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FOLIATIONS OF SOME 3-MANIFOLDS
WHICH FIBER OVER THE CIRCLE
D. COOPER AND D. D. LONG
(Communicated by Ronald A. Fintushel)

Abstract. We show that a hyperbolic punctured torus bundle admits a foliation by lines which is covered by a product foliation. Thus its fundamental
group acts freely on the plane.

1. Introduction
This paper discusses one dimensional foliations of closed three-manifolds. Every
closed three-manifold admits a one dimensional foliation; for example the threesphere admits a foliation by round circles (Hopf) and by smooth lines [4]. Epstein,
[3], showed that every foliation by circles is a Seifert fibration, and this class of
manifolds has been extensively studied. A manifold which fibers over the circle
admits a one dimensional foliation such that each leaf maps monotonely under the
map to the circle defining the fibration. If a closed three-manifold admits one of
the eight geometric structures described by Thurston, [5], then it is either Seifert
fibered, a torus bundle over the circle, or hyperbolic. It has been conjectured that
every hyperbolic three-manifold is finitely covered by a three-manifold which fibers
over the circle. A foliation of M induces a foliation on any cover of M by pull-back.
In the case that M fibers over the circle, or is Seifert fibered, either the universal
cover is the three-sphere or is foliated as a product. This suggests looking at a
common generalization of these types of foliation.
Definition 1.1. A one-dimensional foliation of a three-manifold M is called product covered if the foliation is covered by a product foliation of the universal cover
of M.
When does a three-manifold M admit a product covered one dimensional foliation? One reason that such foliations are of interest is:
Theorem 1.2. Suppose that a three-manifold M admits a product covered foliation
with no closed leaves. Then either M is a line bundle over RP 2 or π1 M acts freely
on the plane.
Proof. By hypothesis the universal cover of M is a product F × R with F a surface. Now F is simply connected and the action by covering transformations on M̃
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induces an action on F. If some non-trivial element α of π1 M fixes a point x of F
then α maps the leaf x × R to itself freely and so the image of this leaf in M is
a circle, a contradiction. Thus π1 M acts freely on F. If F is a sphere then every
orientation preserving homeomorphism of F has a fixed point; hence π1 M has at
most two elements. Thus if F is a sphere and π1 M is non-trivial then M is a line
bundle over RP 2 . Otherwise π1 F acts freely on the interior of F which is a plane
as asserted.
This suggests further questions: which three-manifolds have fundamental groups
that act faithfully on the plane?, which act freely on the plane? In this paper we
construct some product covered foliations without closed leaves for bundles over the
circle where the fiber is a torus or punctured torus. In the case of a punctured torus
the proof requires that the monodromy is pseudo-Anosov. In particular the Figure8 knot complement has such a foliation; thus its fundamental group acts freely on
the plane. Since this group contains the fundamental group of some closed surface
of genus at least 2, we obtain a rather surprising corollary:
Theorem 1.3. There is a free action of the fundamental group of some closed
surface of genus g ≥ 2 on the plane which is not properly discontinuous.
If Γ is a non-elementary subgroup of the isometries of the hyperbolic plane H2 and
Γ does not act properly discontinuously on the hyperbolic plane then Γ contains an
elliptic (for example see [1] Theorem (8.3.1)). Thus one cannot obtain an example
of the action provided by the theorem as a subgroup of P SL2 R.
2. Torus bundles
Let us start with a torus bundle:
T 2 −→ N −→ S 1
with monodromy φ. We first construct a nowhere zero vector field called a horizontal
vector field on N as follows. Regard N as T 2 × [0, 1] with the boundary components
identified via φ. Choose, for each t ∈ [0, 1], a unit vector ht tangent to T 2 such that
ht varies continuously with t and such that φ identifies h0 with h1 . This may be done
by monotonically increasing the angle, θt , that ht makes with some fixed direction
in T 2 . We may choose coordinates so that 0 < θ0 < θ1 < 2π. In addition we may
choose θ0 so that the foliation of T 2 by leaves parallel to θ0 is a foliation all of
whose leaves are non-compact. Each flow line of h is contained in some horizontal
torus T 2 × t and may be compact or non-compact. However the flow lines at the 0
and 1 levels are non-compact.
We will now tilt the flow lines in the levels in (0, 1) by adding an upwards
component to the horizontal vector field. The result will be a new vector field with
all integral curves non-compact. Now we construct another vector field v on N
called a vertical vector field by taking a smooth function f on [0, 1] which is zero
at the endpoints and positive everywhere else. Then vt = f (t).e where e is a unit
vector in the [0, 1] direction on T 2 × [0, 1]. Thus the vector field w = h + v on N
determines a foliation F of N by lines.
Choose a vector on T 2 making an angle which is not in the interval [θ0 , θ1 ] and
such that an integral curve on T 2 in the direction of this vector is a simple closed
curve C. Then C is transverse to every leaf of ht for each t. Let Ñ be the infinite
cyclic cover T 2 × R of N given by unwrapping the S 1 direction. Then A = C × R
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is an annulus in Ñ . Let Ã be a pre-image of A in the universal cover on N. It is
easy to see that Ã meets every flow line once transversally. This proves that F is
product covered, so we have shown:
Theorem 2.1. Every torus bundle over the circle admits a foliation by lines which
is product-covered.
3. Blowing up leaves
Let S be a countable subset of the line L and
π : L+ −→ L
a continuous map from the line L+ onto the line L such that the pre-image of a
point in S is an interval of positive length and the pre-image of every point not in
S is a single point. We say that L+ is the result of blowing up the set S.
Suppose now that G is a group of homeomorphisms acting on L and that S is
invariant under G. We wish to lift this action to an action of G on L+ which is
semi-conjugate to the original action, in other words so that the following diagram
commutes:
α+

