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In 1947 Sanov [S] proved that G(2) is free. Some years later, Brenner [Br] 
showed that G(m) is free for all Iml g 2 and Chang, Jennings and Ree [CJR] 
showed that values of m for which G(n?) is not even torsion free are dense io 
rl. ' * - -  
LLIC iiitC?~v'd i - L, 21. 

Xccentiy, Bachrnuth and Xvchizuki jBMj defined subgroups Gja, P,  of 
SL(2, R) generated by 

sho:wd that f a  a, ,R, y 1 4.45 G(c, k, y)  is free, and asked whether G(E, 3, y) 
can be contained in any free subgroup of rank 2. 

In Section 1 we present preliminary notions and quick geometric proofs of 
these theorems of Sanov, Brenner and Chang-jennings-Ree. Much more is 
known about these groups G(mj and other subgroups of Si(2 ,  R) of rank 
two than -these results (see for example [A'], [LZi,], [LU,]). Our intention here 
is to recapitulate only that part which is geometrically obvious and which 
motivates our iln.&sir of the  - E ~ C ? ! I ~ C  - G(,y; B; 7 ) .  

Supported in part by an NSF Grant. 

13 177 
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S L ( ~ ,  Rj acts on the ciosed extended cornpiex upper haif-piane as a group 
of linear fractional transformations. This action preserves angles and circles 
:I: the extended complex piage: The svbgroup of 4YL.(2j -R) w,ich acts as ?he 
identity transf~rmation is the center 51; the qwtient X(2 ,  R)/klis demted 
-PSI.@, R). The transformation S(s) = (-zi ij/z+ i i11 GL(2, Cj maps H onto 
the closed unit disk. Thus, after conjugation by S: PSL(2: R) acts on the 

. . 
disk, It is corivcnien: to rise this mode! f ~ i  PSL(2, R) because it is coriipaci 
and contains much symmetry. In particular, eiB in the unit disk model 

to tan 89, so poiilis oii the iiGi symmetric in the x-axis 
correspond to points in R which differ by a sign and points on the circle 
symmetric in the y-axis correspond to reciprocals in R, 

In the figures below a real number x will be used as a label for the point 
S(x) on the unit circle U ;  thus we are using D as a picture of H. 

A bridge between geometry and aigebra is given in the foilowing well-known 
lemma. Since it is both simple and crucial, a proof is included. 

i . i  LEMMA [,PI h:  . 5  h, he paraboirc rrun.~forrna~rons, h, wirh $ x ~ d  point 

p ,  on U. Let each h ,  map a point a ,  # p ,  on U to a point b ,  and let C, be [he 
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FIGURE i 

froof Let Ai be the hyperbolic line in D (that is, the arc of a circle 
onhogonai to U) from ai to p i ;  then hi carries Ai  iiiio the hyperbolic line B i  
from bi to pi .  Let R i  and S i  be the region bounded by Ci and, respectively, 
A,  m d  E i .   the^ hi(D--Ri) c Si and h y l ( D , -  S,) c Ri. It follows that, 
if i # j, and rn + O9 h$(D- (R ,  iJ Si)) c D-(R j  U S;.). Let w = h? . . . lzy, 
t > i, mi, # 6, i, + ih+: be an arbitrary nori-uivisi reduced word. By 

( i )  (' 9- 
1.2 T~EOREM (Sanov, Brenner) Let h ,  = 0 1 

hZ = r f  

7.12 > 2, then h ,  and hZ generate a free group. 

