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Abstract A monic Jacobi matrix is a tridiagonal matrix which contains the parame-
ters of the three-term recurrence relation satisfied by the sequence of monic polynomials
orthogonal with respect to a measure. The basic Geronimus transformation with shift
« transforms the monic Jacobi matrix associated with a measure du into the monic Ja-
cobi matrix associated with du/(z —a)+ Cd(z — ), for some constant C. In this paper
we examine the algorithms available to compute this transformation and we propose
a more accurate algorithm, estimate its forward errors, and prove that it is forward
stable. In particular, we show that for C' = 0 the problem is very ill-conditioned, and
we present a new algorithm that uses extended precision.
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1 Introduction

Given a measure pu, with supp p C R, one can define a linear functional .Z on the space
P of polynomials with real coefficients in the following way:

2(p) = / p@)du(z), peP, (1)

which is well defined provided that the moments .%, := £ (z") are finite, n =0, 1,2, ...
In that case, we say that £ is a moment functional. Moreover, if the leading principal
submatrices of the Hankel matrix M = (%;;);,—( are nonsingular, then ¢ is said to
be quasi-definite, and there exists a sequence of polynomials {Pp }52 orthogonal with
respect to u, that is, [4]

1. deg(Pn) =n for all n > 0.
2. ZL(PnPm) = Kndn,m, where Ky, # 0 and dp,m is the “Kronecker delta” defined by

{0, if m#mn,
6n,m:

1,if m =n.

In particular, {Pn}52 is said to be a monic sequence of orthogonal polynomials
(MOPS) if the leading coefficient of each polynomial is equal to one. Every MOPS
satisfies a three-term recurrence relation (TTRR):

T Pn (%) = Ppt1(z) + Bnt1 Pn(z) + GnPr—1(2), (2)
P_1(z) =0, Pylx)=1, Bn,Gn€R, Go=%, Gn#0 foraln>0.

The previous set of equations can be written in matrix notation as
rp = Jp,
where p = [Py(x), Pi(z), Pa(z), ]T and

B 1 0
Gy By 1
J=10 G2 B3 ...

This semi-infinite tridiagonal matrix J is called the monic Jacobi matrix associated
with the functional .Z. It is very unusual to denote the entries of a matrix by capital
letters, but since the algorithms to compute the Geronimus transformation involve two
monic Jacobi matrices, for the sake of clarity, we denote by capital letters the entries
in the input matrix and by the same lowercase letters the entries in the output matrix.

For a moment functional .#, a polynomial 7, and a real number «, let 7. and
(z — @) ~1.Z be the moment functionals defined by

() (p) = Z(7p),
T —«

In the literature there are numerous results studying the connection between the
recurrence relations of polynomials orthogonal with respect to two allied measures [1,
2,7,15,24]. This relationship can be extended to the corresponding Jacobi matrices.
Two examples stand out as particularly important:



— Given .Z and a € R, the transformation that gives the monic Jacobi matrix asso-
ciated with (z — @)% in terms of the monic Jacobi matrix associated with .Z is
called the Christoffel transformation or Darboux transformation.

— Given .%, we consider the linear functional & := (z—a) L2+ Md(z—a), where o €
R is out of the support of the measure that defines .Z, and M is a nonzero constant.
This transformation performs a rational modification of the measure that defines
the functional .Z and add a Dirac mass in «. Notice that M = %, the first moment
of ¢. The transformation that gives the monic Jacobi matrix associated with ¢
in terms of the monic Jacobi matrix associated with £ is called the Geronimus
transformation or Darboux transformation with free parameter.

These transformations can be considered as reciprocal in the following sense:
Lemma 1 [25] Let £ and ¢ be two linear functionals and « a real number. Then,
(x—a)9 =2 ifandonlyif 4= (x—a) 'L+ %z —a).

If the functional .% is expressed in integral form as in (1), then

Y(p(a)) = [(2~ )72+ God(o — )] (o) = [ (@) P+ Cpla),

r—«

where C' = % — po and po = [ f_—“a. Therefore, this transformation depends on two
free parameters a and C'. From now on we call the transformation that gives the monic
Jacobi matrix associated with the functional ¢ in terms of the monic Jacobi matrix
associated with . the Geronimus transformation with shift o and parameter C'.

The Geronimus transformation was first studied by Geronimus in 1940. Among
numerous papers by Geronimus on orthogonal polynomials there are two [14,13] which
contain ideas that anticipated many investigations in modern mathematical physics.
The main contribution by Geronimus was a deep investigation of both Darboux trans-
formations. The first non-trivial application of these transformations was proposed by
Geronimus himself in [13]. This application is connected to the problem of classifying
all sequences of orthogonal polynomials such that its derivatives form another set of
orthogonal polynomials. In the last two decades, these transformations have attracted
the interest of various specialists in different branches of mathematics and mathemati-
cal physics for their applications to different topics such as Discrete Integrable Systems
[20,22,23], Quantum Mechanics, Bispectral Transformations in Orthogonal Polynomi-
als [18,16,17], and Numerical Analysis [5,7,8,12,10].

The problem of the numerical computation of the Geronimus transformation with
shift v and parameter C' of a Jacobi matrix J has been extensively studied when C' =0
and the shift « is close to the support of the measure p [5,10,8]. However, we have not
found any papers on the case C' # 0, or when C' = 0 and the shift is not close to the
support of the measure.

The objectives of this paper are the following:

— to investigate the numerical behavior of the available algorithms to compute the
Geronimus transformation,

— to present a new algorithm which is more accurate than the previous ones (Algo-
rithm 3), specially when the shift moves away from the support of the measure,

— to explain why the numerical behavior of any algorithm to compute the Geronimus
transformation is considerably different for C' = 0 and C # 0.



We also estimate the forward errors (Theorem 2) produced by the new algorithm
with O(n) cost, and prove that this algorithm is componentwise forward stable (Theo-
rem 8), which means that the magnitude of the errors produced by this algorithm are
the best ones that can be expected because they reflect the sensitivity of the problem
to perturbations in the input data ( Theorem 2). No need to say that forward stability
does not imply small forward errors when the problem is ill-conditioned.

We also show that this algorithm is more accurate than the previous ones, specially
when the shift moves away from the support of the measure and C # 0 (Section 4.4).
We prove that the problem of computing the Geronimus transformation is extremely
ill-conditioned when C' = 0 (Subsection 4.5) and therefore, a significant loss of accuracy
can be expected in this case. However, we also show that by computing a few outputs
with extended precision, the algorithm becomes much more accurate (See Table 7).

The paper is structured as follows: in Section 2 we give a brief account of the
main theoretical results needed. In Section 3 we analyze the available forward and
backward algorithms, and in Section 4 we introduce a new algorithm. We present
a backward error analysis of this algorithm (Theorem 4.1) and provide a condition
number for the problem (Definition 2 and Theorem 3) that allows us to estimate the
forward errors produced by the new algorithm in O(n) flops. Finally, we show several
numerical experiments to illustrate the performance of this new method and we prove
that it is componentwise forward stable.

2 Theoretical results on the Geronimus transformation

Throughout this section, Z is a quasi-definite moment functional, { P, } the sequence of
monic polynomials orthogonal with respect to ., J the monic Jacobi matrix associated
with {Pp}, and « a real number outside the support of the measure that defines .Z.

Let J — al = UL denote a decomposition of J — al as a product of an upper
triangular matrix U and a unit lower triangular matrix L, where

up 1 0 ... 100...
0 ug 1 ... l110...
U= 0 0 ug... , L= Oll...|> (3)

whenever it is possible. It is easy to check that whenever the UL factorization of J —al
exists, it is not unique. In fact, the entry u; can be considered a free parameter. Then,
given o and wuy, we say that J = LU + ol is the Geronimus transform of J with shift
«a and parameter uq.

Necessary and sufficient conditions for the existence of the Geronimus transform
with shift o and parameter w1 of a monic Jacobi matrix J are given in [1] and [25].

It is also clear that .J is a tridiagonal semi-infinite matrix. By Favard’s theorem [4],
J generates a new sequence of monic orthogonal polynomials if and only if the entries
of J in positions (i +1,7) for ¢ > 1 are all nonzero. In this case, the MOPS associated
with J and J, respectively, can be related through the matrix L, as we next show.

Lemma 2 Let J be a monic Jacobi matriz and let o € R be such that J — ol has an
UL factorization. Let u; € R and let J be the Geronimus transform with shift o and
parameter uy of J. Assume that {Pn} and {Qn} are, respectively, the MOPS associated



with J and J. If J—al = UL is the UL factorization of J —al such that J = LU +al,
then L is the change of basis matriz from {Pn} to {Qn}, i.e. Q = LP, where Q and P
are, respectively, the column vectors containing the polynomials in {Pn} and {Qn}.

Proof. Multiply J — al = UL by L on the left to get
L(J—al)=(LU)L. (4)
Replace LU by J — al in (4) and multiply by L' on the right to get
L(J—alL ' =J—al
Thus, J — al is similar to J — al. Considering the relation zQ = JQ, we have
(z—a)Q=(J—al)Q=L(J—al)L7'Q
and multiplying by L~ on the left we have
(z—a)L7'Q=(J—al)L7'Q

and hence x(LilQ) = J(LilQ), and L™1Q is a MOPS p satisfying zp = Jp. By
uniqueness L~ 'Q = P, which implies the result. O

It can be proven [1,25] that if the matrix J — ol = UL, with U and L as in (3),
then the Geronimus transform with shift o and parameter u; is the Jacobi matrix
associated with a functional ¢ given by

G =(zx—a) 'L+ %z — a),

where ¥ is the first moment of the functional 4. Next we show the relationship between
%y and the parameter uq involved in the UL factorization of J.

