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Abstract

In this paper we consider the sequence of monic polynomials (Q,,) orthogo-
nal with respect to a symmetric Sobolev inner product. If Q,(x) = P,(z?)
and Qo4 1(7) = R, (2?), then we deduce the integral representation of the
inner products such that (P,) and (R,,) are, respectively, the corresponding
sequences of monic orthogonal polynomials. In the semiclassical case, alge-
braic relations between such sequences are deduced. Finally, an application
of the above results to Freud-Sobolev polynomials is given.

1 Introduction

Let U be a linear functional in the linear space P of polynomials with real
coefficients. The sequence of real numbers (p,,)n,en Where p, = U(x") is said
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to be the sequence of the moments associated with the linear functional.
Let consider the bilinear functional ¢y : P x P — R such that

o(p,q) =U(pq), p,q€P.

The Gram matrix of ¢y with respect to the canonical basis (z"),en is a
Hankel matrix (see [3]). If the principal submatrices of the Hankel matrix
are nonsingular, then the linear functional U is said to be quasi-definite.

For a quasi-definite linear functional U there exists a sequence of monic
polynomials {7, } such that ( [3])

1. deg(T,) =n, neN.
2. ou(Th, Tn) = knbpm, kn #0.
This sequence of polynomials satisfies a three-term recurrence relation
2T, (x) = T (x) + b, T (2) + ¢ Tr1(x), n >0,
with initial conditions
T 1(x) =0, Ty(x)=1, and ¢, #0, VYneN.

The linear functional is said to be positive definite if the principal sub-
matrices of the associated Hankel matrix are positive definite. In such condi-
tions, there exists a positive Borel measure p supported in the real line such
that the following integral representation for the linear functional U holds:

U) = | paiuta), peP. (1)

A linear functional U is said to be symmetric if U(2?"*!) =0, n € N.
In particular, if U is positive definite and symmetric, then the support of the
measure g in (1.1) is a symmetric set with respect to the origin in the real
line and the measure p is associated with an even function in R.

If U is a quasi-definite linear functional and (7},) denotes the correspon-
ding sequence of monic orthogonal polynomials, then

Ton(x) = Sn(xQ), n €N,

and
Toni1(z) = 2S5(2?), neN.
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Here (S,) and (S) are, respectively, sequences of monic polynomials or-
thogonal with respect to two quasi-definite linear functionals V' and V* such
that

V(z") =U(x™), neN,

V*a") =V (2"™), neN,

(see [3]).

Conversely, given a quasi-definite linear functional V' such that S, (0) # 0
for the corresponding sequence of monic orthogonal polynomials, the linear
functional U satisfying

U®) =V ("), U@ =0

is said to be the symmetrized linear functional associated with U. Notice that
in this situation the sequence (7)) satisfies a three-term recurrence relation

2T () =T (z) + e Tho1(x), n >0,
with initial conditions
To(x)=1, Ti(z)==z, and ¢,#0, VYneN.

As a very well known example of symmetrization process, the Hermite
polynomials are the symmetrized of Laguerre polynomials with parameter
a=-1/2 ie.

Hon(z) = L ? (%)
Hyis(2) = oL (2?)

In a recent work [1], the symmetrized linear functionals associated with
semiclassical linear functionals are studied. A semiclassical linear functional
U satisfies a distributional Pearson equation D(¢U) = 7U where ¢ and 7
are polynomials with deg(7) > 1. They constitute an extension of classical
linear functionals (Hermite, Laguerre, Jacobi, and Bessel) and they have been
extensively analyzed during the last two decades (see [4], [6]).

The aim of our contribution is to analyze the symmetrization process for
a kind of inner products which have received some attention very recently,
the so-called Sobolev inner products. Consider two positive definite linear
functionals Uy and Uy in the linear space P of the polynomials with real
coefficients. We introduce a bilinear functional < -,- > in P x P

<p,q>=Us(pq) + U (') (1.2)
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with p,q € P.

Using the Gram-Schmidt method for the canonical basis (2"),ey in P, we
obtain a sequence ((),) of monic polynomials with deg(Q,,) = n which are
orthogonal with respect to the inner product (1.2).

Unfortunately, these polynomials do not satisfy recurrence relations as
those associated with a linear functional. Nevertheless, under some assump-
tions for the linear functionals Uy and U it is possible to deduce some higher
order recurrence relations ( see [5]) for the polynomials Q.

The starting point of our contribution is to assume that U, and U; are
symmetric positive definite linear functionals. Then, Qo,(z) = P,(2?) as well
as Qani1(x) = xR, (2?). In section 3 we deduce the integral representation
for the inner products such that (P,) and (R,) are, respectively, the co-
rresponding sequences of monic orthogonal polynomials. Thus, non-diagonal
Sobolev inner products appear in a natural way.

