Classical dualities and reflexivity

. Classical dualities. Let (9,4, 1) be a measure space. We will describe
the duals for the Banach spaces LP().

First, notice that any f € Lr 1<p<oo, generates the linear functional
F¢ on LP by the rule

Ff(u):/ﬂufdu7 u e LP.

Frl = | [ rud
Q

< S llprlullp-

Thus || Ff|l« < ||f|lpr . Consequently the mapping

Indeed, by the Holder inequality

A

I: LV — [P

f [ Ff7
1 <p < 0, is a one to one bounded linear operator with

”IP”B(LP/,LP*) <L

The classical spaces [P, 1 < p < oo, fit in this picture since

1 lle = N F 1 Le )

for any sequence f: N — C. Here p. is the counting measure. The
classical duality theorem due to Riesz states that under some additional
(rather general) assumptions, I, is a linear bijective isometry for p < co.

. Theorem 1 Let (Q, A, u) be a o -finite measure space. Then for 1 <
p < oo the map I, is a linear bijective isometry for LP = LP* . That is,
for any ¢ € LP* there exist f € L¥" | such that
00 = [wfdu vue L
Q

and [|pll« = [If]l -

The Riesz representation theorem does not hold for p = oo . The relations
(o= [ufdn, ¥feruer,
Q
(¢, u) = / ul, M (@) dp Vo € LP*u € LP,
Q

are useful for the problem solving.



3. For the classical spaces of sequences we have a substitute for the Riesz
representation theorem in the case p = oo. Every sequence in ! gener-
ates a bounded linear functional on [*° . For the narrower space cq C [*°
this procedure gives all linear functionals.

Theorem 2 The map Iy: I* — ¢ given by

oo
<IOfa u> = Z unfn
n=1
s a linear bijective isometry.

4. Reflexivity. Let X = (X, | -||) an arbitrary normed space over C (or
R). For a fixed z € X consider the map

F,: X*—C
¢ — (},z).
Clearly F, € (X*)'. Moreover, by the dual expression of the norm
[Fellx = sup Fy(¢)

lloll.=1

sup (¢, x)
lo]l«=1

||

Hence the mapping

fean: X — X**

x— F,

is a linear isometry, |lican®|/«+ = ||2||. Thus we obtain a canonical isomet-
ric embedding of X into X**.

The standard (somewhat confusing) way of stating this is
" X is a subspace of X** ",

What is really meant by this, is the canonical identification X 2 ic,,(X)
with the subspace Gcan(X) C X**.

5. A Banach space X is called reflexive if the canonical isometry ic,, is an
onto mapping (and hence i.,, is a linear bijective isometry X = X**).
In general

iCaH(X) CX**a ican(X) #X**,
is a proper algebraic subspace. Indeed, X*™* is complete as a dual of a
normed space. Thus

fean(X) = X™* = X is complete.



However, the completeness is not sufficient for the reflexivity. For many
Banach spaces arising in the applications the inclusion is strict. Observe
that

X is complete = ican (X)) is a closed subspace of X

(why?).

. The reflexivity is a property of the map ican . According to the definition
a mere existence of a linear bijective isometry X = X** is not enough for
reflexivity. Therefore the standard notation for the reflexivity,

X — X**’

is somewhat confusing. To prove that X is reflexive one must in fact
prove that

VF ¢ X** there is xp € X such that
F(w) = (w,zp) Vw e X".

Reflexivity happens to be equivalent to other important properties of Ba-
nach spaces.

. For problem solving the following formulae are useful. The isometric in-
clusion
lean: X — X*°

is defined for any normed X , and
(W, ) = ican(z)(w) Yw e X", Vz € X. (6.1)

If X is reflexive then i1

can 18 defined everywhere on X**, and

F(w) = (w,igh(F)) Ywe X*, VF € X**. (6.2)

) “can

. To illustrate typical arguments for dealing with the reflexivity let us prove
that for a Banach space X

X is reflexive &= X* is reflexive.

We denote vectors in X by wu,v,..., functionals in X* by ¢,w,...,
functionals in X** by F,G, ..., and functionals from X*** by Q, W, ....

