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The Standard Model & Beyond
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Collider Physics as Alchemy
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The Large Hadron Collider
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ATLAS

CMS
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From partons to distributions
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Partons

Hadrons

Theory

Detector

Simplified perspective: 

Jet events as energy flow 

on calorimeter 

Complete perspective:

Jet events as partonic process  showering 

 hadronization  detection
→

→ →
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Treat jets as energy flow distributions on a 2d domain 

From partons to distributions
E(n̂) =

X

i2J

Ei �(n̂� n̂i)

<latexit sha1_base64="5j+bswsyFRROqMc6aCJbbY6+XtE="></latexit>
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All results at: http://cern.ch/go/pNj7
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t-cht tW s-cht γtt tZq ttZ γt ttW tttt
σΔ in exp. HσΔTh. 

ggH qqH
VBF VH WH ZH ttH tH HH 

CMS 95%CL limits at 7, 8 and 13 TeV

)-1 5.0 fb≤7 TeV CMS measurement (L 
)-1 19.6 fb≤8 TeV CMS measurement (L 
)-1 137 fb≤13 TeV CMS measurement (L 

Theory prediction

Signals and Backgrounds
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} Typical size of 
beyond-the-Standard 

Model signals



Optimal Transport

In other words, how can we optimally 
transport f to g?

Fundamental problem of optimal transport:Gaspard Monge 
1781

9

g

How to rearrange f to look like g 
with the least amount of “work”?

Déblais

Remblais



Optimal Transport
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Earth Mover’s Distance

xi

EMD(ℰ, ℰ′￼) = min
γij∈Γ(ℰ,ℰ′￼)

∑
i,j

(d(xi, x′￼j)γij)

Γ(ℰ,ℰ′￼) = γij ∈ Mn×n(ℝ) : γij ≥ 0,∑
j

γij = Ei, ∑
i

γij = E′￼j

Transport Plans from  to ℰ ℰ′￼

Wp(ℰ, ℰ′￼) = min
γij∈Γ(ℰ,ℰ′￼)

∑
i,j

d(xi, x′￼j)pγij

1/pp-Wasserstein Distance, p ≥ 2

ℰ
Ei{ ℰ′￼

Wp(ℰ, ℰ′￼) = min
γij∈Γ(ℰ,ℰ′￼)

∑
i,j

∥xi − x′￼j∥pγij

1/p

E′￼j{
x′￼j

Wp(ℰ, ℰ′￼) = min
γij∈Γ(ℰ,ℰ′￼)

∑
i,j

∥xi − x′￼j∥pγij

1/p



OT respects underlying geometry

Wp distance
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ℰ

L2 distance

Ei{ E′￼j{

(
N

∑
i=1

|Ei − E′￼i |
2 )

1/2

= 0.30 W1(ℰ, ℰ′￼) = 0.71

ℰ′￼



Wp distance

OT respects underlying geometry

12

ℰ

ℰ′￼

E1 = E′￼1 = 1x′￼1

x1

(
N

∑
i=1

|Ei − E′￼i |
2 )

1/2

= { 2
0

Wp(ℰ, ℰ′￼) = ∥x1 − x′￼1∥

disregards spatial information lifts geometry of underlying space 
to space of distributions

L2 distance
∥x1 − x′￼1∥



OT for Particle Physics
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“Machine Learning is better with OT”

“Particle physics is better with OT”

• Wasserstein GAN (Arjovsky et al. ‘17)

• Wasserstein AE (Tolstikhin et al. ‘17)

• Sliced Iterative Normalizing Flows (Dai, Seljak ’20)

• …

• Metric Space of Collider Events (Komiske, 
Metodiev, Thaler 2019)


• The Hidden Geometry of Particle Collisions 
(Komiske, Metodiev, Thaler, 2020)


• A Robust Measure of Event Isotropy at Colliders 
(Cesarotti, Thaler 2020)


• …  this talk⇒

⊕



(1) Compute pairwise EMD 
distances between all events in 
signal & background samples


(2) Use EMD distances as input to 
“off-the-shelf” ML algorithms 
(e.g. kNN) for event classification


OT for Particle Physics
3
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FIG. 3. ROC curves showing the boostedW classification per-
formance of a k = 32 nearest-neighbor EMD classifier, which
requires no choice of observables or parametrized machine
learning architectures. The EMD classifier is competitive with
machine learning techniques known to be good multi-prong
classifiers, such as PFNs, EFNs, and EFPs.

est neighbors by EMD. This method should approach
the optimal IRC-safe classifier with a su�ciently large
dataset. The performance of the resulting EMD kNN
classifier is shown in Fig. 3 as a receiver operating char-
acteristic (ROC) curve, with the Area Under the ROC
Curve (AUC) also shown. For comparison, we include
an Energy Flow Network (EFN) and a Particle Flow
Network (PFN) [44] as well as a linear classifier trained on
Energy Flow Polynomials (EFPs) [43]. All classifiers are
trained on a 100k training sample and evaluated on a 20k
test sample, with the neural networks using 20% of the
training sample for validation and a batch size of 125 (see
Ref. [44] for additional details). The kNN approaches
the performance of these state-of-the-art classifiers and

significantly outperforms a ratio ⌧ (�=1)
2 /⌧ (�=1)

1 of N -
subjettiness observables [51, 52] designed to identify two-
prong substructure. It is expected that the performance
of the kNN method would improve with more sophisti-
cated kernel density estimation techniques.

It is worth noting that while searching through a
large reference set of events to find neighbors naively
requires every possible pairwise comparison, in a metric
space the triangle inequality can provide a great deal
of simplification. Specialized data structures known as
metric trees [53–56] have been developed to achieve query
times that are approximately logarithmic in the size of
the dataset. While we use direct searches throughout this
letter, this is not a fundamental limitation and we leave

FIG. 4. The correlation dimension of top, W , and QCD jets as
a function of the energy scale Q using hadrons (solid), partons
(dashed), and hard decay products (dotted). Generally, QCD
jets are the lowest dimensional and top jets are the highest
dimensional. By comparing partons and hadrons, one sees
that hadronization a↵ects the structure of the space at scales
below about 30 GeV. Similarly, the hard decay structure of
top and W jets governs their dimension at high scales. Below
about 10 GeV, the data become very high dimensional and
sparse, making dimension estimation di�cult.

metric tree query optimizations to future work.
Once a space has been equipped with a metric, it is nat-

ural to ask about the structure of the induced manifold.
The most basic aspect of the manifold underlying the
data is its dimension, and several notions of its intrinsic
dimension exist [57]. The correlation dimension [58, 59],
a type of fractal dimension, is suitable for our purposes
and is defined using only pairwise distances:

dim(Q) = Q
@

@Q
ln

X

1k<`N

⇥(EMD(Ek, E`) < Q), (4)

where N is the total number of events and the summand
indicates whether event k is within EMD Q of event `.