Lemma 3 Let £ be a quasi-definite moment functional, and J the corresponding Ja-
cobi matrixz. Then, the Geronimus transform of J with shift o and parameter uy is
associated with the moment functional

2,

uy

G=(z—a) 'L+

(ZI’—O[),

where £y is the first moment of the functional £. Moreover, if the integral represen-
tation of £ is given by

2(p) = / p(z)dp(z),

then the Geronimus transform of J is associated with the moment functional with
integral representation

dp(z)

where po = [ S22 and p € P.



Proof. By Lemma 1, (z — )9 = £. Let {Pn};2o and {Qn}52 be the MOPS
with respect to . and ¢, respectively. Then, if we denote P = [Py (), P2(z), ...}, and
Q = [Q1(x), Qa(x), ....]", we get

(e - )9) (QQ") = £ (@Q").
Taking into account Lemma 2,
% ((:c — a)QQt) - (LPPtLt) .
Considering the recurrence relation that {Qn} satisfies and the linearity of £ and ¢,

% ((j — aI)QQt) — LY (PPt) Lt

(J —al)% (QQt) — LD,L'

where Dy, is the diagonal matrix whose diagonal elements are given by (Dp)s = £(P?)
for all 4. Thus,
(J—al)=1L (DthDq_1> = LU,
where Dy is defined similarly to Dp. Notice that D, and Dy are invertible matrices by
definition of orthogonal polynomials.

Finally, this implies that u1 = £/%, and the result follows. The last part of the
lemma is obtained by considering the integral representation of .Z, that is,

) = [ pe) 21— piay [ ULy Ly,

O

From the point of view of the algorithms that we will present in the next section,
we need to use the fact that the MOPS {P,(z)}5% obeys a three term recurrence
relation of the form:

Yn+1 = (a - Bn+1)yn - Gnyn-1, n=>0. (5)

Now it is important to note that if o ¢ supp p, then the functions {pn (o, C)}nez_1
defined by

d
pr(0,0) =~ (Pula) = = ( [ Puo) 25 CPule) ) n20. poafai0) =1
obey the same TTRR satisfied by the sequence of orthogonal polynomials Py (z) for
every value of C. Moreover, when C = 0 it turns out that {pn(a,C)}5%_; is the
minimal solution of this recursion, which means that

n— o0 gn

=0,

for any other solution of the TTRR, say gn, which is independent of pp(a,0). The
solution gpn is called dominant, see [10] for more details on the general theory.

As a consequence of this situation, when C' = 0, it is not recommended to use the
three-term recurrence relation in the forward direction (for increasing n) to generate
{pn(a, C)}o_1, due to numerical instability. However, the TTRR can be used in the



backward direction, and the process can be reformulated in terms of the associated
continued fraction

Yn  _ Gn Gni1 Gnta ) n=0,1,2, ..

Yn—1 a—Bpy1—a— Bpyo— a— Bpi3—

which converges to the ratio of minimal solutions according to Pincherle’s theorem [11].
Let us define the following quantities:
pn(a, C) Gn Gni1 Gnto

Tp—1 = = ., n=0,1,2,... (6
T (@, C) T a—Bppi—a— Bpio—a— Bpys— (©)

Note that, in particular, r_1 = po(a,C) = —(uo + C). The importance of these
variables in the Geronimus transformation will be given in Lemma 4, which expresses
the quantities r;, defined in (6) in terms of the entries in the subdiagonal of the matrix
L in the UL factorization of J — al.

Lemma 4 Let {Pn} be the sequence of monic polynomials orthogonal with respect to
the linear functional £ (p) = [pdp. Let C,a € R, and o ¢ suppu. Assume that
J —al = UL is the UL factorization of J — ol such that J = LU + al is the monic
Jacobi matriz associated with 4 (p) = [p(z)/(z — a)du + Cp(cx). Then,

- Pk (aa C)

="t =, forallk>1, 7
pk_l(Oé,C) F f ( )

where l, = L(k + 1, k).

Proof. The result can be proven by induction. After dividing by px_1(a, C) the
TTRR
pr(a, C) = (a = B)pg—1(a, C) = Gp—1pp—2(, C), k=1,

consider the expression for I given in Algorithm 1.0

3 Algorithms for computing the Geronimus transformation and numerical
experiments

In this section we examine the currently available algorithms for numerically generating
a Geronimus transform of a monic Jacobi matrix J. First we present the standard algo-
rithm which can be derived from the matrix version of the Geronimus transformation
given in (8). Then, we present other algorithms used in the literature.

When C = 0 and the shift « is close to the support of the measure, researchers [5,
10] recommend a split strategy, that is, to use a “forward algorithm” when the shift
« approaches the support of the measure, and a “backward algorithm” when the shift
moves away from the support.

When C # 0, we can still use the “forward algorithms”. However, the “backward
algorithm” does not converge and is not useful as we explain below. In this section,
we also show, through numerical experiments, that the “forward algorithms” and the
“backward algorithm” (when available) become less accurate as the shift moves away
from the support of the measure.

From now on all the results refer to leading principal submatrices of monic Jacobi
matrices. Since we are interested in the numerical analysis of algorithms that implement
the Geronimus transformation, we can only consider finite matrices. We denote by



Jn(B,G) the n x n leading principal submatrix of .J, where B = [By, ..., Bn], and
G = |Gy, ...,anl]T and Jn(b,g) is the n X n leading principal submatrix of J, b=
b1, ..., bn]T being the elements on the main diagonal of jn(b, g),and g = [g1, .., gnfl]T
the elements on the first lower subdiagonal. Then, the finite version of the Geronimus
transformation with shift a and parameter u; is given by

Jn(B,G) — aly = UpLy + lnenely,  Ju(b,g) = LnUn + oy, (8)

where e, denotes the n-th column of the n-by-n identity matrix and M, denotes the
leading principal submatrix of order n of any matrix M.

Since we can only consider a finite leading principal submatrix of the initial monic
Jacobi matrix as input for any algorithm to compute the Geronimus transformation,
in order to determine the appropriate value of the free parameter u;, the parameters
C, o, and % need to be known (as Lemma 3 shows). Thus, in all the algorithms in
this paper we consider as inputs B, G, «, C, ug, and .%.

The following pseudocode gives the standard algorithm to compute the Geronimus
transform with shift o and parameters C, ug, and % of an n X n monic Jacobi matrix
Jn(B, G). This algorithm is obtained from (8). Notice that

up+l 1 0 0--- ul 1 0 0---
ugly  ug + s 1 0--- uily 1 + ug 1 0---

UL = 0 uglo ugz+Il31---|> LU = 0 ugly lo4+wusgl---

Algorithm 1 Given an n X n monic Jacobi matriz Jn (B, G), this algorithm computes
its Geronimus transform Jn (b, g) of order n with shift o and parameters C, ug, and £p.

ur = 2% /(C + po)
bi =u1 +«
for i=1:n—-1
l; =B —u; —«
gi = ui*l;
uip1 = Gi/l;
biy1 =ujr1 +1; +a
end

The computational cost of Algorithm 1 is 6n — 2 flops. This algorithm is closely

related to the qd-algorithm proposed by Rutishauser. In [21], Rutishauser introduces o-
(v)

degree monic polynomials ps ’ (x), depending on an additional integer parameter v and

()

with the initial condition py ™’ (x) = 1. These polynomials satisfy two basic relations:

P (x) = apl P (@) — ¢ () 9)
and
P& (@) = pl) (@) = =Sl (). (10)

Compatibility of these relations yields a three-term recurrence relation for the poly-
nomials p,(,u) (i.e. pg/jll) are orthogonal polynomials), together with nonlinear relations

for the coefficients ql(,y) and el(,”) (i.e. the qd-algorithm). Relation (9) is equivalent to the



Christoffel transformation from polynomials pg,”) (z) to polynomials p((jy—’_l) (z), while re-

lation (10) is equivalent to Geronimus transformation from polynomials pE,VJrl)(x) to

polynomials p,(jy)(x). These transformations are not shifted, that is, o = 0. However,
already in the classical book [6, pg. 460], a generic scheme of the shifted Rutishauser
algorithm is presented.

If we denote by {Pn} and {Qn} the sequence of polynomials whose Jacobi matrix

is J and J, respectively, condition (10) is equivalent in our notation to
P, — Qn = _lnPn—la

(see (3) and Lemma 2).

Next we present an algorithm slightly different than Algorithm 1 that can be ob-
tained by replacing I by —r,_q, using Lemma 4, and eliminating the variables uj in
Algorithm 1.

