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A linear transformation T may be complicated, but look very
simple on some vectors:

Definition

Let T : V — V be a linear transformation. Suppose for some
AeRand V#0€V,
T(V)=Av

Then V is an eigenvector for T and X is its eigenvalue.

Thinking geometrically, vV has the special property that its direction
is the same, but its size is scaled by A € R.
Addendum: When X\ < 0 the direction of V is actually reversed.



Example 1: Consider this shear T : R? — R?
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Its matrix is A = [O 1}
1

O} stays exactly the same.

Notice the horizontal vector € = [
Since
Al =¢6 =1 ¢

the vector é; is an eigenvector for T with eigenvalue 1.
Therefore all non-zero vectors along the xj-axis (i. e. all horizontal
vectors) are eigenvectors with eigenvalue 1.



Recall the linear transformation that turns the unit circle into the
ellipse, which we called a “scaling” linear transformation.

*1(0,1)

Xy

(2,0

A) There are no eigenvectors
B) There are eigenvectors, and they all lie on a single line.
C) There are eigenvectors, and they all lie on exactly two lines
D) There are eigenvectors; they lie on three or more lines.
)

E) We cannot tell from the given information.



Discussion
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Example 2: Scaling: matrix A = {0

NIk O

] .xz

X2
A
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%, T(ez) M
1o T(disk) | &
disk

Notice the horizontal & is doubled and the vertical & is half-sized.

Since )
A51:2-51; and Agzzi'ég

é; is eigenvector for T with eigenvalue 2;

& is eigenvector for T with eigenvalue %

€1 + & is not an eigenvector: T (€ + &) = 26 + %é’z



How non-eigenvectors change under scaling:




How non-eigenvectors change under scaling:




How non-eigenvectors change under scaling:

- low" indy
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Recall the linear transformation that reflects across a line (say the
line x; = x2).

e (s.9)
reflect

Xy

LeL|scs

A) There are no eigenvectors
B) There are eigenvectors, and they all lie on a single line.
C) There are eigenvectors, and they all lie on exactly two lines

)

There are eigenvectors; they lie on three or more lines.
E) We cannot tell from the given information.
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Discussion

Example 3: Reflection: matrix A = [O 1}

10
X, X2

reflect / reflect /

o o

u Vg T g

X1 \ Xt

T(w)
. 1 - -1 . .
Notice v = 1 stays same and 0 = 1 points opposite.

Since _

Av=1-V; and Ali=-1-4d

V is eigenvector for T with eigenvalue +1;

i is eigenvector for T with eigenvalue —1.
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Recall the linear transformation that rotates around 0:

Re(?)

A

<y

A
B

) There are no eigenvectors
C) There are eigenvectors, and they all lie on exactly two lines

There are eigenvectors, and they all lie on a single line.

D
E

There are eigenvectors; they lie on three or more lines.
We cannot tell from the given information.
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Discussion

cos@ —sinf
sinf cos6 |’

Example 4: Rotation: matrix A = [

Rg ()
»

<y

Every vector is moved to a new direction, so no eigenvectors!
(Hence no eigenvalues either).
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Suppose you know an eigenvalue A of an n x n matrix A.

The set E\ of eigenvectors for T with eigenvalue \ (together with
0) is a subspace of R". (Called the eigenspace for \.)

Let's check: Suppose vV, € E) and 4 € R
o 66 E, v
@ Since T(V) = AV and T(d) = \d

T(+u)=TW)+ T(@)=A\V+Xd=\V+ 1)
Hence (V + 4) € E,. v
@ For scalar u have shown T(uv) = Auv. So uv € E,. v
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We secretly know how to find basis for an eigenspace of a linear
transformation given by a matrix A, once we know an eigenvalue:

Suppose we are given a matrix A and an eigenvalue A\. Want to
find all V so that AV = AV:

AV =XV <= AV=\IV) = M)V <= (A= M,)V=0

Hence for matrix A, eigenspace E) with eigenvalue X is the
nullspace of A — Al,.

Ex = Nul(A — Al,).

And we know how to find the basis of a nullspace.
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Example: Your boss tells you that 4 is an eigenvalue for the matrix

A= [g ;] She wants you to find all eigenvectors.

Answer:

. -1 1
We must fine E; = Nul [ ’ _2] .

This matrix in echelon form is [_01 (ﬂ Any solution to the

cRI-R

. ) 1
has the form x; = x2, so the eigenvectors are all multiples of [1]

equation

17



Example: Your boss tells you that 3 is an eigenvalue for the matrix

4 1 -1
A= 12 5 —2|. She wants you to find all eigenvectors for this
11 2

eigenvalue, in other words the eigenspace Es.

Answer:
4 1 -1 1 00 1 1 -1
A-3l,b=12 5 -2 -3[0 1 0f=12 2 =2
1 1 2 0 01 1 1 -1

1 1 -1
This matrix in echelon formis B= (0 0 0
00 O

So... find a basis for the nullspace (kernel) of B
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Finding a basis for Ker B:

Any solution to the equation

1 1 -1 |xq
0 0 O x| =0
00 0] |x
has the form
x1t+x—x3=0 = x31=—x2+ X3,

so the eigenspace of A with eigenvalue 3 (which we have shown is
the same thing as the kernel of B) is spanned by the vectors

11 1
11,10
ol |1

Green shows that vectors linearly independent, hence basis for Es.
19



-1 1
Check: Are 11,]0 eigenvectors of eigenvalue 3 for A?
0 1
4 1 -1 |-1 -3 -1
2 5 =2 1]=3]=3]|1
11 2 0 0 0
4 1 —-1] (1 3 1
2 5 =2||0]=1|0[=3|0
11 2 1 3 1
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Let

4 1 -1 7
05 -2 —4
A= 00 2 3
0 0 0 13

How many different eigenvalues are there?
A) There are no eigenvectors, so there are no eigenvalues.
B

) There is at least one eigenvalue.
C) There are at least two eigenvalues.

D
E

There are at least three eigenvalues.

There are at least four eigenvalues.
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Discussion

Easy calculation: Eigenvalues for a triangular matrix are the entries
of the diagonal.

Reason: Suppose A is an upper triangular matrix and ag is one of
the diagonal entries. Then B = A — ayl, is an upper triangular
matrix with a 0 in the k" diagonal spot.

So B is in echelon form with (at least) xx as a free variable.
Therefore it has non-trivial kernel.

But we have seen that the kernel of B is exactly the eigenspace for
the eigenvalue ay.

Exercise: How do we know there aren’t other eigenvalues?
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