The correlation dimension is an intrinsically scale-
dependent quantity, which is particularly useful as we
anticipate di↵erent physical e↵ects to dominate jets at
di↵erent scales. Shown in Fig. 4 is the intrinsic dimension
of our top, W , and QCD samples over energy scales Q
ranging from 10 GeV to 1000 GeV obtained from Eq. (4)
with 25k jets. At high energy scales Q, the EMD is
governed by the hard decay kinematics, resulting in a
relatively simple manifold with low intrinsic dimension.
At energy scales Q approaching the fragmentation and
hadronization scales, the structure of the events becomes
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Komiske, Metodiev, Thaler 1902.02346: OT (EMD) is useful for collider physics



OT on Open Data
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FIG. 9. Example EMD computation. (top row) Two jets from the CMS Open Data shown in the style of Fig. 4, with the
size of each symbol indicating the particle transverse momentum and the style indicating the charge. Pileup particles removed
by CHS are indicated by gray crosses. (bottom) Both jets represented as energy flow distributions via Eq. (3), along with the
optimal transportation plan to rearrange one jet into the other, with the intensity of each line corresponding to {fij} of Eq. (4).

Komiske, Mastandrea, Metodiev, Naik, Thaler [1908.08542]
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FIG. 5. (a) Jet transverse momentum spectrum, comparing the CMS Open Data to MC event samples at the simulation
level and generation level. We consider up to two of the hardest pT jets, restricted to |⌘jet| < 1.9 and pjetT > 375GeV. In
addition to having a pT -dependent NLO K-factor, the MC events have been normalized to match the lowest pT bin. (b) Jet
pseudorapidity spectrum, with the |⌘jet| requirement removed. For both jet spectra, we see very good agreement between
data and simulation, indicating that we have properly processed the CMS Open Data, including appropriate JEC factors. In
these and all subsequent plots, the error bars indicate statistical uncertainties only, with no attempt at estimating systematic
uncertainties. The jet azimuth spectrum is shown in Fig. 22 of App. C.

CMS 2011 Open Data CMS 2011 Simulation
PID Candidate Total Count After CHS pT > 1GeV Total Count After CHS pT > 1GeV

11 Electron (e�) 31,297 30,304 30,284 76,819 73,937 73,906
�11 Positron (e+) 31,444 30,470 30,448 75,651 72,920 72,868
13 Muon (µ�) 16,779 14,957 14,912 47,871 42,604 42,511

�13 Antimuon (µ+) 17,453 15,373 15,310 50,009 44,256 44,149
211 Positive Hadron (e.g.⇡+) 10,731,634 8,159,520 6,950,019 31,682,518 23,267,103 19,775,066

�211 Negative Hadron (e.g.⇡�) 10,414,733 7,987,681 6,780,597 30,718,965 22,837,987 19,361,736
22 Photon (�) 14,102,402 14,102,402 7,157,772 39,487,711 39,487,711 19,805,470

130 Neutral Hadron (e.g.K0
L) 2,955,136 2,955,136 2,317,806 7,509,228 7,509,228 5,974,028

TABLE V. Counts of PFCs by PID code, considering the constituents of the two hardest jets with the restriction |⌘jet| < 1.9
and pjetT 2 [375, 425] GeV. The MC simulation has a larger number of events than the CMS Open Data, and therefore more
total PFCs. Note that the PID code is based on the PDG MC numbering scheme, but a code like ±211 indicates any charged
hadron candidate, not solely ⇡±.

is a significant excess of neutral PFCs from pileup be-
low around 2 GeV, compared to generation-level expec-
tations. That said, the CMS simulation appropriately
captures this neutral pileup contamination. Because of
finite calorimeter granularity, there is a depletion of mod-
erate pT neutral PFCs as a result of merging. This merg-
ing results in an excess of higher pT neutral PFCs, which
can be seen in Fig. 23a of App. C.

The pT spectrum of charged PFCs is shown in Fig. 6b.
With CHS, the PFC pT spectrum is rather similar be-
tween the CMS Open Data and the MC event samples,

even at the generator level and even going out to higher
pT in Fig. 23b of App. C. The main di↵erence is below
1 GeV, where one sees the impact of tracking ine�cien-
cies and momentum misreconstruction. For this reason,
we impose a cut of pPFC

T > 1 GeV for all of our jet sub-
structure studies, which results in better data/MC agree-
ment for observables like track multiplicity that are sen-
sitive to such e↵ects. Note that this same pPFC

T cut was
advocated for in Ref. [38], though a looser cut of 500 MeV
is used by CMS in its track multiplicity study [129].



Not so fast (literally)
• Computing OT distances between  events requires  evaluations.


• Evaluating one OT distance between two typical events takes ~0.1s on a 
desktop using e.g. Python Optimal Transport library.


•  A naive construction of pairwise distance matrix for 100k events would 
take ~16 years on a desktop.


• Various speedups, parallelization possible, but clearly cumbersome

Nevt 𝒪(N2
evt)

⇒

16

 if computational burden is comparable to NNs, what is gained?



W2(ℰ, ℰ′￼) = min
γij∈Γ(ℰ,ℰ′￼)

∑
i,j

(∥xi − xj∥2γij)
1/2

Discrete

W2(ℰ, ℰ′￼) = min
γ∈Γ(ℰ,ℰ′￼)

(∬ ∥x − y∥2dΓ(x, y))
1/2

Γ(ℰ,ℰ′￼) = {γ ∈ 𝒫(ℝd × ℝd) : π1#γ = ℰ, π2#γ = ℰ′￼}Γ(ℰ,ℰ′￼) = {γij ∈ Mn×n(ℝ) :

γij ≥ 0,∑
j

γij = Ei, ∑
i

γij = E′￼j}

ℰ ℰ

Continuum

ℰ′￼ ℰ′￼
γ γ

W2(ℰ, ℰ′￼) = min
t#ℰ=ℰ′￼(∫ ∥x − t(x)∥2dℰ(x))

1/2

t#ℰ = ℰ′￼ ⟺ ℰ′￼(A) = ℰ(t−1(A)) ∀A

Monge

Discrete Kantorovich Continuum Kantorovich

From Kantorovich to Monge

transport map17

ℰ ℰ′￼

t−1(A) A
( ) ( )

x

t(x)
⋅ (x, t(x))

Thm (Brenier ’91): If  is a continuum 
distribution, ! optimal transport map.

