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CELL PHONES OFF



Let V be any vector space and suppose {Vy, ...V} is a basis for V.
This means:

o {V1,...Vk} spans V and
o {Vi,...Vk} is a linearly independent set.

We saw last time that there are two equivalent ways of saying both
these conditions at once:

o {Vi,...Vk} is a basis if and only if it is a minimal spanning set
for V. That is, {Vi,...Vk} spans V but no proper subset
spans V.

o {Vi,...Vk} is a basis if and only if it is a maximal linearly
independent set. That is, {Vi,...Vk} is linearly independent
but if we add any other vector to the set, the set becomes
linearly dependent.



Chris tells Mary that he has found three vectors vy, i, V3 that are
a basis for a vector space V. Mary says she doubts it: she doesn't
believe that the set spans. She picks a vector w and asks Chris:
show me that it is in the span of {Vi, v», V3}.

Chris says, "That's easy - in fact there are two answers:
w=1; +2vh +3i3and w = 3v; +2v, + i3".

Suppose Chris is right. We can conclude:
A) Chris called Mary’s bluff: it's probably a basis.
B) It can’t be a basis because there is a vector not in
Span{ vy, 2, V3}
C) It can't be a basis because {vi, V2, V3} is linearly dependent.

D) The information is not enough to decide if it's a basis.



Discussion

Given the information that

—

W/:V1+2V2+3V3

and
w=23vi +2Vh+ 3

we can conclude that {vi, Vo, 3} is linearly dependent, and so it
can't be a basis.

Subtract the two expressions from each other:
O=w-—w= (Vi +20h+3%) — (301 +2th + i) =

(]. — 3)\71 + (3 — 1)\73 = —2v; + 2\73.

Since —2v; + 23 = 0, the vectors are linearly dependent.



Continue to assume {Vi,... Vi } is a basis for V.

Since {Vi,...Vx} spans V:
For each vector v € V there is at least one way of picking
Cl, ...,k € R so that

V=ocV1+ b+ ...+ cevi

Since the set {v,...Vk} is linearly independent:
For each vector vV € V there is at most one way of picking
C1, ...,k € R so that

V=ocV1+ b+ ...+ cevi

Why?



We have
V=oqcVi1+ b+ ...+ cevi

Suppose di, ..., dx € R is a possibly different set of numbers with

V=diVi+doib+ ...+ divk.

6: V—v = (C191+C272+...+Ck7k)—(d1\71+d2\72+...—f—dkvk)

=(a—di)vi + (2 —do)Vo + ...+ (ck — di) Vi

Since {V1,...Vk} is linearly independent this can only happen if
(Cl—dl):(CQ—dg):...:(Ck—dk)zo.

In other words, ¢; = di, 0 = db, ..., cx = dk.



We have seen:

Suppose Vi, ... Vi is a basis for V. For any v € V there is exactly
one set ci, ..., ck € R so that

V=oCcVi+ CVo+...+ Vi

Summary: Since the set of vectors spans, there is at least one set
C1,...,ck €E Rsothat V=cV4 + oo + ...+ ckVk. If we try out
another set di, ..., dx € R then

(Cl — dl)\71 + (C2 — d2)\72 4+ ...+ (Ck — dk)\71 = 6
so linear independence of V4, ... Vj says that then
(a0 —d1)=0,(ca—c2) =0,...,(ck — dk) =0.

In other words: each d; = ¢; and the d; are not different.

’The list di,...,dy is the same as ¢y, ..., Ck‘ []




Terminology: For the indexed basis B = {4, ...V}, the unique
list of real numbers ¢y, ..., ¢k so that

V=oqch+ v+ ...+ ik

are the coordinates of vV with respect to the basis B = {v,... Vk}.
The vector
a
(%)
€ R¥
Ck

is the coordinate vector of vV with respect to B; denoted [V]3.



™

Suppose B = {&,&, &} C R3. Whatis | e | ?

V2l
A) Bis not a basis, because it doesn’t span R3.

B) B is not a basis, because {€i, &, &} are not linearly

independent.
T T
C) |e| =1|e

val, Lv2
D) The information is not enough to decide

™
Since | e | = 7& + e& + V/28&, answer C) is correct.

V2
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Simplest Example:

Take the standard basis B = {&i,... €} of R where & = |1

up u

u» B . N . . up
Any | . | € R¥ can be written u1€ + ...+ ukéx so [U]p =

Uy Uy

Moral : the coordinate vector of i € R¥, with respect to the
standard basis {&, ... &} of R¥, is just the vector itself.
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1

Suppose B={|0], , 101} CR3. Whatis | e | ?

1] (o] |o V2],

A) This is the same question as before.

[ 7] [v/2]
B) |e| =1ce

:ﬁ: 5 LT

s m 0 0 1

C) | e = | e |since{|0]|,|1],]|0|}={e,e,e3}

V2 V2] 1] |0] |o

LV <lp L
D) The information is not enough to decide
Since the indexed set B appears in order {e3, ez, €1} and
T
e | =28 + e& + &y, answer B) is correct.

V2
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How to find the coordinates of i for a different basis of RX?
Suppose B = {i4,...V,} is a different basis of R¥.
Want to find ¢y, ..., ¢, so that

d=c1Vi+ v+ ...+ ckvi

a1
. . 2 P
In other words, find the vector ¢ = | | | € R¥ so that, for the
Ck
k x k matrix P = [\7’1 % S Vk}, we have
1 1
u= [vl %) vk} =P
Ck Ck
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How to find the coordinates of i for a different basis of R*?

Need to solve the vector equation i = P¢, where P is the k x k
matrix whose column vectors are the basis:

P=[h % ... Wl

Answer: Since the columns of P are linearly independent, P is
invertible, & the solution to d = P¢c is simply:

¢=Pli
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Example: Suppose you are given this basis of R?:

5= {a- )]~ 1)

Find the coordinates of i = [ with respect to this basis.

2

We have seen this is equivalent to solving the equation
3] 1 3] [a
2 o _2 4 Co
Can solve this as standard system of linear equations or note that

Y30 - Y

-1 A
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3
2

5={la) i)

are c; = —3,cp = 2. That is B] = [_2]
B

We have just shown that coordinates of [ ] with respect to basis

You'd be nuts not to check it:

2=
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Suppose B = {i1, ...V} is a different basis of R¥. The matrix

is called the change of coordinates matrix from the basis B to the
standard basis.

1 X1
. . Y2 . X2 .
To find standard coordinates | . | corresponding to | . just
Yk Xk] 5
take the product:
Y1 X1
Y2 X2
=P
Yk Xk] g
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To go the reverse direction, multiply by P~1:

341 X1 X1 341
Y2 X2 X2 Y2

=P| | <= || =P,
Yk Xkl B Xk] B Yk

If Q is the change of coordinates matrix from another basis B’ to
the standard basis, then Q1P changes coordinates from B to B':

7 n X1 | X1

22 Y2 X2 2 X2
QI | =|.|=P|. | = |.| =Q'P

Zk | Yk Xk] B Zk | g Xk] g
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Final point: If an arbitrary vector space V has a basis B of k
vectors, then there is a natural invertible linear transformation

T:V R
given by T(V) = [V]3.
T assigns to a vector in V its coordinate vector with respect to B.

A vector space with basis of k vectors looks just like (“is
isomorphic to”) RX.

Example: Ps is isomorphic to R®:
a0
5 4 3 2 1 a1
ast™ + agt” + a3t™ + axt”™ + ait™ + ap <

as
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