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Orthogonal sets

Recall: Suppose {i1, Uy, ... lUn} C Vis a set of linearly
independent vectors. Then any linear combination can be written
in exactly one way. In other words:

ci1ii+cotip+. . A cmlm = driy+dotis+. . . +dpiiym = each c; = d;.

Alternate way of saying this: If & € Span{uy, Uy, ... Un} then there
is a unique solution ¥ € R™ to

We know how to find the solution, but it can be a lot of work.



Orthogonal sets

Magical special case:

Definition

A set of non-zero vectors {1, U, ... U} C R" is an orthogonal set
if each pair of them is a perpendicular (orthogonal) pair.

That is, each @; # 0 and for any pair Gj, Ui, i # j we have

up - dj = 0.

Example: The set of vectors
1
= |2 =111, i3 = |2
1
is an orthogonal set.

Proof: Need to check three dot products. Here's one of them:

tp-u3=1-3+2-(-2)+1-1=3-4+1=0.



Orthogonal sets

Consider the set of vectors

1 2 5
=2, =1, iG=|-1
1 —4 -3

A
B

) This is an orthogonal set of vectors

C) This is not an orthogonal set of vectors because i, - ta # 1.
)
)

This is not an orthogonal set of vectors because i - ii; # 0.

D
E

This is not an orthogonal set of vectors because i - iip # 0.

This is not an orthogonal set of vectors because s - iip # 0.



Orthogonal sets

If a set of vectors {Uy, Ua, ...Um} C R" is an orthogonal set then it
is a linearly independent set.

Proof: Remember what we have to show: the only solu-
tion to the equation ¢yt +cotio+. . .+cmily = 0 is this: each ¢; = 0.

So suppose ciiy + ¢ty + ... + Cpllm = 0 and pick any i.
Calculate:

0=10;-0=10;-(crty + @z + ... + Cplim) =

—

ci(di - dy) + (i - o) + ... + cm(di - Um)

Since each 0; - i = 0 when j # i this becomes simply

OICf(ﬁ;-Ui). Since L7,--U,-:HF/,-H2;£0, get C,'IO. @



Weights(coordinates) from orthogonal basis

Magical fact: If {dy, U2, ... Un} C R" is an orthogonal set then it's
easy to calculate the weights ¢; for any v € Span{i, ty, ... lUm}:
It's based on the same idea: Suppose you know that

v € Span{ii, U, ... Um} and you want to find the ¢; so that

V=ocu +cl+ ...+ cmim.

For each i =1,..., m, see what happens when you take the dot
product of both sides with ;:

—

= uj (Clﬁl + ooty + ...+ le_jm) =

—

uj
c(ti- )+ i - ) + ... + cm(Uj - Um)

Since each 0; - ij = 0 when j # i this becomes simply

<l

L7,' V= C,‘(J,' . ﬁ,)
Divide by #; - Gi; = || @;]|> # 0 and get

0oV b

<i

C =

£l

Il aill? i




Example: Begin with the orthogonal set

1 2 3
= 12|, h=111, i3 = |2
1 —4 1
Problem: Find ¢1, ¢, ¢c3 so that
7 1 2 3
Il = (2{4+c|1|4+ca|-2
9 1 —4 1
The formula says
c iy - v . o+ V . i3+ v
1= =13 2= T =75 3= 7=
|| dalf? || al|? || dsl|?



Calculations:

Op-th = 12422412 =6 {1 v=74249=18 — ¢ = 1—68 =3
Up-lip = 4+1+16 = 21 UV =14+1-36 = 21 = o = —1
Uz-tz3 = 9+4+1 =14 U3V =21-249 =28 = q:% =2
(Reminder: usually these won't be whole numbers.) Thus

7 1 3
Answer : 1| =312—-1] 1| +2|-2
9 1 —4 1

Reminder: You'd be nuts not to check this.