ℰ
∃



Geodesics

linear interpolation
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Fig. 6.6. Evolution of f?(·, t) for several value of t and �. The first and last columns represent the data f0

and f1. The intermediate ones present the reference solution f?(t) for successive times t = i/6, i = 1 · · · 5. Each
line illustrates f? for di↵erent values � = j/4, j = 0 · · · 4 of the generalized cost function.

As a last example, we present in Figure 6.9 an interpolation result in the context of oceanogra-
phy in the presence of coast. We here consider Gaussian mixture data in order to simulate the Sea
Surface Temperature that can be observed from satellite. In order to model the influence of the
sea ground height, we here considered weights w varying w.r.t the distance to the coast. Denoting
as O the area representing the complementary of the sea, we define

8 k 2 Gc, wk = 1 + d(xk, @O) + ◆O 2 {1,+1},

where d(x, @O) is the Euclidean distance between a pixel location x and the boundary of O.
The estimation of such interpolations are of main interest in geophysic forecasting applications
where the variables of numerical models are calibrated using external image observations (such
as the Sea Surface Temperature). Data assimilation methods used in geophysics look for the best
compromise between a model and the observations (see for instance [12]) and making use of optimal
transportation methods in this context is an open research problem.

Conclusion. In this article, we have shown how proximal splitting schemes o↵er an elegant and
unifying framework to describe computational methods to solve the dynamical optimal transport
with an Eulerian discretization. This allowed use to extend the original method of Benamou
and Brenier in several directions, most notably the use of staggered grid discretization and the
introduction of generalized, spatially variant, cost functions.
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Riemannian Structure  Linearize→
[S. Kolouri et al., Pattern Recognition 51 (2016) 453–462]
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ℛ
tℰℛ − id

tℰ
′￼

ℛ
− id

ℰ
ℰ′￼

[Wang et al., International Journal of Computer Vision 101, 254 (2013)]

• The W2 metric between continuum 
distributions has Riemannian structure.


• Basic idea of linearization:

1. Project onto tangent plane at a chosen 

reference event .

2. Compute Euclidean distances.


• Enormous computational benefit: 


-  W2 eval.,  Euclidean eval.

- Euclidean embedding


• Sound mathematical footing: the linearized 
distance  is also a metric.

ℛ

𝒪(Nevt) 𝒪(N2
evt)

W2,ℛ



Linearized OT in Practice
E
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<latexit sha1_base64="U3PTpaFV8P6hL+xv1A2COtcPiEU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ1xk53RTcuK9oHtEPJpJk2NJMZkoxYSj/BjQtF3PpF7vwb04egogcuHM65l3vvCVPOlEbow8qtrK6tb+Q3C1vbO7t7xf2DpkoySWiDJDyR7RArypmgDc00p+1UUhyHnLbC0eXMb91RqVgibvU4pUGMB4JFjGBtpJv7ntMrlpCNziu+70Fke5535rqGVKu+h8rQsdEcJbBEvVd87/YTksVUaMKxUh0HpTqYYKkZ4XRa6GaKppiM8IB2DBU4piqYzE+dwhOj9GGUSFNCw7n6fWKCY6XGcWg6Y6yH6rc3E//yOpmO/GDCRJppKshiUZRxqBM4+xv2maRE87EhmEhmboVkiCUm2qRTMCF8fQr/J82y7bi2d+2WahfLOPLgCByDU+CACqiBK1AHDUDAADyAJ/BscevRerFeF605azlzCH7AevsElP+OBQ==</latexit>

x2

<latexit sha1_base64="dET+gVlD3UfRq9X7wCF4t8xHsN8=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ1xk53RTcuK9oHtEPJpJk2NJMZkoxYSj/BjQtF3PpF7vwb04egogcuHM65l3vvCVPOlEbow8qtrK6tb+Q3C1vbO7t7xf2DpkoySWiDJDyR7RArypmgDc00p+1UUhyHnLbC0eXMb91RqVgibvU4pUGMB4JFjGBtpJv7XrlXLCEbnVd834PI9jzvzHUNqVZ9D5WhY6M5SmCJeq/43u0nJIup0IRjpToOSnUwwVIzwum00M0UTTEZ4QHtGCpwTFUwmZ86hSdG6cMokaaEhnP1+8QEx0qN49B0xlgP1W9vJv7ldTId+cGEiTTTVJDFoijjUCdw9jfsM0mJ5mNDMJHM3ArJEEtMtEmnYEL4+hT+T5pl23Ft79ot1S6WceTBETgGp8ABFVADV6AOGoCAAXgAT+DZ4taj9WK9Llpz1nLmEPyA9fYJloOOBg==</latexit>

x3

<latexit sha1_base64="fDSbKlShCx5uPq7MTlgSKhgeCAE=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ6adsdNd0Y3LivYB7VAyaaYNzWSGJCOW0k9w40IRt36RO//G9CGo6IELh3Pu5d57wpQzpRH6sFZW19Y3NnNb+e2d3b39wsFhUyWZJLRBEp7IdogV5UzQhmaa03YqKY5DTlvh6HLmt+6oVCwRt3qc0iDGA8EiRrA20s19r9wrFJGNziu+70Fke55Xdl1DqlXfQyXo2GiOIlii3iu8d/sJyWIqNOFYqY6DUh1MsNSMcDrNdzNFU0xGeEA7hgocUxVM5qdO4alR+jBKpCmh4Vz9PjHBsVLjODSdMdZD9dubiX95nUxHfjBhIs00FWSxKMo41Amc/Q37TFKi+dgQTCQzt0IyxBITbdLJmxC+PoX/k2bJdlzbu3aLtYtlHDlwDE7AGXBABdTAFaiDBiBgAB7AE3i2uPVovVivi9YVazlzBH7AevsEmAeOBw==</latexit>

