MINIMAL EDGE PIECEWISE LINEAR KNOTS

J. A. CALVO

Department of Mathematics, University of California,

Santa Barb ara, CA 93106, USA

K. C. MILLETT

Department of Mathematics, University of California,

Santa Barb ara, CA 93106, USA

The space of n-sided polygons embedded in three-space consists of a smooth manifold in which points corresp ond to piecewise linear or “geometric” knots, while paths corresp ond to isotopies which preserv e the geometric structure of these knots.

Two cases are considered: (i) the space of polygons with varying edge length, and

(ii) the space of equilateral polygons with unit-length edges. In each case, the spaces are explored via a Monte Carlo searc h to estimate the distinct knot types represen ted. Preliminary results of these searc hes are presen ted. Additionally , this data is analyzed to determine the smallest number of edges necessary to realize each knot type with nine or fewer crossings as a polygon, i.e. its “minimal stick number.”

1. In tro duction, vocabulary , and history of geometric knots.

The topological and geometric knotting of circles occurs in many contexts in the natural sciences._{17,25} By geometric knotting we mean the imposition of geometric constrain ts on allowed configurations and their transformations. These constrain ts can arise by taking into consideration local “stiffness” of molecular structures such as DNA or other polymers. An attractiv e structure providing a useful model is that of the spatial polygon. These polygonal configurations are determined by a list of n points in three-space, which we call the vertices of the polygon. Straigh t line segments, or edges, connect each successive pairs of vertices, including the first and last one, producing a closed loop. When this configuration is embedded, so that there are no intersections of edges except at common vertices, one has a polygonal knot. The entire collection of such knots determines an open subset of euclidean space whose dimension is three times the number of vertices. Requiring that all vertices lie within the unit cube, that each edge have unit length, or that the angle between adjacen t edges be constrained will determine other knot spaces and knot theories of interest.

31 41

Figure 1: A hexagonal trefoil knot and a heptagonal figure eight knot.

1.1. Minimal stick number

An n-sided spatial polygon P in R_3 is a closed, piecewise linear loop with no self-intersections consisting of n points of R_3, called vertices, joined by n straigh t line segments, called edges. We think of an n-gon as the result of glueing n sticks end to end to end. Define the minimal stick number s(K) of a topological knot type K as the smallest number of edges required to realize

K as a knotted polygon._{1,23} It takes at least six sticks to construct a knotted polygon. A trefoil can be built with six sticks, while at least seven are required to build a figure-eight knot._a Thus s(31) = 6 and s(41) = 7. Figure 1 shows projections of a hexagonal right-handed trefoil and a heptagonal figure-eight knot. In addition, every five and six crossing prime knot (51,52,61,62,63), the square and granny knots (31 ± 31), the (3, 4)-torus knot (819 ), and the knot

820 can all be built using eight sticks. Figure 2 shows octagonal realizations of these knots. Since only the trefoil and the figure eight can be constructed with fewer edges, all of these knots have stick number s(·) = 8. However, it remains an open question whether this is a complete list of the eight-stic k knots. Towards this goal, Calvo_5 rules out every possibility other than 818 , which has a minimal stick number of either 8 or 9. In addition to those knots in Figures 1 and 2, all of the seven crossing prime knots (71,... ,77), as well as knots 816 , 817 , 821 , 940 , and 941 are known to have nine-stic k realizations, showing that these knots have minimal stick number s(·) = 9._b

Formulae for stick number are known only for a couple of families of knots.

a For instance, see Prop osition 1.3 in Millett._{18} In pp.266–268, this prop osition is followed not only by pictures, but also by coordinates of the vertices of equilateral realizations of these knots.^b

The construction of these nine-stic k realizations are due to Monica Meissen_{15 ,16} and

Rob ert Scharein_{24} .

5^1 5^2 6^1

6^2 6^3 3^1 + 3^1

3^1 − 3^1 8^{19} 8^{20}

Figure 2: Octagonal knots.

Firstly , if p and q are coprime integers with 2 ≤ p < q < 2p, the stick number of the (p,q)-torus knot T^{p,q} is s(T^{p,q} ) = 2q (1)

(Theorem 7 in Jin_{11} ). Note that this shows that s(3^1) = s(T^{2,3}) = 6 and that s(8^{19} ) = s(T^{3,4}) = 8. Secondly, the connected sum of any combination of n right- and left-handed trefoils has stick number s(3^1 ± 3^1 ± ···± 3^1) = 2n + 4 (2)

(Theorem 7.1 in Adams et al_2). Thus the square and granny knots have s(3^1 + 3^1) = s(3^1 − 3^1) = 8. This is an improvement on the general case of a connected sum, in which s(K^1 + K^2) ≤ s(K^1) + s(K^2) − 3 (3)

(Theorem 3.1 in Adams et al_2).