In section 4 we assume that U = Uy = U; and U is a semiclassical linear
functional. Then, algebraic relations between (P,) and (R,) are deduced
as well as higher order recurrence relations for (P,) and (R,). Finally, as
an example, we show the application of our results and techniques for the
so-called Freud-Sobolev orthogonal polynomials |[2].

2 Semiclassical Orthogonal Polynomials. Sym-
metrization and class.

Consider a quasi-definite linear functional U in the linear space P of polyno-
mials with real coefficients and let { P,,} be the sequence of monic polynomials
orthogonal with respect to U.

U is said to be a semiclassical linear functional if

D(oU) = 1U (2.1)
where ¢ and 7 are polynomials with deg(¢) =t > 0 and deg(7) =p > 1.

Theorem 2.1 [1] The following statements are equivalent:

1. U s a semuclassical linear functional.
2. The Stieltjes function Sy(z) = = " k5 with p, = U(2") satisfies

6(2) ) (2) = C(2)Su (=) + D(2) (2.2)
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where

C(z) =—¢'(2) +7(2) (2.3)
D(z) = —(Ubyo) (2) + (UboT)(2) (2.4)

and

(Ubop)(c) =< U,0p >, (Ubpp)'(c) =< U,02p >

Oup — p(2) :p(c)_

The condition of being semiclassical can also be characterized in terms of
a weight function.

Proposition 2.2 [/ Let U be a semiclassical linear functional with integral
representation

Uwzéwmw

where w is a continuosly differentiable function in an interval [a,b] satisfying
some extra boundary conditions and such that D(¢U) = 7U. Then

(pw) = Tw (2.5)
and w is said to be a semiclassical weight function.

Remark 2.3 Observe that (2.1) holds for an infinite family of pairs of poly-
nomials (¢, 7). In particular, if (¢p1, 1) satisfies (2.1), (w1, T + 7'd1) with
7 any polynomial, will also satisfy (2.1).

Definition 2.1 [1] Let (¢, 7) be the pair of polynomials with minimum de-
gree that satisfy (2.1). Then, the class of U is defined as

s = max{deg(p) — 2,deg(T) — 1}. (2.6)

It is possible to characterize those pairs of polynomials (¢, 7) that define
the class of a semiclassical functional.

Proposition 2.4 [1] Let C and D be the polynomials defined in (2.3) and
(2.4). Then, (¢, T) is the pair of polynomials of minimum degree that satisfy
(2.1) if and only if (¢,C, D) are coprime.



Theorem 2.5 [1] Let U be a semiclassical linear functional of class s such
that D(¢WV) = 7V and let U be its symmetrized. Then, U is also semiclassical
of class s and

1. §=2s1if ¢(0) = 0,[p(2) = 2E(2)] and 2C(0) + E(0) = 0,

2C(2) + E(2) = 2G(2)].
Furthermore, D(¢U) = 7U and

&(2) = E(z?) (2.7)
7(2) = 2[G(%) + 26/ (%)), (28)

9 i; 25 + 1 if p(0) = 0, [¢(2) = zE(2)] and 2C(0) + E(0) # 0.
e 3(z) = 2B(%) (2.9
#(2) = 2[B(:2) + 22E'(2%) + C(2%)]. (2.10)

3. 5§=2s+3if (0) #0 and

3(2) = 26(:2) (2.11)
#(2) = 206(2%) + 20/ (22) + 22C(2). (2.12)

Proposition 2.6 Let U be a symmetric and semiclassical linear functional
of class s such that: )
D(pU) = 7U.

If § =2k for some k € N, then b is an even polynomial. If § = 2k + 1, then
¢ 18 an odd polynomial.

Proof

1. Suppose that U is the symmetrized of a linear functional L of class s.
Moreover, assume that s is even. Then, from Theorem 2.5 we get

§=2s, §=2s+1 or §=2s+3. (2.13)

It is easy to prove that, if § = 2k, then, necessarily s = k. Then, L is
of class k and D(¢L) = 7L for certain polynomials ¢, 7, and from (2.7)

o(z) = B(a?)

i.e., ¢ is an even polynomial.



2. Suppose now that § is odd, namely, s = 2k + 1 for some k£ € N. Then,
because of (2.13) it may happen that s = k or s =k — 1 and L can be
of class k or k — 1.

o If s =k, from (2.9) it holds that
$(x) = vB(2?).