x̃1

<latexit sha1_base64="dlo4aFM9caxNfx4LV9soEBmtB8I=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgaZnNJjHegl48RjAmsFnC7GSSDJl9MNMrhiWf4cWDIl79Gm/+jZOHoKIFDUVVN91dQSKFBkI+rNzK6tr6Rn6zsLW9s7tX3D+41XGqGG+xWMaqE1DNpYh4CwRI3kkUp2EgeTsYX8789h1XWsTRDUwS7od0GImBYBSM5HVByD7P7qc9p1csEdst19xzgoldd13iVA1xam6ZVLBjkzlKaIlmr/je7ccsDXkETFKtPYck4GdUgWCSTwvdVPOEsjEdcs/QiIZc+9n85Ck+MUofD2JlKgI8V79PZDTUehIGpjOkMNK/vZn4l+elMKj7mYiSFHjEFosGqcQQ49n/uC8UZyAnhlCmhLkVsxFVlIFJqWBC+PoU/09uy7ZTsavXlVLjYhlHHh2hY3SKHHSGGugKNVELMRSjB/SEni2wHq0X63XRmrOWM4foB6y3T8f4kZk=</latexit>

x̃2

<latexit sha1_base64="kkfwMKd/heDFgoYXBRs1gkkUvJ8=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgaZnNJjHegl48RjAmsFnC7GSSDJl9MNMrhiWf4cWDIl79Gm/+jZOHoKIFDUVVN91dQSKFBkI+rNzK6tr6Rn6zsLW9s7tX3D+41XGqGG+xWMaqE1DNpYh4CwRI3kkUp2EgeTsYX8789h1XWsTRDUwS7od0GImBYBSM5HVByD7P7qe9cq9YIrZbrrnnBBO77rrEqRri1NwyqWDHJnOU0BLNXvG9249ZGvIImKRaew5JwM+oAsEknxa6qeYJZWM65J6hEQ259rP5yVN8YpQ+HsTKVAR4rn6fyGio9SQMTGdIYaR/ezPxL89LYVD3MxElKfCILRYNUokhxrP/cV8ozkBODKFMCXMrZiOqKAOTUsGE8PUp/p/clm2nYlevK6XGxTKOPDpCx+gUOegMNdAVaqIWYihGD+gJPVtgPVov1uuiNWctZw7RD1hvn8l8kZo=</latexit>

x̃3

<latexit sha1_base64="6zKK9hBXRQdqH8FZTKEltAzyxU8=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgaZnNJjHegl48RjAmsFnC7GSSDJl9MNMrhiWf4cWDIl79Gm/+jZOHoKIFDUVVN91dQSKFBkI+rNzK6tr6Rn6zsLW9s7tX3D+41XGqGG+xWMaqE1DNpYh4CwRI3kkUp2EgeTsYX8789h1XWsTRDUwS7od0GImBYBSM5HVByD7P7qc9t1csEdst19xzgoldd13iVA1xam6ZVLBjkzlKaIlmr/je7ccsDXkETFKtPYck4GdUgWCSTwvdVPOEsjEdcs/QiIZc+9n85Ck+MUofD2JlKgI8V79PZDTUehIGpjOkMNK/vZn4l+elMKj7mYiSFHjEFosGqcQQ49n/uC8UZyAnhlCmhLkVsxFVlIFJqWBC+PoU/09uy7ZTsavXlVLjYhlHHh2hY3SKHHSGGugKNVELMRSjB/SEni2wHq0X63XRmrOWM4foB6y3T8sAkZs=</latexit>

r
11

<latexit sha1_base64="Is7EIiJbolIs9ebyKZ1GTGkUxGU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIRY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fj25nffmLacCUf7CRhQUyGkkecEuuklu5nGE/75Ypf9edAqwTnpAI5Gv3yV2+gaBozaakgxnSxn9ggI9pyKti01EsNSwgdkyHrOipJzEyQza+dojOnDFCktCtp0Vz9PZGR2JhJHLrOmNiRWfZm4n9eN7XRdZBxmaSWSbpYFKUCWYVmr6MB14xaMXGEUM3drYiOiCbUuoBKLgS8/PIqaV1Uca16eV+r1G/yOIpwAqdwDhiuoA530IAmUHiEZ3iFN095L96797FoLXj5zDH8gff5Azqbjuk=</latexit>

r
12

<latexit sha1_base64="eOHbzFA9XcELIgbRiO97W3z4Jas=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld1S0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqppfuZX532S2Wv4s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vkla14tcql/e1cv0mj6MAp3AGF+DDFdThDhrQBAqP8Ayv8IYUekHv6GPRuobymRP4A/T5Azwgjuo=</latexit>

r
13

<latexit sha1_base64="qtXsIQhig2ubQmqXf6tEr8TkAYE=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2t6LHoxWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3U1L3Mv5j0SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroOMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk+Z5xa9WLu+r5dpNHkcBjuEEzsCHK6jBHdShARQe4Rle4Q0p9ILe0ce8dQXlM0fwB+jzBz2ljus=</latexit>

r̃13

<latexit sha1_base64="P9ffH0z5nl6UuIupnTOBqy55dvs=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRa0WPRi8cK9gPaWDababt0swm7G6WE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2nG+rcLK6tr6RnGztLW9s7tX3j9oqSiRFJs04pHs+EQhZwKbmmmOnVgiCX2ObX98M/XbjygVi8S9nsTohWQo2IBRoo300NOMB5jKrJ+651m/XHGqzgz2MnFzUoEcjX75qxdENAlRaMqJUl3XibWXEqkZ5ZiVeonCmNAxGWLXUEFCVF46uzqzT4wS2INImhLanqm/J1ISKjUJfdMZEj1Si95U/M/rJnpw5aVMxIlGQeeLBgm3dWRPI7ADJpFqPjGEUMnMrTYdEUmoNkGVTAju4svLpHVWdWvVi7tapX6dx1GEIziGU3DhEupwCw1oAgUJz/AKb9aT9WK9Wx/z1oKVzxzCH1ifP6wCkqE=</latexit>