Algorithm 2 (Forward algorithm) Given an n xn monic Jacobi matriz Jo(B,G),
this algorithm computes its Geronimus transform jn(b, g) of order n with shift a and
parameters C, pg, and £p.
r—1=—(no +C)
Go=%
fork=0:n—-2
Tk = =By +a—Gi/ri1
end
b1 = B1 + 1o
g1 =Ly *ro/r_1
fork=2:n-1
b =Br+rp_1—TK_2
gk = Gr_17K—1/Tk—2
end
bn=Bn+1rn_1—Tn_2

The computational cost of this algorithm is 7n — 3 flops.

Notice that both Algorithms 1 and 2 are “forward algorithms” since they compute
Iy, and 7y, respectively, for increasing values of n. However we call Algorithm 2 “For-
ward Algorithm” because this is the algorithm proposed by W. Gautschi [10] in the
split strategy for C = 0.

W. Gautschi also proposes an alternative algorithm when C = 0, in which the
quantities r; are computed backwards. Namely, given an initial value m > n:

G

i i=mym—1,...,1,
a—Biy1 =14

Tm = 07 Ti—1 —
together with r_; = 4 /(o — By — rg). Observe that this is equivalent to (6). The
quantities by, and g are then computed in the same way as in the forward algorithm.

In [10] Gautschi studies the properties of Algorithm 2 and the backward method.
He states that the forward algorithm is better when « is very close to the support of
the measure and the order n of J,(B,G) is not too large; otherwise, the backward
algorithm is advised.

This backward algorithm can produce very accurate Jacobi matrices but, unlike the
forward methods, it may require infeasibly large initial matrices Jm (B, G) to produce
an output matrix J~n(b7 g) of quite moderate dimension. Estimators for determining the



10

advised initial order m of J,, (B, G) are given in [9] but they are only well-defined for
the classical families of orthogonal polynomials.

Elhay and Kautsky [5] also suggest a split strategy in the case C' = 0, the backward
algorithm being the same as the one proposed by Gautschi. However, the forward
algorithm they propose, called the Inverse Cholesky algorithm, is more expensive than
Algorithm 2 (computational cost of at least O(n?)) and their numerical experiments
in [5] show comparable performance.

3.1 Numerical experiments

Here we present some numerical experiments that show the accuracy of the algorithms
presented in the previous subsection.
In order to check the accuracy of the algorithms, we have computed the following

componentwise forward errors:
error g = max 11
}7 g m { booan

where I;k and g denote the outputs computed by a given algorithm in standard double
precision, i.e., u ~ 1.11 x 10710 is the unit roundoff of the finite arithmetic, while by,
and g, denote the outputs obtained by running the same algorithm with 64 decimal
digits of precision.

The experiments have been done using MATLAB 7.6.0 and the variable precision
arithmetic of its Symbolic Math Toolbox. In all our tests, theoretical error bounds
guarantee that the outputs obtained by running the algorithms with 64 decimal digits
of precision have more than 50 significant decimal digits.

We have applied Algorithm 1, Algorithm 2 and the Backward Algorithm to the
following Jacobi matrices:

9k — Jk
9k

by, — by,
by,

k=1...n

error b = max {

1. The 60-by-60 monic Jacobi matrix corresponding to the Jacobi polynomials with
parameters a = —1/3 and b = 1/7.

2. The 60-by-60 monic Jacobi matrix corresponding to the Laguerre polynomials with
parameter a = —1/3.

In both cases, we considered a broad range of values for the shift & and two different
values for the parameter C' = {0, 10}. For other nonzero values of C, the behavior of
the algorithms is similar to that of C' = 10. The results can be found in Tables 1-4.

Notice that when C' = 0, the three algorithms lose all their accuracy as the shift
a moves away from the support. When C # 0, the accuracy of the algorithms also
decreases as a moves away from the support although in a more moderate way. Notice
that the numerical behavior of Algorithm 1 and the Forward Algorithm seems very
similar.

4 A new algorithm
In this section we present a new algorithm to compute a Geronimus transform of a

monic Jacobi matrix J. We will show that, with this new algorithm, the accuracy
increases as a moves away from the support of the measure when C # 0. In Section
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« Error b Error g Error b Error g Error b Error g
—1.0001 [[ 1.410~ ™ [ 221010 | 2510~ [ 6.710716 [[ 1.310~ T [ 4410~
—-1.1 16.78 1.7 29.26 0.18 25 1.6
-2 2.43 2.16 2.43 2.16 1.4 4.5
-10 43.32 1.57 43.32 1.57 26.3 1.21

Table 1 Algorithm 1-Algorithm 2-Backward algorithm.
Forward errors for Jacobi Polynomials with a = —1/3, b=1/7, n = 60, C = 0.

« Error b Error g Error b Error g
—1.0001 |[ 227102 | 2.710°16 2971012 | 3.3310°1°6
-1.1 1.510°11 2.510-16 21510~ 11 | 4.4410°16
-10 2.0510~10 | 3.3810° 16 |[ 2.7410°10 | 421016
-100 1.06 10~9 | 3.3510°16 1.16 109 | 4.4410°1°
—106 1.2510~° | 3.3510° 16 7.5510~% | 2.2210°16

Table 2 Algorithm 1-Algorithm 2.
Forward Errors for Jacobi Polynomials with a = —1/3, b=1/7, n = 60, C = 10.

« Error b Error g Error b Error g Error b Error g

-0.0001 2110716 | 36410°16 || 1.7210~1° | 4,3510°16 491071 471071

-0.1 1.4510-1 | 214101 || 6.76 10-1° | 1.07 10~ 1% |[ 4810~ | 6.710° 16
-1 1.7110-6 2.8310°° 1.710-6 2.8310°F 710~7 106
-10 2.74 44.65 2.74 44.67 1.4 2.5

Table 3 Algorithm 1-Algorithm 2-Backward algorithm.
Forward Errors for Laguerre Polynomials with a = —1/3, n = 60, C = 0.

« Error b Error g Error b Error g
-0.0001 || 2.0110~16 [ 3.3210~16 || 1.7310~1° | 3.86 1016
-0.1 1.0410~ 1% | 2.18107 16 || 1.7310~15 | 4.110°16
-1 22810~ 16 [ 2,18 10~ 16 2110~ | 4.36 1016
-10 37210716 | 42610°10 || 6.1910~ 10 | 4.3910~ 16
-100 3.9210-1° | 2.710°16 2.2510-1° | 2.9910~ 16
—108 1.08 10— 10 | 2.16 10~ 16 | 1.08 10~ 10 | 4.01 10~ 16

Table 4 Algorithm 1-Algorithm 2.
Forward Errors for Laguerre Polynomials with a = —1/3, n = 60, C = 10

4.6 we will also show that this new algorithm is forward stable. This means that the
forward errors we get from this algorithm are the best that can be expected taking
into account the conditioning of the problem.

This new algorithm does not improve the accuracy when C' = 0 because, as we
will show in Subsection 4.3, the problem of computing the Geronimus transformation
of a monic Jacobi matrix when C = 0 is very ill-conditioned. We will also show that
the conditioning of the problem depends strongly on the computation of the very
first outputs and the accuracy increases notably when computing those outputs with
extended accuracy and taking them as new inputs of the same algorithm.

The new algorithm that we present in this section only requires as input a monic
Jacobi matrix of the same size as the output matrix. The numerical experiments will
also show that the new algorithm do not improve significantly the accuracy when the
shift has a moderate size due to the conditioning of the problem.
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Let us define new variables {ti}?;ll as t; := l; + a. Then, the following new algo-

rithm to compute the Geronimus transformation with shift o and parameters C, ug,
and .4 can be derived. Notice that the variables I, ...,1,,—1 have disappeared since
they have been replaced by t1,...,t5—1.

Algorithm 3 (New algorithm) Given an n xn monic Jacobi matriz Jn(B,G), this
algorithm computes its Geronimus transform jn(b, g) of order n with shift a and pa-
rameters C, pg, and %p.

u1 = % /(C + po)

bi =u1+«
fori=1:n-1
t; = B; —u;

gi = (ti —a) *uy

ui+1 = Gl/(tl — Oé)

bit1 =ujy1 +1;
end

The computational cost of Algorithm 3 is 5n — 2 flops.
A matrix version of this new algorithm is

In(B,G) — aln = Un (Tn — aDn) + lnenez, JIn(b,g9) = (Th — aDn) Un + aln,

where
up 1 0 0 100 0 00 0 0
0 uo 1 0 t11 0 0 100 0
Un: ’ Tn: ) D’I’L:
0 0 ... 0 un 00 ..¢%th-11 00.. 10

Some numerical results are presented in Tables 5 and 6, namely, the computed
forward errors by Algorithm 3. Those tables also include the condition number, which
will be defined in Subsection 4.2 and whose explicit expression is given in Theorem 3.
Notice that the accuracy of the outputs increases as |a| increases when C' # 0. However,
no improvement can be observed when C' = 0.

Before carrying out a rigorous roundoff error and stability analysis of the algo-
rithm, we can explain why the accuracy of the outputs improves when C # 0. Notice
that the new algorithm is obtained from Algorithm 1 through some, apparently, slight
modifications which actually have a significant influence on stability and accuracy.

We have observed that some harmful cancellations in the computation of the out-
puts b; by Algorithm 1 may arise. A significant situation where this problem can
be clearly understood appears when the shift « is large. It can easily be shown that
lim) | o0 ug = 0 for k > 2 (see Lemma 5 in Section 4.3), and therefore l; = B;—a—u; ~
—a when |a| — oo and ¢ > 2, and then b;41 = ujy1+1; +a ~ (—a)+a when |a] — o
and 7 > 2. The reader should notice that this cancellation is avoided in Algorithm 3.