Hence, ¢ is an odd polynomial.
e If s =k — 1, then from (2.11)

o(x) = v(z?)
and ¢ is an odd polynomial.

Proposition 2.7 Let U be a symmetric, semiclassical linear functional of
class 5. Assume U is the symmelrized of the semiclassical linear functional
L of class s. If D(¢U) = 7U, where ¢ and T are polynomials, then

1. For s even, T is an odd polynomial.

2. For s odd, T 1s an even polynomial.

Proof

1. If 5 is even, namely, § = 2k for some k € N, then s = k (see proposition
2.6). Moreover, for (2.8)

7(7) = o[G(2?) + 2F' (2%)]
for certain polynomials G(x) and E(z). Thus 7 is an odd polynomial.

2. If sis odd, namely, § = 2k+1 for some k£ € N, then one of the following
statements holds

o s=Fkand 7(z) = 2[E(2?) + 2> F'(2?) + C(2?)] for certain polyno-

mials F(z) and C'(z). As a consequence, 7 is an even polynomial.

e s =Fk—1and 7(z) = 2[¢(z?) + 2%¢'(z?) + z*C(2?)] for certain
polynomials ¢(x), C(z). Thus 7 is an even polynomial. .



3 Symmetric Sobolev Inner products.

Consider two positive Borel measures ug,u; supported on the real line such
that

/:B”d,ui<oo 1=0,1, neN.
R

Consider an inner product in the linear space P of polynomials with real
coefficients

<P, g >s= /pqduo+/p'q'du1- (3.1)
R R

This product is said to be a Sobolev inner product.

Furthermore, assume that o and p; are supported on a subset of the real
line which is symmetric with respect to the origin as well as the corresponding
sequences of moments

cff) = /w”duh 1=0,1,
R
satisty cé?LH =0, 2=0,1, neN
Under these conditions, if we denote {@,,} the corresponding sequence of
monic polynomials orthogonal with respect to (3.1), then

Qan() = Pn(:c2), Qont1(x) = an(;zzQ)

for certain sequences of monic polynomials {P,} and {R,}.

We are interested in the study of the orthogonality properties of the
sequences {P,} and {R,}, respectively.

First, observe that for n # m

0=< Q2n7 Q?m >s= /

L T R A A T
R

R

— [ BorPut@dia + [ PP

where

NI

diio = 23 dpo(x?),  djiy = 4w dp (x?).

On the other hand,

0 #< Qan, Qon >= /]R+ P2(x)djfio +/ (P! ())2djuy.

R+
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This means that {P,} is a sequence of monic polynomials orthogonal with

respect to the Sobolev inner product
<p,q>1= / pqdjio + / P dj. (3.2)
R+ R+
Moreover, if n # m,
0 =< Q2nt1, Qomg1 >=

(R (2%)+22° R, (7)) [Rin () +22° Ry, () dpia

|

= /R 2Ry, (%) Ry (2% d o+ /R
= [ rata) migey || T S | )| -
- [ [ R R;(x)][xdﬂ ! © ;ﬂl Hﬁ:ﬁ;i]
and
S

2

0 #< Qant1, Q2ny1 >= /]R+ [ Rulz) R(2) ] [

This means that {R,} is a sequence of monic polynomials orthogonal

with respect to the non-diagonal Sobolev inner product
<p,q>2=/ [p p’}dﬁz[q,} (3.3)
R+ 4q
Id,LL() -+ d'ul %
h Qy = 2
where d€), [ dgl iy
Observe that df), is a matrix of measures related to the diagonal matrix
of measures
| diag 0
090, = [ oy }
in the following way
dQQ - MdQlMt
M = 2% 1] 1 QL
1 = ;I:l? = 2 €z
namely,
_ zdji 0 t
dQQ—N[ 0 xdﬂl}N



1
with NV = [ L ], or equivalently,

0 1
0 ldp |1 o«

In the sequel, we will analyze the particular case when dyuy and dyu; are equal
and absolutely continuous measures. Moreover

T
0

K =

dQQZ{

o We will specify the orthogonality measures related to the sequences
{P,} and {R,} .

e We will look for explicit algebraic relations between {P,} and {R,} .

e We will determine a recurrence relation that such sequences satisfy.

