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18 February 2015



CELL PHONES OFF



Midterm Friday!
Must bring

@ TA.RD.IS code (on Gauchospace)
@ Seat assignment (on Gauchospace - same as last time)
e Convincing photo id

@ 8.5" by 11" bluebook for clear written work. Bring some to
selll

May bring
@ One 3" x 5" card
@ Headlamp

Don't bring
e Calculator

@ Telephone or other electronics



Linear independence

Let V be any vector space and suppose 31, ... d, are elements
(vectors) in V.

The set {31,...3k} is linearly independent if

A) c1 = cp =--- = ¢, = 0 is a solution to the equation

c1d1+oa+---+cdg=0

B) c1 = =+ = cx =0 is the only solution to the equation
c1d1 +ar+ - +cdg =0
C) For any vector v € V there are values of ¢1, ¢y, ..., ¢k so that

a1+ i+t cdk =V

D) For the matrix A = [, ..., 3] the only solution to AX = 0 is 0.



Linear independence

Discussion

A) c1 = ¢ =--- = ¢, = 0is a solution to the equation
a1+ oa+--+cax=0

False! The statement is true of any set of vectors - nothing special
about {a1,... 3k}

C) For any vector vV € V there are values of c1, ¢y, ..., ¢ so that
ad1+ o+ -+ cag=v

False! This is the statement that V = Span{&;,...3x}. That's not
the same as saying that {a1, ... 3k} are linearly independent.

—

D) For the matrix A = [, ..., 3] the only solution to AX = 0 is 0.
False!l Let's think about the matrix A. What is its size...?
A only defined if V. =R™ (some m); if not, &1, ..., dk] meaningless.



Linear independence

Let V be any vector space and suppose vi, ... Vx are elements
(vectors) in V. The set {vi, ...V} is linearly independent if the
only solution to the equation

avi+ v+ -+ k=0
is the solution
C1:C2:---:Ck:0.

(We said this before in the case V = R")
Put another way:
The set {vi,...Vk} is linearly dependent if there is a non-trivial

solution to the equation

avi+ oo+ -+ vk =0



Linear independence

Example: Suppose one of the vectors, say v, is a linear
combination of the others (i. e. ¥} € Span{v,, i3,..., Vk}):

Vi = apVo + azV3 + - - + apvi

Then
(—1)Vi + a2V + a3¥3 + - - + ax Vi = 0,

a non-trivial solution, so the set is linearly dependent.

Conclusion: If one element of a set of vectors (v; in this example)
is a linear combination of the others, then the set of vectors is
linearly dependent.



Linear independence

Example: Suppose the set is linearly dependent, so there is a
non-trivial solution

avi+ cva+ -+ vk =0

Since the solution is non-trivial, one of the coefficients, say ¢; # 0.
Subtract c;V4 from both sides and get:

Vo + -+ V= —1¥h

Divide (and you can!) by —c; # 0 and get

e Ck S .
_7V2_..._7Vk:V1
(4] a

So V4 is a linear combination of the others in the set.

Conclusion: If a set of vectors is linearly dependent, then one
element (v; in this example) is a linear combination of the others.



Linear independence

Here are the two conclusions:
Conclusion 1: If one element of a set of vectors is a linear
combination of the others, then the set is linearly dependent.

Conclusion 2: If a set of vectors is linearly dependent, then one
element is a linear combination of the others.

Combine:

Theorem

A set of vectors is linearly dependent if and only if some element is
a linear combination of the others (i. e. some element is in the
span of the others).

Put another way: a set of vectors is linearly independent if and
only if no element is a linear combination of the others (i. e. no
element is in the span of the others).




Spanning

Let V be any vector space and suppose {31,...dx} C V.
The set {31,...3x} spans V if
A) For any vV € V there are values of ¢, ¢, . .., ¢k so that

aart+oar+ -+ cag=v
B) For any v € V there are non-zero values of ¢, ¢, ..., ¢k so that
aart+oar+ -+ car=v

C) For any vV € V there is at most one set of values for
€1, C,...,Ck SO that

131+ ar+ -+ ckdk =V

D) For matrix A = [41, ..., 3] and any b, AX = b has solution.
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Spanning

Discussion

B) For any v € V there are non-zero values of ¢1, ¢, . .., ¢k so that
aart+oar+ -+ cag=v

False! That each ¢; # 0 is not required. In fact, if {31,... 3k} are
linearly independent, you need all ¢; = 0 when vV = 0!
That is, c1d1 + cdx + - -+ + cxdx = 0 only if each ¢; = 0.

D) For matrix A = [31, ..., 3] and any b, AX = b has solution.