Proof N~ote that hi(m/2) = -m/2, A,(-2/m) = 2/m, oo is the only 
fixed point of h ,  and O i s  the only fixed point of h,. The action of h ,  and h2 
on the disk is rherefore given by the foiiowi~ig simple piciure (Figme 2) 
and the result follows from 1.1. rn 
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'roj3vJ aa~J v sv (w)g 6u.1upzuo2 (v 'Z)IS Jo 
dno~6qns sad-u yuvn w s! anaqr z < u Luv .ioJ'uayz 'Z < wJI N O I I I S O ~ O X ~  p.1 
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FIGURE 4 

2. T H E  GROUPS G ( a , ,  yj 

FIGURE 5 

Label the endpoints of the ith diameter pi and q,, so that the pi's and qi's 
alternate around the circle. Let g, be the parabolic transformation which 
fixes pi and carries q,,, to qi+, (subscripts taken mod 3). Then, according to 
1.1: the group generated by go, _al and g, is free. Furthermore 

2.1 PROPOSIT~ON The subgroup of SL(2, R) gmerated by go, g, ond g, is 
conjugate to G(a, p, yj with a = cot Q0 cot e2, p = cot 9, cot 8,: y = cot 0, 
r o t  e,. 

Proof With no Ioss of generality we may assume p, = 9, p ,  = tan (ti, f 
8:) = cot 6, andp, = -ian ( b l t g 2 )  = - C O ~  a!. 
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:an 3, .(. 7"- ii 
LLL 11 :1 7 

Go = = cot f f o  +cot 0,. 
tan Po  ran ff 

,. . 
Now suppose tha: a' a a. p a 8: 1.' b y. Then 7-' conjugates G j d ,  B', 11') 

to a coniiguratlon as shown in F~gure 6. The fixed points p,, p,,  pz are the 
same, hut 



D
ow

nl
oa

de
d 

B
y:

 [C
D

L 
Jo

ur
na

ls
 A

cc
ou

nt
] A

t: 
20

:3
3 

26
 M

ar
ch

 2
00

8 

.- -7 7 - F,-? 
-. - . 

LJ LH&:>-UM i n s  Z J C J ~ U ~ T  uj- ,xj fij 7 j%r wh:& Ci(z? jj3 .y j  i~ m;i e x n  i w . : i o r ~  

-free are dense in the region !,la + 1!,B + I!;, > 1. 

-9.00f Suppose I/"+ !/,B+ !iy > 1. Let the matrices h,, h2 be the -. 
generators of Gia, f i ,  y j  deiined in the introduction. 1 hen Tr (h,h,k,) = 
2 + aBy(1- l/a - I/B - l!y) < 2. Therefore hl h,h, is an elliptic element: and 
a hyperbolic rotation through 8, where 2 cos 8 = Tr (h,hohz). For certain 
arbitrarily close d u e s  of a, 8, y, the angle 8 will be a rational multiple 
of n and h,h,h, wiii be of finite order. rn 

3. CONJUGATE SUBGROUPS 

When are two subgroups of the form G(a, ,6, y) conjugate in SL(2, R)?  

The matrix So(a, 8, y) = (: 801) conjugates 



D
ow

nl
oa

de
d 

B
y:

 [C
D

L 
Jo

ur
na

ls
 A

cc
ou

nt
] A

t: 
20

:3
3 

26
 M

ar
ch

 2
00

8 

iience qa, p", to v"(it('y-l\ >,, 1, I."(?i- i)). 
- . .  - . - -  * .  
In Ib!s secr?on WP p r m e  the c ~ i l ~ e r s e .  Let and r z  be the aumrnorph~sms 

nf r-gikII !b + 1 !z  + ? 1,; € 2 -; C,: > !? Ei:/z & . , A!, 1: A ?  -, ,w> [ - 
, - . , - ,, F. . > , ,-. - ~ , ,-. . ~ > To(a,  p, Y )  = (p i (p  - i j, q p -  i), yip- i j ; .  

l1' 

3.1. THEOREM In the region 1 !a + l / p  + l / y  d 1, sr7 p, y  > 0, G(a, B, y) is 
conjqcte t~ G(uf, $", Y ' )  cf Gzd hf. (a,  8, y> and /N' \- , j?', Y')  are e p h d m t  
under the action of .F. 

