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Abstract

Suppose that S™ is given a generic Riemannian metric with sectional
curvatures which satisfy a suitable pinching condition formulated in terms
of complex sectional curvatures. This pinching condition is satisfied by
manifolds whose real sectional curvatures K, (o) satisfy

1/2 < K.(0) < 1.

Then the number of minimal two spheres of Morse index A, for n — 2 <
A < 2n—6, is at least ps(A —n +2), where p3(k) is the number of k-cells
in the Schubert cell decomposition for G3(R™*1).

1 Introduction

Suppose that M is a compact Riemannian manifold, Map(S?, M) the space of
smooth maps from the Riemann sphere S% to M. An element f € Map(S?, M)
is harmonic if it is critical point for the energy function

E :Map(S*, M) — R,

which is defined by the Dirichlet integral

_! _Llef
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In the middle integrand of this formula, |df| and dA are calculated with respect
to the standard Riemannian metric of constant curvature and total area one on
5?2, while in the right-hand integrand (z,y) are isothermal coordinates on S2
with respect to the standard conformal structure on the Riemann sphere S2,
the integrand being independent of the choice. If the Riemannian metric on M
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is induced by an imbedding of M C R¥ into Euclidean space (always possible
by the Nash imbedding theorem), the Euler-Lagrange equation in isothermal
parameters for the energy function is
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where (-)T represents orthogonal projection from R¥ into the tangent space.
It is well-known that harmonic maps from the Riemann sphere are also critical
points for the area function, and hence also represent parametrized minimal
two-spheres, possibly with branch points.

Parametric minimal two-spheres are part of a more general theory which
treats parametrized minimal surfaces of arbitrary genus, and is described in
the recent book [32]. The case of minimal two-spheres is simpler in some ways
than the higher genus case because there is only one conformal structure on S2,
but more complicated in others because it has a positive-dimensional symmetry
group of linear fractional transformations, which is noncompact.

If we regard S? as the one-point compactification C U {co} of the complex
plane C with the standard coordinate z = x + iy, and if T : S — S? is the
linear fractional transformation (a conformal diffeomorphism) defined by

b
T(z):%, for (‘CL Z)eSL(Q,(C),

then E(f oT) = E(f). Note that —I € SL(2,C) acts as the identity, so the
group of linear fractional transformations is actually
SL(2,C)
= PSL(2,C) = ———
g 2,C) +I
and if we want to allow orientation-reversing automorphisms of S? we must
replace PSL(2,C) by the larger group

G = PSL(2,C)UR- PSL(2,C),

where R is some anticonformal reflection through a great circle. A nonconstant
minimal two-sphere is prime if it is not a branched cover of a minimal two-sphere
of smaller area, and two prime minimal surfaces are geometrically distinct if they
do not lie on the same G-orbit.

Our goal here is to develop the Morse theory techniques needed to estimate
the number of geometrically distinct prime minimal two-spheres of low Morse
index, using a perturbation of the energy proposed by Sacks and Uhlenbeck [35].
This perturbation is the a-energy, for a > 1, and it is defined by

By Map($2.00) — R () =5 [ [0+ P —1aa ()
where |df| and dA are again defined in terms of the canonical Riemannian metric
of constant curvature and total area one on S2, there being exactly one such



metric up to diffeomorphisms isotopic to the identity. Note that E, (f) is strictly
increasing as a function of a and E(f) < E,(f).

As explained by Sacks and Uhlenbeck, the a-energy satisfies Condition C of
Palais and Smale on the completion L3*(S% M) of Map(S?, M) with respect
to the L#* Sobolev norm, and L3*(S% M) C C°(S?, M) when a > 1. These
facts make it possible to develop a Liusternik-Schnirelman theory for E,, and a
Morse theory for further perturbations of E, which have Morse nondegenerate
critical points. Note that E,(f) — E(f) as @ — 1, and our goal is to investigate
the limit of the critical locus of E, as a — 1.

Indeed, we would like to develop a partial Morse theory for the energy E
itself, and the first step towards such a Morse theory is the Bumpy Metric
Theorem presented in Chapter 5 of [32]. To state this theorem we need some
definitions. By a generic choice of Riemannian metric on M we mean a metric
belonging to a countable intersection of open dense subsets of the spaces of
L? Riemannian metrics on M, as k ranges over the positive integers. By a
nondegenerate critical submanifold for E : Map(S?, M) — R we mean a finite-
dimensional submanfold S C Map(S?, M) consisting entirely of critical points
for F such that the tangent space to S at a given critical point is exactly the
null space for the second variation for FE. This definition of nondegenerate
critical submanifold has been widely used by Bott, and plays a crucial role in
his celebrated survey [3] of Morse theory.

Once these preparations are made, we can state the Bumpy Metric Theorem
(Theorem 5.1.1 of [32]): For generic choice of Riemannian metric on a manifold
M of dimension at least three, all prime compact oriented parametrized minimal
two-spheres f : S2 — M are free of branch points and lie on nondegenerate
critical submanifolds, each being an orbit for the action of G.

To treat Morse theory by perturbation from E to E,, we need to address
two key problems:

Bubbling. As observed by Sacks and Uhlenbeck, a subsequence of a-energy
critical points will not necessarily converge to a single minimal surface as o — 1,
but instead may converge to a bubble tree, consisting of several minimal two-
spheres connected by necks. (The general theory of bubble trees is presented in
§4.9 of [32].)

Covers. Branched covers of degree d of a given prime minimal two-sphere form
a critical submanifold of real dimension 4d + 2, as we will see. But in general
the space of branched covers of a given degree is not a nondegenerate critical
submanifold, so it is not straightforward to calculate its contribution to the
topology of Map(S?, M). In addition, we need to rule out unbranched covers of
nonorientable minimal projective planes.

The first problem, bubbling, prevents full Morse inequalities from holding for F,
but when the two difficulties can be controlled, one can expect theorems which
should be quite similar to those which have been proven in the theory of closed
geodesics in Riemannian manifolds.

For example, within the theory of closed geodesics, a theorem of Ball-



mann, Thorbergsson and Ziller [1] states that a generic simply connected com-
pact Riemannian manifold whose real sectional curvatures satisfy the inequality
1/4 < K(o) < 1 must contain at least pa(A — n + 1) geometrically distinct
smooth closed geodesics of Morse index A, where pa(k) is the number of k-cells
in the Schubert cell decomposition of Go(R™*!). Their result can be obtained
by establishing equivariant Morse inequalities for the action function

J : Map(S*, M) — R,

where Map(S!, M) is the space of loops in M. (The reader can refer to Mil-
nor and Stasheff [29] for a discussion of the Schubert CW decomposition of
Gm(RY))

We will prove an analog of this theorem (assuming a stronger pinching con-
stant) for critical points of the energy function E when the Morse index is
sufficiently small:

Theorem 1.1. Suppose that the compact smooth simply connected manifold
M has dimension n > 4, and has a generic Riemannian metric whose real
sectional curvatures K, (o) satisfy the pinching condition

1

5 <K:(0) <1 (2)
Then the number of geometrically distinct prime minimal two spheres of Morse
index X is at least p3(A —n + 2) for n — 2 < A\ < 2n — 6, where ps(k) is the
number of k-cells in the Schubert cell decomposition for Gz(R"1).

Note that it follows from the differentiable sphere theorem of Brendle and Schoen
[4] that the pinching condition (2) implies that M is diffeomorphic to an n-
sphere.

In fact, we will weaken the pinching condition (2) somewhat by making use of
complex sectional curvatures. We recall that in normal coordinates (z?, ..., z")
centered at a point p on M, the Riemannian metric can be expressed by a Taylor
series ]

Gij = 0ij — 3 Z Rikjl(p)zkarl + higher order terms,
k,l

and the curvature operator can be defined as the linear map R : A2T,M —
AT, M such that

0 0
R\ 5 = > Rijup) 5%
<6x » p> ; J ozk

If z and w are linearly independent elements of T, M @ C, the complex sectional
curvature of the two-plane o spanned by z and w is
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where the curvature operator R and the inner product have been extended com-
plex linearly and the bar denotes complex conjugation. The complex sectional
curvature arises quite naturally in the formula for second variation of energy
for a minimal two-sphere f, as presented in [25]. This second variation is the
symmetric bilinear form

d?E(f) : TfMap(S?, M) @ C x TyMap(S?, M) @ C — C

2 af\ - 0
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is the Cauchy-Riemann operator defined by the Levi-Civita connection on E =

f*TM @ C. If o is the two-plane spanned by 9f/0z and V, then (4) can also
be written as

given by

DV
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in which

BNV =2 [ [[0V]* - Kee(s) V1] as. (5)

where K (o) is the complex sectional curvature of o, e(f) is the energy density
of f and dA is the element of area on S? when the S? is given the canonical
Riemannian metric of constant curvature and total area one.

As described in §4.1 of [32], a theorem of Koszul and Malgrange gives E
a holomorphic structure over S? which makes V a holomorphic section of E
a holomorphic section exactly when 0V = 0 and the Riemann-Roch Theorem
from Riemann surface theory then allows us to estimate the dimension of the
space of solutions to the equation OV = 0. If the complex sectional curvature is
positive, this enables us to give a lower bound on the Morse index of f, which
by definition is the maximum dimension of a complex linear space of sections of
E = f*TM ® C on which d2E(f) is negative definite.

Definition. A two-plane o C T,M ® C is isotropic if it is spanned by linearly
independent vectors v and w such that

(v,v) = (v,w) = (w,w) = 0.

It is half-isotropic if it is spanned by linearly independent vectors v and w such
that
(v,v) = {(v,w) = 0.

Since v = x + 4y is isotropic,  and y are orthogonal and thus span a real two
plane & which we call a real two-plane associated to the complex two-plane o.

Note that positive half-isotropic curvature reduces to positive Ricci curvature
when M has dimension three, and the two-planes which appear in the second



variation formula (5) are half-isotropic. Sectional curvature of half-isotropic
two-planes give estimates on the Morse index of minimal two-spheres, just as
the real sectional curvatures give estimates on the Morse index of geodesics.

Half-isotropic curvature was discussed briefly in §5 of [25]. One can show
that a Riemannian manifold M has nonnegative half-isotropic curvature if and
only if M x R has nonnegative isotropic curvature. Brendle has shown that
a compact simply connected Riemannian manifold with positive half-isotropic
curvature must be diffeomorphic to a sphere; see Theorem 5.10 in the survey
[5], which includes references to the proof.

Lemma 1.2. Pinching of the real sectional curvatures K,(oy) and the half-
isotropic curvatures K;(o1) are related by

4 1
0< K (0pg) <1 = §5—7<K¢(01)§ (6)
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Indeed if (e1, eq, €3, e4) are unit-length vectors, perpendicular to each other, at a
point p, and o is the half-isotropic two-plane spanned by e; +ies and aes+ibey,
where a,b € RT, then

(R((e1 +ie2) A (aes + ibeys)), (e1 — ie2) A (aez — ibey))
= a®(Riz13 + Raszs) + b?(Riaia + Roaza) + 2abRyo43,

and according to Berger’s formula (7) in [2], |Ri243] < (2/3)(1 — ¢), so

§<Kp(og) <1 =

4 4
20(a* + b*) — gab(l —6) < 2(a® + V) Ki(01) < 2(a® + V%) + gab(l —9),
which simplifies to the conclusion of the lemma:

5—%(1—5) < Ki(oy) < 1+%(1—5).

The Lemma shows that if the real sectional curvatures are 1/4-pinched, the
half-isotropic curvatures are positive, and that the hypothesis (2) implies that

% <K; and K, <1 (7)
It is actually this weaker hypothesis that is needed in the proof of the estimates
for the number of prime minimal two-spheres.

Indeed, the Morse index of minimal two-spheres depends only on pointwise
pinching, and the curvature hypothesis in Theorem 1.1 can be weakened: one
only needs a relation between the complex sectional curvature of a half-isotropic
two-plane o and the real sectional curvature of an associated real two-plane .



Main Theorem 1.3. Suppose that the smooth manifold M is diffeomorphic
to a sphere of dimension n > 4 and has a generic Riemannian metric which
satisfies the condition

Ki(0) > %K,.(?f) -0, (8)

where o is a real two-plane associated to o. Then the number of distinct prime
minimal two spheres of Morse index A\, none of which double cover minimal
projective planes, is at least ps(A —n + 2) forn —2 < XA < 2n — 6, where p3(k)
is the number of k-cells in the Schubert cell decomposition for G3(R"T1).

The previous remarks show that Main Theorem 1.3 implies Theorem 1.1.

An earlier article [31] proved the existence of (”;rl) minimal two-spheres (of
approriate Morse index) for a generic metric on an n-manifold M diffeomorphic
to a sphere with a stronger condition on real sectional curvature.! This article
asks what happens as the pinching condition is relaxed somewhat, and replaced
by a pointwise pinching condition. We expect that bubbling and branched covers
begin to interfere with the achievable partial Morse inequalities as the pinching
condition becomes weaker.