From Lemma 5 in Section 4.3 we also observe that some harmful cancellations may
occur in Algorithm 1 when C = 0 in the computation of by, I, and ug, but these
are not eliminated by Algorithm 3. In fact, these cancellations cannot be eliminated
because they reflect the ill-conditioning of the problem.
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Table 5 New algorithm
Forward Errors for Jacobi Polynomials

a=-1/3,b=1/7,n=60, C =0 (left) and C = 10 (right).

« Error b Error g cond Error b Error g cond
—1.0001 |[ 75510~ | 2.2210~16 | 3.4610° 1.3410~ 2 | 2.710° 1 | 3.5910%
-1.1 16.04 1.7 4.87101% || 4.0510~T2 | 2.510~16 | 1.2210°
-10 43.32 1.57 1.8310 || 5.5310— 13 | 3.3810~ 16 | 1.1210%
-100 2.89 2.96 1.33107 || 4.7410~™* | 3.3510~ 16 | 1.13103
-1000 9.69 10.65 7.641016 8.410-15 [ 3351016 | 113.81
—10° 0.35 0.53 8.61101% || 1.6410~1° | 3.3510° 16 38.4
Table 6 New algorithm
Forward Errors for Laguerre Polynomials
a=-1/3,n=60, C =0 (left) and C = 10 (right).
« Error b Error g cond Error b Error g cond
—0.0001 |[ 2.1110°10 | 3.6410~1° 4.23 2.1110-1 [ 33210~ 16 | 4.27
-0.1 1.4510~ 1% | 2.1410~15 | 1.1910° 1.0410~ 1% | 2.1810~ 10 | 54.64
-1 1.7110-6 2.8310°6 [ 2.921011 2.110-16 [ 2181016 | 5.89
—10 2.74 44.67 2.51017 1.9610~16 | 4261016 | 4.48
—100 2.24 3.83 4971017 || 2.1110°16 | 2.710~1° 3
—108 1.15 1.21 4.241076 2.210-16 [ 2.1610~16 3
4.1 Backward error analysis of Algorithm 3
We use the standard model of floating point arithmetic [19]:
xr opy
Jilw opy) = (@ op y)(1+8) = T 5 ol Inl < w,

where z and y are floating point numbers, op = +, —, *, /, and u is the unit roundoff
of the machine. From now on, given a vector v, |v| denotes the vector whose entries
are the absolute values of the entries of v.

We develop our error analysis in the most general setting. For this purpose we as-
sume that the shift & and C are real numbers, and we denote by & and C the nearest
floating point numbers to a and C. Similarly, we denote by .Z% and fig the nearest
floating point numbers to .2y and pg. Moreover, we assume that the input parame-
ters By, ..., Bh—1 and G4, ..., G,,—1 are each affected respectively by the small relative
€ITOTS €B,,...; €B,_1,€Gy s - €G, _1» Where maxi<ij<n—1{l€B; |, eq;|} < Du, D being a
moderate constant. These errors in the inputs may come from the rounding process
when storing them in the computer. In addition, for the Jacobi matrices associated
with families of classical orthogonal polynomials, the inputs B; and G; are computed
using well-known formulae which may cause further errors.

Theorem 1 Let Jn(B,G) be a monic Jacobi matriz of order n. Let jn(b, g) be the
Geronimus transform with shift « and parameters C, g, and % of Jn(B,G). Let
&, fip, and C be the nearest floating point numbers to «, po, and C. Consider the
application of Algorithm 8 to the matriz with floating point entries Jn(B, G‘) where

B;=Bi(1+ep,), Gi=Gi(l+e,), 1<i<n-—1,

and

e {les | Jeci [} < Du
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for a positive integer D such that Du < 1. If jn(i), g) is the matriz computed by
Algorithm 3, and L,T are the computed intermediate matrices appearing in Algorithm
3, then

Jn(B + AB,G + AG) — aly, = Un (T, — aIy),

Jn(b+ Ab, §+ A§) = (T, — adp)Up + aly,

where this transformation has parameters C, A%y, and o, and

& —al < ulaf

AL < 3ul %]+ O(u?),

|0 — pol < ulpol

|AB;| < (D+Du(|Bi| +|i]) + O(w?), 1 <i <mn—1,
|AG;| < (D+2)ulGy] + O(u?), 1<i<n-—1,
|Ab| < b, 1<i<n,
|Agi| < 2ulgi| + O(u?), 1<i<n-—1.

Proof.
First observe that

ti=(Bi(1+ep,) — @) (L+et), le,| <u
and we get
|AB;| = [ii + i = Bi| < ((D+ D)u+ Du®) (1Bi] + i)
Assume that the floating point number closer to %y is -%(1 + €1,). Then,

Zo(L+ep)( + euy)(1 + Guy)

iy = ) ‘Ele |€u1‘, |5U1| <u

C+ o
Therefore,
|ALy| = ‘.,% —al(émo)) < (3u+3u + )%
R G; (1+eq,
g1 = % (14 8uiss) (L4 curs) s [Gus |+ Jeun] < u
—

which implies
AG| = |(f: — &) g1 — G| < (D +2)u+ (2D + D)u? + Du?) (G,
Finally, R
bi (L+e,) = i1+ ti, |ep,| <u
9i (1 +€g,) (1+0g,) = (fiy1 — &) s, |egy|, |0g;] <,

and the results follow in a straightforward way. O

In plain words, Theorem 1 says that the computed Geronimus transform jn(l;, J)
with shift o and parameters C, pg, and %y is almost the exact Geronimus transform
of Jn(B 4+ AB,G + AG) with shift & and parameters C + AC, fig, and .
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Definition 1 [19] A method for computing y = f(x) is called mixed forward-backward
stable (or numerically stable) if, for any z, it produces a computed § satisfying

I+ 49 = flz+ Ax), |Ag| <e€lgl, |Az| <nlzl,

provided that e and 7 are sufficiently small. Informally, a mixed forward-backward
stable algorithm produces almost the right answer for almost the right data.

We conclude that Algorithm 3 is componentwise stable in a mixed forward-backward
sense [19] if |4;] = O(]|By]), for 1 < ¢ < n. However the following problem arises:
|AB;|/|B;| can be much larger than u if |4;| is much larger than |B;|. Unfortunately,
this can happen as the following numerical experiments show. Consider the sequence
of Jacobi polynomials with parameters —1/3, 1/7, and the shift o = —2. Taking into
account Theorem 1, we compute a bound for the backward error as (e - errback), where
errback = max;—1.,—1 {1+ |4;/B;|}, and we get

y | n=10 [ n=100 [ n=1000 |
errback, C =0 | 7.2310° | 3.510° | 5.9 10°
errback, C' = 10 418 5.710* | 5.910°

The previous table shows that the upper bound of the backward error is not “small”.
Therefore, we cannot assure mixed forward-backward stability.

4.2 Condition number

The main goal of this section is to develop a bound that allows us to estimate the
forward errors of Algorithm 3 in O(n) operations. We also present some numerical
experiments showing that the bound obtained gives a good prediction of the forward
errors produced by this algorithm.

To bound the errors in Algorithm 3, we study the sensitivity of the Geronimus
transformation with respect to perturbations of the initial data, i.e., the parameters of
the monic Jacobi matrix Jn (B, G), the shift «, and the parameters C, po and %p. We
consider perturbations associated with the backward errors found in Theorem 1 and we
measure the sensitivity of the problem by using the notion of componentwise relative
condition number. This condition number, together with Theorem 1, allows us to get
a tight upper bound on the forward errors obtained by the application of Algorithm
3 to a monic Jacobi matrix. This bound is presented in Theorem 2. In the following
definition the variables wy,us,...,un correspond to the diagonal entries of U in the
UL factorization of Jn (B, G) — ol.

Definition 2 Let Jn(b,g) be the Geronimus transform of order n with shift o and
parameters C, po, and % of the n X n monic Jacobi matrix Jn(B,G). Let jn(b +
Ab, g+ Ag) be the Geronimus transform of order n with shift « + Aa and parameters
CH+AC, po+Aupg, and L+ AL of the nxn monic Jacobi matrix Jn(B+AB, G+AG).
Let us define

|AB;| |AG;| |[Aa| |AC| |Apo| |AZL|
DB := max max —_ m. _— s s
1<i<n—1 | |Bi| + |us| ) 1<i<(n—1) | |Gy || |C| |pol |Zo|

where the quotient |A«|/|a| has to be understood as zero if & = 0. Then, the relative
componentwise condition number of the Geronimus transformation with shift o and
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parameters C, ug, and %y with respect to perturbations associated with the backward

errors in Theorem 1 is defined as
| Ab;| |Agi|
AL, |b;] " 1<iS(n—1) lgil
k(B,G,a,C, po, %) := lim  sup - u —— 9i .