Relativ ely little more is known about stick number. Negami_{19} shows that given a nontrivial knot K with crossing number c(K), 5 + � 9 + 8c(K) 2 ≤ s(K) ≤ 2c(K). (4)

Here, the upper bound is obtained using results in graph theory, while the lower bound is found by projecting an n-sided polygon onto a plane perpendicular to one of the edges. The result is an (n − 1)-sided polygonal knot diagram having at most c =_1^2 n(n − 3) crossings. Completing the square and solving for n then gives the inequalit y in (4). Note that the trefoil knot is the only known example for which the upper bound is tight. In fact, Fursten berg et al_9 show that if K is a knot with a one-, two-, or three-in teger Conway notation and c(K) > 5, then this bound can be improved to 5 + � 9 + 8c(K) 2 ≤ s(K) ≤ c(K) + 2. (5)

On the other side of the spectrum, Jin_{11} uses Kuiper’s superbridge index sb(K) to obtain the lower bound

2sb(K) ≤ s(K). (6)

The superbridge index sb(K) is the minimum over all embeddings of K of the largest number of local maxima obtained when projecting the knot in any direction in R_3 (see Kuiper_{12} ). Fursten berg et al_9 point out that no bound on stick number s(K) gotten from the superbridge index sb(K) can ever be very efficien t. A case in point is the family of two-bridge knots which, by (4), have arbitrarily large stick number but whose superbridge index is bounded above by seven: sb(K) ≤ 7. Nonetheless, (6) can lead to some interesting bounds.

For instance, if 2 ≤ p < q then the (p,q)-torus knot has sb(T^{p,q} ) = min{2p,q}

(Theorem B in Kuiper_{12} ). A systematic construction of polygonal realizations of torus knots then shows that, if 2 ≤ p < q, then

2min � 2p,q � ≤ s(T^{p,q} ) ≤ p � 2q p � , (7) where the “ceiling brackets” denote rounding up, so ⌈x⌉ = min{n ∈ Z : n ≥ x}

(Corollary 5 and Theorem 8 in Jin and Kim_{10} ). Notice that in the special case when p = 2r + 1 and q = 3r + 1, we have 2min{2(2r + 1),3r + 1} = 6r + 2 while (2r + 1) �^{2(3 r +1)}

2r +1 � = 6r + 3. Therefore,

6r + 2 ≤ s(T^{2r +1 ,3r +1} ) ≤ 6r + 3 (8) for any positive integer r (Corollary 9 in Jin and Kim_{10} ).

Although here s(·) is defined in the general setting of polygons with arbitrary edge lengths, similar notions of minimal stick number exist for more special sorts of “geometric knots.” For instance, one might restrict atten tion to polygons with unit-length edges, with vertices on the integral lattice Z_3, with restricted vertex angles, or with vertices on the unit-radius sphere about the origin._c In this way, stick number might well depend upon the specific type of geometric knot under consideration. For example, Diao_7 has shown that the trefoil knot requires 24 edges for its vertices to lie on the lattice Z_3 and its edges to have unit length. Later, we shall give special atten tion to equilateral polygons and consider the minimal equilateral stick number s_′(K) of a topological knot type K. At this time, however, there are no knot types known to have equilateral stick numbers which are differen t from their standard stick number.

Question 1. How many sticks are required to construct a knot K? In particular, what are the stick numbers for all knots with, say, nine crossings or fewer? Does this depend on whether we use unit-length edges or not?

c See Adams et al._2

1.2. The space of geometric knots

The general framework for the space of geometric knots was introduced by

Randell._{21− 22} Consider an n-sided polygon P in R_3, together with a distinguished vertex, or root, v^1 and a choice of orientation. We can view P as a point of R_{3n} by listing the triple of coordinates for each of its n vertices, starting with v^1 and proceeding in sequence as determined by the orientation.

In the spirit of Vassiliev,_{3,26} define the discriminant Σ_{(n )} to be the collection of points in R_{3n} which corresp ond in this way to non-embedded polygons.