4 Symmetric Sobolev inner products with equal
and absolutely continuous measures

The study of Sobolev inner products with respect to a measure was considered
by F.Marcellan, T.E.Pérez, M.A.Pifiar, and A.Ronveaux in [5]. Moreover,
they took in consideration a semiclassical, positive definite linear functional
U (2.1) to define the Nth Sobolev inner product

N
<p.q>M=Upg) + Y A UP™q™), Vp,qeP. (4.1)
m=1

Denote by
<p,q>=U(pq)
the standard inner product associated with U.
Considering {P,} the monic orthogonal polynomial sequence associated
with the linear functional U and denoting {Q,} the MOPS with respect to
the Sobolev inner product (4.1), they proved the following result:

Proposition 4.1 For every nonnegative integer number n > Ns, we get

n+Ns

¢(x)V Po(z) = ) 3iQi(x) (4.2)

i=n—t

where s = deg(®), Apnt # 0 and t = deg(F™ (2™)) — n.(Here FN) denotes
a differential operator introduced in [5]).
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We will consider the inner product

<p,q >S:/pqw(a:)da:+/p'q'w(a:)d$ (4.3)
R R

where w(x) is an even weight function supported on an interval of the real
line symmetric with respect to the origin. In this case, the corresponding
odd moments satisfy

Hon+1 = 0, Vn € N.

Furthermore, suppose that w(z) is a semiclassical weight, i.e,
(pw) = Tw (4.4)

where ¢, 7 are the polynomials of minimum degree that satisfy (4.4) with
deg(¢) = s > 0 and deg(t) =t > 0.

Let {@,} be the sequence of monic polynomials orthogonal with respect
to the inner product (4.3). Then,

Q2n(@) = Pa(2?),  Qzny1(7) = 2Rp(2?) (4.5)

for certain sequences of monic polynomials {P,} and {R,}.
Consider the standard inner product

<p,q>= /quw(x)da: (4.6)

and let {T},} be the sequence of monic polynomials orthogonal with respect
to (4.6). Then

Proposition 4.2

n+s’

S(2)Tn(z) = > i Q;(x) (4.7)

j=n—s

with & pn—s # 0, where s = max{s,s'} and 5 is the class of the semiclassical
linear functional defined by w.

Proof Let consider the Fourier expansion of ¢T,, in terms of {Q,}

n+s’

H)T(@) = Y 0y Q)
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<¢Tn7Qj>s But

Here ay; = =570

< ¢T,, Q; >5:/RgzﬁTanw(x)dx—F/qu'TnQ;-w(:L‘)dx+/R¢T7IZQ;w(x)dm.

Applying integration by parts to the third integral we get

:/qﬁTanw(x)dx—i-/qﬁ’TnQ;w(x)da:—/Tn(qﬁQ;w)'dw.
R R R

Since w is a semiclassical weight, we obtain

~ [ 61.(Q;~ @putalde — [ T.Q)(r (o

The first integral will vanish if j < n — s, and the second one will vanish if
j <n—3. Then < ¢T,,,Q; >s=01if j <n —max{s,s}. [
Observe that ¢(x) in (4.7) can be chosen in such a way that oy, s = 1.

4.1 Orthogonality Measures for {P,} and {R,}

Taking into account that {Q,} is orthogonal with respect to the Sobolev
inner product (4.3), for n # m

0=< QQna QQm == /

RPn(xz)Pm(xQ)w(x)dx+/4x2P7'l(x2)PT’n($2)w(x)dx =

R

N|=
N

= / h Py () P ()t 2w(t2)dt + / OO4P,’1(t)PT’n(t)t%w(t )dt |

then {P,} is orthogonal with respect to the diagonal Sobolev inner product
with matrix of measures

1 0 1,1
Q) = [0 by ]t 2w(t7)dt .

On the other hand, if n # m

0=< Q2n+1, ng_H >g= /$2Rn($2)Rm(ZE2)w(Z’)dl'+
R
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+ /R[Rn(xQ) + 222 R (22)][Rpn (2°) + 227 R, (2°)]w(x)dz =

= /]R(x2 + 1) Ry (2%) Ry (2w () dx + 2/R[Rn(l’z)Rm<I2)]/l‘2w(l’)dl’+

+4/H§R;(x2)R;1(m2)x4w(x)dm.

Changing the variable t = 2

N

/ OO(H1)Rn(t)Rm(t)t—%w(t%)dt+2 / OO[Rn(t)Rm(t)]’t%w(t )dt +

+4/oo R.(OR. ()t2w(tz)dt . (4.8)

Then {R,} is a sequence of monic polynomials orthogonal with respect
to the Sobolev inner product with matrix of measures

1+t 2t _1
dQy = [ of 4t21t 2w(t)dt .

The support of both measures, d€;, d€), is contained in R™. Denote

wl(t):t{g 2]+[(1) 8}
- [90) e [1 240 0]

dQy = m (£t 2w(t)dt
dQs = mo(t)t 2w (t)dt .