6—00<DB<s DB

The condition number (B, G, «, C, uo, %) is infinite if some of the denominators
appearing in the relative changes of the outputs b;, i.e. |Ab;|/|b;|, are zero. However,
b; = 0 will only happen for extremely particular values of the shift o and the rest
of the parameters. In those cases, other condition numbers have to be considered.
For instance, measuring absolute changes in the corresponding components of b, or
measuring relative normwise changes of b. We do not consider these particular situations
in this work. Notice that g; # 0 for all i since g; = (¢; —«)u; and both factors I; = t; —«
and u; are nonzero.

The condition number (B, G, «, C, uo, %) allows us to give an upper bound on
the forward errors produced by Algorithm 3, as the following theorem shows.

Theorem 2 Let jn(b, g) and jn(lA)7 §) be the exact and computed Geronimus transform
with shift a and parameters C, pg, and £y from Algorithm 3. Then,

max
k

where the left hand side of the previous inequality is a shorthand expression for (11)
and D 1is the constant used in Theorem 1.

by — by,
by,

9k — Jk
9k

’

1—(D+2)

b (7252 15,6, ) + 01

Proof. By definition of k(B, G, o, C, 1o, %0),

5| < w860 oo, ) DB,
K3
where
& b+ Ab; — b;
b; | b;

by Theorem 1. Because of Theorem 1 again,
DB < (D + 2)u+0(u?).

Therefore, to first order,

’ Abbl = W < ’%(B7 Ga @, Ca 1o, fo)(D + 2)“
Since
b; — b; . Ab; b; + Ab; — b;
b; by |~ b; ’
we get
bl < o(B,GL0, €, Z)(D + 2)u+ | 5.
1 (3
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Notice that by Theorem 1,

Al;i _ Al;i é <u l;i—bi-l—bi <ul1+ gl—bi
b; by ||bi| b; - b;
Therefore,
b; — b; b: — b
% < (D +2)u <1+K(B,G,a,0,uo,.§fo)+ Zb- ‘ >
1 1

and the result follows for the b;;s. The result for g; can be proven similarly.
0

We will provide a way to compute x(B, G, a, C, ug,-%p), and therefore a bound on
the forward errors, with O(n) cost. It is essential to remark that we have checked on
the reliability of the bound on the forward errors running many numerical experiments,
where we have observed that the bound does not overestimate significantly the actual
errors. For an example, check Tables 5 and 6.

The entries b and g of the Geronimus transform Jy, (b, g) of Jn(B,G) are rational
functions of the inputs B, G, «, C, uo, and %y, and, as a consequence, b and g are dif-
ferentiable functions of these parameters whenever the denominators are different from
zero. Therefore, (B, G, a, C, g, -Zy) can be expressed in terms of partial derivatives
[3]. More precisely:

’6(37 Gv «, Cv 10, 30) = max{lglk?%(n{n(bk)}f 13%12571{5(%)}}’ (12)
where

k-1 k-1

K(b) =Yk, (be) + Y kg, (bk) + Kalby) + ko (b) + Eg (bi) + Ko (b)), (13)
i=1 i=1
k k-1

K(gr) =D kB, (gk) + Y kG, (k) + Kalgr) + 5o (gr) + Kz (9k) + Fuo(gr),  (14)
i=1 =1

where, for k = 1, the sums Z?:l are understood to be zero and

B;| + |u;| 0b C ob
HB,;(bk) = %aﬁk s Hc(bk)iz aafck ) (15)
3
a Oby, G; Oby,
= |——— ) = |— 1

Ka(br) by Do |’ k@, (br) by 3G, | (16)
Z Ou ob

"t%(bk) = T;T.?% y "fuo(bk) = %237#:) ) (17)

and analogously for x(gg).

In Theorem 3, we give recurrence relations for computing (b ) and k(g ) that lead
to an explicit expression for (B, G, «, C, uo, £). Our first step to prove Theorem 3
is to express the intermediate variables uj in Algorithm 3, and the outputs by and
gr. as functions of the data B, G, «a, C, ug, and .%y. Then, we obtain expressions for
the partial derivatives of each of these functions with respect to their arguments. A
detailed proof of this theorem can be found in Appendix 1.
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Theorem 3 Let Jo(B,G) be any nxn Jacobi matriz, and let o, C, pg, and £y be real
numbers such that J,(B,G) — ad has an UL factorization, where u; = 25/(C + po)-
Let U be the upper bidiagonal factor in the UL factorization of Jn(B,G) — ol. If
U1, U2, ..., un are the entries of U in positions (1,1),(2,2),...,(n,n), then

o ouq ul %
b) = | S|4 )y
o) = [ [+ G|+ |52 e
lug| | ve—1ug — 1] «
k(bp) = — + —————— || Br_1| + |up— 14+ 5 (up_
+M (Yr—1ur — 1) Oui—1 +Ye—1uk|, k=2,
|bk| Oa -
* « 8uk
= B Qg Stk >1
) = el (1Bl + 4+ 1ol )]+ {858 — ] w21,
where
« IC] + |pol
K (u1) =14 ——-,
() =1 el
5 (ug) = 1+ [yp—1| [|Br—1l + lup—1|(L+ " (up—1)], k=2,
W %7 k=1
duy, C+ po O
da oup_
Vk—1UL <1+ akal),k>1
and
1
V= ———, 0 := B — 2up, — a, k> 1.
kaukfa

Remark 1 1t is possible to develop a roundoff error analysis of Algorithm 1 similar to
the analysis done for Algorithm 3. To begin with, backward error bounds for Algorithm
1 can be found. Then, it is also possible to deduce recurrence relations for a relative
componentwise condition number, k4 (B, G, a, C, puo, 2p), for the Geronimus transfor-
mation with respect to perturbations in the input data associated with the backward
errors of Algorithm 1. Finally, the condition number k4 (B, G, o, C, ng, Zp) can be used
in a counterpart version of Theorem 2 for Algorithm 1 to bound the forward errors.
We do not include the details of these results to keep the paper concise. However, we
would like to remark that it is easy to prove that

K(B7 G7 a? C? /"LO,ZO) S KA(B7G7 a’ C’ /“LO7ZO)

for all monic Jacobi matrices Jn(B,G), all shifts «, and all the possible values of
the parameters C, pg and %p. This fact, together with the numerical experiments in
Subsection 3.1, show that Algorithm 3 is more accurate than Algorithm 1.

Similar remarks can be made regarding Algorithm 2.
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4.3 Stability and accuracy of the new algorithm for large shifts

There are some interesting results that we can prove related to the stability and ac-
curacy of Algorithm 3 beyond the fact of being more accurate than Algorithm 1 or
2. It can be proven that, for large enough values of the shift o and under some small
constraints, for C' # 0, Algorithm 3 is accurate, i.e., it produces outputs with compo-
nentwise forward errors of order O(u). To prove this, we will show that

. |By| + 3.%/C }
lim ~(B,G,a,C,uy, %) = ma 3,
A uo, b) X{ B — Z0/C]

Therefore, Theorem 2 guarantees accuracy if the quantity on the right is “small”.
The numerical experiments in Subsection 3.1 show that this is not the case for Algo-
rithms 1, 2, or the backward algorithm. In fact, it can be proven that the accuracy of
those algorithms decreases as |«| grows.

Let us recall that, if C' # 0, according to Theorem 1, if |@;| = O(|B;]) for 1 < ¢ < mn,
then Algorithm 3 is mixed forward-backward stable, which is the usual requirement
for a numerical algorithm to be considered stable [19, p. 7]. More precisely, in this
case, it can be said that the computed Geronimus transform Jy, (b, §) with shift o and
parameters C, po, and % of Jn (B, G) is an O(u) relative componentwise perturbation
of the ezact Geronimus transform with shift & and parameters C, [0, and A%y of
Jn(B + AB,G + AG), where A%, AB and AG are O(u) relative componentwise
perturbations of the ezact inputs %p, B and G. In this context, another goal of this
subsection is to prove that for large enough values of the shift, |u;| < |B;| and then
Algorithm 3 is stable. We have to admit that this will be proven for the exact values of
u; and not for the computed values ;, thus we are only proving stability up to O(uz)
terms.

Here we will also show that the condition number (B, G, «a, C, ugp, %) becomes
very large as |a| grows when C' = 0. In Appendix 2 we show that this condition
number has the same magnitude as the standard condition number of the problem
which implies that no accuracy can be expected from any algorithm to compute the
Geronimus transformation when C' = 0 and the shift moves away from the support of
the measure. Moreover, Lemma 5 shows that |B1| 4+ |u1| > | B1| when |a| grows which
implies that no stability can either be expected from Algorithm 3.

We start with some technical lemmas. Firstly, the different numerical behavior of
the Geronimus transformation when C' = 0 and when C # 0 can be partially explained
by using the following result. Notice that the parameter u; can be seen as a function
of a.

Lemma 5 Let Jn(B,G) be the leading principal submatriz of a monic Jacobi matriz
J. Let a, C, uo, and £y be real numbers such that there is a unique UL factorization
of Jn(B,G) —al. Let ug, 1 < k < n, be the main diagonal elements in the U factor.
Then,

— ifC#0,

lim ulzﬁ, lim wu, =0, k2>2.
|a]—o00 C |a|—o0

As a consequence, when C # 0, Algorithm 3 is stable for || large enough if
|%0/C| = O(|B1]).