r̃12

<latexit sha1_base64="8nUoIFqbjmpz2Vw4sT0NdJzr6As=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB6DXjxGMA9I1jA720mGzD6YmVXCsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxYIrbdvfVmFtfWNzq7hd2tnd2z8oHx61VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW9yM/M7jygVj8J7PY3RDego5EPOqDbSQ19z4WMqs0Hq1LJBuWJX7TnIKnFyUoEczUH5q+9HLAkw1ExQpXqOHWs3pVJzJjAr9ROFMWUTOsKeoSENULnp/OqMnBnFJ8NImgo1mau/J1IaKDUNPNMZUD1Wy95M/M/rJXp45aY8jBONIVssGiaC6IjMIiA+l8i0mBpCmeTmVsLGVFKmTVAlE4Kz/PIqadeqTr16cVevNK7zOIpwAqdwDg5cQgNuoQktYCDhGV7hzXqyXqx362PRWrDymWP4A+vzB6p9kqA=</latexit>

r̃11

<latexit sha1_base64="P+wy6ZeRzAOdWPxa6Y5dPrwDtMU=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNczO9iZDZh/MzCph2f/w4kERr/6LN//GSbIHTSxoKKq66e7yEsGVtu1vq7Syura+Ud6sbG3v7O5V9w/aKk4lwxaLRSy7HlUoeIQtzbXAbiKRhp7Ajje+mfqdR5SKx9G9niTohnQY8YAzqo300Ndc+JjJfJA5Tj6o1uy6PQNZJk5BalCgOah+9f2YpSFGmgmqVM+xE+1mVGrOBOaVfqowoWxMh9gzNKIhKjebXZ2TE6P4JIilqUiTmfp7IqOhUpPQM50h1SO16E3F/7xeqoMrN+NRkmqM2HxRkAqiYzKNgPhcItNiYghlkptbCRtRSZk2QVVMCM7iy8ukfVZ3zusXd+e1xnURRxmO4BhOwYFLaMAtNKEFDCQ8wyu8WU/Wi/VufcxbS1Yxcwh/YH3+AKj4kp8=</latexit>

z1

<latexit sha1_base64="Iv8KyLfXuwAullY9Zi6TStYzLKM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcRVI2q</latexit>

z̃1

<latexit sha1_base64="lpJUSUjCTmuKCHF0KBNaPrVgz0s=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoseiF48V7AekoWw2m3bpZjfsToQa+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPx7czvPjJtuJIPMElZkJCh5DGnBKzk94GLiOVP04E3qNbcujsHXiVeQWqoQGtQ/epHimYJk0AFMcb33BSCnGjgVLBppZ8ZlhI6JkPmWypJwkyQz0+e4jOrRDhW2pYEPFd/T+QkMWaShLYzITAyy95M/M/zM4ivg5zLNAMm6WJRnAkMCs/+xxHXjIKYWEKo5vZWTEdEEwo2pYoNwVt+eZV0Lupeo35536g1b4o4yugEnaJz5KEr1ER3qIXaiCKFntErenPAeXHenY9Fa8kpZo7RHzifP3VXkWA=</latexit>

y1, R1

<latexit sha1_base64="A1kxaqwUedeBD2uCuMpkPA1vD2k=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBg5REKnosevFYxX5AG8Jmu2mXbjZxdyOE0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSjvOt1VaWV1b3yhvVra2d3b37P2DtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8c3U7zxRqVgsHnSWUC/CQ8FCRrA2Ujfz3TN077u+XXVqzgxombgFqUKBpm9/9QcxSSMqNOFYqZ7rJNrLsdSMcDqp9FNFE0zGeEh7hgocUeXls3sn6MQoAxTG0pTQaKb+nshxpFQWBaYzwnqkFr2p+J/XS3V45eVMJKmmgswXhSlHOkbT59GASUo0zwzBRDJzKyIjLDHRJqKKCcFdfHmZtM9rbr12cVevNq6LOMpwBMdwCi5cQgNuoQktIMDhGV7hzXq0Xqx362PeWrKKmUP4A+vzB5mAjwk=</latexit>

“Reference jet” 
(n particles)

“Jet 1”

“Jet 2”

•distance from (discrete) reference to event:

 

•  : optimal transport plan (minimizer of W2)


•  : barycenter (avg. of locations to which ith 
particle is sent, weighted by transport plan) 




• LOT approximation of : 

W2(ℛ, ℰ) = min
γij∈Γ(ℰ,ℰ′￼) ∑

ij

∥xi − x′￼j∥2γij

1/2

γij

zi

zi =
1
Ri ∑

j

γijxj

W2(ℰ, ℰ′￼)

LOTr,r′￼
(ℰ, ℰ′￼) = (∑

i

∥zi − z′￼i∥2Ri)
1/2

Map from  to a vector in  ;

approximates OT map 

ℰ ℝ2n

t(xi)

[Wang et al., International Journal of Computer Vision 101, 254 (2013)]



Supervised ML w/ LOT
• k-Nearest Neighbor 

(kNN): classification via 
majority vote of closest k 
neighbors in training set


• Support Vector Machine 
(SVM): lift inputs into high-
dim space, find optimal 
hyperplane separating data


• Linear Discriminate 
Analysis (LDA): projects 
input data onto most 
discriminating linear 
combination

W/QCD jet classification

7

dataset is further divided into a training sample of 5000
jets, a validation sample of 2500 jets used to decide the
best hyper-parameters, and a test sample of 2500 jets.
The full dataset is split into a training set of 100k jets
and a test set of 40k jets for these two models. For LDA,
thanks to its high e�ciency, we train and test on both the
sample dataset (training sample size = 8000, test sample
size = 2000; validation sample is not needed since there’s
no hyper-parameter for LDA) and the full dataset (train-
ing set size = 100k, test set size = 40k), which amounts
to two separate, identical analyses. The k-medoids algo-
rithm has only been applied to the sample dataset due
to its computational intensity, and in this case, all 10k
jets are fed into the model at once for clustering.

Fig. 3 displays the receiver operating characteristic
(ROC) curves of the three classifiers kNN, SVM and LDA
for each of the seven comparison tasks. Also included is
the Area Under the ROC Curve (AUC) which encapsu-
lates the model performance in a single number between
0 and 1. An AUC close to 1 is most desirable, whereas a
value around 0.5 suggests a random classifier, the worst-
case scenario. All results are obtained on the full test
datasets consisting of 40k jets, using the models trained
on 100k jets with hyper-parameters, if present, picked by
the sample datasets.