L+
π
?
L

- L+
π

α

?
- L

To do this we describe a canonical way to lift a homeomorphism α of L which
preserves S to a homeomorphism α+ of L+ covering α, i.e. so that πα+ = απ.
Choose a metric on L+ equivalent to the usual metric on R1 . The condition on α+
uniquely determines the image of a point x of L+ in the case that πx is not in S,
namely
α+ x = π −1 απ(x).
In the case that πx is in S then I = π −1 π(x) is an interval, and since S is preserved
by α we have that π −1 απ(x) is an interval J of positive length. The metric on L+
determines a unique linear map of I onto J. If α preserves the orientation of L, then
this linear map is chosen to be increasing; otherwise it is chosen to be decreasing.
Now it is clear that α+ is monotonic and surjective thus a homeomorphism.
Furthermore it is clear that
(α ◦ β)+ = α+ ◦ β +
since the composition of linear maps is linear. Thus we have:
Theorem 3.1. Suppose that S is a countable subset of a line L and that a group G
acts by homeomorpisms on L and preserves S. Then there are a blowup π : L+ −→ L
of L and an action of G on L+ by homeomorphisms which is semi-conjugate via π
to the action on L.
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4. Hyperbolic punctured torus bundles
Let M be a three-manifold which fibers over the circle with fiber a punctured
torus F, and pseudo-Anosov monodromy, φ; thus
F −→ M −→ S 1 .
Let N be the associated torus bundle with Anosov monodromy φ. Thus there is a
point on T 2 fixed by the monodromy so that if C is the circle in N which is the
suspension of this point, then M = N − C. We will construct a product covered
foliation on N with C as the only closed leaf. Then the restriction of this foliation
to M is a product covered foliation with no closed leaf. The reason is that since
the foliation on N is product covered, there is a plane, P, in Ñ which meets every
leaf once transversally. Let
p : Ñ −→ N
be the universal cover. Then S = P ∩ p−1 (C) is a closed subset of P and thus
the complement P − = P ∩ p−1 (N − C) of P is a surface which is the leaf space of
the foliation restricted to p−1 (N − C). Since this is a product it follows that the
foliation of N − C is product covered.
To construct the foliation F on N we start with a foliation F1 on N whose leaves
are horizontal lines on the tori T 2 × t which are parallel to an eigenvector u of the
monodromy φ. The universal cover Ñ may be identified with R3 so that the planes
z = constant project linearly to the horizontal tori T 2 × t in N and so that lines
parallel to the x and y axes project to straight lines parallel to the eigenvectors of φ.
This is done so that the vector u lies on the x-axis. Thus the foliation F1 is covered
by a foliation F̃1 of R3 by lines parallel to the x-axis. Now the action of π1 N on
R3 factors into actions on each R1 factor. To see this, the fundamental group of
the horizontal torus T 2 × 0 acts by translations in the xy plane. The element of
π1 N represented by C acts by a diagonal linear map on the xy plane composed
with a translation in the z-direction. These elements generate π1 N which proves
the claim.
Next we blow up the annulus A consisting of leaves meeting C. This is done as
follows. The preimage p−1 (A) consists of a dense set of planes each with equation
y = constant. Let S be the countable subset of the y-axis consisting of points on
these planes. This subset is preserved by the action of π1 N. Thus we may blow
up S equivariantly with respect to this action. Using the product structure, we
may thus blow up this set of planes in R3 equivariantly. The quotient by the group
action is a three-manifold N + equipped with a quotient map
π : N + −→ N
which is homotopic to a homeomorphism. Also N + is foliated by the projection of
the planes y = constant and this 2-dimensional foliation is the result of blowing up
A in the 2-dimensional foliation of N coming from the planes y = constant.