= Fix Q¢ € X** . Let us find wg € X* such that
Qo(F) = F(wy) VF e X*.
In fact, consider the map 2¢oican: X — C and set wy = ¢ 0ican - Then

wo € X* and
(wo,u) = Qo(icant) Yu € X.



But ican is a bijection. Hence we can test the last formula with w =
i (F) to derive that

(wo,igh (F)) = Qo(F) VF € X*.
By (6.2)
<w03i;alrl(F)> = F(wO)a
and wq is the desired functional.

< Seeking a contradiction suppose that ican(X) # X** . Then since X
is Banach, ican(X) is a proper closed subspace of X**. Use the Hahn-
Banach theorem to find Qg € X*** such that

Qlican(x)y =0, Qo #0.
Utilise the reflexivity of X* to find wy € X*, such that
Oo(F) = Flwo) VFeX™,

and therefore wy # 0. Test the last formula with F = ican(u), v € X,
to derive that

0 = Q (icanu)
= (icanu) (WO)
= <w07 u>
for all w e X . Thus wy = 0, which is a contradiction.

. Suppose (2, A, 1) is a o -finite measure space. Let us prove that LP =
LP(Q, ) is reflexive provided 1 < p < oo.

In fact, fix any F € (LP*)*. We must find f € L?, f = fr, such that

F) =(&f) vEe L™,

~

Recall the isometric identification LP° = LP* through the map
I: LV — LP*

<£7f>=/ﬂlp‘1(£)gdu Vge L, ¢ e L7,

Hence F o I,: LP" — C is linear and bounded. But then we can utilise
the identification L? & (L?")* . Therefore for our F oI, € L’* we find a
unique f € LP such that

(FoIp)(u):/ufdu Yu e LY.
Q



10.

Since I, is a bijection we can test the last formula with u = I1(¢),
& € LP* . We derive that

F(©) / I(€) fdp

= (&)
forall £ € LP*. [

Let us show that the space ¢y is not reflexive.That is, we must show that

the map ican: co — ¢5* is not a bijective isometry.

What is the easiest way to see that ic.,: X — X** fails to be an iso-
metric bijection? This failure clearly holds if for some reason there are
no linear bijective isometries between X and X*™*. Separability is one
of the simplest invariants of Banach spaces with respect to linear bijective
isometries. Hence, if X is separable but X** is not, there can be no
linear bijective isometry between them. In particular i.,, cannot be one.

Now, seeking a contradiction suppose that c¢q is reflexive. It is separable.
Therefore ci* must be separable. At the same time ¢ = [' and [1* =
[ . It is easy to see that X 2Y = X*=2Y"* (indeed, if the isometry
m provides X = Y, then m* provides Y* = X*). Thus ¢f* = [*
(write the isometry map explicitly using the classical duality maps I, ).
But then c¢j* is not separable since {*° is not separable. [

Analysis in C(K)

. In this section we will deal with measures and functions on a compact

topological space K .

The results that we establish, admit generalisations (in a suitably cor-
rected form) to locally compact spaces. We shall not describe these exten-
sions here.

. Stone-Weierstrass and related theorems. Let K be a compact

space.

. Riesz representation theorem. Let us first describe the motivating

problem.

Suppose K is a compact space. Let C(K) be the space of all real valued
continuous functions on K . We know that C(K) is a Banach space over

R.

As any topological space, K has a natural o -algebra. Namely, it is the
Borel o -algebra generated by the topology of K,

B(K) = o({all open subsets of K}).



Consider the Banach space M = M(K,B(K)) of all charges on (K, B(K))
with the total variation norm

o]l = [9](K), &M
For example, the Dirac mass 6, € W for any p € K .

Any v € M generates a bounded linear functional on C(K) via the
integration. Indeed, let

be the Jordan decomposition of v. That is v+ = v.P, v~ = —vLN,
where P, N are the positive and the negative sets in the Hahn decompo-
sition of K with respect to v. Since any u € C(K) is B(K)-measurable
(why?), we may write

Fy(u)Z/Kudw—/Kudu—. (7.1)

’/ udy™ —l—‘/ wdv~
K K
v

m}f?x|u| (vH(K)+v (K))

The inequality

[E (u)]

IN

IN

l[ulleq) V|

implies that F, € C(K)* with [|[F,|. < ||v|l.