Example

Consider this pair of vectors in R*:

1 3
h=|2, @=|X
k 7
3 —4
A) This pair is always an orthogonal set of vectors
B) This pair is orthogonal when k = 1.
C) This pair is orthogonal when k = 2.
D) This pair is orthogonal when k = 3.
E) This pair is never an orthogonal set of vectors

10



Example

Discussion

Calculation:

3
k
7 =3+2k+7k—12=9k —0.

w X N~

—4

Thus the pair of vectors is orthogonal < iy - tlp = 9k — 9 =0,
i. e. k=1 = answer (B).
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Orthonormal sets

If the @; are orthogonal and also have the property that each

ui-di =1 (i. e. ||tj|| = 1; each vector is unit length) then it's
called an orthonormal set.
Example: The standard basis €1, ..., &, of R" is orthonormal.
For an orthonormal set {iy, Uy, ... Uy}, notice
up-v.o v
¢ ==y = = 0j -V
| d@il? 1

The formula ¢; = ;- V is really easy, so orthonormal sets are great.

Can turn an orthogonal set into an orthonormal set just by dividing
each vector by its length.
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Example: We have found that

1 2 3
=121, h=111, 3= | —2
1 —4 1
is an orthogonal set.
Moreover we know
||dy||> = Gyt =6 ||| = To-lip = 21 ||| = Us-lis = 14
So this orthogonal set determines the orthonormal set
iy 1 1 0, 1 2 s 1 3
- =—12 ) — = = 1 ) - =— |2
M@l = V6 |y Tell ~ vat | " Tl ~ via |
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Some fun facts you can check:

@ A square matrix U has orthonormal rows if and only if it has
orthonormal columns

@ This happens if and only if UT U = /.

Example: We have seen above that the matrix

12 1
V6 V6 Ve
U= |4+ L -4
VvVia V14 14

has orthonormal rows.

Therefore the columns are also orthonormal, and UT U = .
Random check, showing first and third columns are orthogonal:

1 8 3 7 16 9
= - — 4+ = =

6 21 14 42 @ 1

Shshsh
Shrslesi
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Fun facts

UTU = I, discussion

Why is this true?
Remember this alternate definition of inner product: - v = i’ V.
Suppose {i1, U, ... Um} is an orthonormal set of vectors and let

U= [ﬁl iy ... ﬁm]
be the m x m matrix with these as columns.

Then U is the m x m matrix whose rows are {&/ , 4 ,... 4,5}
In particular,

UTu= |2\ [i @ ... in]
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Fun facts

UTU = I, discussion

—T
uy

iy
UTu=| 7| [ir G ... Um]
—»-T
m
The i,j-th entry, (UTU);; is

| 1 wheni=j
1 0 wheni#j

77 i =

; since U is orthonormal.

uj -

S
kl

But that's the definition of the matrix /,
Another way to say this: for an orthonormal matrix U, U=t = UT.
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Fun facts

iIClicker question

0 0 -1
A=1[0 -1 O
1 0 0
What is A~1?
[0 0 -1 [0 0 1
A) [0 -1 0 B)|]0O -1 0
1 0 0 -1 0 O
[0 0 -1 [0 0o -1
C)|o1 0 D)0 -1 0
1 0 O -1 0 0

E) | can't answer this quickly.
A is clearly orthonormal, so its inverse is its transpose.
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Second example: The matrix A = [(1) _01] is clearly orthonor-

0 1

—1 _ AT _
mal,so A" = A —[_1 0

] . Another example where A = —A~1I

Suppose U is an m x m orthonormal matrix. Consider the linear
transformation R™ — R™ given by U. What is the effect on the
dot product of two vectors?

That is, how do & - vV and (Ud) - (UV) compare? Answer:
(UD)-(UV) = (Ud)T(UV) = @ UT)Uv) =" (UT U)W =id"v=1iv

In other words, U doesn't change the dot product.
So U doesn’t change length, distance, angle, i. e. the geometry!
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Example:

We can see that rotation of R? doesn’t change angle or distance.
Is that because rotation is given by an orthonormal matrix?
Check:

Let Ry — cosf —sinf

sinf  cosf
rotation by angle 6.

R RT [cos@ —sinQ} [cos@ sine]
Ry = =

4 sinf cosf —sinf cosf

]. We have seen that this matrix gives

cos? 0 + sin? 0 cosfsinf) —sinffcos| |1 O y
sinf cosf — cos @ sinb sin? 6 + cos? § “lo 1]

Therefore indeed Ry is orthonormal.

10



	Orthogonal sets
	Weights(coordinates) from orthogonal basis
	Example
	Orthonormal sets 
	Example
	Fun facts