To prove Theorem 1.3, we proceed by analogy with the closed geodesic prob-
lem to develop an analog of the Morse-Schoenberg comparison theorem (see §6.2
of [14]), which shows that Morse index grows with energy. Although the esti-
mates obtained are not as sharp as in the geodesic case, they are sufficient to
show that any minimal two-sphere f : S — M in a manifold satisfying estimate
(8) must have Morse index at least n — 2, where n = dim M. This enables us
to establish the following step which controls bubbling:

Nonbubbling Theorem 1.4. Suppose that the n-dimensional Riemannian
manifold M has positive half-isotropic sectional curvatures, where n > 4. If
a sequence of a-energy critical points approaches a bubble tree containing k
nonconstant minimal two-spheres in the limit, then the Morse index of these
critical points must eventually be at least k(n — 2).

The index estimates are also used to control branched covers. We show that
under the curvature hypothesis (8) all branched covers of order d > 3 must have
Morse index at least 2n — 4, and then use equivariant Morse theory with Zo
coeflicients to rule out branched covers of order two, as well as double covers of
projective planes.

To put the ingredients together, we use the constant curvature metric on S™
to determine the low-dimensional equivariant topology of Map(S?, M), and then
use Morse inequalities to derive the estimates on number of minimal two-spheres
for generic pinched metrics satisfying our pinching conditions.

Here is a more detailed outline of the proof of the Main Theorem 1.3. In § 2,
we describe a center of mass technique which allow us to reduce the noncompact
symmetry group G for F to the compact symmetry group G = O(3) needed for

IThe Corollary of §1 of [31] also assumes that M has no minimal projective planes, but
it turns out that such projective planes do not interfere with the existence of minimal two-
spheres, as we explain in Remark 10.1 at the end of this paper.



E,, and in § 3 we show that critical points for F, always have finite isotropy.
In § 4 we explain how to extend Uhlenbeck’s Morse theory on Banach manifolds
to the G-equivariant case. We give Morse index estimates in § 5 which show
among other things that the number of critical points of index less than a given
bound is finite, providing an analog of the compactness theorem of Choi and
Schoen [9] for imbedded minimal surfaces in three-manifolds, as presented in
Chapter 7 of [10]. (This compactness theorem was used by White [43] and [42]
to prove existence of at least one minimal torus in a three-sphere with positive
Ricci curvature, suggesting the relevance of positive half-isotropic curvature to
proving existence of minimal two-spheres in our case, positive half-isotropic
curvature reducing to positive Ricci curvature for three-manifolds.)

We then prove the Nonbubbling Theorem in § 6. We study the space of
d-fold covers of a prime imbedding in §7, providing an index estimate which
rules out the case d > 3 under our curvature hypothesis, and describing an
explicit model of Milnor [28] for treating the case d = 2. We then review
equivariant Morse theory and in §8 describe its calculation for the space of maps
f: 5% — S™ into the round sphere of energy strictly less than 87. The Morse-
Witten chain complex approach to Morse theory is described in §9, and we show
that G-equivariant Morse functions are dense by an argument of Wassermann
[41] extended to infinite-dimensions. We then have the ingredients necessary
to reduce the proof of Theorem 1.3 to a calculation in equivariant cohomology,
using techniques of Bott [3] and Hingston [19].

2 Perturbations of minimal surfaces

Our strategy is to show that a harmonic two-sphere in M can be perturbed to a
family of a-harmonic two-spheres, depending on the parameter «, for a € (1, ag)
for some ag > 1, but we must deal with the technical problem that the group
of symmetries changes when the usual energy E is perturbed to the a-energy
E,, for a > 1. While the usual energy F is invariant under the group

G = PSL(2,C)UR- PSL(2,C), R a reflection,

of conformal and anticonformal transformations of the Riemann sphere, when
a > 1, the a-energy

E,:C%*S*, M) — R defined by Ea(f):%/ (1+\df\2)adA—%
52

is invariant only under the smaller group O(3) of isometries. This smaller group
of symmetries is reflected in an additional condition on critical points of E:
they must be parametrized so that a certain “center of mass” is zero:

Lemma 2.1. Let X : $2 — R? denote the standard inclusion, and let 0 denote
the origin in R3. For each a € (1, 00), there is a smooth function 1, : [0,00) — R
such that 1,,(0) = 0, ¥4 (t), 9, (t) > 0 for t > 0, and if f is a critical point for



FE,, then
[ Xea(aaa =o. )

In the argument for this lemma, we regard S? as the one-point compactification
C U {00} of the complex plane C with the standard coordinate

2=+ iy = rei® = v o, (10)
and give S? the constant curvature metric expressed in polar coordinates by

4
dr? +r*df?) =

s L2 2
(1+r2)2( Coshzu(du + db%), (11)

g=ds*=

where 7 = e¥. (This metric is related by scaling to the constant curvature
metric of total area one.) For t € R, we define a family of linear fractional
transformations,

¢r:8% =82 by wogs=u+t, Oog¢, =0,

so that t — ¢; is a one-parameter subgroup of conformal transformations. The
energy density is then given by the formula

of
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1 2\*
e(fogy) = 3 ( ) cosh?(u +t),

and it is straightforward to calculate its derivative at ¢ = 0:

ld(f © d0)I”

_ (127
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In terms of the standard Euclidean coordinates (x, v, z) on R3, S? is represented
by the equation z? + y? 4+ 22 = 1, and a straightforward computation using
stereographic projection from the north pole to the (z,y)-plane shows that

N | =
S

%e(f o ¢1)

t=0 t=0

of

00

2

2
) sinhucoshu = |df|* tanhu. (12)

r2—1 sinh u

—_ = = tanh u.
r2+1 coshu

z =

We can use (12) to calculate the derivative of E,, and obtain

d

aEa(f o ¢1)

1d

= — — [ (1 +d(f o ¢¢)|*)*sech?(u + t)dudf
o 2dt Js

t t=0

= a/ (1 + |df)*)*~* tanh u|df|*dA — / (1 + |df)*)* tanhu dA.
52 52



Thus, if f is a critical point for E,,
0= / [o(1+ [df[2)* Y df | — (1 + |df[2)*)dA,
52
- / o1+ [df12) Y df P — (1 + |df2)* + 1]2dA,
SZ

where we have used the fact that the average value of z on S2 is zero. We obtain
(9) by setting

_a(1+t)a—1t—(1+t)“+1:/t( T —dr. (13)
0

Ya(t) = 1 Uxree

Conversely, if the center of mass condition (9) holds, f is critical for E, under
conformal dilations. Moreover, ¥, (t) has a smooth limit as « — 1, namely

by (t) :/O uj-_iﬂdrzt—log(1+t). (14)

Definition. We will say that a smooth map f : S2 — M has a-center of mass
zero if it satisfies the condition

[ Xea(aan ~o. (15)

where X : §2 — R? is the standard inclusion as a round sphere centered at the
origin. and we let

Map, (5%, M) = {f € Map(S?, M) : /S Xapy (|df|?)dA = o} .

Note that if T € é,
f, foT € Map,(S%, M) and f nonconstant = T € O(3),

so setting the center of mass zero does indeed cut the symmetry group down to

0(3).

Theorem 2.2. Suppose that M is a compact connected Riemannian manifold
and that f : S? — M is a prime oriented parametrized minimal immersion lying
on a nondegenerate critical submanifold N for E of dimension six, an orbit for
the PSL(2,C) action described above. Let No = N N Map,(S?, M). Then for
some ag € (1,00), there is a smooth map

e o x o) — {(£.0) € L2520 x [l | Xun(arPyia =0

which satisfies the following conditions:

10



1. n(f, @) is a critical point for E,, for each f € Ny and a € [1, ),

2. n is O(3)-equivariant, and

3. there is an ¢y > 0 such that if f' is a critical point for E, such that
Il — fllc2 < eo for some f € Ny, [ lies in the image of n.

Note that it follows from Condition 2 that if fo A = f for f € Ny, where
A: 5% — 52 is the antipodal map, then

n(fua)oA:n(.ﬂa)a fOI'fGNU andaE[Lao).

Once we have dealt with the change in symmetry group, the proof of Theo-
rem 2.2 is a relatively direct consequence of the implicit function theorem. Note
that when k is relatively large, the map

E,: Li(S*, M) — R

is actually C'*°; indeed, we can regard F, as a composition of several maps
o df o (14 |df2)° D—>/(1 +|df2)dA,
b

each of which is smooth. The first map is smooth into the Hilbert manifold
L?_,(S?,TM), the second is smooth by the well-known w-Lemma (see Theo-
rem 1.4.7 of [32]), while the third map is always smooth since integration is
continuous and linear. Similarly, the two-variable map

E*: L3(S*, M) x [1,a9) — R defined by E*(f,a) = Eq(f),

is also smooth when g > 1, as is its restriction to
My = {(f, @) € LE(S*, M) x [1,a0) / Xtho (|df|?)dA = 0} .
5'2

Of course, when o = 1 we obtain the usual energy, E*(f,1) = E(f) restricted
to the LZ-completion of Map (52, M).

Choose fy € Ny and let Sy, be a slice of the SO(3)-action through (fp,1) €
M. We choose a coordinate system

¢ISfO — V x [1,&0) QHX [170[0),

where V is a convex open neighborhood of 0 in a Hilbert space H with inner
product (-,-), such that

¢(f7 a) = (¢0<fv a)v a)'

Using this coordinate system we create a corresponding smooth function

F*:Vx[l,a0) — R, F*(¢o(f,a),a) = E*(f,a).

11



We then define a vector field X : V x [1,a9) — H by
DiF*(z,00) = (X(2),y), forz,ycH.

Since the null space for d?E(f) is generated by the symmetry group G, the
restriction of d?E(f) to Sy, is nondegenerate, and this implies that D;X(0),
the partial derivative with o = 1 held constant, is invertible. The implicit
function theorem (eg Theorem 5.9 in Chapter I of [22]) implies that there is a
smooth map ¢ : [1,ap) = H with ¢g(1) = 0 such that

X(g(a),a) = 0.

This in turn yields a smooth curve g : [1,a9) — My, g(a) = (n(a), @), in
which each n(«) is a critical point for the restriction of E, to the space of maps
satisfying (15). But our calculation at the beginning of the section shows that
these are also critical for conformal dilations, hence critical for all variations
within L (52, M).

Thus, after possibly decreasing ay > 1, we obtain a smooth curve of critical
points

a = n(a) =n(fo, )

for E,. We then extend 1 to Ny X [1,ag) by demanding SO(3)-equivariance,
and the resulting extension satisfies all the conditions of Theorem 2.2.

3 Isotropy groups

When developing general theory for the next few sections, we assume that M is a
compact smooth manifold with an arbitrary Riemannian metric. The a-energy

E, : Map(S?, M) — R

is invariant under an action of the group G = O(3) by isometries on the domain.
Because of this action, the nonconstant critical points for E, lie on G-orbits of
critical points, and our goal is to apply G-equivariant Morse theory, in which
isotropy groups of the G-action play an important role.

The isotropy group of any point in Map(S?, M) must be a closed subgroup
of CA}, hence a Lie subgroup. One possibility it that the isotropy group is G itself,
and this occurs exactly for the constant maps, which form a submanifold My of
zero energy which is diffeomorphic to M itself. If the isotropy group H C G of a
nonconstant map is not discrete, the only possibility for its identity component
is S, a group of rotations about some axis.

If the isotropy group contains S', a smooth map f : $2 — M must in fact
degenerate to a curve parametrized by S?, so we examine whether this could
happen for a critical point for E,. As in the previous section, we give S? the
constant curvature metric expressed in polar coordinates by

4
———(dr? 4+ r%d6?) =
(1+T2)2( " " ) cosh? u

g=ds*= (du® + db?),

12



where r = e, chosen so that a rotation through an angle ¢ is represented by
6 +— 6 + ¢. Then critical points for E, which are invariant under S! are simply
critical points independent of 6, so we restrict E, to functions fo(u) of the
variable u. Then F, simplifies to

oo

Fal) =7 [ (14 coshul fl?)” sechu du — 3,

—00

where fo : R — M is now a smooth curve, with tangent vector fj(u), at fo(u),
which has length || fi(w)]| in terms of the Riemannian metric on M. For fy to
be a critical point, it must satisfy the Euler-Lagrange equation, which is simply

% {[1 + (Coshqu(l)(u)H)Q]ai1 fé(u)} =0,

where DY is the covariant derivative defined by the Riemannian metric on M,
and this equation has as solutions fy = v o h, where v : R — M is a unit speed
geodesic and h : R — R is a smooth function such that

a—1

[1+ (coshu ' (u)?]" ' (u) = a,

with a being a constant. An important feature of this equation is that h’(u)
assumes its minimum value when u = 0, and hence

W(u) >c forallu, where g(c)=[1+ 62]0671 c=a.

Since g is a strictly increasing function, there is a unique positive solution c¢ to
the equation g(c) = a, and

o0
a 1
E.(fo) > 7r/ [1 + ¢? cosh? u] sech?u du — 3

—00

° 1
> 71'/ 2 cosh? @Yy du — 5= 0.

— 00

Thus we see that there are no nonconstant finite energy critical points to E,
which have isotropy group containing S*, or:

Lemma 3.1. Critical points for the a-energy E, : Map(S?, M) — R of finite
a-energy are either constant with isotropy group G = O(3), or their isotropy
groups for the G-action are finite.

Of course, Map(S?, M) — My contains many points at which the isotropy group
of the G-action is a circle, but none of these are critical points for F,. For a
given choice of Riemannian metric on M, we let K denote the set of critical

points for
E, : Map(S%, M) — My — R.