It is easy to see that |F,|l. = |v| for v €M, v >0 (why?).

These considerations raise the natural questions: is it true that ||F,|. =

|lv|| ? does any functional in C(K)* come from some Borel charge on K ?

. The classical Riesz representation theorem provides the complete answers
in the case of K = [a,b], a,b € R, or more generally for a compact set
KcCcR".

. Let K be a compact space. A linear functional ® € C(K)’ is called
positive if

feCK),f>0on K= (®, f) >0.

Positive functionals are continuous (why?).

. The classical Riesz representation theorem is the following statement.
Theorem 3 Let K C R™ be a compact set. Let M = M(K,B,,) be the
space of Borel charges on K . The map
i: M — C(K)*
¢ — F¢

is a linear bijective isometry. If ¢ is a positive functional, then i~ 1¢ is
a finite positive measure.
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In particular, the theorem states that for any positive functional ¢ €
C(K)* there exists a positive Borel measure g on K such that

w(K) = [|®]lc(x)-s
and

<<I>,u>:/Kudu Yu € C(K).

Even in the case K = [a,b] the proof of the theorem is nontrivial. We
will prove the more general theorem below.

Let v be a positive Borel measure in R™. By the Riesz theorem the
following dual expression for the measure of a compactum K C R™ holds:

V(K)sup{/KudV: ue CR"), ||u||C§1}.

As any dual expression it can be useful in applications.

. The extension of the classical Riesz theorem to general compact spaces

reveals some subtle issues for Borel measures on (compact) topological
spaces.

We will prove the general Riesz representation theorem for Hausdorff com-
pact space K . This is an additional restriction on K . The basic example
of Hausdorff compact spaces is a compact metric space. Many applica-
tions require only the metric space case. We will see that the general case
is subtler.

Let K be a compact space. A positive Borel measure g is called Borel
reqular (or regular with respect to the topology of K) if for every E €
B(K)

wE) = inf{u(O): E C O —open}
= sup{u(F): E D F — closed}

A charge ¢ € M(K,B(K)) is Borel regular if its total variation |¢| is
a Borel regular measure. This is equivalent to ¢* being regular in the
Jordan decomposition ¢ = ¢t — ¢, ¢t >0.
For example, if K C R™ then ALK is Borel regular. We proved that
during our study of the Lebesgue measure.
We define

Mo = {p € M: ¢ is regular} .

Surprisingly, there exist compact Hausdorff spaces K for which My # M.
On the positive side the following statement holds.
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12.

13.

Theorem 4 Let K be a compact space. Then My(K) is a closed sub-
space of the Banach space M(K) .
Let M be a compact metric space. Then Mo(M) =M(M) .

Thus, every Borel measure on a compact metric space is Borel regular.
This is not true in a general compact Hausdorff space.

The exact generalisation of the classical Riesz theorem holds for a compact
metric space.

Theorem 5 Let M be a compact metric space. The map
i: M — C(M)*

is a linear bijective isometry. If ¢ is a positive functional, then i~ 1¢ is
a finite positive measure on M .

Thus, for a compact metric space, the dual of the space of continuous
functions can be identified with the space of Borel charges.

We will prove the following version of the Riesz theorem, which implies
the previous statements.

Theorem 6 Let K be a compact Hausdorff space.

(a) For any positive A € C(K)* there erists a unique Borel regular
measure p € My such that

<A,u):/ wdp Vu € C(K). (7.2)
K

Moreover, ([Allcxy- = Ilpll -
(b) The map

i 9)?0 i C(K)*

vi— F,

defined by (7.1) is a linear bijective isometry.

Thus, for compact Hausdorff spaces, the dual of the space of continuous
functions can be identified with the space of Borel regular charges.

Notice the following interesting consequence of the theorem. Take any
non-regular measure v € M(K) . It still generates the positive functional
F, € C(K)* according to (7.1). Apply now the Riesz representation
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15.