A polygon fails to be embedded in R_3 when two or more of its edges intersect, so Σ_{(n )} is the union of the closure of_1^2 n (n − 3) real semi-algebraic cubic varieties, each consisting of polygons with a given pair of intersecting edges._d

For example, the collection of polygons ⟨v^1,v^2,...,v^{n − 1},v^n ⟩ for which v^1v^2 intersects v^3v^4 is the closure of the locus of the system

(v^2 − v^1) × (v^3 − v^1) ·(v^4 − v^1) = 0

(v^2 − v^1) × (v^3 − v^1) ·(v^2 − v^1) × (v^4 − v^1) < 0

(v^4 − v^3) × (v^1 − v^3) ·(v^4 − v^3) × (v^2 − v^3) < 0.

In particular, the closure of each of these semi-algebraic varieties forms a codimension-1 submanifold (with boundary) of R_{3n} . Hence the subspace

Geo_{(n )} = R_{3n} − Σ_{(n )} corresp onding to embedded polygons is an open 3n-manifold which we will call the embedding space of rooted oriented n-sided geometric knots.

A path h : [0,1] → Geo_{(n )} corresp onds to an isotopy of polygonal simple closed curves, so each path-comp onent of Geo_{(n )} contains polygons of the same topological knot type. If two polygons lie in the same path-comp onent of Geo_{(n )}, we will say they are geometric ally equivalent. Also, a polygon is geometric ally unknotte d if it is geometrically equivalent to a standard planar polygon; since all planar n-sided polygons are geometrically equivalent, the component of geometric unknots is well-defined.

The geometric equivalence of two knots implies their topological equivalence. However, not much is known about the converse. For instance, it is unknown whether there exist topological unknots which are geometrically knotted. In fact, until recently there were no known examples of any topological knot type corresp onding to two distinct geometric knot types._e

d If n = 3, Σ_{(3)} is the collection of triangles ⟨v^1,v^2,v^3⟩ for which (v^2 − v^1)× (v^3 − v^1) = 0.

e See Millett_{18} p.265, and compare with Theorem 1 in ._4 v 2v 3v 4v 5v 1

v 1v 2v 3v 4v 5

(a) (b)

Figure 3: All pentagons are geometric unknots.

Question 2. How many distinct geometric (or topological) knot types are there in Geo^{(n )} as a function of n?

Question 3. What can be said about the topology of the components of these knot spaces?

A classical theorem of Whitney^{27} guaran tees that, for each n, there are only finitely many geometric knot types. Furthermore, it is a “folk theorem” that Geo^{(n )} consists of a single path-comp onent when n ≤ 5. Since triangles are planar, the embedding space Geo^{(3)} of rooted oriented triangles is connected. A quadrilateral (tetragon) consists of two triangles hinged along a common edge; since we can change the dihedral angle at the hinge to flatten the quadrilateral out, we find that Geo^{(4)} is also connected. Finally, suppose that P = ⟨v_1,v_2,v_3,v_4,v_5⟩ is some pentagon. If the edge v_4v_5 intersects the triangular disc determined by vertices v_1,v_2, and v_3, then P can be deformed by an isotopy of the linkage v_4v_5v_6 across the disc determined by v_4,v_5, and v_6 until it coincides with the quadrilateral ⟨v_1,v_2,v_3,v_4⟩ (see Figure 3a). On the other hand, if the edge does not intersect that triangle, then P can be deformed by an isotopy of v_1v_2v_3 across the triangular disc determined by v_1,v_2, and v_3 until it coincides with the quadrilateral ⟨v_1,v_3,v_4,v_5⟩ (see Figure 3b). In either case, P can then be pushed into a plane just like a quadrilateral. Therefore the space Geo^{(5)} of pentagons is connected, as well.

The situation when n = 6 is describ ed in Calvo.^{4− 5} In this case, we have to contend with the hexagonal realizations of the trefoil knot. Recall that trefoils are chiral, i.e. topologically differen t than their mirror image. This means that every hexagonal trefoil will lie in a differen t component of Geo^{(6)} than its mirror image. Therefore, there must be at least three distinct pathcomponents in Geo^{(6)} , corresp onding to the unknot, the right-handed trefoil, and the left-handed trefoil. The embedding space Geo^{(6)} contains, in fact, five path-comp onents. These consist of a single component of unknots, two components of right-handed trefoil knots, and two components of left-handed trefoil knots. Thus there two distinct geometric realizations of each type of topological trefoil. In particular, hexagonal trefoil knots are not reversible: In contrast with trefoils in the topological setting, reversing the orientation on a hexagonal trefoil yields a differen t geometric knot. Hence geometric knottedness is actually stronger than topological knottedness.