Suppose I /a+ l / p +  I j y  < 1 and consider the conjugate of G(a, P,  y )  
constructed above, with generators g,, i = 0, 1,2. Let A be the closed 
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FIGURE 8 

The boundary of A +  in consists of six arcs and, by considering again 
the special case when pi = co, it is easy to see that for some E > O distincb 
arcs and distinct ai will be a distance greater than r  apart. Let r :  [O, I ]  - E 
be a unit speed geodesic from a point p in A to x. Suppse  fm scme t ic [O, I] 
and some word w in the g,, wr(t) is in A + .  Let to be the value of r at which 
wr ( t )  leaves A + .  If wr (to) is in A fl A' then wr ( to)  iies on an arm of some g,, 
so .., n:*' % wr ( t )  wi!! he entering di at t,. It is easy to see that this geodesic 

leave A +  (if it does leave) in a different 2rc of dA ', so the 1ernaa will be 
true for x in r[t,, t ,+r] .  If wr ( tO)  is in some ai then some g2 wr (t,) is in 
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ci ri A and :his ge&es16 wi!! leave either in some arc of A C AT ~r after 
n 9 c c ; n r r  yLiiiliub t 'nrn,r& LLIIVUSu ii o - f zi. Eence in tkis cast :GC :he !e;;.,za is t z i i  fzi x in 

' [ I , ,  t , + ~ ] .  By repealed appiication of xhis argument ?he lernxa is 1:ue for 
ail of r[O, i], 

Iii (-ase i , ' a ; i / p - i l y  = i :he arcs of a' ioiiger 'oe a 
distance apart, for the arms of rhe ,qi will intersect at points orher than p i  in 
R f 7  e.g. at the point q, = a. Let po be a small circle tangenr to R+ at r; 
arid ier p j  = i/zi/.pnj, .p7 = .ungZi.vnj. î i is O ~ V ~ O U S  h m  the geoinetr:v. thar 
gigGg2(qo) = 4,? and, since tr (glg,gz] = 2 (see 2.3). q, is ihe only fixed 
point of g,g,g,, Theref~re, as in the case of g. , a h w  ""1 y * ,  gigogi(po) = ,co 
Expand G'Qo include disks bounded by the p i .  The proof then follows as in 
.1 ~ n e  previous case. a 

Rrrnurk Tie  i e m a  was proven by showing that .A is "eodesicaliy 
gsC . .. . . . . - . . - - 

zomp;ete-,, i.e. any csil be ~ x p n d e e  indefirdre;y. This is an i/7L! iiOi 
-4- +LA ---- ------ 1 &<-1-"-2 L?...?.,..r-I- -L-----7¶ r7-7 

VLI xuu UL LUG UIUL G ECILCL a 1  L I U ~ G U  LLUI ULJLLG LUGUL s-LU L j. 
--- 

Sucpose sL(2, El is 3 discrete snbgroup; - zhaz is, there is a:: c ; 2 
7 .  3 . .  . 

" . - ~ 
. . . .,- . - -  - a  . : : -- - . - .  - -  - - . . - -  - . -  - - -  . - 

b A & & b  Li;z ;;lZL;;,-\ ti;= z;iIy =iz;ilza; ~d ~#i- \- --.. -~-., :a vllriirs a;;ier 
from that of rhe identity by less than E.  Suppose, furthermore: that g(x) f x 
- .  r7 < . . -  . . .- 3=  -- < , * 
i ( j rz f i$ /  8 - F  sv Ant! ~ p . v ; ~ a ~ ~ - ~ ~ ~ T d ' ~ ; ~ ~  (7 iy8 <: 1 :-nv >-< -Lj -..- ' - -  - L - L - ~ L - - - A  

, - 

,,i.' .' "'" ....  '. ... " ... 
4 d 

. - , . . ~ %  ~~ . . ~  .. ~~. -.-- m--- -------  
G' such that g(cTj fi U = @ w]ierlevei- g 6 is non-trit-iai, so the quodent 
space E / G  is a rnanifoid, with a metric induced from that of H_Fi 

7 7 F%c;ip~srng~ ,y" I/a + i i,/j + < the,? &) = ,q-bs(a, p, y> hGmeG- 
4." 

morphic to a sphere with 4 punctures. Equality hoids if and only if the area of 
Q i s jni te;  in this case the area is 477. 