16.

theorem to F, . We derive, that for any Borel measure v on the compact
Hausdorff K, there exists a regular measure vy on K , such that

/uduz/udyo Vu € C(K).
K K

Thus, as far as the action on continuous functions is concerned, all Borel
measures on a compact Hausdorff space can be assumed to be regular.

The proof of Theorem 6 will require Urysohn’s theorem (and related state-
ments) for compact Hausddorfl spaces. In the case of Stone-Weierstrass
theorem we needed the Hausdorff axiom only for the case of locally com-
pact spaces. For the Riesz representation theorem the Hausdorff axiom is
used even for the compact spaces.

In what follows K denotes a fixed
compact Hausdorff space.

Let u € C(K) . Define the support of u by writing

suppu = {z € K: u(zx) # 0}.
Thus suppu is a closed set. For u € C(K) we write
u=<0
if OC K isopen, 0 <u <1, and suppu C O. We write
F=<u
if FCK isclosed, 0 <u<1,and ulp=1.

The Urysohn’s lemma asserts that for FFC O C K, F closed, O open,
there exists ¢ € C(K) such that

F<p=<0.

We will need a slightly more general statement called the partition of unity
lemma. For a closed (and hence compact) F' C K and open sets O1,.. n ,
such that

FCcOU---UOp,

there exist N functions ¢, € C(K), such that
©i <0; i=1,...,N,

and
F<o1+-+on.

The functions ¢, . n are called the partition of unityon F' corresponding
to the cover Oq . .



17.

If N =1 then the statement is just the original Urysohn’s lemma. The
general case is derived from it by an inductive argument.

The partition of the unity will be the main technical tool in the proof of
the Riesz theorem.

Proof of Theorem 6, part (a). 1. Fix A€ C(K)*. We use A to define
an outer measure on 2% . First, for an open O C K set

ANO) X sup {(A,u): u=<O}.

Then, for any A C K write

A(A) Einf {A(0): AC O - open}. (7.3)

If A is open we get the same value since A is monotone with respect to
inclusion. Since K is compact

AA) < (A1) < 0.
We shall prove that
A28 [0, 00)
enjoys the following properties
(a) A(0) =0 (triviality);
(b) A; C As = AM(A1) < A(A2) (monotonicity);

(c) for an arbitrary sequence A;, j=1,2,...,

oo

AMU4 ) < 3 A(4;)) (7.4)

j=1
(semiadditivity).

In other words, A\ is an outer measure on K .

2. Indeed, the triviality and monotonicity clearly hold. Let us prove
semiadditivity (7.4).

First, we claim that for open O

Indeed, take any ©w < O7 U Oy . Thus the compactum suppu is covered
by Oi2. Let ¢12 be the partition of unity on suppu subordinated to
this cover. Then u = up; + ups with up; < O; . Hence

<Aa u> - <A7u901> + <A7u902>
< A(01) + A(O2).

10



Maximising over u we derive (7.5).

Next, we establish (7.4). Fix any € > 0. For any A; use (7.3) to find an
open O; D Aj; such that

AO;) < M(A;) + 2%

Then - -
U4,co=Jo;
j=1 j=1

and by the monotonicity

To estimate A(O) take any u < O. By the compactness of suppu , there
exists a finite N, such that O, . n covers suppu. Let ¢, .. n be the
partition of unity on suppu subordinated to this cover. Then

U= Uupy + -+ UuPN,
up; < O;.

Consequently

(Aupr + -+ +upn)
(Aupr) + -+ (N upn)
)\(01) + -+ )\(ON)

o0
S
j=1
Maximising over u, we deduce that

§§:/\(A )+e

for any € > 0. Hence (7.4) follows.

IN

A

3. It is temting at this stage to launch the Caratheodory construction
for the outer measure A in order to obtain desired measure in (7.2). Such
aproach works well in the case of a compact metric space K . The case
of the compact Hausdorff space causes some difficulties. We approach it
without explicitly appealing to the Caratheodory construction.

Define A to be the collection of all £ ¢ K for which

AME) =sup{A(F): E D F — closed}.

11



We shall prove that A is a o -algebra. The proof is long, and we brake
it into several steps.