It turns out that the distinction between the two geometric types of righthanded trefoils is a consequence of our original choice of root and orientation. If we eliminate this choice by taking the quotien t of Geo^{(6)} modulo the action of the dihedral group of order 12, we find that the spaces of non-rooted oriented hexagonal knots and of non-rooted non-oriented hexagonal knots each consist of three components (Corollary 7 in Calvo^4). Randell has reported another approac h, using a spectral sequence analysis, confirming these results.^f Nevertheless, the fact that Geo^{(6)} consists of five components may prove to be relevant to questions about the topology of DNA, in which there are intrinsic base points and orientations due to the sequences of base pairs.

The classification of hexagonal knots is completed by means of the joint chirality-curl J , a combinatorial invariant which distinguishes between all five components of Geo^{(6)} . In particular, J takes values as follows:

J (H) = � � � (0,0) iff H is an unknot, (+1 ,± 1) iff H is a right-handed trefoil, (− 1,± 1) iff H is a left-handed trefoil.

Reversing orientation on a hexagon will change the sign of the second coordinate of J , while taking mirror its image will change the sign of both coordinates.

The minimal stick number for the figure-eight knot is s(4_1) = 7. Thus, the space Geo^{(7)} contains at least four path-comp onents containing to the unknot, the right- and left-handed trefoil knots, and the figure eight knot. Topologically, these are the only four knots that can occur with seven edges. Geometrically , there are five heptagonal knot types, two of which corresp ond to the figure-eight knot (Theorem 4.1 in Calvo^5). In fact, heptagonal trefoil knots are achiral but not reversible. This is another example demonstrating the difference between topological and geometric knottedness.

Unlike the hexagonal trefoils, though, the irreversibilit y of heptagonal figure-eights does not depend on our choice of root. In fact, whereas the

f Personal comm unication, AMS meeting, Iowa (Marc h 1996).

space of non-rooted non-oriented embedded heptagons consists of four pathcomponents, the space quotien t of of non-rooted oriented embedded heptagons consists of five path-comp onents (Corollary 4.7 in Calvo^5).

Of the nine knot types known to have stick number s(·) = 8 (see Figure 2), only two are achiral. Together with the four topological knot types which already occur in Geo^{(7)} , this gives at least 20 path-comp onents in Geo^{(8)} . The exact number of geometric – or, for that matter, topological – knot types that can occur when n = 8 remains unknown.

1.3. Equilater al polygons

A path in the embedding space Geo^{(n )} corresp onds to a deformation which can stretc h or shrink the edges of a polygon. This type of deformation might be unrealistic when one uses geometric knot theory to model phenomena like DNA molecules. In such cases, we may want a stronger notion of “geometric knot theory” in which the length of the edges remain invariant under deformation. Depending on the relativ e size of the edges, this new notion of knottedness may actually be differen t than the more general geometric knottedness describ ed in Section 1.2 above. For instance, Cantarella and Johnston^6 show that for certain choices of edge length, there are “stuc k” hexagonal unknots, i.e. polygons which are topologically unknotted but cannot be made planar via geometric deformations that preserve edge lengths.

Let us restrict our atten tion to the class of equilateral polygons and to deformations which preserve the lengths of their edges. Define the embedding space Equ^{(n )} of n-sided equilateral knots as the collection of polygons ⟨v_1,v_2,... ,v_{n − 1},v_n ⟩ in Geo^{(n )} with unit-length edges. Therefore Equ^{(n )} is a codimension- n quadric subvariety of Geo^{(n )} defined by the equations

‖v_1 − v_2‖ = ‖v_2 − v_3‖ = ···= ‖v_{n − 1} − v_n ‖ = ‖v_n − v_1‖ = 1.

Consider the map f : Geo^{(n )} → R^n given by the n-tuple

f (⟨v_1,v_2,... ,v_{n − 1},v_n ⟩) = (‖v_1 − v_2‖,‖v_2 − v_3‖,... ,‖v_{n − 1} − v_n ‖,‖v_n − v_1‖) .