Then Lemma 3.1 implies that the action of G = O(3) on an open neighbor-
hood of K is locally free. Since the local flow for the gradient of a-energy
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preserves isotropy groups, it is also the case that the G-action is locally free on
a neighborhood U of all trajectories for this gradient flow which connect points
of K.

We can also ask what happens when the action of the smaller group G =
SO(3) fails to be free at a critical point f : S — M for either E or E,. By
Lemma 3.1, the isotropy group must be finite, and the finite subgroups of SO(3)
are classified in §2.6 of [44]. The only possibilities are cyclic groups, dihedral
groups and symmetry groups for the five platonic solids. Each of these subgroups
contains a nontrivial cyclic subgroup which must act on S? by rotations about
some axis, the poles of which are left fixed. Thus for each of these groups, the
poles of rotations are points on S? with nontrivial isotropy, and in the case of
harmonic maps, such points must be branch points.

Under the assumption that all prime minimal two-spheres of Morse index
< 2n — 5 are free of branch points, the isotropy of the SO(3) action at these
critical points must be trivial. Critical points for E, which closely approximate
these minimal two-spheres must also have trivial SO(3) isotropy.

4 Morse theory on Banach manifolds

Suppose that M is a smooth manifold (say an infinite-dimensional Banach mani-
fold) with a continuous right G-action by diffeomorphisms, where G is a compact
Lie group. If F : M — R is a G-invariant C? function, then F descends to a
map Fy : M/G — R, where M/G is the space of orbits. When the action of G
is free, the quotient is a well-behaved topological manifold. If the action is only
“locally free,” that is the isotropy groups are finite, we can apply the slice and
tube theorems, extended from §2.3 and 2.4 of [11] to Banach manifolds, and
study F' by means of its restriction to a slice Sy, through a given point fo € M.

There are three approaches to constructing a Morse theory for such a func-
tion F*:

1. We can perturb F' to a Morse function which has nondegenerate critical
points in the usual sense, but this breaks the symmetry under the G-
action.

2. We can look for a perturbation of F' to an equivariant Morse function
for which the critical points lie on nondegenerate critical submanifolds
(as defined by Bott), each of which is a single G-orbit. If the action is
locally free, the restriction of F' to any slice has critical points which are
nondegenerate in the usual sense.

3. We can seek a a Morse-Bott function on M for which all critical points lie
on finite-dimensional compact nondegenerate critical submanifolds (which
may be larger than a single G-orbit).

All three approaches play a role in the proof of our theorems. The main thread
of our argument applies the second case to the a-energy E, : M — [0,00),
where M = L2%(S? M), M being a compact Riemannian manifold with generic
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metric. On the other hand, the first case is useful for proving ancillary results;
it can be applied to a suitable perturbation of the a-energy, say F' : M — R,

where ) .
F(f) = [ (+lae - vaa- 5+ [ 7ovaa, (16)
S2 S‘Z

the last perturbation term being defined in terms of an isometric immersion of
M into some Euclidean space RY and via a suitable small function ¢ : S — RY.
Theorem 4.5.3 of [32] states that for generic choices of ¢, the function F' defined
by (16) is bounded below and has nondegenerate critical points. The third
case applies to the function E, restricted to the set on which E, < 87 for the
constant curvature one metric on S™, which we compare to generic metrics on
S™. In all cases the function in question is C?, satisfies Condition C and has
C* critical points.

Following §4.5.3 of [32], we now review the Morse theory on Banach mani-
folds of Uhlenbeck [40], together with the straightforward extensions to equiv-
ariant Morse functions or Morse-Bott functions. A calculation shows that the
second variation of E, at a critical point fy € M is the symmetric bilinear form

d?Eo(fo) : Ty, L3%(S?, M) x Ty, L3*(S*, M) — R
defined by

PER)EY) = [ (14 )" (DX, DY) = (K(X). Y)]dA
+20(0=1) [ (1+1df2)" 2o, DX) (dfy. DY)A, (17

where D is the covariant differential and the bundle endomorphism K is deter-
mined at p in terms of an orthonormal basis (e1, e2) for T, M by

2
(K(X),Y)(p) =D (R(X(p) Ae), Y (p) Ae).
i=1
This second variation (17) approaches the second variation (5) for the usual
energy F as a — 1. Similarly, the second variation of F' is given by

EPUEY) = a [ (1+ 1) (DX, DY) = (K(X). V)]dA

+ 2a(a — 1)/ (1 4+ |dfo|?)*~2(dfo, DX ){dfo, DY )dA + Y- a(X,Y)dA,
S2 S2
(18)

where « is the second fundamental form of M in RY. We define the Morse
indexr of an element fy € L3%(S?, M), whether f, is critical or not, to be the
maximal dimension of a linear subspace of

Ty, L3*(S*, M)
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on which d?F is negative-definite; note that the Morse index is a lower semi-
continuous function of fo € M. It will be useful to compare these formulae to
an inner product {{-,-)) we can define by

(X,Y)) =2a /52(1 +dfol*)* (DX, DY) + (X, Y)]dA, (19)

which is equivalent to the usual L? inner product, when fq is a fixed C°° map.

It is convenient to extend the notion of “gradient-like” vector field X (as
described in Milnor [27]) to the three cases. In each case, the gradient-like
vector field X is constructed by an explicit formula near the critical locus, which
is then pieced together with a pseudogradient as described by Palais [33] away
from the critical locus.

I. Near the critical locus. Consider first the function F : M — [0, c0) defined
by (16) which is Morse nondegenerate in the usual sense; the critical points of
such a function are isolated. Our first requirement is that the restriction of X
to an open neighborhood Uy, = U of a critical point fo € M is replaced by a
“canonical Fredholm map” A which is transported via an exponential chart to
U7

AT M — Ty M — X|U:XA:expfOOAO(expfO)_1|U. (20)

This canonical Fredholm map A is defined in terms of the second variation (18)
and the inner product (19) by

*F(fo)(A(X),Y) = ((X,Y)). (21)

(Thus A~! would define a gradient with respect to the inner product.) It is
straightforward to see that A is a bounded symmetric endomorphism in terms
of the L? norm and that it is also bounded in terms of the L} norms for k €
N. Lemma 5.3 of [40] shows that A restricts to a bounded endomorphism
of L3*(S2% fTM), while other estimates in [40] show that X, satisfies the
condition

dF(Xa)(p) > ollpl® > 0 for p € U~ {fo}, (22)

for some g9 > 0, where || - || denotes the L2% norm in exponential coordinates.
This is the condition used by Uhlenbeck [40] for the definition of “weak gradi-
ent,” and is sufficient for constructing a handle-body decomposition.

For the other cases, cases in which

E,: M—R, M=L3S?* M)

is equivariant Morse or Morse-Bott, the critical locus is the union of compact
nondegenerate critical submanifolds. If K is one of those nondegenerate critical
submanifolds and fy € K, we can use the inner product (19) to divide T's, M
into an orthogonal direct sum decomposition,

TfoM =T,K® Sfo?
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with Ts, K being not only the tangent space to K, but also the null space of
the symmetric bilinear form (17). As fy varies through K, we get a direct sum
decomposition

TMIK @ S,

where S is the normal bundle to K in M. For any fy € K, we can then define
Ay, + Sg, — Sf, by (21), a linear map which is bounded with respect to the L3“
norm or any of the L? norms restricted to Sy, .

The family of maps fo — Ay, defines a vector field X4 on the total space
of S which is tangent to the fibers. Finally, there is a diffeomorphism ¢
from a neighborhood V' of the zero section in this normal bundle to an open
neighborhood U = Uk of K such that ¢k and (¢x )+ are the identity along the
zero section, and we set X4 = (¢x )5(X4). This field satisfies

dF(Xa)(p) > eof|v|® >0 for p= ¢ (v),v € Sy, (23)

for some 9 > 0, where || - || denotes the L?* norm on Sy,.
Note that the Morse-Bott case contains the others as special cases.

I1I. Away from the critical locus. The second requirement is that away from
the critical locus, the vector field is a pseudogradient as described by Palais [33];
that is, there exist constants €; > 0 and €5 > 0 such that

1X@)I| < erlldEpll,  [1dF,* < e2dFp (X (p)). (24)

It is important to note that when these estimates hold for Xy and X, they
hold for any convex combination thereof, and therefore pseudogradients can be
pieced together by the C? partitions of unity available on the Banach manifold
L2%(S?, f3TM). These estimates imply a third,

1X()|* < ete2dFp(X (p))- (25)

which in turn implies that the flow for —X will be positively complete by the
following argument:

Let {¢; : t € R} denote the local one-parameter group generated by —X,
and let d : M x M — R denote the distance function defined by the Finsler
metric which M inherits from the ambient Finsler manifold L2%(S2, RY). Then
it follows from (25) and the Cauchy-Schwarz inequality that if ¢; < ta,

2

/@n—waMMdﬂ

(¢, (p); b1, (p))? < Uj :llt@(p)Hdtr - [ "

gm—nﬂ/zXm@mwﬂsﬁwm—m/ﬁﬂmwm@Mt

t1 t1

= eiea(ts — 1) (F (61, (p)) — Flér,(p))).  (26)

Since F is bounded below, this inequality implies that if ¢:(p) is defined only
for t € [0,b), for some finite b, then any sequence t; — b yields a Cauchy se-
quence {¢¢, (p)}, and completeness of the Finsler metric shows that this Cauchy
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sequence must converge to some g € M. But there is a family of integral curves
passing through points near ¢, showing that [0,b) is not a maximal interval on
which ¢,(p) is defined.

On the other hand, the second inequality of (24) shows that ||dF|| — 0 along
a sequence of points on each orbit, and then Condition C implies that each orbit
eventually enters a neighborhood of some critical point. Since the function E,,
or F satisfies Condition C, each component of the critical set K will be compact.

Definition. Suppose that F : M — R is a C? Morse-Bott function on the
Banach manifold M which satisfies Condition C and is bounded below. A
gradient-like vector field for F' is a vector field X on M which satisfies the
following requirements: If K is a component of the critical locus and thus a
compact nondegenerate critical submanifold, there exist open neighborhoods

V(Kp) = U{Vfo i fo € Ko} and U(Ky) = U{Ufo o€ Ko}

where V¥, is an open ball neighborhood of f; in terms of exponential coordinates,

with V(Ky) C U(Kp) such that X satisfies (20) and (22) on Uy, for each fy € K.
Moreover, X is a pseudogradient on

M — U{V(KO) : Ky a component of the critical locus }.

A gradient-like vector field is also positively complete by the same argument we
gave for pseudogradients, except we replace estimate (25) by a combination of
estimates (22) and (25). By Condition C, there are only finitely many critical
submanifolds with values of F' no larger than a given energy bound Ej, and
one checks that any orbit for —X can enter neighborhoods V(Kj) of one of
these critical submanifolds only a finite number of times, since F' is bounded
below and decreases by a fixed amount each time. Thus one can show that
M is a disjoint union of the unstable manifolds of the nondegenerate critical
submanifolds for F'.

We remark that the gradient-like vector field X can be chosen to be tangent
to each of the submanifolds L%(S? M), for k € N, k > 2, because we can
choose local pseudogradients and the local representatives X'4 near each critical
submanfiold to satisfy this property. Indeed, the only place in the argument
where we need the L2® topology is for convergence of trajectories to an L2®
critical point as ¢t — oco. Then elliptic bootstrapping shows that the critical
points are in fact C'°°, and convergence holds in all the Sobolev norms. We
formalize this in a remark:

Remark 4.1. We can choose our pseudogradient so that all critical points and
all orbits between critical points lie within L?(S?, M), for any k > 2.
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5 Compactness

We say that a Morse-Bott function F' : M — R is of finite type if the set of
critical points of index A,

Ky ={f e M:dF(f) =0 and the Morse index of f equals A }

is compact for every A € {0} UN. This specializes to the condition that a Morse
function have finitely many critical points of each index, or that an equivariant
Morse function have only finitely many critical orbits. Thus, for example, if the
fundamental group of a compact Riemannian manifold M has infinitely many
conjugacy classes, the action integral
1
J:Map(S*, M) — R,  J(y) = B / Y (8)[*dt,
Sl

is not of finite type, because there are infinitely many local minima, critical
points of Morse index zero.

Compactness Theorem 5.1. Suppose that the compact Riemannian manifold
M has positive half-isotropic sectional curvature.

1. Then any harmonic two-sphere has Morse index at least n — 2.

2. The function E, : L3*(S?, M) — [0,00) is of finite type. Indeed there
for each choice of «, there is a constant ¢ > 0 such that if f : S — M is
any a-harmonic map with a > 1, then

(Morse index of f) +1 > cE,(f).

3. When M has positive half-isotropic sectional curvature, the set K of criti-
cal points for E, which have Morse index < \g is compact, for any \g € N.

It is in Part 1 of this theorem that we use the hypothesis of positive half-
isotropic sectional curvatures; for manifolds of positive isotropic curvature, we
would get a weaker estimate on the Morse index. It follows from the proof of the
Sphere Theorem (Theorem 4.10.6 of [32]) that any compact simply connected
Riemannian manifold of dimension n > 4 always has nonconstant minimal two-
spheres of Morse index < n — 2, so such manifolds with positive half-isotropic
curvature must always have minimal two-spheres of Morse index exactly n — 2.