4. We claim that all closed sets are in A, and that

AF) =inf{(A,u): F<u} for F closed. (7.6)

Let F' be a closed set. Clearly F' € A by the monotonicity of A. To
prove (7.6) take any ¢ > 0. Use (7.3) to find O. D F', such that

AF) > AO.) —e.

Use Urysohn’s lemma to find f € C(K) such that F < f < O. . Deduce
at once that

A(F) (A f)—e

>
> inf{{A,u): F<u}—c¢

for any € > 0.

To prove the opposite inequality fix any v € C(K), F < u. For any
€ >0 the set
O.={z€eK: u(z) >1—¢}

is open, and F' C O.. Observe that
v<0. = v<u/(l—e¢).
But then by the positivity of A

A(F)

IN

AO:)
= sup{(A,v): v <O}
1

<
< A

Minimising over such w derive

AMF) < 7 ! inf{(A,u): F <u}.

—€
Now (7.6) follows since e is arbitrary.

5. Let us show that all open sets are in A.

Indeed, fix an open set O . By the monotonicity of A
AO) > sup{\(F): O D F — closed}.
To prove the opposite inequality, fix any € > 0. Find u. < O, such that

AO) < (A, u) +e.

12



Notice that the estimate
(A, us) < A(suppue)

holds. Indeed, for an arbitrary open V , V D suppu., we have u. < V.
Therefore
(A, ue) < A(V),

and the desired estimate follows by (7.3) after minimising over V. Thus

A(O) A(suppue) + €

<
< sup{A(F): O D F —closed} +e¢.

Since ¢ is arbitrary, we conclude that O € A.

6. Let Fy 5 be compact sets, F1 N Fy = . We claim that
A(FL U Fy) = A(Fy) + A(Fa).

Due to semiadditivity (7.4) we just need to show that
AFLUFy) > MFy) + A(Fy)

To prove the latter, fix any ¢ > 0. Utilise (7.6) to find v, € C(K),
Fiy U F5 < u, such that

AMFLUFy) > (A ue) —e.

Next apply Urysohn’s lemma to find ¢ € C(K) such that ¢|p, = 1,
©|p, = 0. Therefore Fy < u.p, Fy» <u.(1—¢), and by (7.6)

/\(F1 U FQ) > <A;ua[‘P + (1 - @)D —€
(A ucp) + (A uc(1 — ) —e
)\(Fl) + )\(Fz) — E&.

Y

Letting ¢ — 0 deduce that the finite additivity on the compact sets holds.
7. Let E; € A, j=1,2..., be a disjoint sequence. We claim that

D E; =FE € A, (7.7)
and -
ANE) = Z ME;). (7.8)

Indeed, fix any € > 0. For each E; by the definition of A we find a
compactum F} C E;, such that

AE;) > ME)) — =

13



Then for any finite N we use the additivity on compact sets to deduce

/\(E) > )\(F1U-~-UFN)
= Z)\(Fj)
"
> Y MEj) -

j=1

Since € and N are arbitrary we derive that
(oo}

A(E) > SOAE).
j=1

The opposite inequality holds always due to semiadditivity (7.4). Thus
(7.8) holds. Moreover, taking in the previous argument N = N. large
enough we deduce that

AE) > MFL U - UFy) > A(E) — 2.

A finite union of compact sets is compact. Thus F € A.

8. We claim that
A172 GA:>A1UA2,A10A2,A1 \Ag c A. (79)

In other words, A is closed under a finite number of the set theoretic
operations.

To prove this we first establish that for any F € A and any € > 0 there
exist an open set O and a compact set F' such that F C E C O, and

MO\ F) <e. (7.10)

Indeed, by the definition of A we find a compact F' and an open O
squeezing F , such that

MO) —e < ME) < MF) +e.
Since O \ F' is open we can use the additivity to deduce
AMF)+ MO\ F) =XO) < A(F) + 2e.

Hence (7.10) holds.