Taking into account the calculations done in (4.8) and applying integra-
tion by parts to the second integral

Thus,

o:/ tRant—%w(t%)dt—/ Ry Ry (£2)dt+
0 0
+4 / R ()R, (t)t2w(t?)dt .
0
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If w satisfy w’ = 7w, (Freud weights), then
0 :/ [t — 7(t2)t2] Ry Ryt " 2w(t2)dt+
0

+4/ R.R t2w(t?)dt .
0

In such a case, {R,} is orthogonal with respect to a diagonal Sobolev
inner product with matrix of measures

t—r(t2)t2 0

a2 = { 0 A¢2

} trw(t2)dt .

If ' = 7w, then the semiclassical functional defined by w(t) is of even
class. Thus, from Proposition 2.7, 7(x) is an odd polynomial and so T(t%)t%
is a polynomial in ¢.

4.2 Explicit Algebraic Relations between {F,} and {R,}

The sequence {7, }, which is orthogonal with respect to the inner product(4.6),
satisfies a three-term recurrence relation

2T (x) = Tha(x) + ¢ Thoa(z), n>1, (4.9)

T 1(z) =0, To(z)=1, ¢, >0.

Furthermore,

Ton(x) = Sp(2?),  Topyr(v) = 2S5 (2?) (4.10)

for a certain sequence of orthogonal polynomials {S, }, where {S}} is the se-
quence of kernel polynomials { K,,(z;0)} associated with the sequence {S,,} [3].
Taking into account (4.7) for n = 2m we get

QS(:E)TQm(x) = QQm—i—s’(w) + a2m,2m+s’—1Q2m+s’—1(w) + ...+ &2m,2m—sQ2m—s(fL‘)
(4.11)

e Suppose that §is even, then, s’ and s are even, i.e., s = 2k and s’ = 2k’
with k£, k" € N. In this case, because of Proposition 2.6, ¢ is an even
polynomial. Taking into account this result,(4.11) may be simplified

¢($)T2m($) = Q2m+2kf(if) + a2m,2m+2k/—2Q2m+2k/—2(93) + ...
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-+ Faom 2m—2kQam—2k(T) -
From (4.5) and (4.10)we get

m+k'—1

¢($>Sm($2): m+k’ Z 052m23

j=m—k

Since ¢ is an even polynomial, ¢(z) = é(ajz) for a certain polynomial
¢ and then

m-+k'—1

O(2)Sm(x) = Pryre(x) + > Qo P (4.12)

j=m—k

For n =2m + 1 (4.7) becomes
O(2) Toms1(x) = Qomior+1(T) + Qamt1.2mt2k—1Q2ms2r—1(x) + ...

o+ Qomt1 2mt1—26Q2m—2k41 ()
Because of (4.5) and (4.10)

m+k'—1
$(2)S;,(2°) = 2Rpmaw(17) + Y Comy12j1aR;(2?) |
j=m—k
Then,
~ m+k'—1
()5 (@) = Ruio(@) + 3 QmmiizniRy@).  (413)
j=m—~k

Taking into account the recurrence relation (4.9) for n = 2m, it holds
TTom(x) = Tome1(x) + comTom—1(z), m>1.
Because of (4.10)
Sp(x) = S5 () + comSs, () . (4.14)

Multiplying both hand sides of (4.14) by ¢ and applying (4.12) and
(4.13),
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P (z )+Z;n+rf }1 Qom,2; P (1) = Rpyi (2)+[02m1,2m+20—1F+Com| R —1 () +

!
S 2 Qa1 241 + ComOam1.2541) Ry (2) + .

o+ ComQom—1.2m—2k—1Rm—p—1() (4.15)

e Assume now that 5 is odd. Let k, &’ € N be such that s = 2k + 1 and
s’ = 2K’ + 1. Furthermore, ¢ is an odd polynomial from Proposition
2.7 and, as a consequence, (4.11) may be simplified to get

O(2)Tom(x) = Qamsok+1(T) + 02m2mr2k—1 Q2maw—1(z) + . ..
o+ Qo 2m—2k-1Q2m—2k—1() .

Taking into account (4.5) and (4.10)

m+k'—1

¢($)Sm($2) = $Rm+k/ (1'2) + Z Oégm72j+1fﬂRj (IEZ) .

j=m—k—1

Since ¢ is an odd polynomial, ¢(z) = z¢(2), then

m+k'—1

Qg(x)sm(x): Ry (2 Z Qom2j+1R; () . (4.16)

j=m—k—1
Writing (4.7) for n = 2m + 1,
O(x)Toms1(x) = Qamor+2(T)+Q2mt1 2mrok Qamor (T)+ - -+Q2m 2m—2kQ2m—2k(T).