Proof of 1 when f : S — M is harmonic: By a theorem of Koszul and
Malgrange (see Theorem 4.1.3 of [32]), the bundle E = f*T' M ®C has a canonical
holomorphic structure, and the equation for harmonic maps implies that 0f/0z
is a holomorphic section of this bundle. Moreover, since the Riemannian metric
is invariant under the Levi-Civita connection, it extends to a complex bilinear
form

(w)y:ExE—C,
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which is holomorphic as a section of Hom(E ® E, C). Let L be the holomorphic
subbundle of E generated by 0f/0z with orthogonal complement

Lt = U {veE,: (v,0f/0z)(p) =0}.
peES?
Then L C L+, so we can define the holomorphic normal bundle to be
N =L"*/L, (27)

and (-,-) descends to a holomorphic complex bilinear form on N. By a well-
known theorem of Grothendieck [17], we can write N as a holomorphic direct
sum of line bundles,

N=L LD '@Ln_g, where Cl(Ll)[SQ] > Cl(Lg)[SQ] > e 2> Cl(Ln_2)[S2].
Moreover, the existence of a holomorphic complex bilinear form implies that
c1(Li)[$%] = —e1(Lp—i-1)[S?].

The second variation formula (5) for E shows that
RE(F)(V, V) < 2/ [0V |]> ~ se(H)(V.7)] dA, for Vv eT(N),
S2

where k is a positive lower bound on the half-isotropic curvature. By the
Riemann-Roch theorem (see the discussion in §4.1.1 of [32]) the space O(L;)
of holomorphic sections has dimension at least two when ¢;(L;)[S?] is positive
and has dimension at least one when ¢;(L;)[S?] = 0. It follows that the total
dimension of the space of holomorphic sections is at least n — 2. If V is such
a holomorphic section, then span(V,df/0z) is half-isotropic, so the assumption
of positive half-isotropic curvature implies that the Morse index of f is at least
n — 2, which proves assertion 1.

Proof of 2: We first prove the analogous statement for a map f : S2 — M
which is harmonic. We need to sharpen the previous estimate and show that
the Morse index grows linearly with energy. We can restrict to sections of one
of the line bundle summands L; of N, obtaining

d*E(f)(V,V) < /S {2 ||5V||2 — o{V, V)] dA, for V eTI(L),

where ¢ = 2ke(f) > 0. To estimate the index of the restriction to I'(L;), we
need to estimate the spectrum of the Schrédinger operator

20% 00 — ¢ : C°(L;) — C=(Ly),

where ¢ > 0. An advantage is that the spectrum of this last operator is actually
independent of the Hermitian metric:
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Lemma 5.2. A change in the Hermitian metric in the bundle L; does not
change the spectrum of the operator 20" o 0 — ¢.

To prove this, we need only determine how multiplication of the fiber metric
(-,-) by a scale factor u? > 0 alters the eigenvalue equation:

/ (20" 08 — )V, W)dA = /\/ (V,W)dA, for W € T(Ly).
S2 S2

But integrands on both sides get multiplied by ©? which leads to the eigenvalue
equation
[ 10 ea-owmyeia=x [ vvtaa
52 52
Thus we need find the eigenvalues of the operator

T,u2 o (25* 05— ¢) OTJQI,

where T),2 denotes multiplication by the function u? > 0, and conjugation by
multiplication by a nonzero function preserves the eigenvalues. QED

The eigenvalues of 20* o 9 — ¢ are in turn related to the eigenvalues of a scalar
multiple of the operator 20* o 9 by the following reduction, which comes from
Li and Yau [24]: Since

Jo: 210V = g|VIPJdA  [o ¢[VIPdA [ [g. 2|0V[*dA

_ —1], 28
T VA [ VA | [, olV]7dA (28)

the index of the restriction of d?E(f) to I'(L;) is the maximal dimension of a
linear subspace of C*°(L;) on which the quotient

[g2 210V [2dA

V
Js2 dIV[?dA

is strictly less than one. We now divide into cases:

¢1(L;) = 0: In this case, we can choose the unitary structure on L; so that

J52 210V 2dA [, |dV[2dA
[ 9IVPAA  [qa 6[V[?dA

But the right-hand side is just the Rayleigh quotient for the Laplace-Beltrami
operator Ay for the Riemannian metric

¢dsj, where ds? is the base Riemannian metric on S2.

It follows from Korevaar’s theorem [21] that there is a constant C' > 0 such that
the k-th eigenvalue of Ay is less than or equal to one if

k 1
C— <1, whichoccursif k< — dA.
T 6dd = CJe?
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Alternatively, we can say that the number of eigenvalues which is less than one
is the greatest integer less than

Ch ¢dA where (= l
g2 C

This implies that the index of the Schrédinger operator 20* 09 — ¢ grows linearly
with the integral of ¢, which gives the estimate of Theorem 5.1 in this case.

c1(L;) # 0: (Since the sum of the Chern classes is zero, we need only treat the
case in which ¢;(L;) > 0.) To treat the case of Chern class k > 0, we use the
fact that the spectrum of the Laplace operator is not affected much by what
happens in the e-ball around a single point, and note that if we take a single
point out of the base of a U(1)-bundle, we lose the first Chern class, a fact that
we can exploit. Indeed, suppose that Eg is the trivial line bundle with trivial
holomorphic structure. We can let E = Eq ® V;f, where v, is the point bundle
at p (as described for example in [18]), the resulting bundle having a preferred
holomorphic section ¢ which has divisor (¢g) = kp. We can then define a map

L: C®(5%, Eg) — C™(5%,E) by u(¢) = ¢go. (29)

Finally, we let Ay be a unitary connection on the U(1)-bundle E which has
constant curvature and has ¢y as a holomorphic section. We claim that if the
m-th eigenvalue A2, of the operator 2(9* 0 ) on Eq is < C, then so is the m-th
eigenvalue A, of the operator 25}0 004, on E.

Indeed, if A, < C, then there is an m-dimensional subspace V of C*° (52, Ey)
such that o
J52 (00, (‘zcr}dA <c

Js2 10" dA

We now look at the Rayleigh quotients of the corresponding elements ¢(o) in
C>(S% E) and exploit the fact that

cey =

O, (00g) = 0(0)0y.
This implies that the corresponding Rayleigh quotient in E is

[g2(00, 05|00 [2dA
Js2 187 loo2dA

But this is just the Rayleigh quotient on the trivial bundle, with the unitary
structure multiplied by |og|?. This would have the same spectrum as the stan-
dard unitary structure, except for the fact that |oo|? vanishes at the point p.
Indeed, we can approximate |oo|? by a nowhere zero function p? in such a way
that the support of || — u? is contained in an e-ball around p. Multiplication
by a suitable cutoff function shows that this alters the spectrum by a small
amount which goes to zero as € — 0, as we next describe.
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Construction of a cutoff function: Following Choi and Schoen [9], we define
amap ¢. : R = R by

) 1f7" S 62’
¢e(r) = {2 (logr)/(loge), if & <r <e (30)
L, ife <r,
so that
03 if r < 627
do. it
(1) = 3 (~1)/(rloge), i <r<e
0, ife<r,
and

e (doe, < om 2
A /0 <dr (r)> Tdrd@—/ez 7r(loge)2dr__7loge'

Thus if we define 1. : ¥ — R so that it is one outside an e-neightborhood of
the p and in terms of geodesic polar coordinates (r, ) about p (for the constant
curvature metric) satisfies the condition ¢, = ¢. o r, then

-C
/ |dipe|?dA < —, where C' is a positive constant,
g2 log e

and 1. is our desired cutoff function which vanishes in the €2 neighborhood of
the point p, and yet alters Rayleigh quotients by arbitrarily little.

Finally, if f : S — M is a-harmonic for a > 1 instead of harmonic, the
second variation formula (17) for E, shows that

EEL(f)(V.V) < a/ 20V — ke(£)(V. V)] dA, for V € D(;*TM @ ©),
Sz

(31)
where k is a lower bound on the half-isotropic sectional curvature. Thus we
can apply the preceding argument to show that the right-hand side of (31) has
index which grows linearly with the energy, establishing Assertion 2.

Proof of 3: if f is a critical point for F, which has Morse index < Ag, then it
follows from Part 2 of the proof that E,(f) < (Ag+1)/c, or

Ao+ 1
a = ——.
C

feM®={feLi*(5* M): Ea(f) < a},

Thus it follows from Condition C that the set of critical points lying within M?
is compact. QED

6 Bubble trees and the Nonbubbling Theorem

We are interested in critical points for the usual energy E, not the a-energy E,,
or the Morse approximation F, to E, defined by (16). Thus we study what
happens to the critical points as the perturbations are turned off as @ — 1.
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This is a special case of a more general question asked by Sacks and Uhlen-
beck in [35]. If ¥ is a compact Riemann surface with conformal structure w, the
w-energy is the function

E, :Map(X, M) — M defined by Ew(f):%/ |df |2dA,
2

where |df| and dA are defined in terms of a Riemannian metric in the conformal
equivalence class determined by w, and it has a perturbation

1
Bois s Map(E, M) — M defined by Enu(f) = 5 [ [(1+ 1d7P)" - 1)dA
b

where we lose conformal invariance, and the metric on ¥ has constant curvature
and total area one.

Suppose that for m € N, f,, is a critical point for E,,,, ., with energy bounded
by Ep > 0 and Morse index bounded by Ay € N. Does the sequence {f,, : m €
N} have a subsequence which has a harmonic map limit as m — oo? Sacks
and Uhlenbeck show that there is such a subsequence which converges in a
weak sense to a base harmonic map fo : S? — M together with a collection of
harmonic two-spheres which bubble off in the limit. Later Parker and Wolfson
introduced the term of “bubble tree” to describe the limit, and the nature of
the convergence was further studied by Parker [34], and Chen and Tian [7].

Definition. A bubble tree based upon a compact Riemann surface 3, of genus
g > 0 with conformal structure w is a collection of maps indexed by the vertices
and edges of a rooted tree T', with root denoted by 0. The root of the tree
corresponds to an w-harmonic base map

fo:2yg =M, whenv=0,
and the other vertices correspond to harmonic two-spheres or bubble maps
fo:8% = M, whenv#0,
while the edges correspond to smooth geodesics called necks
Yo i [0,1] = M

which join the parent p(v) of a vertex to a vertex v (with +, only defined when
v # 0), so that

7(0) € Image(fpw)); Yo(1) € Image(f,).

We allow a vertex v to correspond to a constant map, but only when v is the
parent of another vertex. In this case we say that f, is a ghost bubble. We also
allow some of the necks ~, to be constant maps to a single point of M.

If we assume an upper bound on total energy, we get a limit on the number of
possible bubbles from the following elementary lemma:
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Lemma 6.1. Suppose that the real sectional curvatures of M satisfy the in-
equality K,(o) < 1. Then any nonconstant minimal two-sphere f : S? — M
must have area at least 4.

Proof: It follows from the Gauss equation,
induced Gaussian curvature K; on S? < K,.((f,)+1,5%)

and the Gauss-Bonnet formula that if f : S? — M is any minimal two-sphere,

E(f) Z deAf Z 471',
S2

the last inequality being strict if f has nontrivial branch locus.

Hence if the total energy is bounded above by a > 0, the number of minimal
two-spheres that can form as bubbles is < a/47.

Construction of a bubble tree: Suppose that {f,,} is a sequence of critical
points for E,, . with m — oo such that a,, — 1, E,,, o(fm) is bounded by
some constant a > 0, and f,, : ¥ — M has bounded Morse index. According
to Theorem 4.4 of Sacks and Uhlenbeck [35], {f} has a subsequence (denoted
again by {f,,} for simplicity) which converges in C* for all k¥ on compact subsets
of the complement in ¥ of a finite subset {p1,...,p;} of “bubble points” to a
smooth w-harmonic map

fo Y = M.
For each m, we divide the Riemann surface ¥ into a collection of metric
disks D1,m, ..., Dym of small radius about the bubble points {pi,...,p} and

a base
EO;m =X - (Dl;m J---u Dl;m)~
!

Each disk D;., is further decomposed into a union D;.,, = Ag;m U B;.,,, where
A}, is an annular neck region and By, is a bubble region, a smaller disk which
is centered at p;. Following Parker [34], we arrange that the radius of D, is
< (constant)/m, the radius of Bj,,, is < (constant)/m?, and

}/ |dfm|2dA = CR7
2 Ja,
where Cg is a small positive renormalization constant, too small to allow bub-
bling in the annulus A},,,. Let Bj., be a disk with the same center as B;,,, but
with m times the radius and let A;.,, = Dim — By If the renormalization
constant is sufficiently small, the supremum of |df,,| on A;., must go to zero
because of the Sacks-Uhlenbeck e-regularity theorem (see [35], Main Estimate
3.2 or [34]).

We expand the disk B, to a disk of radius m by means of a conformal
contraction Ty, @ Dy, (0) = By, Dy (0) being the disk of radius m in C. An
argument based upon Theorem 4.4 of [35] shows that a subsequence of

gi;m:fmoTi;m:Dm(O)_>M7 m=12,...
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converges uniformly in C* on compact subsets of C, or on compact subsets of
C—{pi1,---,piy; ), where {p;1,...,pi,,} is a finite set of new bubble points, to
a harmonic map g; : S — M.