To get a better sense of the model performance, we
compare the AUCs of our LOT-coupled ML models for
the W vs QCD classification task with other common
classifiers built in [1] where the training set, though dif-
ferent, also contains 100k balanced W and QCD jets,
and the test set contains 20k such jets. The model
most akin to our k=20NN-LOT is k=32NN-EMD built
upon the EMD proposed in [1], an interpolation between
the OT-W1 distance and total variation norm.5 The N-
subjettiness ratio ⌧�=1

2 / ⌧�=1
1 , introduced in [38, 39], is a

widely-used observable specifically designed to spot two-
prong jet substructure. For the other three classifiers,
namely the Energy Flow Network (EFN) and Particle
Flow Network (PFN) neural networks [30], and a linear
classier trained on Energy Flow Polynomials (EFPs) [29],
please refer to the original papers for more details.

Datasets Model AUC

Our Datasets
k=20NN-LOT 0.845

SVM-LOT 0.869

LDA-LOT 0.704

Datasets in [1]

k=32NN-EMD 0.887

⌧�=1
2 / ⌧�=1

1 0.776

PFN 0.919

EFPs 0.917

EFN 0.904

5
Although our samples are not identical to those in [1], we apply

the same prescription for simulating and preparing the samples,

and our W/QCD jet samples yield results for k=32NN-EMD com-

patible with [1].

Not surprisingly, the neural networks obtain the best
performance. But the four optimal transport inspired
models (three with LOT and one with EMD) are on a
par with these state-of-the-art complex classifiers, and
they significantly outperform the N-subjettiness observ-
able (with the single exception of the exceptionally sim-
plistic LDA). More pertinent to our current investigation
is the observation that models coupled with LOT-W2
approximation perform as well as those using the exact
EMD metric. The AUCs of kNN-LOT and SVM-LOT
are close to the AUC of kNN-EMD, suggesting that it
does not make much di↵erence for jet tagging whether
we use the exact OT metric or its linearized version. Yet
on the practical level, the LOT approximation has a sig-
nificant advantage over the exact OT metric. The com-
putation of the LOT coordinates for 140k jets only takes
about 10 minutes on a desktop computer, whereas it is
infeasible to compute the full exact OT matrix of pair-
wise distances on the same computer and still requires
significant time on a cluster.

Table I summarizes the results obtained for all seven
comparison tasks, with complete, independent analyses
done both on the sample datasets and the full datasets.
In addition to AUC, we also report the True Positive
Rate (TPR) and False Positive Rate (FPR), where the
TPR is the same as the signal e�ciency, and the FPR
equals to one minus the background rejection. A TPR
near 1 and a FPR close to 0 are preferable. For SVM
and kNN, we also include the hyper-parameters chosen
by the sample datasets. The results for k-medoids are
harder to interpret, so we defer a full discussion to a
later paragraph.

Also included in the table is the approximate run time
for each task, performed on an iMac with 3.6 GHz 8-Core
Intel Core i9 and 16 GB memory. The longest analy-
sis takes no more than 10 hours, which, when combined
with the extra few minutes for calculating the LOT co-
ordinates, is quite manageable. LDA in particular only
takes seconds to process the full datasets and in this light
its classification results are surprisingly good. In addi-
tion, models performed on the sample datasets require
as few as 2 hours for a full scan of hundreds of possible
combinations of hyper-parameters. Competitive classifi-
cation performance coupled with e�cient computational
time suggests that the linearized optimal transport met-
ric may play a role in event classification alongside the
exact OT metric, complex neural networks, and tradi-
tional handpicked observables.

Given that the sample datasets constitute complete
analyses on their own rights, we can compare their re-
sults with those obtained using the full datasets. In gen-
eral, model performance naturally gets better with more
training data, but we observe that the increase in per-
formance going from 10k jets to 140k jets is perhaps not
significant enough to justify the extra computational re-
sources needed. Since the numbers quoted for AUC, TPR
and FPR are only intended as general performance eval-
uations rather than precise measures, the fluctuations in

Our 
work

Komiske, 
Metodiev, 

Thaler  
1902.02346
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Which Metric on the Space of Collider Events?
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r

q

p

(1,1,0)
(2,2,0)

κ−1

• Optimal transport metrics are a natural 
choice to compare collider events since they 
preserve spatial information.


• A key limitation of Wp metrics is that they 
require distributions to be normalized.

W2

EMD

• The partial optimal transport metric  
generalizes EMD to allow for creation and 
destruction of mass [Piccoli, Rossi, ’14, ’16], 
[Komiske, et. al. ’19].


• The Hellinger-Kantorovich metric  
generalizes W2 to allow for creation and 
destruction of mass [Liero, et. al. ’16, ’18], 
[Chizat, et. al. ’18], [Kondratyev et. al. ’16]; 
mass never moves more than distance .

Tκ
1

HKκ

κ

(1,1,κ−1)
(2,2,κ−1)

Tκ
1

HKκ

Riemannian 
structure



Linearized Unbalanced Optimal Transport
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particles’ pT . For the reference measure we again pick a regular Cartesian grid of 15⇥ 15 points covering
the rectangle [�1.7, 1.7]⇥ [�⇡/2,⇡/2] with uniform pT distribution; see the blue dots in the same figure.
As in previous examples, we normalize all jets to unit pT before analysis (see Remark 3.12).

Choice of HK length scale . When using HK, the choice of the length scale parameter  is crucial
for the success of the analysis (Remark 3.3). We scan values over several orders of magnitude, i.e.  2
[0.01, 100]. Figure 5.7 displays various optimal transports from the uniform reference measure to a QCD
and a W jet. Considering the length scale of the sample and reference measures, we expect that  = 100
is very close to balanced W2 and  = 0.01 essentially behaves like the Hellinger distance. In particular,
for the latter the assumption that µ

?
i = 0 is far from true, since the maximal transport distance is

substantially smaller than the grid spacing of the reference jet (⇡ 0.2). Consequently, the performance
clearly deteriorates. We find that  between 0.1 and 1 performs best, which is the regime where both
transport and mass creation/destruction are relevant. See Table 5.2 and the discussion in Classification.