Because of (4.5) and (4.10)

m+k’
O()a5;(a?) = Prawaa(a®) + Y ComiaaiPy(a?).
j=m—k
Then we get
m—+k’
2)(2)S5(2) = Prowsr(z) + > oma12;Pi() . (4.17)
j=m—k
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On the other hand, from

2Ton41(2) = Tonta(x) + conp1Ton(z),n >0

we get
xSh(x) = Spi1(x) + cony1Sn(T) (4.18)

Multiplying both sides by ¢ and applying (4.16) and (4.17),

Prjwii(x) + Z;H,}]f p @om+1,2iP5(2) = Ry 11(2) + [2mt2,2mro0+1 +
Comt1) Rmyr (2)+ + Z;ntf ;1 [Qom+42,2j+1 + Com41Qam 2j+1 ] Rj(x) + ...

-+ Qom 2m—2k—1C2m+1 Rm—p—1 () . (4.19)

4.3 Recurrence Relations

If the linear functional associated with the weight function w(x) is of class §
and 3 is even, (4.15) holds as well as (4.18). Multiplying both hand sides of
(4.18) by ¢ and considering (4.13) and (4.14) we get

TRy (@ )+ZZ"T§I_7§ Qomi1,2i+1 R ()] = [Pm+kf+1<:v>+ZZ”Tf j1 Q2mey2,2i0i(2)]+

m+k'—1
e 62m+1 m+k’ Z Qo 21 Z . (420)

i=m—k

Substituting (4.15) in (4.20) in a convenient way

m—+k’—1 m-+k’
TRy (7 Z Q11,2411 (T)] = Rppir 41 (T Z Qom3,2i41 R () +
i=m—~k i=m—k+1
m+k'—1 m-+k'—1
+62m+2[Rm+k:’ Z a/?m—ﬁ—l 21+1R( )]+62m+1[Rm+k’ Z a2m+1 22+1R( )
i=m—~k i=m—~k
m+k'—2
+com (Rmr—1(z) + Z Qom—1,2i+1Ri(x))] .
i=m—k—1
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Then we get the following (k 4+ k' 4+ 2)-term recurrence relation for { R, }

Ryirr41(x) = (¥ — 02mes2mt2k+1 — Comt2 — Comt1) Rmir (2)+

Hxa2m 1 2mrok—1 — Qomi3omiok—1 — (Comt2 + Comt1) ¥om41 2mk/—1—
m-+k'—2

—Com41Cam) Rimti—1(2) + + E [T09m11,2i41 — Qom+3.2i+1—
m—k+1

—(Com+2 + Coam+1) 2m+1.2i41 — C2m+1CamQ2m—1,2i+1 | i (T) + [TQm41,2m—2k+1—
—(Com+2 + Coam+1) 2mt1,2m—2k41 — C2m+1C2mC2m—1,2m—2k—1) Bm—k () +
+ComCom+102m—1,2m—2k—1Rm—k—1(2) . (4.21)

Multiplying both sides of (4.15) by x and replacing (4.20) in (4.15)

m+k'—1 m—+k’
m-‘,—k’ E Qom, 21 z - m+k’+1 E Oom+-2, 2z 7 )+
i=m—~k i=m—k+1
m-+k'—1 m+k'—1
+C2m+1 m+k/ § Qom, 21 z +02m m+k’ E O42m21 z
i=m—k i=m—k
m+k'—2
+com—1(Ppsr—1(z) + E Qom—22iFPi(x))] .
i=m—k—1

Thus a (k + k" + 2)-term recurrence relation for {P,} follows.

Priwi1(z) = [ — omomior — C2mt1 — Com) Pt (2)+

+Hxaom 2mt2k—2 — Camt2.2m+2k—2 — (Com—1 + Com)Qam 2mt2k—2 — ComCam—1|Pmsr—1(2)+
m—k'—2

+ Z [T09m 2 — Qom+2.2i — (Comt1 + Com)Q2m 20 — ComCom—102m—2.2i| Pi(x)+
i=m—k+1

+xQ2m 2m—2k — Com+102m 2m—2k — Com®2m 2m—2k — CamC2m—102m—22m—2k) Pm—k(T) +
02m02m—1a2m—272m—2k—2pm—k—l(-T) . (4-22)
On the other hand, it has also been proved that if §is odd and s = 2k+1,

s' = 2k' + 1, then (4.19) holds. Let also remember (4.14). Multiplying both
hand sides by ¢ and substituting (4.16) and (4.17) there, we get
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[ Ropps (2 )+Z§nt::kl—1 2m 2j+11 ()] = Py (2 )+Z] —m— ka2m+1 2j Pj(x)+
m+k'—1
tam[Prre (@) + Y om0, P5(2)] (4.23)

j=m—k—1

Replacing (4.19) in (4.23)