False! Again, [&1, ..., 3] is meaningless, unless V = R™, some m.
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Basis of a vector space

Here's a nice consequence:

A subset {V1,...Vx} CV that spans V is linearly dependent if and
only if a proper subset spans V. In other words, a subset is linearly
independent if and only if no proper subset spans V.

Easy in one direction: Suppose v is removed from the set and
{\72, V3, ... Vk} still span V. Since vj € V, v} € Span{\72, V3, ... Vk}
So Vi is a linear combination of the others which we've just seen
means {Vi, Vo, Vi3, ...V} is linearly dependent.
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Basis of a vector space

Other direction: Suppose {Vq, V2, V3, ...V} is linearly dependent.
We just saw that then one vector, say i, is a linear combination of
the others {Vo, V3, ... Vi }:

Vi = as\h + aziz + - + ay k.
We now show that the proper subset {», vs, ... Vk} also spans V:
Take any 4 € V = Span{vy, b, ... Vk}; then
i= C1\71 + C2\72 + C3\73 +---+ Cka.
Substitute from above for vi:
U= C1(32\72 + 33\73 +---+ aka) + C2\72 + C3\73 +---+ Cka =

(c1a2 + C2)\72 + (Cla3 + C3)\73 + ...+ (Clak + Ck)Vk.

This shows that 4 is in Span{va, v, ... Vk}.
12



Basis of a vector space

Which leads to this important definition:

Definition

A subset {Vq,...Vk} C Vis a basis for V if and only if it is linearly
independent and it spans V.

Mother of all examples: The collection {éi,...€,} C R" is a basis
for the vector space R”.

Another useful set of examples:

Suppose V is any vector space and you happen to know that a
finite set of vectors {Vi,...V,} spans V. Contained in {v1,...V,}
is a smallest subset that spans - it will be linearly independent,
hence a basis! That's worth repeating...
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Any finite spanning set of vectors contains a basis.

Argument: Suppose {V,...V,} C V spans V

o Step 1: if {V4,...V,} is linearly independent, then it's a basis.
@ Step 2: if it's linearly dependent, some proper subset spans.
@ Repeat the argument for that proper subset.

Process eventually stops, since {4, ... V,} is finite

Two important properties of a basis:
@ No proper subset of a basis is a basis (it will no longer span).

@ Adding an additional vector to a basis will no longer
constitute a basis (no longer linearly independent).

A basis efficiently captures most information about a vector space.
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Basis of a vector space

Just shown:

Any finite set {V1,...V,} C V of vectors that spans V contains a
basis.

Is any linearly independent subset {v1,...Vx} C V contained in a
basis?

o Step 1: if the set of vectors spans V, it's a basis

@ Step 2: If it doesn't span V, add vector Vi1 from V, chosen
so that it is not in span of {Vi,...Vk}. Then consider
{V4,...Vk, Vkt1} which we know to still be linearly
independent.

@ Repeat

Problem: Process may not stop! But if eventually the set does
span all of V, it is then a basis.
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Basis of a vector space

Consider the set of 2-vectors

#=1lal- B By

Which is the most informative true statement:
A) The set S is a basis for R?.

B) Some proper subset of S is a basis for R?
C) Each pair of vectors in S is a basis for R?
D) Every proper subset of S is a basis for R?
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Basis of a vector space

Example: Given a linear transformation T : R" — R™ with matrix
A, find a basis for Ker T.

Answer: We've done this! Ker T = Nul A, can be found via
reduced echelon form.
Example from last time: Let

12 3 1 10 -1 7
A=11 3 5 -2 = |01 2 =3
3 8 13 -3 00 0 O

Nul A spanned by one vector for each free variable:
Here the free variables are x3, x4. First equation gives:

xXx1—x34+7x4=0 = x1=x3—7x4
Second equation gives:

X04+2x3—3x4 =0 — xp = —2x3+ 3x4
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Basis of a vector space

Combining: X € NulA <—

X1 X3 — 7X4 1 —7
N X2 —2X3 + 3X4 -2 3
X = e = X + X4
X3 X3 1 0
X4 X4 0 1
1 -7
-2 3
Hence Ker T = Nul A = Span 1110
0 1

The bottom rows show that these vectors are inearly independent,
so they are a basis for Nul A.
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Basis of a vector space

Example: Given a linear transformation T : R" — R™ with matrix
A, find a basis for image of T.

Answer: Image of T = Col A.

Step 1: Reduce to echelon form.

Step 2: Identify the pivot columns

Step 3: These columns of the original matrix! are basis for Col A.
Same example: Let

12 3 1 10 -1 7
A=11 3 5 =2| —omreduce |0 1 2 =3
3 8 13 -3 00 0 O
Pivot columns are first and second columns
First and second columns of original A span Col A:
1 2
Col A = Span 1,3 Linearly independent, hence a basis.
3 8
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