The point p = (1,1,... ,1) ∈ R^n is a regular value for f (Corollary 1 in Randell^{22} ), so that Equ^{(n )} = f^{− 1}(p) is a 2n-dimensional smooth submanifold which intersects a number of the components of Geo^{(n )}, some perhaps more than once.

Another helpful way in which to think of the space Equ^{(n )} is to use a vector description. An n-sided polygon can be entirely describ ed by its root vertex v_1 and a list of n displacemen t vectors from one vertex to the next:

⃗V_1 = v_2 − v_1, ⃗V_2 = v_3 − v_2, ··· ⃗V_{n − 1} = v_n − v_{n − 1}, ⃗V_n = v_1 − v_n .

Each of these is a unit vector and is, therefore, enumerated by a point of the unit-radius 2-sphere S^2 in R^3. A list of n such vectors is subject to the requirement that their sum is the zero vector in order to ensure a closed polygon. This shows that the collection of n-sided equilateral polygons can be considered to be the codimension-3 subset S of the product R^3 × S^2 × ···× S^2 determined by the condition that the sum of the n vectors is zero. Note that S is a real algebraic variety of dimension 2n. Then the space Equ^{(n )} of equilateral knots is the open subset of S consisting of the points (v_1, ⃗V_1, ⃗V_2,···, ⃗V_{n − 1}, ⃗V_n ) which corresp ond to embedded polygons.

We will say two polygons are equilaterally equivalent if they lie in the same component of Equ^{(n )}, and that a polygon is an equilateral unknot if it is equilaterally equivalent to a standard planar polygon. Millett has shown that all planar polygons are equilaterally equivalent, so the component of equilateral unknots is well-defined.^g

As in the geometric case, the space Equ^{(3)} of triangles is connected; in fact, Equ^{(3)} consists of rotations and translations of a rigid equilateral triangle and is thus homeomorphic to R^3 × SO(3). All rhombi (equilateral quadrilaterals) are equilaterally unknotted, since we can view a rhombus as the sum of two isosceles triangles “hinged” along one of the rhombus’s diagonals. For instance, a rhombus Q = ⟨v_1,v_2,v_3,v_4⟩ corresp onds to the sum of the triangles ⟨v_1,v_2,v_3⟩ and ⟨v_3,v_4,v_1⟩. We can move v_2 and keep ‖v_1 − v_2‖ = ‖v_2 − v_3‖ = 1 by rotating the triangular linkage v_1v_2v_3 about the axis through v_1 and v_3 until Q lies completely in a plane. Hence Equ^{(4)} is connected.

Randell^{22} showed that any equilateral pentagon can be deformed to a planar one without changing the length of any of its edges. For suppose P = ⟨v_1,v_2,v_3,v_4,v_5⟩ is an equilateral pentagon. Let P be the plane determined by vertices v_1,v_2, and v_3. If P separates v_4 from v_5, then either

(i) both v_3 and v_4 lie on one side of the plane containing v_1,v_2, and v_5, or (ii) both v_1 and v_5 lie on one side of the plane containing v_2,v_3, and v_4.

Thus, after relabeling, we can assume that both v_4 and v_5 lie to one side of P . In this case, rotate the triangular linkage v_1v_2v_3 about the axis through v_1 and v_3 until it lies coplanar with v_4. We can then deform the quadrilateral linkage v_1v_2v_3v_4 in its plane until it misses the line through v_1 and v_4; this is easy to achieve since the set of quadrilateral linkages v_1v_2v_3v_4 embedded in the plane forms a connected one-parameter family describ ed entirely by the angle \v_4v_1v_2. We can then rotate the linkage v_4v_5v_1 about the axis through

g For example, see steps 2 and 3 in the pro of of Prop osition 2.1 in Millett.^{18}

v_1 and v_4 until the entire pentagon lies in a single plane. Since any equilateral pentagon can be flattened out, Equ^{(5)} must also be connected.

Consider the case when n = 6. We have equilateral examples of each of the five types of hexagons in Geo^{(6)} . For example, the regular hexagon

H_0 = ⟨(1,0,0),(.5,.866025,0),(− .5,.866025,0), (− 1,0,0),(− .5,− .866025,0),(.5,− .866025,0)⟩

is an equilateral unknot, while the hexagon

H_1 = ⟨(0,0,0),(.886375,.276357,.371441), (.125043,− .363873,.473812),(.549367,.461959,.845227), (.818041,0,0),(.4090205,− .343939,.845227)⟩

is an equilateral trefoil with J (H_1) = (+1 ,+1) . Let ρH and rH denote the mirror image (or obverse) and the reverse of a hexagon H; then ρ,r, and ρr are involutions of Geo^{(6)} taking H_1 to equilateral trefoils of the other three types. Therefore Equ^{(6)} intersects each of the five components of Geo^{(6)} at least once.