& Ry (2) 7L Q21 Ry ()] = (R (2) 43000 o et Ry (2)]+
ot R (2)+ 700 o 21 By ()] Com R (2) 2100 | G 1 R ()

+02m—1(Rm+k’—1( ) + Z;n nl.f k2 o Qom— 22j+1R ( ))] :

Finally

Ryiir+1(2) = [x—02mt2.2m+2k+1—Comt1—Com) Rtk () F[TQ20m 2m 28 —1—
—O2m42 2m42k" -1 — (02m+1 + CQm)QQm,2m+2k'—1 - C2m02m—1]Rm+k/—1($)+
+ Zgnﬂf ;f [TQ2m2j41 — Qamt2,2i41 — (Comt1 + Com)Qom,2j41—
—ComCom—102m— 2,2]+1]R (I) + [$Oé2m,2m—2k—1 - (C2m+1 + C2m>a2m2m—2k—l_

_CZmCQm—lon—ZQm—Zk—l} Ry k1 (x) - szczm—lOézm—2,2m—2k—3Rm—k—2 (II4-24)

Multiplying both hand sides of (4.19) by = and substituting (4.23) in the
resulting expression, a (k + &k’ + 3)-term recurrence relation for {P,} is ob-
tained.

Pm+/<;/+2(I) = [x — Oom+41,2m+2k" — Com — sz—1]Pm+k;/ (!L”) + [fazm—1,2m+2k;'—2
—om41,2m+2k'—2 — (C2m + C2m—1)042m—1,2m+2k/—2 - CQm—lCQm—Z]Pm—i-k’—l (iU)—i‘
+ Z;ntf kQ [T0m—1,2j — Qomt1,2j — (Com + Com+1)0om—1,2j—
—Cam—1Com—202m—3 2i | Py (2)+[T02m—1.2m—2k—2— (Com+Com—1)Q2m—1,2m—2k—2—

_ch—ICQm—ZQQm—B,Qm—Qk—2]Pm—k—l (w) __CZm—1CZm—2a2m—3,2m—2k—4Pm—k—2(x)'
(4.25)

4.3.1 Recurrence Relation for {Q,}

Let start from (4.7). Multiplying both hand sides of (4.7) by z and using the
three-term recurrence relation for {7},

n+s’

$(@) (T () + enToi(z) = Y 300;Q;(x (4.26)

j=n—s
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thus, the substitution of (4.7) in (4.26) yields a recurrence relation for {Q,}.

Qn+5’+l(w) - [37 - O‘n+l,n+s/]Qn+5’ (33)"_
nts'—1

+ Z [Tan; — any1j — Catin_1,4]Q;(7)+
j=n—s+1

+[$an,n—s - Cnan—l,n—s]Qn—s(x) - Cnan—l,n—s—lQn—s—1<m) . (427)

4.4 Application: Freud-Sobolev Polynomials

A particular example of the Sobolev inner product given in (4.3) is

<p,q >S:/pqem4dx+/p'q'e’”4dx (4.28)
R R

This kind of inner product has been introduced in [2]. Let {Q,} be
the sequence of monic polynomials orthogonal with respect to (4.28). These
polynomials are called Freud-Sobolev Polynomials.

Obviously (4.28) is a symmetric inner product, hence {Q,,} satisfy (4.5).

4.4.1 Orthogonality Measures associated with {F,} and {R,} in
the Freud-Sobolev Case.

Taking into account that {Q,,} is orthogonal with respect to the inner product
(4.28), for n # m,

0 =< Q2n, Q2 >s=
B / PuPt ™3 dt + / P.P Atz dt .
0 0

Thereupon, {P,} is orthogonal with respect to the diagonal Sobolev inner
product given by the matrix of measures

dQ, = { Lo }t—ée—ﬂdt. (4.29)

On the other hand, for n # m

0 =< Qam+1, Qant1 >s=
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1 3

= / Ry R (t + 42t 2~V dt 4 4 / R.R tz2¢ " dt . (4.30)
0 0

Hence, {R,} is a sequence of monic polynomials orthogonal with respect
to the diagonal Sobolev inner product given by the matrix of measures

144t O

dQ?Z[ 0 4

} tze P dt . (4.31)

Moreover, the support of the measures d€); and d€), is RT. Denote

wl(t):t{gg}—k{ég},

m(t)zﬁ[é Z}HH 8].

dQy = m ()t e dt,
dQy = mo(t)t 2 dt .