If there are new bubble points {p; 1,...,pis, } in C = S? — {oo}, the process
can be repeated. Around each new bubble point p; ;, we construct a small
disk Dj j,m which is further subdivided into an annular region A;;., and a
smaller disk B; j., on which bubbling will occur. Once again, we construct
conformal contractions T j.m, : D (0) = B j.m and a subsequence of the maps
Gijsm = fm © T} j:m will converge to a harmonic two-sphere g; ; : S* — M on
the complement of finitely many points. The process can be repeated; for each
fm in the sequence, we may have several level-one bubble regions B;.,,, each of
which may contain several level-two bubble regions B; j.m, each of which may
contain several level-three bubble regions, and so forth. For each sufficiently
large m € N, 3 is a disjoint union of a base Xo.y,, neck regions A; . ;..m and
bubble regions

Dis,ivim = Bin,singm = | Diip ims (32)
i

from which disks around bubble points of higher level have been deleted. The
restriction @i, i.;m Of fm to the bubble regions A;, _;,.» corresponding to
a given multiindex (i1, ...14) converge to a harmonic two-sphere g;, .. ;, which
may have zero energy (in which case it is called a ghost bubble), but ghost
bubbles always have bubble points in addition to co. Since each bubble with no
children is nonconstant and requires energy > 47, the process must terminate
after finitely many steps, yielding harmonic maps corresponding to the vertices
of a finite tree T' (a base w-harmonic surface go : ¥ — M and several minimal
two-spheres), while the edges can be thought of as limits of parametrized maps
from the annular regions into M.

The curvature assumptions positive complex sectional curvatures or positive
half-isotropic curvatures imply that Ricci curvature is positive, hence the funda-
mental group of M is finite by the Theorem of Myers. Therefore, Theorem 4.9.2
of [32] implies that necks approach geodesics of finite length and zero energy.
Thus for minimax constraints no energy is “lost in the necks.”

Lower Semicontinuity Theorem 6.2. The Morse indices of the components
of the bubble tree satisfy:

Morse index of fy + Z(Morse index of g;, . 4, ) < Morse index of f,,, (33)

when m is sufficiently large.

Proof: We first recall the second variation formula for a-harmonic maps f:
PEa VW) = a [ L+ [P OV, TIW) — (K(V), W)ldA
b

+2a(a— 1)/2(1+ (df )2 df, YV (df, VIV)dA.
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Note that the second term is dominated by the first and goes to zero as o — 1,
and the first term approaches d2E,,(f)(V,W) when the supports of V and W
do not contain any bubble points.

space V of dimension m, so is

dzEam,w(fm‘EO;m) or dzEam,w(fm‘Ail,...,ik;m)

when m is sufficiently large. Since Xy, and the bubble regions A;, . ;..m are
all mutually disjoint, this will prove (33).

To establish our claim in the case of fy, we make use of a cutoff function
defined utilizing the function ¢. of (30) near the bubble points. We define
¥; : S2 — R so that it is one outside an e-neightborhood of the bubble point z;
and in terms of polar coordinates (r;, ;) about the bubble point z; satisfies the
condition ¥; = ¢ o r;, so that

-C
/ |dap;|2dA < —, where C is a positive constant,
52 loge

and check that a similar estimate holds for ¢ = ¢ - - - ¢;, a cutoff function which
vanishes at every bubble point. If € > 0 is chosen sufficiently small, then

Vev = &CEf)QV,9V)<0 = dCE(f)[@V,4V) <0.

This shows that d2E, (f) is negative definite on a space of dimension m, estab-
lishing the claim in this case.

Similarly, we can establish the claim in the case of one of the minimal two-
spheres g;, .i,. In this case, the rescalings of the bubble regions A;, i, .m» have
boundary circles which converge to points, which we call the bubble points of
Giy,...ip.» and g, 4, is defined on the sphere S2 minus small disks around bubble
points which converge to punctured disks in S2. But the cutoff argument in the
preceding paragraph can still be applied and this proves the Lemma.

The Nonbubbling Theorem 1.4 follows from Theorem 6.2 and Compactness
Theorem 5.1.1, the latter theorem stating that any harmonic two-sphere in
a manifold with positive half-isotropic sectional curvatures has Morse index at
least n — 2. Thus if a bubble tree contains k£ bubbles of nonzero area, it must
have Morse index at least k(n — 2).

Compactness Theorem 6.3. Suppose that M has a generic Riemannian
metric with positive half-isotropic sectional curvatures. Then there are only
finitely many G-orbits of nonconstant minimal two-spheres f : S? — M of
Morse index < 2n — 5, where G = PSL(2,C)UR- PSL(2,C).

Proof: Suppose the contrary, that there is a sequence {f,,} of minimal two-
spheres lying on distinct G-orbits. Then we can use the Perturbation Theo-
rem 2.2 to construct a corresponding sequence { f/ } of a,,-energy critical points
for £, , with a,, = 1. By the Compactness Theorem 5.1.3, these must all have
energy < ¢, where ¢ depends on the maximum possible Morse index 2n—5. Now
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a subsequence of these must converge to a harmonic map fo : S — M without
bubbling, because bubbling would contradict the Nonbubbling Theorem 1.4.
But then we have a sequence of harmonic maps on distinct G-orbits which con-
verges to foo contradicting the nondegeneracy of the limit.

7 Branched covers

Suppose that h : S? — M is an immersed prime minimal two-sphere. If g :
S? — 52 is a holomorphic map (also known as a meromorphic function on S?),
then the composition f = hog: S? — M is a conformal harmonic map, hence a
minimal surface in its own right, which we call a branched cover of h. To study
these, we consider the space

Holy(S2,5%) = {g: S — S?: g is holomorphic and has degree d },

for each integer d > 2. The topology of the spaces Holy(S?2, S?) of holomorphic
maps, the more general spaces spaces Holy (3, S?) of meromorphic functions on
a Riemann surface % of higher genus, and how well these spaces approximate
the spaces of all maps of degree d, were studied by Segal [37].

We can construct elements of Holy(S?, S?) as follows: Take two effective
divisors Dy and Do, on S? of degree d, which have no points in common. Then
there will be a unique meromorphic function g on S? with divisor (g) = Do— Do,
up to multiplication by a nonzero complex scalar. In fact, if we regard S? as
CU{oc}, and arrange after a conformal automorphism of S that neither divisor
includes infinity, say

d d
Do=) pi, Doc=) g, then g=c
i—1

i=1

(z—=p1)--- (2 —pa)
(z—aq) (2 —qa)

is a corresponding meromorphic function, where the complex number ¢ can be
an arbitrary element of C — {0}. (Note that we allow repetition among the p;’s
and g;’s.) From this description, we see that Hol,(S?, S?) is a complex manifold
of complex dimension 2d + 1,

d d

Holg(5%,5%) = (C—{0}) x |82 x -+ x §?x 52 x---x S2—A[,
where A is the multidiagonal,

A={(p1,...,Pa,q1,---,qq) : some p; equals some g}

We see that Holg(S?, S?) is noncompact, and in fact if one of the p;’s moves
into coincidence with one of the ¢;’s, one can check that the Li norm of g must
go to infinity, when k& > 2.
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For each integer d > 1, we define a map
®, : Map(S?, M) x Holg(S?%,5%) — Map(S?, M) by ®4(h,g) =hogy,

a map which will be C* when the mapping spaces are completed with respect to
suitable topologies, according to the a-lemma, as described in §1.6 of [32]. If h
is an immersed prime minimal surface, the image of ®, is a critical submanifold

Md(h) - Li(SQaM)

However, if NV is a finite-dimensional critical submanifold of L?(S?, M), nonde-
generate in the sense of Bott, examples show that the union of d-fold branched
covers of N,

D4(N x Holg(5%,8%)) = J{Ma(h) : h € N},

may contain critical points of various indices and hence is not necessarily a
nondegenerate critical submanifold itself.

We can ask how the Morse index of the branched cover varies over this
submanifold, and obtain the following estimate:

Theorem 7.1. Suppose M is an n-dimensional Riemannian manifold which has
half-isotropic and real sectional curvatures which satisfy the curvature condition

1 ~
Ki(o) > &KT(O‘) > 0, (34)
where & is a real two-plane associated to o. Then the Morse index of any
branched cover of degree > d of a minimal two-sphere f : S2 — M must be at
least 2n — 4.

Note that our pinching condition (8) gives (34) when d = 3, so that under
assumption (8) all branched covers of degree at least three have Morse index at
least 2n — 4.

Proof of Theorem 7.1: As in the proof of Theorem 5.1, we use the normal bundle
(27) and its holomorphic decomposition into line bundles,

N=L¢Ly®--®L,,_o, where Cl(L1)[52] > Cl(LQ)[S2] > 2> Cl(Ln,Q)[SQ].

If V=X —14Y is a holomorphic section of a line bundle summand L; with
c1(L;)[S?] > 0, then V must vanish at some point, and since (V, V) is a bounded
holomorphic function and hence constant, (V,V) = 0. This implies that the
real and imaginary components X and —Y must have the same length and be
perpendicular to each other. If F; denotes the rank two real subbundle of f*T'M
generated by real and imaginary parts of sections of L;, we can define an almost
complex structure J on E; by

J(X) =Y, whenever V =X —iY € T'(Ly).
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Then the components X and Y of a holomorphic section V = X —iY of L; gen-
erate a two-dimensional subspace of sections of F;, complex linear with respect
to J, on which the Morse index is negative. Since

a@)[S?=k>0 = dimOL;)=Fk+1,

the corresponding real and imaginary parts form a linear subspace of sections
of real dimension 2k + 2 on which the index form is negative. The upshot is
that each summand with positive Chern class must contribute at least four to
the Morse index.

If there are m summands with positive first Chern class (where m < (n —
2)/2), there will be n — 2 — 2m summands with zero Chern class. Thus if we
can show that each zero Chern class summand contributes at least two to the
Morse index, the total Morse index will be at least

dm+2x (n—2—2m) =2n — 4,

establishing Theorem 7.1.

Thus we need only show that our curvature hypothesis (8) implies that trivial
line bundle summands must each contribute at least two to the Morse index.
The holomorphic section always gives a contribution of one to the index, and
to obtain a second contribution of one, we apply the second variation formula
(5) to a section corresponding to the first nonzero eigenvalue, obtaining

FRNWV) =2 [ [[0V]] - Kio)elr) V1] da
= [ 21V - 200 V1P 0. (35

where dA = e(f)dA is the area form for the induced metric on 2, and o is the
span of V' and %. By Lemma 5.2, we can assume that the connection is flat
and hence (35) simplifies to

PE(f)(V, V) = /S [1av]? — 2Ki(0) V] dA
Substituting the curvature condition (34), we have

eenE) < [ |-

N N YR
Jo K@ IVIFaA d) s |

K,(5) ||vﬂ d,

<(n-3) [R@ W o)

where A; denotes the first nonzero eigenvalue of the Laplace-Beltrami operator
for the metric K,.(7)f*g on S? which has area form K,.()dA. Applying Hersch’s
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Theorem (Theorem 1 of Yang and Yau [45] or Theorem 7.6 of Colding and
Minnicozzi [10]), we find that A; satisfies

81 81 81 2

)\1 S — ~ S ~ S - = )
o2 Ky (@)dA = [ KpdA ~ dnd ~ d

for a d-fold branched cover, where we have used that & = f,7S? and, as in
Lemma 6.1, Ky is the Gauss curvature of the induced metric which satisfies,
K; < K. (f.TS?). Thus we find that there are at least two variation fields for
each trivial summand of the normal bundle which decrease area, finishing the
proof.

In the special case in which M = S™ has the round metric of constant curvature
one, Theorem 7.1 implies:

Corollary 7.2. If M = S™ has the round metric of constant curvature one
and h : S? — S" is a totally geodesic imbedding, then the Morse index of any
double branched cover f € Ma(h) is > 2n — 4.

Proof: In this case, (34) holds for all d > 2.

For metrics of nonconstant curvature, our curvature condition is not strong
enough to ensure Morse index at least 2n — 4 for two-fold branched covers, and
we will use nontrivial isotropy of the group action to deal with these two-fold
branched covers. The analysis of two-fold branched covers simplifies because
any element of g € Holz(S?,5?%) can be related to the standard two-fold cover
2,

g=S"tomoT, where S,T¢c PSL(2,C) and m(z)= 2> (37)

Recalling the discussion on center of mass from §2, we reduce the structure
group on Ms(h) from G to G = O(3) by restricting to the submanifold

Mo(h)o = {f € Mo(h) : /S Xopn (|df2)dA = 0}

of branched covers with center of mass zero, the action of G = O(3) on Ms(h),
preserving the center of mass zero condition. It follows from the explicit form
(37) of double branched covers that any element of My (h)o must have nontrivial
isotropy for the action of G = SO(3), the isotropy group being Zo, generated
by a rotation through angle 7. Milnor [28] describes the quotient of Msy(h)o
by the SO(3) action as a four-manifold which is the total space of a two-plane
bundle over RP2.

Although My (h)p is not compact, we can make it compact by removing the
branched covers whose two branch points are too close. Given g9 > 0, we set

Ma(h)g® = {f € Ma(h)o : the two branch points have distance > ¢¢ },

the distance being measured in the standard metric of constant curvature and
total area one on S2. We can describe the topological type of this space as
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follows: For the given fixed prime minimal immersion h : S%2 — M we can
specify a G-orbit of branched covers of h by locating the images of its two
branch points. Let n € S2 be the first image, and regard

5% — ( gg-neighborhood of n, )

as a two-disk D,,. The second image is then a point in D,, and the image of
the branch locus is specified by a point in a D?-bundle over S2. But we can
interchange the two branch points and a quotient by the resulting Zs action
gives us the two-disk bundle N* over RP2. Then My(h)° itself is the total
space of a fibration

7 Ma(h)§? — N* (38)

the fiber being a quotient space O(3)/Za, where Z, is a subgroup but not normal.
Each element of Ma(h)g® has Zy isotropy under the SO(3) action, while the
larger O(3) action interchanges the two components of My (h)g°.