The first in-depth analysis of Equ^{(6)} was done by Millett and Rosa Orellana. They show that any topologically unknotted equilateral hexagon can be deformed to a planar one without changing the length of any of its edges.^h Thus Equ^{(6)} contains a single component of unknots. Calvo^{4− 5} completes the study of equilateral hexagons, showing that any two equilateral hexagons are equilaterally equivalent exactly when they are geometrically equivalent. Therefore, Equ^{(6)} contains exactly five path-comp onents, consisting of a single component of unknots, two components of right-handed trefoil knots, and two components of left-handed trefoil knots (Theorem 2 in Calvo^4). As with Geo^{(6)} , the joint chiralit y-curl J distinguishes among these components. Nevertheless, each component of trefoils in Equ^{(6)} contains essential loops which are null-homotopic in Geo^{(6)} , so that the inclusion i : Equ^{(6)} → Geo^{(6)} has a nontrivial kernel at the level of fundamen tal group. Thus, the trefoil components of Equ^{(6)} are not homotop y equivalent to those in Geo^{(6)} (Theorem 15 in Calvo^4). In particular, this shows that, despite the fact that equilateral and geometric knot types coincide in the case n = 6, the two notions of knottedness are quite differen t in nature.

Question 4. Are there values of n for which the number of path-comp onents in Geo^{(n )} and Equ^n differ? This can occur if there exist either topological knot

h This result is mentioned, for example, in Prop osition 1.2 of Millett.^{18} An alternate pro of is presen ted in Calv o.^{4− 5}

types which are realizable only by “scalene” n-sided polygons, or equilateral isotopes of the same geometric knot type.

2. Mon te Carlo searc h metho ds.

2.1. Random knot generation

The complexit y of the knot spaces Geo^{(n )} and Equ^{(n )} has proven to be very difficult to penetrate analytically . Instead, we shall explore these spaces probabilistically , by selecting a large number of “random” configurations in these spaces. As the size of the sample of this Monte Carlo search increases, one obtains a better understanding of the spaces, the topological knot types realized, and the minimal stick numbers of those knots.

Consider generating a random geometric knot in Geo^{(n )}. By a homothet y, any knot type which occurs in Geo^{(n )} will be realizable by a polygon in the cube [0,1]^3. This allows us to restrict our atten tion to the subspace Geo^{(n )} ∩ [0,1]^{3n} . In this case, one Monte Carlo approac h is quite straigh t forward. With respect to the uniform distribution on the interval [0,1], one selects a list of 3n numbers to represen t the coordinates of the n vertices of the polygon. Geometric knots are obtained by connecting these vertices by linear segments cyclically.

A helpful tool in the study of the spaces Equ^{(n )} of equilateral knots is the pivot transformation. A pivot is determined by a pair of non-adjacen t vertices of a polygon, which separate the regular n-gon into two pieces, together with a pivot angle ϕ ∈ [− π,π]. The pivot transforms the polygon by holding the image on one of these pieces fixed and rotating the image of the other piece about the axis through the two designated vertices by the given angle. Up to a rotation of euclidean 3-space about the same axis, the result of the pivot will be equivalent to the one given by reversing the roles of the two pieces. Furthermore, if ϕ is sufficien tly small, the new polygon will have the same equilateral knot type as the one with which we started. The following two theorems assist in the study of equilateral knot spaces.

Theorem 1. (Prop osition 2.1 in Millett^{18} ) For any two equilateral polygons in Equ^{(n )}, there is a finite sequence of translations, rotations, and pivots taking one polygon to the other.

This theorem is helpful in the study of Question 2, as it provides a metho d to construct any possible knot type. If the knots are based at (0,0,0) and the second vertex is (1,0,0), then translations and rotations are not required. Since all knot types have a represen tativ e of this sort, pivots are the only transformations required. Similar metho ds show that any path connecting two equilateral polygons in Equ^{(n )} can be approximated as closely as desired by a sequence of pivots. This implies that the pivots generate all possible paths, a fact of relevance in the study of a geometric knot type.