The annulus A has a foliation, C, by circles which each meet each torus T 2 × t
once; such a foliation is called vertical. We may arrange that C is one of the leaves
of C.
We now describe the foliation F on N + (which is homeomorphic to N ). The
quotient map is a bijection between (N + − π −1 A) and N − A and the leaves of F in
(N + − π −1 A) are the preimages of the leaves of F1 . The foliation on the boundary
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Figure 1. The middle annulus
A×{±1} is by horizontal lines, and the blown up annulus π −1 A = A×[−1, 1] ⊂ N +
is foliated in a way that extends this foliation on the boundary.
We now describe x, y, z coordinates on Ñ + . The blowing-up procedure used to
obtain N + from N is covered by a π1 N -equivariant blow-up of R3 . This involves
blowing up a countable set of points on the y-axis and extending product-wise over
R3 . We impose coordinates on Ñ + obtained by this blow-up procedure. Thus the
quotient map π̃ : Ñ + −→ Ñ covering π preserves the x and z coordinates.
These coordinates on Ñ + together with the covering space projection
p+ : Ñ + −→ N +
give an identification of A ≡ A × 0 with R × 0 × I/(x, 0, 0) ≡ (λx, 0, 1). We also
use an identification of A × [−1, 1] with a quotient of R × [−1, 1] × I. The top
is identified with the bottom by the identification (x, f (y), 0) ≡ (λx, y, 1) where
the x, y, z coordinates are as described above. The map f is a diffeomorphism of
[−1, 1] such that −1, 0, 1 are the only fixed points and for 0 < |y| < 1 we have
0 < |f (y)| < |y|. Let u be the unit vector field on R × [−1, 1] × I in the horizontal R
direction (i.e. parallel to the x-axis). Let v be the unit vector field in the vertical
I direction (i.e. parallel to the z-axis). Let g be a smooth non-negative function
g : A × [−1, 1] −→ [0, 1]
such that g −1 (1) = C ⊂ A × 0 and g −1 (0) = A × {±1}. Consider the vector field
on A × [−1, 1]
w = g.v + (1 − g).u.
The only closed flow lines of w are in A × 0. This is because for the other flow lines,
the x coordinate along a flow line increases until the flow line crosses the z = 1 level,
at which point it moves inwards towards A × 0 (i.e. |y| decreases). Furthermore, we
may choose g such that w is transverse, on A × 0, to C everywhere except C. This
is done by making g → 1 sufficiently slow near C; thus w is always more nearly
horizontal than C. See Figure 1.
To prove that F is product covered consider the plane, R, with equation x+z = 0
in R3 . Then F is covered by a foliation, F̃ , of R3 such that the image under the
blow-down map, π, of every leaf of F̃ maps to a line in R3 with monotonic increasing
x and z coordinates and such that x + z maps the leaf onto R. Thus the image leaf
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meets R once transversally. The process of blowing up a countable subset of the yaxis, and extending this blow-up product-wise to R3 results in the plane x + z = 0
being blown up to give a new plane with equation x + z = 0 since only the ycoordinate is affected by the blow-up. Thus the pre-image of R under blow up is
π −1 R which is a plane in R3 . Hence the pre-image of R is a plane which meets every
leaf of F̃ once transversally, and so F̃ is a product. This establishes the following
theorem. Does it generalize to all hyperbolic three-manifolds which fiber over the
circle?
Theorem 4.1. Every hyperbolic three-manifold which is a punctured torus bundle
over the circle admits a one-dimensional foliation without closed leaves and which
is product-covered.
Let M be the figure-8 knot complement. Now it is known [2] that there is a map
of a closed surface R of some genus g ≥ 2 into M and a finite cover N of M such
that R lifts to an embedded incompressible surface, S, in N. The free action of π1 N
on the leaf space R2 of the foliation of Ñ restricts to a free action of π1 S on R2 .
We claim that this action is not properly discontinuous.