20

— ifC =0,

lim |ui] =00, (u1 ~—a),
x| =00

lim u2:@, lim wu, =0, k>3.
|| —o0 By || =00

Proof. First, assume C # 0. The proof follows directly from the expressions:

__% uk:#
C+po’ Br_1—up_1—a’

u1l k> 2,

using induction and the fact that ug — 0, since

. . d
lim aug= lim « L S - 2.
|a]—o0 || — o0 Tr—«

The limit and the integral can be interchanged if « ¢ supp p, because o/ (z — ) is

a continuous function. As a consequence, u; — %p/C when |a| — oo if C' # 0.

When C = 0, the previous result gives u; ~ —a, so ug — G1/B1 when |a| — oco.

This implies that us — 0 and the second claim follows by induction.

O

Lemma 6 When C # 0 it is true that v, — 0 and Y0 — 1 when |a] — oo, k > 1.

Proof. It follows from the definition of 7 and §;, and the asymptotic properties of

uy, in Lemma 5. 0

Lemma 7 Let Jn(B,G) be the leading principal submatriz of a monic Jacobi matriz
J of size n. Let a, C, pg, and £y be real numbers such that there is a unique UL
factorization of Jn(B,G) —al. Let uy be the element in position (1,1) in the U factor.

Then,
%_{—17 C=0andk=1,

la|—oo O 0, otherwise.

Proof. Taking into account the definition of w1, when « ¢ supp p then

tu_ o b [
da (C+ po)? da (CH+w0)? Ja (x—a)*
The result follows from the observation that
) 2 opo %o —3
Ho = F‘*‘O(Of ), %_?—&-(’)(a ), |laf — oo.

For k > 2 we can use induction on k, noting that

8uk _ Uf 1+ Buk_l
da ~ Bj_1—up_1—« oo )

and considering Lemma 5. Note that duy, /0o = O(a™1) when |a| — co.

0
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4.4 Asymptotic analysis of the condition number when C' # 0.

In this subsection we present an analysis of the condition number of Algorithm 3 when

C#0.

Lemma 8 If C' # 0, then
. B1 —2u1 — a duy
lim ——M—

— =0, lim a—— =0, k>1
|o¢‘4>oo ul Oa

Proof. From the previous estimations it follows that when C' # 0 then

ouy L

Ba = Caz 7O,

so the second part of the lemma is true for k¥ = 1. Assume that the result holds for
k — 1. Then, notice that

Ouy, @ i u, Oup_1
O—— =1U &% .
da kBk,1 —Up—1 — & Bk,1 —Up—1 — & da

Taking limits the second result follows. The first part of the lemma is obtained directly
from the asymptotic estimations of duj/0ca and adu;/da given above and the fact
that u; — %/C when a — oo and C # 0.0

Theorem 4 If C' # 0, then

lim w"(u1) =2, lim s%(up) =1, k>2.

|a|— o0 |a] =00
, . |B1| +3|-%/C|
lim k(bg) =1, or k # 2, lim k(b)) = ——-—"-"+~—.
laj—o0 ( k) f G o] o0 ( 2) |B1 — G%O/C|

lim k(g1) =3, lim k(gx)=1, k>2.

|| —o0 |a|—o0
Proof. We prove the result by induction on k. Since limw_,oo no =0,

lim s*(u1) = 2.
|| =00
It is easy to show that x*(uz) = 1. Assume that lim|q|_ k" (ugp—1) = 1 for some
k > 3. Then, taking into account Lemma 5, we get

lim [yg—1Bg-1] =0, lim  |yg_qug—1| =0,
|a]—o00 |at] =00

which implies the result for uj. Recall that by = u; + a. Then, taking into account

Theorem 4, Lemmas 5 and 7 the result follows for k = 1. For & = 2, we apply Theorem

4, Lemmas 5-8, bearing in mind that by, = By_1 +up, —ug—1, k > 2.

him 2l o Bi | _ 1B+ 1%/C
jal=oo [b2] 7 Jajmoo b2 [B1 — %/C|”

&*(ul):Z‘ £4/C ’,

lim |yius — 1] |22 e
lajmroo 112 b2 B1 - %/C
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a9 _ af|duz  Ou |
|at] — o0 bo Oa |a]—o0 bo da Oa
Let k£ > 3, then
By _ _
MZU, lim |'Yk—1uk—1|—| Sl S =1
la|—oo [bi| o] —o00 |0 |
. Uk —1 *
lim  |yg_qup — 1 ‘ K (ug-1) =0,
la|—oo by
fim ||| 2| al|fu, _ duk| _
|a]—o0 b | | O |at] =00 br || O Oa
by Lemma 8 and the result for by follows. Finally, for k =1,
lim  |y|[[Bi] + |u1]] = 0, lim  |y161]x" (u1) = 2,
|a|—o0 |a|— o0
ouq
lim |—||(B1—2u; —a)—=—— —u1| =
Wl Py '( 1 1— @) 90 1
. « B1 —2u; — a dug
lim — 1| =1
|a\~>oo’B1*U1*Oz C + o da
The last equality follows from Lemma 8.
For k > 2, notice that
im [y [| Bx| + |ukl] = 0, Hm  |ydg|s"(ur) =1,
|| =00 |a|—o0
Guk
lim B —2up, —a)— —up| =
Rl P ‘( 2 E— Q) 9o k
@ B —2up, — « ug, 1+3u;€_1 _1l—o
B —up —« up, Bip_1 —up_1 —« oa

taking into account Lemma 7.

0

Theorem 5 Let k(B,G,a,C, no, 20) be the condition number for the Geronimus trans-

formation with shift o and parameters C # 0, pg, and £y introduced in Definition 12.
Then

, |B1| +3|$0/C\}
lim k(B,G,a,C up, %) =maxq3, ————— 5.
|| —o00 ( o, %0) { |B1 — %0/C|

This implies that Algorithm 3 is accurate for || large enough as long as %
is small.

Proof. It is a direct consequence of Theorems 3 and 4. 00
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4.5 Asymptotic analysis of the condition number when C' = 0

Next we present a similar analysis of the condition number for the case C' = 0. Note
the different behavior of x(by) and x(gg) with respect to the previous subsection.

Theorem 6 If C =0, then

lim w"(u1) =2, lim &% (ug) = oco.
|a]—o00 |a]—o0
. * Gl . *
lim ﬁ(ug):1+3‘—2 , lim k" (ug)=1, forallk >4,
|a|—o0 Bl |a]—00
lim k(b1) = oo, lim k(b2) =3 ’1 - G—é ,
|a|—o0 |a]—o0 Bl
lim r(b3) = oo, lim k(by) =1, fork>4
|a|— o0 |a|— o0
lim k(g1) =00, lim k(g2) = oo,
|at] =00 |a]—o00
. G1 .
lim r(g3) =1+3 |5/, lim k(gy)=1, fork>4
|a]—o0 Bl || — o0

Proof. The result for u; follows in a straightforward way. In the expression for
k¥ (ug) notice that
. |u1| *
Iim ————(1+k (u1)) =00
|a|—o0 |Bl — U] — a|( ( ))
taking into account Lemma 5.
Notice that x*(u3) can also be expressed as

| Ba| |uz] ( |B1] )
1+ + 2+ +
|By — u2 — ¢ |By —u2 — ¢ |B1 —u1 — ¢f

|ua| |ual
|B1 —u1 —af |[Ba —ug — qf

(1+ K™ (u1)).

Notice that the limit when |« grows of the first three terms in the previous expression
is 1, while the limit of the last term is 3|G1/B?|. Now it is easy to show the result for
k = 4. The rest of the cases follow by induction.
In order to compute the condition numbers of the b’s, note first that
ouq

67

Ui

2
+20y

Taking into account Lemmas 7 and 5, the result follows. In a similar way it is
possible to prove the result for the other condition numbers x(by) and x(gg). O

The previous results suggest that better accuracy can be obtained when com-
puting the Geronimus transformation with C' = 0 using the new algorithm (Algo-
rithm 3) if at least the following outputs are computed with extended accuracy:
u1,u2,us3, b1, b2, b3, bg, g1, 92,93 and then use these values as inputs of the same al-
gorithm. Check Table 7 for new numerical results. The computations of the 4-by-4
principal leading submatrix of the Geronimus transform J as well as the the first three
main diagonal entries of the factor U were done with 64 decimal digits of precision.
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« Error b Error g a Error b Error g
-1.0001 || 1.3110~ 1T | 2.2210°16 -0.0001 2.110-1 | 3.6410~1°
1.1 91.26 1.74 -0.1 1.8310-1 | 2.31 101
-2 9.310°3 1.67 102 -1 1.4110°7 2.34 107
-10 1.4110°° 573107 -10 45103 9.310°3

-100 5.2910~10 | 5281010 -100 2.3810°8 41078
-1000 1.5910-12 | 1.59 10~ 12 -1000 3.6510-12 | 3.59 1012
—10% 2.2110-16 [ 2.2210°16 —10% 221016 | 2.8910-16

Table 7 Algorithm with extended accuracy. Forward Errors for n = 60 and C = 0. On the
left, Jacobi Polynomials with a = —1/3, b = 1/7. On the right, Laguerre Polynomials with
a=-1/3.