2.2. Recognition of knot type

One importan t tool in the study of knot spaces has been the calculation of knot invariants that can be used to identify knot types in the standard classification of knots. Historically , the Alexander polynomial has been the principal example, and it continues to be a popular one due to the relativ e ease of its calculation. Since 1984, however, this has changed with the creation of the Jones polynomial and its successors, the HOMFLY polynomial, the Kauffman polynomial and, more recently, the “quan tum” and Vassiliev finite-t ype invariants. While, in theory, these are impractical due to the complexit y of their computation, they actually are remark ably effective in practice. In addition, certain simplifications have proved to be helpful.^{20} Based upon the observed computational complexit y of, for example, the HOMFLY polynomial, one might make the conjecture: “The invariant of the generic knot is easy to compute.”

The HOMFLY polynomial is a finite Lauren t polynomial in two variables, l and m, with integer coefficien ts associated with each topological knot type.^{8,13− 14} For the 2977 prime knots represen ted with fewer than 13 crossings there are only 76 cases that have the same first term as the trivial knot. By considering the entire invariant, these are easily eliminated. Furthermore, most – though not all – chiral knots are distinguished by their HOMFLY polynomial.^i Thus, although there are small families of knots having the same invariant, the HOMFLY polynomial is a good assay for determining topological knot type when dealing with small crossing and stick numbers. For a first estimate, we use distinct HOMFLY polynomials as a surrogate for distinct topological knot type; note that we do not identify chiral presentations.

3. Results of searc h.

In this section, we will describ e a number of numerical calculations. Many of these are in a rather preliminary and incomplete state. In particular, we address Questions 1 and 2:

• How many distinct knot types are there in Geo^{(n )} or Equ^{(n )} as a function of the number of vertices?

i Knot 9_{42} is an example of a chiral knot that has the same HOMFL Y polynomial as its mirror image.

• What are the stick numbers s(K) and s^′(K) of all knots K with nine or fewer crossings?

For Geo^{(n )}, partial results of research in progress are shown in Figure 4 and Table 1. In this computation, n points are selected randomly within the unit cube [0,1]^3 and connected cyclically by linear segments. The HOMFLY polynomial of the resulting knot is then calculated. The polynomials are counted to estimate the number of distinct knot types.

Figure 4 shows a plot of the number of distinct HOMFLY polynomials observed in Geo^{(n )} as a function of n. Note that growth in the number of polynomials gives an estimate of the number of knot types represen ted. This data clearly indicates the exponential growth in the topological knot types as a function on n. Since, asymptotically , knots are chiral one should divide the number of HOMFLY polynomials by two to estimate the number of topological knot types up to mirror image.

Table 1 displays the observed stick number s(·) for all knots with nine or fewer crossings. Where possible, exact results, such as those discussed in Section 1.1, are given; these are marked by stars (⋆). Otherwise, the table indicates the smallest n observed in the Monte Carlo search for which a realization of a given knot type exists.

For Equ^{(n )}, partial results of research in progress are shown in Figure 5 and Table 2. In this case, the pivot transformation is successively applied, beginning at the regular polygon, and the HOMFLY polynomial is calculated. Then the number of distinct polynomials is counted. Figure 5 shows a plot of the number of distinct polynomials obtained in the search of each space, providing a rough estimate for the total number of distinct knot types in Equ^{(n )} as a function of n. In addition to exploring Equ^{(n )} for the relativ ely small values of n shown in Figure 5, the Monte Carlo search was also performed for Equ^{(50)} , in which case realizations of every knot listed in Table 4 were found. However, the exploration of Equ^{(n )} for the smaller values of n is still at an early stage. Table 2 displays the observed equilateral stick number s^′(·) for all knots with nine or fewer crossings found thus far by these Monte Carlo searches. As in Table 1, minimal stick numbers are marked by stars (⋆).

For larger n, the computational power that is required to obtain an accurate approximation to the total number of knot types realizable in Geo^{(n )} or Equ^{(n )} can be overwhelming. In practice, one observes only a fraction of the total number of knot types, even after a large number of observations have been made. For example, the case of fifty edges is shown in Figure 6a, which plots the growth in the number of distinct knot types K observed as a function of the number t of samples taken. After a total of 13,750,000 Monte Carlo observations in Equ^{(50)} , a total of 2935 distinct HOMFLY polynomials have

Table 1: Observ ed geometric stick numbers s(·) for knots with nine or fewer crossings.