Proof By the previous lemma, Q is homeomorphic to the quotient space 
of A by the equivalence relation induced by G(a, p, y) .  On the other hand, 
the proof that G(E, /?, y )  is free shows that the on!y points of A identifie:! by 
E ,@, ,6, y )  are p ~ i n t s  identified Sq. gi  i= the arms ~f gi. This qnotieri: space is 

ciearly the 4-punctured sphere one puncture for each pi and a fourth the 
common image of the ends of ali the arms. The area is that of A, which is 
finite if and only if l / a+  1/8+ l/y = 1. In this case A can be divided into 4 
triangles each with geodesic sides and trivial angles, since a!l arcs are ortho- 
gonal to U (Figure 3). By the Gailss-Boanett theorem in the hyperbolic 
metric, the area of Q is 41c. w 

The map I!? + Q defined above is a covering space. Choose a base point 
q in Q and let n,jQ) be the fundamental group of & at q. Then z,(Q) is free 
of rank 3, and the natural isomorphism of the group G(a, P, y) in PSL(2, R) 
onto zl(Q) . -.  c a ~ j e s  the genprator h l  of G(z? B, y>, for i = o, 1, 2; +,G the 
element ii of 711(g) by a loop at q runiliag from y lo  the puncture 
pi? once around pi, and back to q, 
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SUBGROUPS OF Si (2 ,  R) 

Regard Q and Q' as the complement of four points in S2.  One of the four 
punctures p3(p;) is distinguished geometrically by having no neighborhood 
in ,S2 of finite area in Q(Q1). Thus T: Q -+ Q' extends to a homeomorphism - 
T: ~2 -t ~2 that T.' 2Lt/0,p1,pZj T = ( P ; , P ; , P ; ] ,  Tip-? J J  = p i .  %ere is an 
evident homeomorphism f: S' + S' such that f ( p 3 j  = pj and f ( iJ  = i,:', 
i = 0: 1,2. Then f - ' T :  S 2  -. S2 fkes pl It is well-known that any homeo- 
morphism f- 'T: ( S 2 , p , )  -+ ( S 2 , p 3 )  is isotopic to the identity [Bi]. The 
image of (p , ,  p i ,  p 2 )  x I under t h e  isotopy i n  S2 x I is a braid of 3-strands, 
SO the automorphism (f-'T)#: n l ( Q )  -+ nl(Q) is induced by the braid 
group on 3 strands B,. This group is generated by the automorphisms g i ,  

i =  0, I ,  

gi(l i)  = cTi(li+l) = li+lzilG1l 
- / I \  = 7 Cn,. " i \ L j ,  L j  1"I j f i 

with the relation rr,aln, = rrlno51 [Bi], [ M K S ;  p .  1731. With no loss of 
g--PrO1;t.i L I I ~ L  I I . I ~ L J  & ~ ) ~ I I I C  or, (J / C - l r \  .. is tko a ~ , t ~ m n m h ; a m  rr i = fj i PnTnnrp xrrith ,# i I.. u u r  I A , " * y l r A u l * '  Y ;, , ) 1. V V .  I y V Y I  l l l C l l  

j,+ then conjugate by the matrix S,(a', B' ,  y'j defined at the beginning of 



D
ow

nl
oa

de
d 

B
y:

 [C
D

L 
Jo

ur
na

ls
 A

cc
ou

nt
] A

t: 
20

:3
3 

26
 M

ar
ch

 2
00

8 



D
ow

nl
oa

de
d 

B
y:

 [C
D

L 
Jo

ur
na

ls
 A

cc
ou

nt
] A

t: 
20

:3
3 

26
 M

ar
ch

 2
00

8 

Problem There is apparently a toi,'o!o$cal conjugacy of 5- acing on 
+L.O uyQ,i -so- >Ii -.-.-.!=-. llYIL I; ;I; ps?(z, Z,) acri2g or: iy. cfinsi,ruct zi"; e.~.pljiit : h _ ~ m c ~ -  

' . . .  morpkisfi frcm :hi- simp!ex is +Li realizing this ~0$3gacg. 