Otherwise the quotient R2 /π1 S is a closed surface. Thus Ñ /π1 S is foliated as
a product F × R with F ∼
= S. Let S1 be the lift of S to this covering. Then S1
is homotopic to F. Therefore S1 meets every flowline of F × R algebraically once.
In particular, the intersection of S1 with each flowline is compact. Hence S̃1 meets
every flow line in Ñ algebraically once. This property is preserved by the covering
transformations, π1 N. Thus every component of π −1 S meets every flow line. Let
π : Ñ −→ N
be the universal cover. Since S is embedded in N, the subsurface π −1 S consists of a
set of disjoint copies of the universal cover of S. Choose a leaf λ of the foliation of Ñ .
Each component of π −1 S meets λ algebraically once. Thus there is an upper-most
intersection of each component of π −1 S with λ. Let max(S̃ ∩ λ) be this upper-most
intersection, and let Sλ be the subset of λ consisting of, for each component S̃, the
point max(S̃ ∩ λ). The linear ordering of points on λ defines an ordering on Sλ and
thus on the set of components of π −1 S. We claim that this ordering is preserved by
the action of π1 N. The foliation of Ñ has an orientation which is preserved by the
action of π1 N. Now S̃1 is a properly embedded topological plane which separates
Ñ into complementary components A and B. The notation is chosen so that as
you move along every flow line in the direction given by the orientation, you are
eventually always in A. If S̃2 is another component of π −1 S contained in B it is
clear that given a point x on S̃2 moving up the flow line through x one gets to some
point y on S̃1 . Thus every choice of flow line yields the same ordering on the set of
components of π −1 S. Thus the ordering is preserved by the action of π1 N, proving
the claim.
Since N is compact and π is an infinite sheeted regular covering it follows that
π −1 S has infinitely many components. It is also clear Sλ is discrete. This ordering
gives λ the structure of a simplicial tree Γ on which π1 N acts. The vertices of Γ
are the midpoints of components of λ − Sλ with edges between adjacent components. This tree is isomorphic to the tree obtained from Ñ by taking components
of Ñ − π −1 S as vertices and connecting two vertices by an edge if the closure of the
corresponding complementary components intersect. Then π1 N acts on both trees,
and the isomorphism is equivariant. The quotient Γ/π1 N is a circle. We claim that
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this implies that S is a fiber of a fibration of N over the circle. But this is absurd,
since S is closed and N is not.
It remains to prove the claim. The tree Γ is isomorphic to the tree obtained from
R by using Z as the vertex set. The action of π1 N on R preserves orientation and
therefore gives an epimorphism
θ : π1 N −→ Z.
The kernel of θ is the stabilizer of a vertex and is therefore a conjugate of π1 S. By
a theorem of Stallings, [6], it follows that N fibers over the circle with S as a fiber.
Theorem 4.2. There is a free action of the fundamental group of a closed surface
of some genus g ≥ 2 on the plane which is not properly discontinuous.
Observe that trying to arrange that a non-properly discontinuous action is free
seems to be delicate, since one might think that non-free actions are dense among
such actions. Are they? We thank Sergio Fenley for pointing out an error in an
earlier version of the argument that the above action is not properly discontinuous.
This leads to the question: if a three-manifold M has a one-dimensional foliation
and there is a covering of M so that the induced foliation is the product foliation
on F × R for some closed surface F , then is F a virtual fiber? The above argument
shows that if there is a finite cover of M in which some pre-image of the projection
of F into M is embedded, then the answer is yes.
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