Math 4A — Scharlemann

6 February 2015



CELL PHONES OFF



To any square matrix A, you can assign a real number, called the
determinant of A (denoted det A) that has nice properties:

@ detA# 0 <= Ais invertible
o det AB=detA-detB
@ det/, =1
@ Since AA™1 =/, we have
det A-det At =detAA =detl, =1 = detA ! = L
det A

Problem: The determinant is really complicated to define.

In particular: to calculate for an n X n matrix, must first calculate
for lots of (n— 1) x (n — 1) submatrices.

For each of these, must calculate for many (n —2) x (n —2)
submatrices...

Gets really complicated for n large.

(But for n large, there are easier ways.)



First example:

. a a )
For 2 x 2 matrix A = |1t “2| s
a1 ax»
a a a a
det A = det 1 21 _ el 120 _ ai11dz2 — aipari-
az1 ax az1 ax

This expression came up earlier:

RamH:ForA::[a b]
c d

@ A s invertible if and only if ad — bc # 0 ie det A # 0.

@ If A is invertible, then

a1 [d =Bl _ 1 [d -b
T ad—bc|—-c al| detA|—-c a




The basics

What happens if we switch two rows of a 2 by 2 matrix?

a b c d
a-ftd el
How is det A related to det B?
A det A=detB.
B detA= —detB.
C | can't see any relation between them.
D I'm confused.
In fact
det B=cb—da= —(da— cb) = —detA,

So B is true.



Cofactor expansion

In general, need the idea of a cofactor of an n X n matrix A:
Let A; denote the (n — 1) x (n — 1) submatrix obtained from A by
deleting the i-th row and j-th column.

In pictures:

all ... a].j ... aln all DR .. aln
A= |apg - aj -+ ain :>A,'j:

_anl ... anj ... ann- _anl ... .. ann-

The cofactor of aj; is



Cofactor expansion

Another way of viewing the factor (—1)(): The cofactor Cj is
det A;; but with sign changed by £1 depending on the position of
ajj, + in the top-left corner and then alternate — and + both
across and down:

Now pick any row (say the 1%t row) or any column. Then
det A =a11Ci1 + a12Cia + -+ + a1nCap

In other words, multiply each term in the row by its cofactor, and
add them all up. Whew!

But notice: you only need cofactors for a single row (or single
column). This can be useful.



Sample calculations

Example: finding the determinant of a 3 x 3 matrix
2 3 -4

A=1(0 -4 2 — () = +det 2 —4 (o3 = —det 23

1 5 1 -1

1 -1 5

so

Cpp=2-5—(-4)-1=14 Csz=—-(2-(-1)—-3-1)=5
Then
detA = 321C21 + 322C22 + 323C23 =07 + (—4) -144+2-5=-46

Warning: You may have learned a different way of calculating the
determinant of a 3 x 3 matrix. It does not work for n > 4!



Sample calculations

What happens if we switch two rows of a 3 by 3 matrix?

ailr a2 as a1 ax» ax
A= [ax ax ax B= a1 an a3
a1 azx ass a1 a3y asz

How is det A related to det B?
A det A= —(—det B) = detB.
B det A= —detB.
C I can't see any relation between them.

D I'm confused.



Sample calculations

Discussion

B is true: Expand the two determinants via cofactors in a row that
did not move. (Row 3 in this example.) All the cofactors are 2 by
2 matrices, and the previous question applies.

Theorem (Theorem 3 p. 169)

For any size matrix, if you switch two rows, the determinant
changes by a minus sign.

10



Triangular matrices

Calculating determinant for an easy special case: Triangular matrix

If A is triangular then det A = product of the diagonal entries.

Example: when n =2

A= [a 0} — detA = ad — Oc = ad

c d
When n = 3:
all 0 0 2 0
det ar1 an» 0 = ajidet <|: 22 :|> = 311d22a33
d32 433

d31 432 das3
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Triangular matrices

Reason formula works:
Suppose you know it's true for any smaller triangular matrix. Then

aiz O o --- 0
do1 a2 0 s 0
det _ . . . : =
anl .. .. DR ann
ano 0 0 tee 0
d32 as3 0 cee 0
aiidet . . . . . = 311322333 - - ann
an2 .. .. .. ann
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Triangular matrices

What is the determinant of the matrix:

1 0 o --- 0
ani 2 0 ce 0

det | |31 a» 3 -+ 0 -
-anl P P PR n-

1-2-3....-n=nl

)
B) 1+2+3+..+ =200
)
) I'm confused.
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The geometry

Why does the determinant have great properties?
Answer: Because it's connected to geometry

“God always geometrizes” — Plato

Let 4 = [ul} and v = [Vl]. What is the area?
u» Vo

X2

Uy +vp

V2

=

0] up up+ vy xg
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The geometry

Answer:

(u1 +vi)(u2 + v2)—

(u1+v1, u2+v2]
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The geometry

Answer:

(Ul + V1)(U2 + V2) — Uil
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The geometry

Answer:

(u1 4+ vi)(u2 + v2) — U1t — viva

17



The geometry

Answer:
(u1 4+ vi)(u2 + v2) — urup — viva — 2vitp

= (U1t + urvo +viup + viva) — uup — viva — 2villp = UpVp — Vil
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The geometry

Answer:
u v
Area = uivo — viup = |det
u v
X
Uy +vo
v
v
i
o0 Uy Uy +vi x




The geometry

Another point of view:
Let

So parallelogram is A(unit square):

1x1 —
e, square A e A(square)
Ae,
€1

Then A multiplies area of a square by |det A|.
50



The geometry

But (think integral calculus), any figure is limit of little squares, so:

Under a linear transformation with matrix A, the area of any figure
is multiplied by | det A|.

A

Technical note: det A negative <= figure “flipped"”.
21



The geometry

More difficult to check: The volume of the parallelepiped induced
by three vectors i, vV, w € R> is

Volume(d, v, w) = |[det [ v w]].

Then a similar argument shows:
A 3 x 3 matrix A will multiply the volume of any solid by | det Al.
And onward to the n'" dimension...!

)



The geometry

First slide revisited:

@ detA# 0 <= Ais invertible
@ det AB=detA-detB
o det/, =1

But for n large, there are easier ways to calculate det A.

To be continued...
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