Fig. 5.7. Optimal transports between the uniform reference measure (blue) and a typical QCD jet (green, first row),
or a W jet (red, second row), using W2 and HK with  = 100, 10, 1, 0.1 (from left to right with  = +1 denoting balanced
W2). The darkness of the lines indicates how much pT is moved from one particle to another. For HK, the thickness of
the circles around the points represents how much pT is destroyed for that particular particle. Shown at the bottom of the
plots are the total OT distances between the jets, which are similar for  = +1, 100, 10, the transport regime.

Principal component analysis and linear discriminant analysis. As before, we start with a principal
component analysis. Compared to the previous datasets, this one exhibits a high intrinsic dimensionality.
Approximately 30 modes are needed to capture at least 90% of the dataset variance (W2: 27; HK=10:
28; HK=1: 38; HK=0.1: 26). The distribution of the dataset in the tangent space with respect to the
first two dominant modes is visualized in Figure 5.8. We observe that the two classes are discernible as
distinct clusters with relatively little overlap and that the two coordinate values are highly correlated.
Unfortunately, we found that applying the exponential map to individual dominant modes, or projecting
samples to very few modes, did not yield artificial jet images useful for physical interpretation. We
attribute this to the high intrinsic dataset dimensionality and the strong correlation between the PCA
coe�cients.

Next, we apply linear discriminant analysis (LDA). LDA assumes that samples from both classes are
drawn from two Gaussian distributions with di↵erent means but identical covariance matrices. One then
infers the hyperplane that optimally separates the two classes in a Bayesian sense. Let the hyperplane
be parametrized by a unit normal vector t and a point z in the plane. (Here and in the following we use
general vector space notation as our discussion will apply to both the linearized W2 and HK metrics.)
On the one hand, LDA serves as a simple linear classifier where samples are labeled according to which
side of the hyperplane they lie in, i.e. the predicted class of sample xi depends on the sign of hxi � z, ti.
On the other hand, we can analyze whether the direction t has a physical meaning.

The first row in Figure 5.9 shows the distribution of the projection coordinate hxi � z, ti for W2 and
HK with various . We find that for  = 0.1, HK best separates the two classes, which is confirmed by the
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κ: original W2 distanceκ = ∞ : rescaled Euclidean 
 distance

κ = 0

“Linearized Hellinger-Kantorovich Distance” (Cai, Cheng, Schmitzer, Thorpe [2102.08807, math.OC])
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Low-  falloff set by scale of 
reference measure
κ High-  falloff for non-normalized events because 

total energy differences have increasing cost
κ

Linearized HK distance has something particularly compelling to offer when pT range of events grows large.
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Anything EMD can do, 
linearized HK can do faster
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Particle Linearized Unbalanced Optimal Transport (PLUOT) 

“Which Metric on the Space of Collider Events?” [arXiv: 2111.03670] w/ Tianji Cai & Junyi Cheng
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Vertexes in space and time 
CMS Current situation, pile-up ~ 50: 

Vertexes do not overlap in space ! tracking resolves the vertexes  [N. Cartiglia, INFN, Torino - EPS Venice 07/07/17] 



Some things to do…
• Explore different choices of ground measure, perhaps reflecting underlying 

symmetries (see e.g. [Larkoski & Melia 2008.06508])


• Explore the space of Kantorovich dual inequalities and their consequences


• Treat full events in OT (including various object categories) with multi-species optimal 
transport


• Use OT distances as input to a wider array of ML-based analyses strategies for 
particle physics (see e.g. [Fraser et al. 2110.06948])


• Connect the geometry of collider events and pQCD calculations


• Use collider events (simulated or Open Data) as a benchmark for other ML tools
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Conclusions
• Optimal transport increasingly important in PDEs, geometry, statistics, economics, image 

processing, and machine learning, but party is just getting started in particle physics.


• Provides a natural metric on the space of collider events with ideal properties.


• Useful for geometrization of LHC data, event classification, nonperturbative bounds, 
unifying description of collider observables…


•  …and now easily computable on your laptop using Linearized Optimal Transport. 


• More broadly, there may be considerable advantages for exploring balanced and 
unbalanced OT with Riemannian structure in the context of particle physics.


• Much to explore!
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Thank you!

28



Optimal Transport

 VOLUME 5 Ma m

 NUMBER 1

 October 1958 Science

 ON THE TRANSLOCATION OF MASSES

 L. KANTOROVITCH

 Foreword

 The following paper is reproduced from a Russian journal of the character
 of our own Proceedings of the National Academy of Sciences, Comptes Rendus
 (Doklady) de l'Academie des Sciences de l'URSS, 1942, Volume XXXVII,
 No. 7-8. The author is one of the most distinguished of Russian mathema-
 ticians. He has made very importaint contribuitions in pure mathematics in
 the theory of functional analysis, and lhas made equally important contribu-
 tions to applied mathematics in numeirical analysis and the theory and practice
 of computation. Although his exposition in this paper is quite terse and couched

 in mathematical language which may be difficult for some readers of Manage-
 mnent Science to follow, it is thought that this presentation will: (1) make avail-
 able to American readers generally an important work in the field of linear
 programming, (2) provide an indication of the type of analytic woik which
 has been done and is being done in connectioln with rational planning in Russia,
 (3) through the specific examples mentioned indicate the types of interpreta-
 tion which the Russians have made of the abstract mathematics (for example,

 the potential and fAeld interpretations adduced in this country recently by
 W. Prager were anticipated in this ptaper).

 It is to be noted, however, that the problem of determining an effective
 method of actually acquiriiig the solution to a specific problem is not solved
 in this paper. In the category of development of such methods we seem to be,

 currently, ahead of the Russians.-A. CHARNES, Northwestern Technological
 lItstitute and The Transportation Center.

 R will denote a compact metric space, though some of the following definitions
 and results are valid in more general spaces.

 Let 1?(e) be a mass distribution, i.e. a set function possessing the following
 properties: 1) 4?(e) is defined on Borel sets in R, 2) 1(e) is non-negative, 4(e) )

 0, 3) b(e) is absolutely additive, i.e. if e = el + e2 + - *, eiek = 0(i - k), then
 -cb(e) = 4(e1) + 1(e2) + - . -. Let further Jb'(e') be another mass distribution,
 such that 4(R) = V'(R). Under the translocation of masses we shall understand
 the function T(e, e') defined on the pairs of B-sets e, e' E R and such that: 1)
 T(e, e') is non-negative and absolutely additive in each of its arguments, 2)
 T'(e, R) -b(e); 'T(R, e')-=

 Let a continuous non-negative function r(x, y) be given that represents the
 work expended in transferring a unit mass from x to y.