4. THE INCLUSION PROBLEM 

.-1. '1 THEOREM For a, P1 y j ~ i  rht? r q i o i i  1;s i 1i.E t l,iy = i ,  2 < f i  < a, 2 ,  
G@, 8, 7,) iz cm117in~d !'q cjrTee rank two dixrrfe subgrcr<~ ofSL(2,  R) c-~ai?ci' 
m ! y  l j f ( y3  g9 I J )  = (4 29 4). 

OIle di T'.-- : - -  ' r..jl-... i-- r'_,.-. t!,,. ..,,,, ,,,-,,I 
L G L ~ < > ~ I  I S  C ~ S _ Y )  I U  IU w wg iiiiili LLK liiuib p i i b l a i  - .- . - -. - - - - . . - 

- - .  / i 0': {.. , 
/ ' I /  i'n ii \ 

and = i i ;i) -. Proof Let U = I -' " 
G J & ) @ = \ ~  I) \O . 1hen 

f of 4.1 Suppose G = C{a, p, y) is c~ntained in a rznL, two free 
discrete subgroup c of PSL(2, R). Since F is free and discrete it contains no 
elliptic elements. 'Therefore acts freeiy on H and H ~ G  is a surface id. 
Since G c e, Q = H/G is a covering space of M. By 3.3, Q has finite area, 
so M does also. The index of G in is the ratio of the areas of Q and M, 
and by the Schreier formula [MKS, 2.191 this index must be two. Since 
a l ( M )  G e z 2 * Z, M is either a 3-punctured sphere or a punctured torus 
of 2re2 2x. 

Actually M is a 3-punctured sphere, for no punctured sphere can be a 
finite cover of a punctured tviiis. This is besi seen by observing that a 
meridian and longitude of the torus intersect once, hence in an n-fold cover 
iheir iifts will intersect n times with the saine orientation. Bgt the orientaiions 
of points of intersection of loops in S2  cancel, since S2  is simply-connected. 
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-- > . . . ! I  <...-.. " , .~.  -.-.-,-a v n q r  
=. 

,,:;A - - " -*-  L;,-s = + z E  T,vzz & c7,T,rz jIl : , 2  +LT if g ;  = z2 < 2 :zc= - 

fixes a point in H and thus will eizher not be free or not be discrete. If 
a, = G, > 2 then M would have infinite area (the proof is analogous to 3.3). 
rnus C is cszjuga;e in PsL(2, .G: an inde:< two subgozp of the Sanov "I 

subgroup G(2). 
In siippose is an index t-*-~ sii'igroiip of the fret. gr"up 

generated by x and y. Then N properly contains the kernel N,  of the obvious 
map from F to Z7 @ Zz. S k c e  NL is generated by xZ, y' and (q~)" ,N must 
be obtained by adjoining one of x: y; or xy to the given generators of Nl.  

, - -\,, 
Thus ihe oniy index two subgoi ip~  of G:2j are generated by (fi,ji> (jlj2j-), if ( j* ; 

$, and if,: fl, fif2j. It is easy to check that each is conjugate 
to G(4, 2, 4). 

Now the region described in the theorem coincides with the closure of the 
region A described i:: the prmf ef 3.2. Fmm that prmf it f~!!~ws that nc 
other G(E, p, y) from that region is conjugate to G(4, 2, 4), proving the 
theorem. 

[BIM] S .  Bachmuth and H. Mochizuki, Triples of 2x 2 matrices which generate free 
groups, Proc. Am. Math. Soc. 59 (1976): 25-28. 

[Bi] I. Birman, Eraids, links and mapping class groups, Ann. of Mark Studies 82, - .  .-- p7rr.r,-r,qr? Tf^.f.., Pr .-== i0-75 - -.La.. . 2, *. 
[Erj 1. L. Brenner, Queiques gronpes iibres de matrices, C. R. Acud. Sci. Paris 24 

{1955), 1689-1691. 
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