,
2006. to appear.

M. GIAQUINTA AND S. HILDEBRANDT, Calculus of Variations I, vol. 310 of
Grundlehren der mathematischen Wissenschaften, Springer, Berlin, 1996.

K. GLASNER, A diffuse interface approach to Hele-Shaw flow, Nonlinearity,
16 (2003), pp. 49-66.

128



[55]

[56]

[57]

C. GOFFMAN AND J. SERRIN, Sublinear functions of measures and varia-
tional integrals, Duke Math. J., 31 (1964), pp. 159-178.

C. HuaNG AND R. JORDAN, Variational formulations for Vlasov-Poisson-
Fokker-Planck systems, Math. Methods Appl. Sci., 23 (2000), pp. 803-843.

R. JOorDAN, D. KINDERLEHRER, AND F. OTTO, The variational formu-
lation of the Fokker-Planck equation, STAM J. Math. Anal., 29 (1998),
pp. 1-17 (electronic).

J. Jost, Nonpositive curvature: geometric and analytic aspects, Lectures
in Mathematics ETH Ziirich, Birkhauser Verlag, Basel, 1997.

D. KINDERLEHRER AND N. J. WALKINGTON, Approximation of parabolic
equations using the Wasserstein metric, M2AN Math. Model. Numer.
Anal., 33 (1999), pp. 837-852.

M. KNOTT AND C. S. SMITH, On the optimal mapping of distributions, J.
Optim. Theory Appl., 43 (1984), pp. 39-49.

Y. KOMURA, Nonlinear semi-groups in Hilbert space, J. Math. Soc. Japan,
19 (1967), pp. 493-507.

J. LorT AND C. VILLANI, Ricci curvature for metric-measure spaces via
optimal transport, Comm. Pure Appl. Math., (to appear).

Z.-M. MA AND M. ROCKNER, Introduction to the Theory of (Non-
symmetric) Dirichlet Forms, Springer, New York, 1992.

A. MARINO, C. SACCON, AND M. TOsSQUES, Curves of mazimal slope and

parabolic variational inequalities on nonconvexr constraints, Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4), 16 (1989), pp. 281-330.

U. F. MAYER, Gradient flows on nonpositively curved metric spaces and
harmonic maps, Comm. Anal. Geom., 6 (1998), pp. 199-253.

R. MCcCANN, Polar factorization of maps on riemannian manifolds, Geo-
metric and Functional Analysis, 11 (2001), pp. 589-608.

R. J. McCANN, A convezity principle for interacting gases, Adv. Math.,
128 (1997), pp. 153-179.

T. MikaMi, Dynamical systems in the wvariational formulation of the
Fokker-Planck equation by the Wasserstein metric, Appl. Math. Optim.,
42 (2000), pp. 203-227.

R. H. NocHETTO, G. SAVARE, AND C. VERDI, A posteriori error es-

timates for variable time-step discretizations of monlinear evolution equa-
tions, Comm. Pure Appl. Math., 53 (2000), pp. 525-589.

129



[70]

[71]

[72]

73]

[74]

[75]

[76]

F. OtTOo, Doubly degenerate diffusion equations as steepest descent,
Manuscript, (1996).

——, Dynamics of labyrinthine pattern formation in magnetic fluids: a
mean-field theory, Arch. Rational Mech. Anal., 141 (1998), pp. 63-103.

——, Lubrication approximation with prescribed monzero contact angle,
Comm. Partial Differential Equations, 23 (1998), pp. 2077-2164.

—, Fvolution of microstructure in unstable porous media flow: a relax-
ational approach, Comm. Pure Appl. Math., 52 (1999), pp. 873-915.

——, The geometry of dissipative evolution equations: the porous medium
equation, Comm. Partial Differential Equations, 26 (2001), pp. 101-174.

F. OrTo AND C. VILLANI, Generalization of an inequality by Talagrand
and links with the logarithmic Sobolev inequality, J. Funct. Anal., 173
(2000), pp. 361-400.

F. OTTO AND M. WESTDICKENBERG, Fulerian calculus for the contraction
in the wasserstein distance, Preprint, (2005).

A. Pazy, Semigroups of linear operators and applications to partial differ-
ential equations, Springer-Verlag, New York, 1983.

M. PIERRE, Uniqueness of the solutions of uy — Ap(u) = 0 with initial
datum a measure, Nonlinear Anal., 6 (1982), pp. 175-187.

A. PRATELLI, On the equality between Monge’s infimum and Kantorovich’s
minimum in optimal mass transportation, To appear, (2004).

R. T. ROCKAFELLAR AND R. J.-B. WETS, Variational analysis, Springer-
Verlag, Berlin, 1998.

R. Rosst AND G. SAVARE, Gradient flows of mon convex functionals in
Hilbert spaces and applications, ESAIM - Control, Optimization, and Cal-
culus of Variations, To appear (2006).

J. RULLA, FError analysis for implicit approximations to solutions to
Cauchy problems, STAM J. Numer. Anal., 33 (1996), pp. 68-87.

C. SPARBER, J. A. CARRILLO, J. DOLBEAULT, AND P. A. MARKOWICH,
On the long-time behavior of the quantum Fokker-Planck equation,
Monatsh. Math., 141 (2004), pp. 237-257.

K. STURM, On the geometry of metric measure spaces, (to appear).

C. VILLANI, Optimal transportation, dissipative PDE’s and functional in-
equalities, in Optimal transportation and applications (Martina Franca,
2001), vol. 1813 of Lecture Notes in Math., Springer, Berlin, 2003, pp. 53—
89.

130



[86] ——, Topics in optimal transportation, vol. 58 of Graduate Studies in
Mathematics, American Mathematical Society, Providence, RI, 2003.

131