We next study the a-energy critical points which are close to Ma(h)g, for a
given choice of h : S? — M. We can use the L? topology where k is large, so our
function spaces are Hilbert manifolds, as described in Lang [22]. The Hilbert
space inner product on L%(S% RY) makes it into a flat infinite-dimensional
Riemannian manifold as described in Chapter VII of [22], and the isometric
imbedding M C R¥ induces an imbedding L2 (S, M) C L2?(S? RY), which
induces a Riemannian metric on L7 (S? M) for which G acts as isometries;
this in turn induces a Riemannian metric on the finite-dimensional manifold
Ms(h)o, a space on which G acts with Zy isotropy. We now apply the tubular
neighborhood theorem: for a suitable G-invariant open neighborhood v Ms(h)g
of the zero section in the normal bundle to My(h)o within L?(S?, M), we can

define a smooth @—equivariant diffeomorphism
¢ : UMz(h)O — []7

where U is some G-invariant open tubular neighborhood of Mo (h)o in L2(S?, M).

The function E, restricts to a G-invariant function on U.
If fo € Mg(h)go, we let

N(fo) = fiber of vMy(h)g° over fo,

a submanifold of finite codimension within L? (52, M), and we restrict the func-
tion F, to this submanifold, F, : N(fp) — R. By an immediate extension of
the argument for Theorem 2.2 we can prove:

Proposition 7.3. There exists ag € (1,00) and a smooth map
1= Ma(h)g” x [1, a0)
—{ure st an <o) [ Xva(aryia-o}
SZ

which satisfies the following conditions:
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1. n is O(3)-equivariant,

2. no(f) = n(f,«) is the unique critical point for the restriction of E, to
N(fo) for fo € Ma(h);® and « € [1, o), and this critical point is nonde-
generate on N(fo),

3. there is an 1 > 0 such that if f is a critical point for E, such that
|f — follcz < &1 for some fo € Ma(h)g° ™", f lies in the image of 1), and

4. the isotropy group under the SO(3) action of every element in the image
of 1 is Zs, a rotation through angle m about some axis.

For the third condition on 7, note that if f is an element of N(fy) and a critical
point for E,, it must also be critical point for the restriction of E, to N(fy).
This proposition shows that critical points of F, which are sufficiently close to
the submanifold of two-fold branched covers must necessarily be invariant under
a rotation in O(3) of 180 degrees.

But we would like those critical points to lie on nondegenerate critical sub-
manifolds, each an orbit for the G-action. We can arrange this by first construct-
ing a suitable smooth function h : N* — R, then letting h = hom, where 7 is
the projection of (38). Since h is constant on each fiber of = it is invariant under
the action of G. Finally, we let ¢, : U — [0, 1] be a smooth G-invariant function
which is identically one on the image of the function 7, = 7(-, @) defined by
(39), and let .

EFy = E, + ¥uh, (40)

For small A this is a @—equivariagt perturbation of E, every critical point of
which has Z, isotropy under the G action.

We claim that for generic choice of h, the perturbed function Fj, will have
all critical points lying on isolated G orbits, each nondegenerate in the sense
of Bott. Indeed, the only critical points for Fj, which lie in ¢(N(fy)) for some
fo € Ma(h)g® must be critical points for the restriction of E, to ¢(N(fo)) and
must therefore lie in the image of

Na : Ma(h)g® — U.

On this image ¢, = 1, and ~
Fp,=FE,+h,

is a small perturbation of E, when h is small. At a critical point 14 (fo) for F},
the tangent space divides into a direct sum

Tyo(s) Le(S2, M) 2V & H® N, where H &N =Ty Ms(h)o,

and we arrange that V is tangent to the fiber of v M3 (h)o (the “vertical space”),
H projects via (38) to the tangent space to N* (the “horizontal space”), and
that N is tangent to the orbit of the G action. At a critical point, DE, = 0
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and diL~= 0. Invariance under G implies that NN is a null-space for both D?E,
and d?h. Moreover, since h is constant on each fiber of the normal bundle,

vMa(h)o — Ma(h)o,

the space V must lie in the null space of d2h. By part 2 of Proposition 7.3,
D?E,, is nondegenerate on V x V, and a generic choice of h will make

d?Fy, = D*E, + d*h nondegenerate on (V@ H) x (V & H),
establishing the claim. We can summarize what we have proven as follows.

Proposition 7.4. Suppose that h : S?> — M is an imbedded minimal two-
sphere in the compact Riemannian manifold M and that U is a small open
neighborhood of the space Mz(h)60+51 of two-fold branched covers of h, where
€o and €1 can be taken arbitrarily small. Then there is a perturbation E~’a of E,
which agrees with E, outside U, is C? close to E,, and satisfies the following
condition: All critical points for E,, lie on nondegenerate critical submanifolds,
each an orbit for the G action. Moreover, each critical point has isotropy group
Zs, generated by some rotation through .

We have left out the points in Ma(h)g — Ma(h);°, but when the half-isotropic
curvature is positive, these must have Morse index > 2n—4 when ¢ is sufficiently
small, by the proof of the Nonbubbling Theorem 1.4.

8 The topology of the mapping space

The strategy for proving the Main Theorem 1.3 is to first use equivariant Morse
theory to calculate the low degree equivariant cohomology of the mapping space
Map(S?, M) (carried out in this section), and then use equivariant Morse theory
in the other direction (carried out in § 10) to prove existence of minimal two-
spheres in manifolds which satisfy our curvature hypotheses.

Since the a-energy E, : Map(S?, M) — R is invariant under an action of the
group O(3) by isometries on the domain, the nonconstant critical points for F,
lie on O(3)-orbits of critical points, which can be measured by O(3)-equivariant
Morse theory. We now review the essential features of equivariant cohomology
we need.

Any compact Lie group G possesses a classifying space BG together with a
universal principal G-bundle with contractible total space EG and right action
ag : EGxG — EG. If X is a CW complex and ax : X x G — X is a
continuous right action, the diagonal action on the product X x EG,

(0,(z,€)) = (ax(z,0),ag(e, o)),

is free, and we can therefore divide by this action to obtain the topological space
Xa. To be more precise, we set

Xe = (X x EG)/G,

34



the set of equivalence classes in X x EG under the equivalence relation
(ax(z,0),agp(e,0)) ~ (z,e), forx € X, e € EG and 0 € G.

We then define the equivariant cohomology of X with coefficients in the coeffi-
cient ring R by
Hg (X5 R) = H(Xg; R).

In particular if X is a point,
H{(X; R) = H*(BG; R).
The projection
WZXG:XXGEGHEG/G:BG
defines an action of H*(BG; R) on Hj(X; R) = H*(X¢; R) making H*(Xq; R)
into a graded module over the graded algebra H*(BG; R), via
(a,b) € H*(X¢; R) x H*(BG;R) — aUn™*(b) € H*(X¢g; R).

This module structure helps measure the isotropy groups. We will apply equiv-
ariant cohomology in the case where G = O(3) and the coefficient group is Zo,
and in this case,

H*(BO(?)), ZQ) = P[U}h wa, ’wg]

a polynomial algebra on generators w;, we and wz of dimensions one, two and
three, which we can identify with the Stiefel-Whitney classes of the universal
bundle over BO(3).

If M is a compact Riemannian manifold, we let M, denote the submanifold
of M = Map(S?, M) consisting of constant maps. Thus

Mo = {f € L{*(S*, M) : Ba(f) = 0}

is a submanifold consisting entirely of critical points, which is diffeomorphic to
M. We let
M ={feM:E.(f) <a},

and use equivariant Morse theory to describe how the relative cohomology
HS(S) (Maa Mo, ZQ)
changes as a increases. We start the process with:

Lemma 8.1. There is an € > 0 such that My is a strong deformation retract
of M®.

This is proven in [35]; see Theorem 2.6. It is not hard to show that M, is a
nondegenerate critical submanifold.

We would like to establish Morse inequalities for F, when FE, is a Morse-Bott
function, that is when all of its critical points of positive energy lie on compact
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nondegenerate critical submanifolds. It follows quickly from Condition C that
only finitely many such submanifolds lie within M® for a < oc.

We establish Theorem A and a modification of Theorem B as in Bott’s
presentation [3].

Theorem A. If the interval [a,b] contains no critical values for E,,, then M*
is a strong deformation retract of M.

Theorem A is proven by an argument virtually identical to the finite-dimensional
case treated in [26]; the deformation retraction is constructed by following the
flow lines of —&’, where X is the gradient-like vector field constructed before.
We say that c is a critical value for F' if there exists a critical point f for F' with
F(f) = ¢; the following theorem is proven in [40], for a Morse perturbation F'
of FE,:

Theorem B. If [a,b] contains a single critical value ¢ and there is exactly one
Morse nondegenerate critical point p such that F(p) = ¢, then M" is homotopy
equivalent to M® with a handle of index \ attached.

But we need a version of Theorem B which applies to ' = E,, which has
nondegenerate critical submanifolds instead of nondegenerate critical points.
For a nondegenerate critical submanifold K C M, the normal bundle to K is
defined via the inner product ({-,-)) defined by (19): If f € K,

vK;={VeTyM: {(V,W))=0forall W e T;K}.

Referring back to the operator A defined before, we see that the normal bundle
has a finite-dimensional subbundle v_ K generated by eigenvectors correspond-
ing to the negative eigenvalues of A. The rank of the bundle v_ N is the Morse
index of the nondegenerate critical submanifold K. Let

Dw_K)={Vev.K:|V|<1}, Sw.K)={Vev K:|V|=1},

the unit disk and unit sphere bundles in the negative normal bundle v_ K. Then
Theorem B has the following generalization:

Theorem B*. If [a,b] contains a single critical value ¢ for F, the set of critical
points with value ¢ forming a nondegenerate critical submanifold K of Morse
index )\, then M" is homotopy equivalent to M® with the disk bundle D(v_K)
attached to M* along S(v_K).

The proof is a straightforward modification of the argument for Theorem B.
The above theorem gives an isomorphism on cohomology

H¥(MY M Z) = HY(D(v_K),S(v_K);Z).

When the bundle v_ K is orientable and the group G preserves orientation of
the normal bundle, we can use the Thom isomorphism theorem to evaluate the
right-hand side:

HY(D(v_K),S(v_K);Z) = H* MK, 7),
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where A is the Morse index of K. Using Theorem A and Theorem B*, we can
now establish equivariant Morse inequalities for M® by induction exactly as in
Bott’s survey article [3].

We are interested in applying this theory to the case where M = S™, the
standard round n-sphere with the constant curvature metric, normalized so all
sectional curvatures are one. Within M we have the nondegenerate submanifold
My of constant maps, as well as the submanifold My, of prime totally geodesic
two-spheres f : S? — 8™, a submanifold in which all elements have Morse
index n — 2. For a close to one, the elements of My, are also critical points
for the a-energy F, and My, is also a nondegenerate critical submanifold for
E, of Morse index n — 2. The action of O(3) on My, is free and the quotient
is diffeomorphic to the Grassmann manifold G3(R"*!) of three-planes in R™*1.
Moreover the negative normal bundle v_ My, is trivial, hence orientable for any
coefficient ring R.

Proposition 8.2. When M = S™ is the standard round n-sphere, every critical
point for E is either an imbedded totally geodesic two-sphere with Morse index
two, or has Morse index > 2n — 4.

Proof of Proposition 8.2: We must show that all minimal two-spheres in S™ with
the standard round metric are either totally geodesic of area 4w, or have Morse
index at least 2n — 4. We first note that Corollary 7.2 shows that nontrivial
branched covers of totally geodesic minimal two-spheres have Morse index at
least 2n — 4.

The theory of harmonic maps f : S — S™ which are not branched covers
of totally geodesic minimal two-spheres was studied by Calabi [6] and we recall
some of the high points of his seminal article. Suppose that

X :8% > " C R

is a smooth harmonic map. If z is a local holomorphic coordinate centered at
p € S? we let E°(p) be the subspace of R"*! generated by X (p), and for k € N,
we let E¥(p) denote the subspace of R™*! spanned by the real and imaginary
parts of the vectors
0X ok X
N PR
For a generic choice of p, the dimension of E¥(p) is 2k + 1, and we obtain an
increasing filtration

E°(p) C EX(p) C E*(p) C --- C E™(p) = E™ 1 (p) = - -,

which stabilizes at some E™(p). We can next define a family of normal spaces

L(p) = E°(p) N E*(p)*, Li(p) = E*(p) N E'(p)*,
La(p) = E*(p) N E*(p)*, -+ ,Lim—1(p) = E™(p) N E™ ' (p)*,
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and as p varies we obtain a family of line bundles L, Ly, Lo, ..., Ly_1. (It is
easy to extend these bundles to the isolated points at which ranks of derivatives
drop.) Calabi proves that

ok X . . .
5ok projects to a holomorphic section of Ly,
z

when we use the Koszul-Malgrange connection (see Theorem 5.1.3 of [32]), and
since this section is easily checked to have a zero of order 2k + 2 at the point
oo € §2, we see that

c1(Ly)[S% >2k+2, for 1<k<m-—1. (41)
Calabi shows that the (2m + 1)-dimensional space generated by

ox X ox  ox
0z’ To9xm’ 9z’ T 9zm

X,

is preserved by parallel translation along the two-sphere. If we denote this
subspace of R"*! by R?™*1 we have a factorization

X :8% — S"NR*™T C §" C R

and we say that X is full in R®"*!. Calabi shows that the area of f(S?)
is 2m(m + 1)m > 127, thus it is at least three times the area of the totally
geodesic two-spheres.