Next we give an explicit relation between the sequences {P,} and {R,}.
Consider the standard inner product

Then

4

<p,q>= /pqe"” dx (4.32)
R

and let {7},} be the sequence of monic polynomials orthogonal with respect
to (4.32), namely, the sequence of the so-called Freud Polynomials. Then, it
can be proved (see [2]) that

T.(z) = Qu(z) + a,Qn_2(x), n >3, (4.33)
To(r) = Qo(z), Ti(x) =Qi(z), Ta(x)=Qa(z),

where | Tors |12
a, = dnt 2tz > 1
" @12 ’
aoza_lza_gzo.
Furthermore,

Ton(z) = Sp(2?), Topy1(x) = 2S5 (2?), (4.34)
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for a certain sequence of orthogonal polynomials {S,, } where S denotes the
nth kernel polynomial K, (z;0) normalized to be monic, associated with the
sequence {S,}.

Overwriting (4.33) for n = 2m and for n = 2m + 1, respectively,

Sm(z) = Pp(x) + a9 Pr—1(z), m >2, (4.35)
and Sp(z) = Py(x), Si(z) = Pi(z).

Sr(z) = R(2) + agmi1 R (), m >1, (4.36)
and S} (x) = Ro(x).

On the other hand, the sequence {7,,} satisfies the three-term recurrence
relation

2Ty (x) = Thia(z) + enThoa(z), n>1, (4.37)
To(x)=1, Ti(z)==x

where
n:4cn(cn+1 +Cn+cn—1)7 n =1,

with initial conditions cg = 0,¢; = gg’ﬁg :

For n = 2m + 1, the expression (4.37) yields
xS) () = Spm1(x) + comi15m () -
Taking into account (4.35) and (4.36), for m > 2 we get

TR () +a2m41 Rim—1(2)] = Poy1(2)+(a2ma2+Coms1) P (2)+a2momi1 Prm—1(),
(4.38)
Repeating the above procedure for n = 2m, m > 2

Pm(x) + angm,1<$’) = Rm(£) + (a2m+1 + C2m)Rm71<x) + CZma2m71Rmf2(x)7
(4.39)

4.4.2 Recurrence Relations in Freud-Sobolev Case

Consider again (4.38) and (4.39). Substituting (4.39) in (4.38), we get

TRy (2) = Ryg1(x) + [@2mt3 + Camt1 + Camt2) R () + [ComComa1

+a2m+1(Camt1 + Com2 — )| Rim—1(2) + G2m—1ComComt1 Rim—2(2) (4.40)
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for m > 1 with fixed initial conditions.
Multiplying (4.39) by =

[P () +agm Prn-1(2)] = x[Rum(2)+agmi1 Rm—1(2)|+xcom[Rm—1(x)+agm—1 Rm_o(x)].
Because of (4.38),
2Py () = Pri1(2) 4 (@2ms2 + Com + C2mi1) P () + [Cam—1C2m + aom (com+

Comt1 — &) Pr—1(2) + Cam—1Comaam—2Pm—2(7) .

As a conclusion, the sequences {P,} and {R,} satisfy the following re-
currence relations

Pria(z) = [z — (azmi2 + cam + Cam+1)] P () + [a2m (2 — com — comy1)—
—Com—1C2m) Pr—1(%) — Com—_1Com@om—1Pm_2(x), (4.41)
Rini1(2) = [ — (azm+3 + Camr1 + Com2)|Rin(2) + |azm1 (@ — comi1—
—Com+2) — ComComi1] Rm—1(T) — ComComa1Gom—oRm_2(x) . (4.42)
We can summarize our main results

e We have identified {P,} and {R,} as sequences of polynomials orthog-
onal with respect to a diagonal Sobolev inner product.

e We have proved two algebraic relations between {P,} and {R,}.

e We have proved that {P,} and {R,} satisfy four-term recurrence rela-
tions.

Finally , observe that multiplying (4.33) by x and applying the recurrence
relation (4.37)

Toi1(z) + enTh1(z) = 2Qp(x) + ay2Qy_2(x) .

Replacing (4.33) in the previous equation

Qni1(7) +ap11Qn1(2) +¢n[Qn-1(2) +an1Qn—3(7)] = 2Qn (1) +a,2Qn ().
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Then, {Q,} satisfy the following five-term recurrence relation

Qn-&-l(x) = ZEQn(ZL‘) - (an-H + Cn)Qn—l(x) + xan@n—Z(x) - Cnan—lQn—S(‘r) :
(4.43)
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