Stars (⋆) indicate cases for which the minimal stick number is actually known.

K s(K) K s(K) K s(K) 0 3^⋆ 8_{13} 11 9_{22} 14 8_{14} 11 9_{23} 14 3_1 6^⋆ 8_{15} 12 9_{24} 12 8_{16} 9^⋆ 9_{25} 15 4_1 7^⋆ 8_{17} 9^⋆ 9_{26} 12 8_{18} 9 9_{27} 12 5_1 8^⋆ 8_{19} 8^⋆ 9_{28} 12 5_2 8^⋆ 8_{20} 8^⋆ 9_{29} 15 8_{21} 9^⋆ 9_{30} 13 6_1 8^⋆ 3_1 + 5_1 12 9_{31} 13 6_2 8^⋆ 3_1 − 5_1 11 9_{32} 12 6_3 8^⋆ 3_1 + 5_2 12 9_{33} 12 3_1 + 3_1 8^⋆ 3_1 − 5_2 12 9_{34} 12 3_1 − 3_1 8^⋆ 4_1 + 4_1 11 9_{35} 13 9_{36} 14 7_1 9^⋆ 9_1 13 9_{37} 14 7_2 9^⋆ 9_2 14 9_{38} 15 7_3 9^⋆ 9_3 12 9_{39} 13 7_4 9^⋆ 9_4 14 9_{40} 9^⋆ 7_5 9^⋆ 9_5 13 9_{41} 9^⋆ 7_6 9^⋆ 9_6 13 9_{42} 9^⋆ 7_7 9^⋆ 9_7 12 9_{43} 10 3_1 + 4_1 10 9_8 13 9_{44} 10 9_9 13 9_{45} 10 8_1 10 9_{10} 13 9_{46} 9^⋆ 8_2 11 9_{11} 13 9_{47} 12 8_3 12 9_{12} 12 9_{48} 12 8_4 10 9_{13} 13 9_{49} 11 8_5 12 9_{14} 14 3_1 + 6_1 13 8_6 12 9_{15} 11 3_1 − 6_1 13 8_7 12 9_{16} 14 3_1 + 6_2 14 8_8 11 9_{17} 14 3_1 − 6_2 14 8_9 12 9_{18} 13 3_1 + 6_3 13 8_{10} 12 9_{19} 13 4_1 + 5_1 14 8_{11} 10 9_{20} 13 4_1 + 5_2 15 8_{12} 12 9_{21} 14 3_1 + 3_1 ± 3_1 10^⋆

Figure 4: Growth in the number of distinct HOMFL Y polynomials observ ed in Geo^{(n )} , plotted as a function of n.

Figure 5: Growth in the number of distinct HOMFL Y polynomials observ ed in Equ^{(n )} , plotted as a function of n.

Table 2: Observ ed equilateral stick numbers s_′(·) for knots with nine or fewer crossings.

Stars (⋆) indicate cases for which the minimal equilateral stick number is actually known.

K s_′(K) K s_′(K)

0 3_⋆ 7^3 12

7^4 12

3^1 6_⋆ 7^5 11

7^6 12

4^1 7_⋆ 7^7 12

3^1 + 4^1 11

5^1 8_⋆

5^2 8_⋆ 8^2 12

8^{13} 12

6^1 8_⋆ 8^{14} 12

6^2 8_⋆ 8^{19} 9

6^3 8_⋆ 8^{20} 10

3^1 + 3^1 9 8^{21} 10

3^1 − 3^1 10

9^{42} 9_⋆

7^1 12 9^{45} 14

7^2 12 9^{46} 14 been found. However the shap e of the graph indicates that this number is likely to increase significan tly after more sampling.

The situation can be likened to a “fish problem,” where one wishes to determine the number of species of fish inhabiting a lake via random sampling of the population. The problem, in the case of knots, is complicated by the fact that the relativ e proportions of species are far from being uniform. One solution is to approximate the observed values of K with a function which can then be used to estimate the total number of knot types possible. The data collected during the Monte Carlo searches suggests a function of the form

K(t) = N � 1 − Ae_{− kt} � . (9)

Here the parameter N represen ts the total number of knot types realizable with n sticks. We consider the sequence of total knot types observed after, say, every 250,000 samples and find the best fitting curve of the form in (9) for these data points. This is done by taking some small integer j ≥ 1 and considering successive differences of the form

K(t + j) − K(t) = NA � 1 − e_{− kj} � e_{− kt} .