4.6 Forward stability of Algorithm 3

The purpose of this section is to prove that the forward error bound we have found
for Algorithm 3 is the best one can expect, because it reflects the sensitivity of the
transformation to componentwise relative perturbations in the data. We have seen
that Algorithm 3 is neither backward stable nor stable in the mixed backward-forward
sense, and therefore we consider a weaker notion of stability. An algorithm is said to
be forward stable if it produces forward errors of similar magnitude to those produced
by a backward stable algorithm [19, p. 9]. In this section we show that Algorithm 3 is
componentwise forward stable. In order to prove that, we define the relative componen-
twise condition number of the Geronimus transformation with shift & and parameters
C, po, and %y with respect to small componentwise relative perturbations of B, G, «,

C, po, and %p.
|46 |Ags|
e 1<mé<n((n) |bs] 71<in<l?ﬁ(72) 9]
rs(B, G, a, C, po, £) = }im sup == i i< i

—0 0<DC<68 DC ’
(18)

|AB;| } { |AG,] } |[Aa| |AC| |Apo| |AL }
DC =max<{ max ,  max , , , , .
{@sm){ |Bi| ) 1<i<(n—1) | |Gl la| 7 1CT 7 ol T | Z0]

Recurrent expressions for kg(B, G, a, C, uo,-%) can be obtained in a similar way as
we got recurrent expressions for (B, G, a, C, po, 20).

Theorem 7 Let Jn(B,G) be any n x n monic Jacobi matriz, and let a, C, pg, and
L be real numbers such that Jn(B,G) — al has a unique UL factorization with up =
20/(C+po). Let U be the upper bidiagonal factor in the UL factorization of Jn(B,G)—
al. If uy,ug,...,un are the entries of U in positions (1,1),(2,2),...,(n,n), then

ouq U1

«
ks(b1) = a '1+ Do + H |f{kg(u1)|,
_ -1 *
ks (by) = ] + -1 = 1| [|Bk—1| + [ug—1|55(ur—1)],
[br | [br |
2 g = )2 ], k> 2
bk Vk—1Uk 8& Ye—1Uk | = 4y
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ou
= By| + 05K Ll e, L k>1
ks(gk) = Ikl [| Bl + 10k k5 (ur)] + L R
where €I+ ol
* + lpo
raoluy) =1+ ,
R *
kg(ug) = 1+ [ve—1l [ Br—1l + lup—1lsg(up—1)], k>2,
and 5
__wm Omo, Bt
oy, C+ po O
Do up_1
_ 1 k> 1.
Yk 1uk( + o ), >

Proof. Analogous to the proof of Theorem 3. O

To prove that Algorithm 3 is componentwise forward stable is equivalent to prove
that kg (B, G, a, C, ug, %) and k(B, G, a, C, o, £p) have the same order of magnitude,
by taking into account Theorem 2.

By using Theorem 7, we can prove Theorem 8, after considerably long and deli-
cate algebraic manipulations are performed. The complete proof can be found in Ap-
pendix 2. This theorem states that the condition numbers, (B, G, a, C, po, 2p) and
ks(B,G,a,C, uo,-%) that we have defined for the Geronimus transformation are of
the same order of magnitude, which implies that Algorithm 3 is forward stable.

Theorem 8 Letk(B,G,a,C, no, 20) and ks(B, G, o, C, po, L) be the condition num-
bers introduced, respectively, in Definition 2 and (18) for the Geronimus transformation
with shift a and parameters C, po and £y, then

ks(B,G,a,C, uo, %) < w(B,G,a,C, o, %) <8 kg(B,G,a,C, o, £0).  (19)

This result together with the fact that k(B, G, o, C, uo, - %o) > 1 implies that Algorithm
3 is componentwise forward stable.

Acknowledgements The authors are very thankful to the two anonymous referees, whose
comments were very useful to improve the presentation and content of this paper.
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APPENDIX 1: Proof of Theorem 3

In this section we include the proof of Theorem 3. First, we express the intermediate
variables uy of Algorithm 1, and the outputs by and g; as functions of the data B, G,
a, C, no, and Zp. Then we obtain expressions of the partial derivatives of each of the
functions with respect to their arguments. From Algorithm 1, we get

_ % . — Gr_1
Ctpo’ F By —upq—a

k> 2, (A-1)

uy

and hence, for k > 2, uy, can be seen as a function of By, ..., Bx_1,G1, ..., Gp_1, o, C, ug,
and .%p. Notice that uj is a function of «, C, ug, and % only.

The proofs of the next three lemmas have been omitted because the results can
easily be obtained through direct computations.

Lemma 9 If o, C, po and £ are real numbers such that Jn(B,G) — al has a
unique UL factorization, then uy has the following partial derivatives with respect to
Bl7 ey Bk—17 G17 ey Gk—17 a, Ca Ho and «iﬂo-

0, k=1 —u1 , k=1
Our _ )~y qug, i=k—1,k>1 oup, _ ) Ctho
0B; Oug—1 . oC b
v Ye—1Uk TB7L71<I’€71, k‘>1 Vi—1Uk %,k>l
0, k=1, 1 k=1
Oug, Yh—15 i=k—-1, k>1 ouy, CH+po’
aG; — Qug_1 0% ou
_ k—
Ve—1Uk aG, i<k—-1,k>1 Vo1 U a,gol’ E>1
u;  Opo —u
- Cho, k=1 ! F—1
Oug, C+po Oa Aduy, C+po’
do Oug—1 oo 7]
Ve—1Uk (1 + Do ) s k>1 Ko Ve—1UL gz;l, k>1
Here
~ ! k>2 (A-2)
1= > 2. -
YUBe —u —a
From Algorithm 1, we also get
by =ui+a, bp=Bp_1+up—up_1, k>2 (A-3)
and, therefore, for k > 2, the variable b, can be seen as a function of By, ..., Br_1,

G1, .., Gp_1, a0, C, pg, ZL- Notice that by is only a function of «, C, pug, and %.

Lemma 10 Ifa, C, uo and % are real numbers such that Jn(B,G)—al has a unique
UL factorization, then the partial derivatives of by, with respect to By, ..., B,_1,G1, ..., Gp_1,
a, C, ug, and £y are
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0, i=1, k=1
81% . 8u1
1 k-1 1 -— k=1
abk _ + 8Bk;717 7 k ) k > abk 80 )
0B ou ou, ac ou ou
k k—1 . k k—1
- 1 1 . 1
9B, B, <k-LE> ac ~ ac F>
8uk . abk 0
, i=k—-1k>1 — =
Obr _ 0G_1 0% Oup,  Oug_1
G, — = S k>1
8uk . Ouk_l i<k—1 k>1 (1.2”0 afo
0G; 0G; ’ ’
Oouq
p) ab o’ Bt
gul +1, k=1 9k _
8bk o O 8#0 (’)uk 8uk_1
= = — — S k>1
9o Oup  Oug_1 o Ao
—-— — ,k>1
Jda Jda

It also happens that g = (Bp — ur — ®)ug, kK > 1, so gx is a function of
Bla-~7BkaG17"'7Gk717a,c,/1/01$0'

Lemma 11 Ifa, C, ug and % are real numbers such that Jn (B, G)—al has a unique
UL factorization, then the partial derivatives of gy with respect to By, ..., By, G1, ..., Gg_1,
a and C are

e ), - 9t _ g, Ou  psy
0B; S5 873127 i<k oC oC -
ng_ak%, i<k %:%%, b=t
9G; 0G; Sar B

oo ok e =0k gk k21

8a—6k%—Uk” kzl

Here 6y, := By, — 2up, — « for k > 1.

Next, we define some quantities that will be useful in order to compute the condition
number k(B, G, a, C, ug, %) introduced in (12). Let us call

k—1 k—1

K () =Y kg, (up) + Y kg, (ur) + Ke(ug) + kg () + fpo (ug), (A-4)
=1 =1

where Byl + s @ Co
— | Bl Juif Oug — | L ouk _

kg, (ug) = . 0B;|’ ke (ug) == . oC | (A-5)
G; Ou £ Ou ou

Rauu) = | 5aE | e (un) = | o gml R = RS (A6)

Note that the subscript of these auxiliary “condition numbers” indicates with re-
spect to which input variable the specific condition number is computed.
The quantities x*(uj) can be computed recursively as the following lemma shows:
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Lemma 12 Let o, C, %, and po be real numbers such that Jn(B,G) — ol has a
unique UL factorization. Then,

|C[ + | ol
|C + pol

5 (ug) = 1+ [yp—1Be—1] + [e—1up—1|(1 + &% (up—1)), k>2,

K (up) = 1+

o ouy uq %
b1) = -
w(b1) ul +a Oa ui t+al” (),
Ye—1uk — 1
k(bk) = [vk—1ukl + % [1Br—1| + lug—1] (1 + &"(up—1)] +
o Oup_
+ be ‘(’quuk—l) et +’kaluk‘a k> 2.

where v _1 1s defined in (A-2).
Proof.
If K =1 then

|C] + |pol

K (u1) = ke (ur) + kg, (u1) + ko (u1) = 1+ C ol

Assume now that k > 1. Then, ifi = k — 1,
|Br—1] + [ug—1]

kg () = |Br—1| + |ug—1l uy, _
Broa TR |u| B —ugp_1—a| |Bg_1—up_1—al
Gr_1 1
= =1.
#Gn (k) ‘ up || Br—1 —up—1 — @
Similarly, if i < k — 1,
kg (ug) = | Bil + |usl g, Oup—1| _ Up—1 k5. (1)
Btk || Br_1 —ugp—1 — || 0B; Bl —ugp_y —a| Dok
kG, (u) = Gi L ui—r | _ ’ . kG, (Ug—1)
! up || Br—1 —up—1 —a|| 0G; Brp_1—ugp_1—a| T
Finally,
ko (ug) = C U Qup—1| _ U1 I
Rk ug || Br—1 —ug—1 —a|| 9C By_1 —up_q —a| GRS

The remaining two condition numbers are computed in a similar way.
These expressions lead us to the recurrence relation for k*(uy) in a straightforward

way from (A-4).