Following the proof of Theorem 5.1, we can extend our sequence of holo-
morphic line bundles to achieve a holomorphic direct sum decomposition of the
normal bundle N to f:

N=L ®Ly®---®L,_2, where Cl(Li)[SQ} = —C (Ln_i_l)[SQ],

with the Chern classes of the first m — 1 summand being positive, as given by
(41), and the last m— 1 summands being negative. This leaves n—2m remaining
summands which must be flat with the trivial parallel connection.

We can now obtain an estimate on the Morse index of f by adding together
contributions from the various summands. We claim that each trivial summand
of N contributes two to the Morse index of f. For a trivial summand of the
normal bundle N it follows from Lemma 5.2 that we can replace the metric
by one of constant length, and let F5 denote the canonical unit-length section.
The second variation for energy is the same as that for area A for minimal two-
spheres in S™, so we can apply the formula of Proposition 5.3.4 of [32], and this
reduces to the formula

d*>A(f)(gEs3, hE3) :/ ((Ag —2g)hdA  where g,h:S* =R (42)
S2

are smooth functions and A is the standard Laplace operator for the induced
metric on S?. It follows from the Hersch estimate (Theorem 7.6 of [10]) that the
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first nonzero eigenvalue of the Laplace operator for the metric on S? induced
by f:S8? — S"is < 87/A, where A is the area of the induced metric. Since
this area is at least 12, the second variation formula (42) shows that each flat
summand of N contributes at least two to the Morse index of f.

On the other hand, holomorphic sections of the first m — 1 summands or
antiholomorphic sections of the last m — 1 summands contribute to the Morse
index of f, and the dimension of the space of holomorphic sections of a holo-
morphic line bundle over S? is one greater than the first Chern class. Thus we
get the estimate

Morse index of f > 2n —4m +2(54+7+---+2m + 1)
=2n—4m+2(m+ 1) —8>2n —4,

completing the proof of the Lemma. The above argument reproves the estimates
of Ejiri [13] for harmonic two-spheres in S™ which are full within R"*1. QED

To state and prove the next theorem, we use the notation
M = Map(S?, M), M*={feA:E(f)<a},

where M = S™ and M is given the round metric of constant curvature one.
Recall that My denotes the submanifold of constant maps, My, the submanifold
of totally geodesic imbeddings f : S? — M.

Theorem 8.3. We have isomorphisms

Hé(i%) (M7 M07 R) = Hg(—g'f)l-‘rQ (M47'r; R)
> gF= PGy (R™TY); R),  for k < 2n —6.

Proof: The proof of the previous Proposition shows that all critical points of
E : M — M3~ — R have Morse index at least 2n — 4, and hence it follows
from equivariant Morse theory that when ¢ > 0 is sufficiently small,

Hg(:s)(M»MSW_E,R) =0, fork<2n-—>5.

It therefore follows from the long exact sequence of the triple (M, M3™=¢ M)
that the map induced by inclusion

H 9 (M, Mo, R) — H 5 (MP™%, My, R)

is an isomorphism when k£ < 2n — 6 and injective when k = 2n — 5. This implies
Theorem 8.3, since by Theorem B*,
Hé(?)) (M8ﬂ787 MOa R) = ngg;+2 (M47'r; R) = Hk*TH’Q (G3 (R”H’l)’ R)a

for all k € NU {0}.
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This calculation shows that the action of H*(BO(3); R) on Hg(g,) (M, My, R)
is trivial for £ < 2n — 6. Although we have calculated the low-dimensional
equivariant cohomology using the constant curvature metric, the cohomology is
of course independent of the choice of Riemannian metric on M = S™.

In particular, when S™ has the metric of constant curvature one, the results of
Calabi described above show that there are no minimal two-spheres f : S% — S™
of Morse index < 2n — 5 which cover minimal projective planes fy : RP? — S™.
The minimal projective planes of lowest area and lowest Morse index in S™ are
the constant curvature Veronese surfaces f : §? — S§* C S™ as described in
Chern [8], which have Morse index 10 in S* and also have Morse index > 2n —4
(by the proof of Lemma 8.2) when considered as lying within S™ for n > 5.

9 The Morse-Witten complex

Now that we know the equivariant cohomology of low degree, we want to use this
to prove existence of minimal two-spheres on Morse index < 2n — 6 in manifolds
which satisfy our curvature hypothesis (7). The modern point of view is to
organize this via a Morse-Witten complex, and we now review that idea.
Suppose first that M is a finite-dimensional smooth manifold, that F' : M —
[0, 00) is a proper Morse function and that X is a “gradient-like” vector field for
F, as defined in §3 of [27]. (For example, we might take X to be the gradient
of F' with respect to a Riemannian metric on M.) We choose an orientation for
each critical point, that is, we choose an orientation of its unstable manifold,
and let C,(F,—X) denote the free abelian group generated by the oriented
critical points Crit,,(F') of F' of Morse index m. If we choose X so that the
stable and unstable manifolds of its critical points have transverse intersection
(which is true for a residual set of X), we can define a boundary operator

8: Cp(F,—X) — Crp_1(F,—X) by

op)= Y. nlp.g)g forpe Crity,(F),
qeCrit,,,_1(F)

where n(p, ¢q) is the signed number of trajectories for —X from z to y. Construc-
tion of this boundary is implicit in Milnor’s proof of the h-cobordism theorem
[27], and the theorems of standard Morse theory show that 9 o 9 = 0, and that
the resulting chain complex

— Cp1(F,—X) — Cp(F,—X) — Cpp1 (F, - X)) — (43)

computes the homology of M. Of course, we can dualize and construct a corre-
sponding cochain complex

— C" YF,-X) — C"(F,-X) — C™"Y(F, - X) —,
where C™(F,—X)=Hom(C,,(F,—X),Z). (44)
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We will call either C(F,—X) or C*(F,—X) the Morse-Witten complex for F
and X. More details of the resulting Morse homology can be found in the
excellent treatment by Schwartz [36], although in the finite-dimensional case
the analysis in his arguments can be replaced by the easier arguments of [27].

We can use the Morse theory on Banach manifolds of § 4 to extend the
construction of the Morse-Witten complex to a perturbation of F, which has
nondegenerate critical points. According to Theorem 4.5.3 of [32], we can take
the perturbation to be

Bowlf) = Ba(f) + [ f-vaA, (15)

where 9 is a suitable element of L2(S52,RY). Condition C still holds for this
perturbation within the completion L3%(S?, M), and implies that there are only
finitely many critical points for £, , within

M ={f e Li(S* , M) : Eqy(f) <al,

for any choice of a € R. We can then choose the gradient-like vector field X’ so
that stable and unstable manifolds have transverse intersection, which enables
us to define the Morse-Witten complex as in the finite-dimensional case.

But we can also consider the case of a perturbation of F, which is equivariant
Morse, all nonconstant critical points lying on isolated nondegenerate orbits for
the symmetry group, in our case either G = O(3) or its identity component
G = S0(3). By Theorem 2.6 in [35] there is a small £ > 0 such that

M® = Li(S?, M)* = {f € L¥(S*, M) : Ba(f) < €}
possesses the space M, of constant maps as a strong deformation retract.

Theorem 9.1. The equivariant function E,,, restricted to M®~ — M?® for any
a > 0 and a suitably small € > 0, can be perturbed to an SO(3)-equivariant
Morse function which is C? close to E,, and satisfies Condition C on the com-
petion L2%(S% M).

Proof: This would follow from the Density Lemma 4.8 from Wasserman’s treat-
ment of equivariant Morse theory [41], except that our G-manifolds are not
compact, and we want to ensure that our perturbed functions have smooth
critical points and satisfy Condition C on the completion L2%(S?, M). We will
explain how to modify Wasserman’s argument so that it applies to our situation.
We will assume known the theory of slices and tubes from Chapter 2 of [11],
which carries over to infinite-dimensional G-manifolds with almost no change.
Note that by Lemma 3.1 we can assume that the isotropy group of E,, at each
critical point is finite, and the isotropy is also finite on a small neighborhood of
the compact critical locus for E, within the open set M~ — M*. If we make
a C? small perturbation, the critical locus will remain in this neighborhood.
We give M%™ — MEF an increasing filtration by open sets

Uy, ={f € M*™ — M® : the isotropy group G has order <n },
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where n € N U {oco}. We will prove by induction on n that for n € N the
restriction of F, to U, can be perturbed to a G-equivariant Morse function.
We will do this by constructing a family of perturbed functions,

Ea,F(f):Ea(f)+F(f)7 for FEanCQ(Li(SQaM)?R)v

to which we can apply the Baire category theorem. In fact the perturbations
F,, will be a uniformly closed subspace of the space of C? functions

F:Li(S* M) —R

with the strong topology as described in §4 of Chapter 2 of [20]. As a basis for
the open sets of this topology, we can take

N(F.e) = {G € C*(Ly(8*, M), R) : d((j2F)(f), (52G)(£)) < e(f)},

where jo denotes the two-jet and € : L7 (5%, M) — (0, 1) is an arbitrary positive
continuous function. This is a Baire space by Theorem 4.2 of Chapter 2 of [20],
so that the intersection of countably many open dense subsets of F,, is dense
within F,.

Start of induction n = 1: The action of G on U is free and just as in the
finite-dimensional case the quotient U; /G is a smooth manifold, in fact, U; is
a principal G-bundle over U; /G. Since L%(S? M) has C? partitions of unity,
we can construct countable open covers {Uy; : ¢ € N} and {V;; : i € N} of Uy
consisting of G-invariant subsets with Vl,i C U, together with a G-invariant
partition of unity {n;,; : ¢ € N} subordinate to {U;; : ¢ € N} with the support
of 71,; contained within ‘7171‘- Moreover, we can arrange that each U; ; contains
a local slice Sy, ; centered at f1; € Uy ; such that each G-orbit in Uy ; intersects
Sy, ., exactly once. We can then define a family of perturbed functions

Eor(f) =Ea(f)+ > _ miFii(f),
where Fy;(f) = fr1dA, for f €Sy, (46)
SZ

with ¢ ; € Li(SZ,RN) and Fy ; is extended to be G-invariant. We let

Fi= {Z nl,iFl,i}a

a family of functions on L3 (52, M), where the open covers {U ;} and {V; ;} are
fixed but the partition of unity varies subject to the conditions

supp(m,i) € Vg, [Imillez < Co, (47)

where Cj is a given bound. Then F; is closed in the strong topology, and the
usual argument shows that the restriction of E, ¢ to U; is an equivariant Morse
function for a generic choice of perturbation F' € Fj.
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The case of general n > 1: We suppose that F,,_; has been constructed, and
we let
N, ={f €U, : the isotropy group G has order n },

a smooth submanifold with U, = U,,_1 UN,,.

We construct countable open covers {U,; : i € N} and {V,,; : i € N} of
N, consisting of G-invariant open subsets of U,, with Vm C Uy, together with
a G-invariant partition of unity {7, : ¢ € N} subordinate to {U,; : i € N}
with supp(n,,,;) contained within V;, ;. We assume that U, ; contains f,,; € N,
and that U, ; possesses a local slice Sy, , centered at f,;, with each G-orbit
within Uy, ; intersecting Sy, ;. We can suppose that Sy, . is the domain of a
tangent-space-valued chart centered at f, ;,

d)n,i : an,i — E @ F = Tfn,ian,i7
where ¢ i(Nn NSy, ) = (E&{0}) N éni(Sy, .)-

Indeed, according to Bochner’s Theorem (see 2.2.1 in [11]) we can assume that
the differential of ¢, ; is the identity, and that ¢, ; takes the action of the
isotropy group Gy, , on f, ; to an orthogonal linear action on the tangent space
which preserves the direct sum decomposition £ ® F' and is trivial on E. We
can assume also that ¢y ;(Sy, ;) is a product neighborhood in E & F.

We can think of ¢, ; as defining an E-valued chart on V,, NSy, ., and as in
the case n = 1 we can define a family of perturbed functions on N,

Eo.r(f) = Eua(f) + Z i Fi(f),

where F, ;(f) :/ On,i(f) - YnidA, for feSy ., (48)
SQ

with 1, ; € E, where E is a linear subspace of Li(52, RY) and F, ; is extended
to be G-invariant on Uy, ;. As in the case n = 1, the restriction to U, ; "N, will
be Morse for a generic choice of ¥y, ;’s.