Let us prove (7.9). It is enough to show that A;\A; € A. Fixany ¢ > 0.
Squeeze A; as above: F; C A; C O; A O;\ F;) < e. Notice that F;\ Oy
is compact and

Fy \02 C A \Ag

14



At the same time

Al\AQ C 01\F2
= (O1\F1)U(F1\O2) U (O2)\ F3).

Therefore by the semiadditivity
)\(Al \Ag) < )\(Fl \ 02) + 2¢.

Hence (7.9) holds since ¢ is arbitrary.

9. Let us summarise what is proved.

(a) (A, K) is a o-algebra. This follows at once from (7.7) and (7.9).
(b) B(K) C A since all open and closed sets are in A.

(¢) A is acomplete measure on A . This follows immediately from (7.8).
The completeness is obvious from the definition of A .

(d) Define
t=Apx)-

Then p is a finite Borel measure on K . Directly from the definitions

Ec A= XE) = inf{\O): ECO - open}
= sup{A(F): E D F — compact}.

Consequently pu is a regular Borel measure.

(e) The completeness of A immediately implies that A is the comple-
tion of B(K) with respect to p.

10.  We have the measure space (K,B(K),u), where p is regular.
Now we establish (7.2) for the integration on this measure space. By the
linearity we just need to show that

(A, u) S/Kud,u (7.11)

for all uw e C(K).

To prove (7.11) take any such u. Fix € > 0. The set u(K) is compact.
Fix a,b € R such that u(K) C (a,b). Divide the interval (a,b) into N
segments of length
la —b|/N < e.
Thus a=tyg <t1 <--- <ty =b.
Define
EjZ{tj_1<’U,§tj}, j=1,...,N.

15



The sets E, . n form a disjoint partition of K . The set {u < t; +¢}
is open. Hence using the regularity of ;1 we can find open sets O;, . n
such that

u<tj+e on Oy,

wO;) < nlEy) +

for all j =1,...,N. Sets O;,.. n form a finite open cover of K. Let
©1,...n be the partition of unity on K subordinated to this cover.

Now, we proceed as follows:

I
] =

(A, ) (A, ugpj) since o1 + -+ oy =1

<.
Il
=

(t; +e)(A, p5) since up; < (t; +¢€);

Mz

.
I
—

Mz

(t; +e)u(0;) since ¢; < O;

=1
JN N

< > (i +eouE) + ) (¢t +e)
j=1 j=1

(t; —e+2e)u(E;) + (b + 1)e

Mz

.
I
=

Mz

(tj — e)u(Ej) + 2ep(K) + ([b] + 1)e

=

udu+5(|b|+1+2p(K)) since t; —e <wu on Ej.

IA
S~

Since ¢ is arbitrary we conclude that (7.11) holds.

11. Let us prove the uniqueness statement in part (a). Suppose the
measures fi, u € My both satisfy (7.2). Due to their regularity the equality
= p follows as soon as we prove that

A(F) = p(F) VYF closed. (7.12)

To prove (7.12) take any closed FF C K. Fix any € > 0. Due to the
regularity of p there exists an open set O, D F', such that

1(O:) < p(F) +e.

Apply the Urysohn’s lemma to obtain w € C(K) such that F <u < O, .

16
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19.

But then

IN

A
=
QS
>

w(F) +e.

Thus f(F) < p(F) for any closed F'. Similarly the regularity of f
implies f(F) > u(F) for closed F . Hence (7.12) follows.

12. It is left to prove the isometry property. For positive A this is easy.
Indeed, on one hand by (7.2)

IAlciy- = sup{{A, ) (I fllew) <1}

é/ldu
K

= lul-
On the other hand by (7.2) (A, 1) =|jp|. O

The proof of the second part of the theorem heavily relies on the first part,
but still requires some work.

Proof of Theorem 6, part (b). 1. Let us prove that ¢ is linear.

If H1,2 Z 07 then

/de(ﬂler):/deﬂl‘F/dem

for any integrable f. Indeed, the equality obviously holds for simple f.
Therefor, general case follows from the definition of the integral.

Next, let v € M,

v = vi—u~

= V1 — Vg,

Vi,l/l’g € M, and I/i,l/1_2 > 0. Consequently v+ + vy = v~ 4+ v, and
for any integrable f

/dev*+/deu2:/deu*+/deul.