For k=1,
C u «@ ou
e =[] oo =[]+ G|
U1 U1 Ho
"ﬁxo(bl):’E o Kpe(b1) = H ‘CJFHO .
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Assume now that £k > 1. Fori =k — 1,

|Br—1] + |ug—1] U, ‘ |Br—1| + lug—1
- (b) [br| Brp_1 —up_1 —« [br | | |
Gr_1 1 ug,
br) = — |2k
K;Gk—l( k) ‘ bk} ‘ka—l _uk;—l —« bk}
Fori<k—1
B;| + |u; Oup_q Uk —1
kg, (b) = Li%ﬁ%‘dﬂ7k71uk—'ﬂl 55, | = -1k — 1] b KB; (Up—1),
9 1
G Oug_1 Up—1
(b)) = | _ -1 = _ -1 ) _1).
i () = | 5| i = 1| 2| = P = 1|5 v )
Finally,
o Oug_
Ha(bk)::‘gzw‘(Vk—luk -1) 5;{1 + Vh—1uk |,
C Oug_1 Up—1
br) = |— _ -1 = _ -1 _1).
ko (br) ‘ka(% 1ug = 1) — = [Vk—1ug — 1] o ko (uk—1)

The rest of the condition numbers can be obtained in a similar way. The result follows
by (13) and (A-4). O
The expression for x(gg) can be found following a similar procedure.

APPENDIX 2: Proof of Theorem 8

It can be seen from their explicit expressions that both numbers " (ug) and k& (uy)
are larger than one. Moreover they are of the same order of magnitude as the following
lemma shows.

Theorem 9
kg(ug) < K (ug) < 2x5(ug)  for allk > 1.

Proof. The first inequality is clear. Notice that the second inequality is true for
k = 1. In order to prove the second inequality for £ > 1, note that

k—2 k—1 k—1
Cl+
() = T+ B[+ 3 @+ i) T byl T byl (2+ (08l
i=1 j=it1 j=1

k—2 k—1 k—1
wsu) = 1 b Bl + 3 (bt T by TT bl (14 (8l
i=1 j=i+1 j=1

where 2?21 = 0 and 2;1 = 0, i.e., for k = 1 the summations are not present. The
result follows from the previous expressions. 0

It is also easy to prove that x(b;) and kg(by) are of the same order of magnitude
for all k> 1.
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Theorem 10 For1 <k <n,
ks (br) < K(bg) < kg ().

Proof. Again, the first inequality is obvious. In order to prove the second one take
into account Theorem 9 and the fact that 1 < kg (ug) for all k to get
ug |, [ Ve—1ug —1

+ by

K(by) <

‘ Bt + g1 1355 (g _1)]

a oug_1
— _ —1 _
+‘ka(7k 1ug = 1) =5 = +k—1uk

I

and the result follows. O

Proving that x(gi) and kg(gy) are of the same magnitude is not always possible. It
is not true in general that x(gx) is upper bounded by a multiple of kg (g ). However, the
lemma below shows that whenever k(g ) and kg(gx ) have different orders of magnitude,
then k(g ) is bounded by 8xg(bg1). The technical Lemma 13 will be needed to prove
our claim.

Lemma 13 Let us assume that % < Yeug < % for some k. If ypuy > 4|y Bgl|, then

— if Ypugr1 > 15/8 or yruk1 < 3/8, then

5 |ukr — 1/
12 br+1 .
— if 3/8 < ypupy1 < 15/8, then
T Uk
- < .
4 | brga
Proof. Since ypuy > 4|y Bxl,
3 3
- B —=. A-1
g <mBr<g (A-1)

We consider two possible situations: v, > 0 and v < 0. Let us begin by assuming that
Y > 0.

1. If 4, > 0, then ug > 0. From (A-1) we get

31 31
_§7<lk+uk+a<,7.

Yk 8 Yk
Therefore,
15 3
—— —lhp<a< ———I. A-2
87k 87k (4-2)

Then, from (A-2), and taking into account that by = ugy1 + I + o, we get the

following bounds

3

15
Uk+1 — 8% <bgy1 <upt1 — B

Notice that both bounds of by will be positive if ugi17; > 15/8, and both
bounds will be negative if w17y, < 3/8.
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— Let us assume that ug17y > 15/8, then ugy1 — 1/, > 0 and

Ugy1 — 1/ < | Wet1 = 1/
U1 — % br+1
Therefore,
v < 1 Up1 — L/ 7k
5 1
12 " 14 S uaT b1

— Let us assume now that ug41v; < 3/8. Then, ug41 — 1/, < 0 and

—Upq1 + 1/ < Ykt — L/
—ugy1 + % b1
As a consequence,
5 < 1 U1 — 1/
7 i
12 1+ S T=ursive bk+l

— Finally, suppose that % < upp1vk < %. Then, ugyq > 0. If b1 > 0, we get

5 U U
o~ k+17k 5 < k+l)
4 uppive—3 bt
If bk+1 < O, then
1 o U1k Uk41
4 _ 15 b ’
Uk+17k + 3 k+1
2. When 7 < 0, a similar proof gives the same bounds.

0

Now we can prove Theorem 11. Let us remark that Theorem 8 is a trivial conse-
quence of Theorems 10 and 11. Notice that, from the expressions for x(gx) and kg(gx),
and taking into account that x*(uy) and xk§(uy) are of the same order of magnitude
by Theorem 9, it can easily be deduced that k(gr) and kg(gx) have similar orders of
magnitude when ugvy; is not close to one. This is covered in the first two items of
Theorem 11. The most difficult situation, i.e., when uy~y; is close to one, is presented
in the last item. Let us recall that u; # 0 for all k because G,_1 # 0 for monic Jacobi
matrices corresponding to sequences of orthogonal polynomials.

Theorem 11 For1<k<n-—1,

1 if upyr <0, then
ks(gr) < K(gk) < 3ks(gk)-
2 if 0 < upyg < 3/4 or upyg > 3/2, then
rs(gr) < Kgr) < 8rs(gr)-
3 if% < UupYe < % for some k,
3.1 if upyk < 4| Biygl, then
ks(9x) < K(gk) < 5ks(gk)-

3.2 if ugyr > 4|Bryk|, then
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(a) if k(gy) > Fugyk, then
rs(gk) < k(gk) < 8rg(gr)-
(b) if k(gx) < Furyk, then
rs(gk) < k(gk) < 8rg(brt1)-
Proof.
Considering the definitions of x(gx) and kg(gx), it is easy to see that
ks(gr) < k(gg), forall k.
In the rest of the proof, notice that

B —2up — « U

=1

=1- =1—vpug.
Bk—uk—a Bk—uk—a K

Yok =
Denote a = ug7y,. We need to compare the quantities |a| + 2|1 — a|s%(uy) and
|1 — a|x§(uk). Note also that kg (ug) > 1.
1. If @ < 0 then |a| 4+ 2|1 — a] =2 — 3a < 3(1 — a), and hence
lal +2[1 — alrs(ug) < (lal + 21 — al)rs (ug) < 3[1 — alrs(ug),

so k(gr) < 3ks(gk)-
2. If0<a<3/4, then |a| + 2|1 —a| =2 —a, so

lal +2[1 — alrs(ur) < (lal + 21 — al)rs (ug) < 8|1 — alrg(ug),

and therefore k(gr) < 8kg(gi)-
3. If a > 3/2 then |a| + 2|1 —a| =3a —2 < 5(a — 1), so

lal +2[1 — alss(ur) < (lal + 21 — al)rs(ur) < 5[1 — alrs(ug),

and £(gy) < 5ks5(gk)-
3.1 If % < Ypugp < % and upyr < 4|Bgvi| then, taking into account the expressions for
k(gr) and kg (gk), the result follows.

3.2 If % < Yrug < % and ugvyg > 4|Biyk| then, the condition k(gr) > Fur7y, implies

4
3

Ok Ouy
8ks(gk) = 49 1kl Br| + 10k k()] + [yral |1 — w Ba

} > 4k(gr) —4lurvel > K(gr)-

On the other hand, if k(gg) < %uk'yk and ugq1v, > % or upy17k < %, then by
Lemma 13
ug+1 — 1/

5
> = 9
bri gV | 13 [yl

5 (bk+1) >

which implies
16
#(gr) < = s (bi1)-

When k(gg) < %uk’yk and % < upye < %, by Lemma 13

1
ks (brt1) 2 7
Moreover, since ugvyi < %7 k(gr) < %ukfyk < 2, which implies

k(gx) < 8kg(biy1)-