Finally, we let Pg and Pr denote orthogonal projections to E and F' respec-
tively, and define

17 Uni = [0,00) by r7(f) = |Pr(dni(f))].

We then modify (48) to the family of perturbations
Bor(f) = Ba(f) + > mmi [er?(F) + Fui(F)]

where Fy(f) = /S Pr(0ni(f) nidd, for fE Sy, . (49

Since r? is invariant under the action of the isotropy group G fn.s» We can extend

Eq F to U,,; so that it is G-invariant. For a generic choice of 1, ;’s, this will
have the property that all critical points within U,, ; NN, are nondegenerate.
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To complete the inductive step we now set

]:n :fn—l U {Znn,i [81’[‘12(‘]0) +Fn,z(f)]}7

where the open covers {U,;} and {V,,;} are fixed but the partition of unity
varies subject to the conditions

supp(Mn.i) € Vosis  |nille2 < Co, (50)

where Cj is a given bound. Once again, the Baire category argument implies
that the resulting perturbed functions will be Morse for generic elements of F,,.

Finally, we observe that our perturbations do not involve the derivatives of
the map f and can be made arbitrarily small. The fact that (50) holds for all
n € N makes it easy to check that Condition C still holds on the completion, and
that the regularity argument of Sacks and Uhlenbeck implies that any critical
point must be in L7 (5%, M). These results are discussed further in [32]. This
finishes the proof.

Note that if M is C*°, we can take k to be arbitrary in Theorem 9.1, and thus
we can arrange that all critical points are C'*°.

We want to apply Theorem 9.1 to construct an equivariant Morse-Witten
complex. When the metric on M is generic, all nonconstant minimal two-spheres
of Morse index < 2n — 6 in M are immersions and lie on Morse nondegenerate
critical submanifolds, each a G-orbit, where G is the group of conformal and
anticonformal automorphisms of S? There are only finitely many of these by
Theorem 6.3 and according to Theorem 2.2, these perturb to finitely many G-
orbits of a-energy crticial points, each a nondegenerate critical submanifold. Let
U be an open subset which contains all critical points of Morse index < 2n — 6,
and suppose that V is a larger open set such that U C U C V and V contains
no additional critical points. Since L3%(S?, M) has C? partitions of unity, we
can construct a smooth function 7 : L3*(S2, M) — [0, 1] which is zero on U and
one on L2%(S§% M) — V. Then we let

F: L3S, M) —R by F=(1-n)E,+nF,

where F is an equivariant Morse approximation to E, as described in the pre-
vious paragraph, all of its critical points lying on Morse nondegenerate critical
submanifolds, each an orbit for G. This F' is an equivariant Morse function
which agrees with E, on U.

Note that except for points lying within the space M of constant maps,
the isotropy groups of F, are always finite by Lemma 3.1, and we can arrange
that F' satisfies the same condition. Let {¢; : t € [0,00)} be the one-parameter
semigroup of diffeomorphisms of M corresponding to —X, this semigroup being
defined for all positive ¢t because —X is positively complete. Note that the
isotropy group for either the action of G or Gg is constant along any orbit
for —X. Recall that the unstable manifold W, (F, X) of a critical point p € M
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consists of the images of all trajectories t — ¢;(g) which start at f in the remote
past, in other words, such that ¢:(¢) — p as t — —oo. Similarly, the stable
manifold W (F,X) of a critical point p consists of the images of trajectories
t — ¢¢(q) such that ¢;(q) — p as t — co.

Lemma 9.2. The unstable and stable manifolds W, (f,X) and W (f,X) are
indeed submanifolds of M.

The proof follows from the explicit form of the gradient-like vector field X near
f and the properties of local flows for vector fields on Banach manifolds.

It follows from Condition C and the explicit form of X that any orbit g — ¢:(g)
converges to some critical point as ¢ — oo (although it may come close to several
other critical points first).

Lemma 9.3. We can adjust the Gy-equivariant gradient-like vector field X so
that if A, is the Morse index of the critical point p € M and A, is the Morse
index of q,

LAy <Ay = Wy (X)N W5 (X) is empty, while
2. Ap > Ay = Wy(X) N Wi (X) is a submanifold of dimension A, — Ag + 3.

Proof: If W,,(X) N Wy (X) is nonempty, then F'(p) > F(¢q) and we can choose a
regular value ¢ for F such that F(p) > ¢ > F(q), noting that we can choose ¢
as close to F(p) as we want. Let S, be a section for the Go-action through the
point p, a submanifold of codimension three.

Then N/ = F~1(c) is a codimension one submanifold of M, and

dim (N NS, NW,(X)) = A, — 1, codim (N NW; (X)) = Aq.

If we choose ¢ sufficiently close to the Morse nondegenerate critical point p, we
see that S = N'NS, N W,(X) is a (A, — 1)-dimensional sphere and lies in an
open tubular neighborhood U of A/ with diffeomorphism 1 : U — S x V, where
V is an open ball in a Banach space, with ¢(S) = S x {0}. Let

N=UNW;(X), andconsider G=moy:N =V,

where 7 is the projection on the second factor. We can check that ¢ is a Fredholm
map with Fredholm index A\, —1 — A4, and

P HS x {z}) NN ={s€ N:g(s) =z}

Assuming that X' (and hence N) is sufficiently smooth, we can use the Sard-
Smale Theorem of [39] to choose a regular value x for g. Finally, we can choose
x as close as we want to 0, and construct an isotopy from a neighborhood of
S to itself which carries S x {0} to S x {z}. Since the conditions defining
pseudogradient are open, we can replace X by a new gradient-like vector field
so that

NNS,NW,(X) and N NW;(X)
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have transverse intersection. Then the intersection of
NNW,(X) and NNW;(X)
will be a submanifold of dimension A, — Ay + 3.

Since F' satisfies Condition C, there are only finitely many G-orbits within
M® = {f € LI*(S*, M) : F(f) < a},

for any choice of a € R. Lemma 9.2 implies that after perturbation of —X
unstable manifolds of critical orbits can only intersect stable manifolds of critical
points of lower index. Using the arguments in [27], we can then modify the
function F' to a new function F, without changing G-orbits of critical points
or trajectories between critical points, so that F' is a self-indexing equivariant
Morse function, one for which each critical point f € M® satisfies

F(f) = Morse index of f.

Now we can use further arguments within [27] to define the Morse-Witten
complexes (43) and (44). Let us focus on the cohomology complex. For A €
{0} UN, we let

CNF, —X) = HAM /2 AA-0/2), 7).
and define
d:CMNF,—X) — CMY(F,-X)
to be the coboundary operator in the triple
(MAMHE/D) A/ A= (1/2)y,

using the fact that the cohomology of the pair (M (1/2) AA=(1/2)) i5 concen-
trated in degree A\, we then obtain a cochain complex

s CMHEF,-X) — CMF,—-X) — CMYF,-X) — -+,

which we call the Morse-Witten complex, in which each of the coboundary maps
d is an H*(BG)-module homomorphism. In the case where the action of G is
free, this does indeed count trajectories connecting critical points in the orbit
space M /@G, and in keeping with the philosophy of equivariant cohomology, we
regard this as counting trajectories in M /G even when the action is only locally
free.

10 Existence of low index minimal two-spheres
Finally, we collect the preceding ingredients to prove existence of minimal two-

spheres of Morse index < 2n — 6 in manifolds which satisfy the curvature con-
ditions (2) or (8), thereby proving Theorem 1.3.
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Suppose that M is homeomorphic to S™ and that M is given a Riemannian
metric of positive half-isotropic sectional curvatures. Then it follows from Theo-
rem 6.2 that there are only finitely many G-orbits of prime minimal two spheres
f:S8? — M with Morse index < 2n — 6, where G = PSL(2,C)UR- PSL(2,C).
Some of these may be invariant under an antipodal map A, and hence double
cover minimal projective planes. If g > 1 is sufficiently close to one, each of
these G-orbits perturbs to a single nondegenerate O(3)-orbit of critical points for
E, for a € (1, ap). Moreover, for Morse index < 2n — 6, there are no sequences
of au,-energy critical points with «,, — 1 which approach bubble trees with
more than one bubble by Theorem 1.4. Indeed, if we have a sequence of such
am-energy critical points with a,, — 1, a subsequence must either converge
to an orbit of prime minimal two-spheres or a branched cover of such a prime
minimal two spheres. Under the curvature condition (7), any such branched
cover must be of order two, since otherwise it would have index > 2n — 4 by
Theorem 7.1.

After imposing the center of mass condition described in §2, parametrized
minimal two-spheres f : S — M of Morse index < 2n — 6 are partitioned into
several types depending upon their isotropy groups for the action of G = O(3):

1. We have prime minimal two-spheres for which the isotropy group of the
G-action is trivial. In this case, the G-orbit consists of two components,
one with each of two orientations.

2. We may also have prime minimal projective planes for which the isotropy
group H of the G-action is isomorphic to Zz and is generated by an

orientation-reversing element A € G. In this case, the G-orbit consists
of a single component.

3. Next we may have nontrival branched covers of prime minimal two-spheres,
for which the isotropy group H of G is a nontrivial discrete subgroup of
G = SO(3). Under our curvature hypothesis, the branching order must
be two.

4. Finally, we might have nontrivial branched covers of prime minimal pro-
jective planes.

Since bubbling is ruled out, sequences of a,,-energy critical points with a,,, — 1
must converge to a minimal two-sphere which lies in one of these cases. We
claim that the cases can be distinguished within equivariant cohomology.

We now construct a Morse-Witten complex for the function F, on the pair
(M, Mp) as in § 9, and determine the contributions given by Theorem B* of §8
to the cohomology of this complex when all critical G-orbits are nondegenerate.
We claim that the type of critical orbit obtained is encoded in the action of

H*(BO(3); Z2) = Plw:, wa, ws]

on the equivariant cohomology of the corresponding generator in the Morse-
Witten complex. Suppose we want to calculate the contribution to the Morse-
Witten complex of an isolated nondegenerate critical orbit K with isotropy
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group H, so K is diffeomorphic to G /H. The standard approach for computing
the equivariant cohomology of K is to use the spectral sequence of the fibration

K — K@
Tl (51)
BG,
the equivariant cohomology of K being the usual cohomology of the total space
Kg.
1. In the case of trivial isotropy, K = O(3) and the homotopy quotient is
contractible, and this forces the action of P[wy,ws,ws] to be trivial.
2. In the case of prime minimal projective planes, in which the isotropy

group is isomorphic to Zs and is generated by an orientation-reversing element
A € O(3), the orbit space is K = SO(3) which has Zy cohomology

H*(50(3);Z2) = A(&1,&2),  where degé; =i,

and the spectral sequence shows that w; acts freely on the homotopy quotient
K&, while wy and w3 act trivially.

3 and 4. For the remaining cases, we consider the isotropy group under
the action of G = SO(3). For double covers, the isotropy group is Zs and is
generated by a rotation, while the orbit space K = SO(3)/Zs has fundamental
group 71 (K) = Z4. It follows from Poincaré duality that

H*(K;Z2) 2 A(n1,m2), where degé&; =1,

once again, but the projection 7 : SO(3) — K induces a map on Zs-cohomology
which takes 7, to zero. This implies that in the spectral sequence of (51), ws
is not in the image of transgression, which implies that we must act freely on
the homotopy quotient in this case. Since the equivariant cohomology of K is
just Hgo(s)(K;Z2) = Plu], a polynomial algebra generated by an element u
of degree one, it must be that wy acts by taking 1 and u to 1-ws = u? and
uwy = u3 respectively, and in particular the action of O(3) is nontrivial.

Now we use Theorem B* of §8 and the Thom isomorphism theorem to show
that each critical orbit yields a generator for

Hg(3) (M, My,Zs) as a module over Plwy, ws, ws)

the degree of the generators being shifted upward by the Morse index of the
critical orbit.
We now divide the Morse-Witten complex C*(F, —X) into a direct sum,

CMF,—X) = AMNF,—X) @ BMNF,—-X),

where H*(BO(3);Z3) = Plw;,ws,ws3] acts trivially on A* and nontrivially on
B?, the generators of A* being prime minimal two-spheres with two possible
orientations, the generators of B* being projective planes and double covers of
prime minimal two-spheres or projective planes. Note that

Plwy, wa, w3] acts trivially on AA = d(A*) C A,
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because the differential d commutes with the action of P[wy,ws,ws]. Thus the
AN's form a subcomplex of the Morse-Witten complex, and we have a short
exact sequence

0— A" — C*— B* — 0.

But we have noted before that in the constant curvature case, there are no
double covers of real projective planes with Morse index < 2n — 6, so we have

HY (A% Zo) = HY(C* Zy) =2 HF "2 (G3(R™11); Zy),

when k < 2n — 6, the last isomorphism following from Theorem 8.3. Note
that the G action does not depend on the Riemannian metric so we must have
the same result for metrics satisfying our curvature hypotheses. The Morse
inequalites for the subcomplex A* now shows that the number of minimal two-
spheres which do not cover projective planes of Morse index A forn —2 < A <
2n — 6 must be at least as large as the number ps(A — n + 2), where p3(k) is
the number of k-cells in the Schubert cell decomposition for G3(R™*!), which
proves the Main Theorem 1.3.

Remark 10.1. The strategy outlined in this section can also be applied to yield
a small improvement in the Corllary in §1 of [31]: Instead of considering the
full Morse-Witten complex for M = Map(S?, M) we consider the subcomplex
on which H*(BO(3);Z2) = Plwy,ws,ws] acts trivially. The critical points for
this subcomplex cannot double cover minimal projective planes because these
critical points must have trivial isotropy group. We can therefore remove the
hypothesis in the Corollary that M have no minimal projective planes of area
< 4.
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