17



Thus

/dew—/deu—:/deul—/deyg,

and the value F, in (7.1) does not depend on the representation of v as
the difference of two positive measures. The linearity of ¢ now follows,
since for p,v € M we can always write

prv=@t+vt) = (" +v7).

2. Let us prove that ¢ is injective on M. By the linearity we need to
show that its kernel is trivial.

Indeed, let v € My be such that F, =0 in (7.1). This means that

/udz/*:/udz/* Vu € C(K),
K K

where the positive measures v* > 0 are regular. Aply part (a) to the
positive functionals F,+ and utilise the regularity of v* to discover that
vt =v~ . Hence v =0.

3. Let us prove that i is surjective. Fix any A € C(K)*. The desired
surjectivity follows at once, provided we find positive functionals A* on
C(K), such that A = AT — A= . In what follows we construct A* .

For uwe C(K), u>0, define
AT (u) = sup{(A,v): 0<v<u, veC(K)}.
It is easy to see that

AT ()| < [[Alleoxen

u||C(K)7

and that
AT (cu) = cAT(u), c¢>0.

We also have
A+('LL1 + ’LLQ) = A+(U1) + A+(U2), VULQ S C(K), U2 > 0. (713)
In fact, for any v; € C(K), 0 <wv; < u;, the linearity of A implies that

<A,U1> + <A,U2> = <A,U1 + ’U2>
A+(U1 + ug).

N

Maximising over vy gives AT (uq) + AT (uz) < AT (us + uz). On the
other hand, for any v € C(K) such that 0 < v < wuj 4 ug, we define

V1 =V AU
ve =0V (v—wuy).
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Then 0 <wv; <wu;, v; € C(K), and v =v; 4+ vy. Hence

<Aa v> = <A71)1> + <A7U2>
S A+(’LL1) +A+(U2)

Maximising over v produces (7.13).

For an arbitrary u € C(K) write u = vt —u™, vt >0, vt € C(K),
and set
At(u) = At (ut) — At (u).

By (7.13) A" (u) does not depend on the decomposition. Hence AT is a
well defined linear functional on C'(K).

If u>0, ue C(K), we also define

Thus A~ is also extended to a well defined linear functional on C(K).
The calculation gives

A~ (u) = —inf{(A,v): 0 <wv<wu, veC(K)}, ueC(K), u>0.
Thus for any v € C(K), u >0 we derive

A (w) = —inf{(A,u)—(Au—v):0<v<u, veCK)}
= —(Au)+sup{(A,u—0v):0<u—v<u, ve CK)}
—(A,u) + AT (u).

Hence A = AT — A~ on positive continuous functions, and therefore on
the entire C(K).

4. Take any A € C(K)*. We know that i is bijective. Let v =i~ 1(A),
v € My . Let us prove that

[Allea)- = lIvll- (7.14)

Indeed, for any u with ||u|cx) =1 we derive that
Al < [ Juldvt+ [ Juldv < i),
K K
Thus [[Allc)- < IV -
To prove the opposite inequality fix any ¢ > 0. Then by the property

of the total variation we can partition K into a finite number of disjoint
pieces A1 n, Aj € B(K), such that

N
W[(K) <e+ Z (A5l
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20.

Choose the numbers o; = &1 such that

N N
Sl = You(4y)

N
| Yo, i
K j=1

J
/K fod

Since v is regular we can apply the approximation theorem (cf. below)
to the integrable f.. Thus we find a function u. € C'(K) such that

lucllexy < fellew)

p— 17
and
[[ue — fEHLl(K,V) <e.
Therefore
V[(K) < 2+ ‘/ usdp‘
K
= 2+ (A, ue)]
< 26+ [[Allo)--

Consequently [|Allc(k)- > ||v|| and (7.14) holds. O

Theorem 7 Let K be a compact Hausdorff space, and let 11 be a Borel
reqular measure on it. Suppose 1 < p < oo. Then for any € >0 and any
feLP(K,pu), there exists a complex valued f. € C(K) such that

I felloxy < I fllze and | f — fellze <e.
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