 By the work required for transferring the given mass distributions will be
 understood

This content downloaded from 128.111.121.42 on Wed, 08 Feb 2017 17:29:27 UTC
All use subject to http://about.jstor.org/terms

• 1781: Gaspard Monge,

Mémoire sur la théorie des deblais et 
des remblais 

• 1942: Leonid Kantorovich, 

On the translocation of masses 

• 2000: Felix Otto, Cedric Villani,

Generalization of an inequality by 
Talagrand, as a consequence of the 
logarithmic Sobolev inequality 

• 2010: Cedric Villani wins Fields medal


• 2012: Shapely and Roth win Nobel 
Prize in economics


• 2018: Alessio Figalli wins Fields medal
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Linearized OT in Practice

30Tianji Cai, Junyi Cheng, KC, NC [arXiv:2008.08604]

• We choose uniform reference on 15 x 15 grid.   


• Thm (Cai, Cheng, C., C., ’20): Fully discrete 
 converges to continuum 

, as discrete reference converges 
to a continuum reference. 


• Thm (Delalande, Merigot ’21): If  is the 
uniform distribution on the domain , 

LOTr,r′￼
(ℰ, ℰ′￼)

W2,ℛ(ℰ, ℰ′￼)

ℛ
Ω

W2(ℰ, ℰ′￼) ≤ W2,ℛ(ℰ, ℰ′￼) ≤ CΩW2(ℰ, ℰ′￼)1/6

(L
O

T
−

W
2)

/W
2

−30 % 0 % 30 %

avg = 0.67%

std = 5.82%

https://arxiv.org/abs/2008.08604


OT Infrared/Collinear Safety
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Figure 3: An illustration of IRC safety of an observable as continuity in the space of events.

As formulated in Eq. (1.6), small perturbations to the event, as measured by EMD, yield

small changes in the observable value.

f . One can prove that they are Lipschitz continuous in the space of events assuming f is

Lipschitz continuous [1], and therefore they naturally satisfy continuity according to the EMD.

As a generalization of additive observables, energy flow networks [16] are a machine learning

architecture that can approximate any IRC-safe observable through an additive IRC-safe

latent space. As long as the activation functions are continuous almost everywhere, then the

final energy flow network output will be IRC safe.

There are also observables that fail the criteria of Eqs. (2.3) and (2.4) for small sets of

events but are safe according to our definition and are indeed calculable. The energy of a jet

is a simple example where emissions on the jet boundary result in discontinuous behavior of

the observable, but this discontinuity is integrable in fixed-order perturbation theory. A more

complicated example is the invariant mass after soft drop grooming [38, 68]: for events on the

threshold of having an emission dropped, tiny perturbations can give rise to discontinuously

large changes in the observable. This issue, however, only occurs on a negligible set, satisfying

our definition of safety and avoiding serious analytic pathologies [78–81]. Piecewise continu-

ity does, however, complicate analyzing the nonperturbative corrections [82] and detector

response [83, 84] of soft-dropped jet mass.

Our definition also includes observables that would sometimes not be called IRC safe since

they do not have a well defined Taylor expansion in the small parameter of the theory (e.g.

↵s for QCD). These observables are nevertheless perturbatively calculable, though methods

beyond fixed-order perturbation theory may be required. The next subsections are devoted
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OT continuity of observable  for event  

(KMT [2004.04159]): for any  there exists  s.t. 

𝒪 ℰ
ϵ > 0 δ

31

OT distances insensitive to infinitesimal soft/collinear emission

= =
ε → 0 θ → 0

Robust notion of IRC safety: An observable is 
IRC safe if it is OT continuous for all energy flows, 

except potentially on a negligible set of events. 

Komiske, Metodiev, Thaler [2004.04159]

W1(E , Ẽ) < � ! |O(E)�O(Ẽ)| < ✏
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Figure 1: An illustration of the space of events. Each point in the space is a collider

event consisting of the particles produced in a collision, as indicated by the blue event. The

distance between events is quantified by the EMD, giving rise to a metric space. Geometry

in this abstract space of events provides a natural language to understand many ideas and

developments in quantum field theory and collider physics.

we focus on the case of

✓ij =
q

2nµ
i njµ =

q
2(1 � n̂i · n̂j), (1.4)

which reduces to their opening angle in the nearby limit.2 The first term in Eq. (1.2) quantifies

the di↵erence in radiation patterns while the second term, which vanishes in the case of

normalized energy flows, allows for the comparison of events with di↵erent total energies.

The constraints in Eq. (1.3) specify that the amount of energy moved to or from a particle

cannot exceed its initial energy, and that as much energy must be moved as possible.

The EMD has previously been used to bound modifications to infrared- and collinear-

safe (IRC-safe) observables, distinguish di↵erent types of jets, and enable visualizations of

the space of events [1]. It has also been used to explore the space of jets and quantify

detector e↵ects with CMS Open Data from the Large Hadron Collider (LHC) [25]. Alternative

pairwise event distances were considered in Ref. [26] in the context of new physics searches.

Here, we demonstrate that the EMD can be used to clarify numerous concepts throughout

quantum field theory and collider physics using a unified language of event space geometry.

2Many modifications to this EMD definition are possible, including alternative angular distances such as

strict opening angle or rapidity-azimuth distance as well as alternative notions of energy such as transverse

momentum. In addition, energies can be normalized by dividing by their total scalar sum so that energy flows

become proper probability distributions. If desired, the EMD in the center-of-mass frame can be phrased in

a manifestly Lorentz-invariant way by replacing the particle energies Ei with pµi Pµ/
p

PµPµ, where Pµ is the

total event four-momentum.
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[Komiske, Metodiev, Thaler 2004.04159] Defined “Energy Mover’s Distance” 

fij � 0,
X

j

fij  Ei,
X

i

fij  Ẽj ,
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Akin to “Earth Mover’s Distance” Accounting for energy 
difference (non-unique) 

 angular distance in y-  plane, R weights termsθij ϕ
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Komiske, Metodiev, Thaler 1902.02346: OT (EMD) is useful for collider physics


