Math 108B Professor: Padraic Bartlett
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In these last two weeks, we will prove our last major theorem, which is the claim that
all matrices admit something called a Jordan Canonical Form. First, recall the following
definition from last week’s classes:

Definition. If A is a matrix in the form

Bl ol...] o0
0 | Bz|...] 0
A= :
010 |.. | B

)

where each B; is some [; X [; matrix and the rest of the entries of A are zeroes, we say that
A is a block-diagonal matrix. We call the matrices By, ... B} the blocks of A.

For example, the matrix

21 0|0 0 00 O
02 110 0 00 O
00 210 0 00 O
A 00 0|3 1 00 0
10 0 0[O0 3 10 0
0 0 00 O 3|/0 O
00 0|0 0 O0fj7m 1
L0 0 0|0 O 0|0 7 |
2 10 310
is written in block-diagonal form, with blocks By = [0 2 1|, Bo = |0 3 1], and
0 0 2 0 0 3
T 1
Bs = 0o x|

The blocks of A in our example above are particularly nice; each of them consists
entirely of some repeated value on their diagonals, 1’s on the entries directly above the
main diagonal, and 0’s everywhere else. These blocks are sufficiently nice that we give them
a name here:

Definition. A block B; of some block-diagonal matrix is called a Jordan block if it is in



the form

Al 0 0
0 A1 0 0
00 A 1 0
000 ... x 1
0 0 0 0 A

In other words, there is some value A such that B; is a matrix with A on its main diagonal,
1’s in the cells directly above this diagonal, and 0’s elsewhere.

Using this definition, we can create the notion of a Jordan normal form:

Theorem. Suppose that A is similar to an n x n block-diagonal matrix B in which all of
its blocks are Jordan blocks; in other words, that A = UBU !, for some invertible U. We
say that any such matrix A has been written in Jordan canonical form. (Some authors
will say “Jordan normal form” instead of “Jordan canonical form:” these expressions define
the same object.)

The theorem we are going to try to prove this week is the following:
Theorem. Any n X n matrix A can be written in Jordan canonical form.

This result is (along with the Schur decomposition and the spectral theorem) one of the
crown jewels of linear algebra; it is a remarkably strong result about what (up to similarity)
any linear map must look like, and one of the more powerful tools a linear algebraicist has
at their disposal.

Perhaps surprisingly, though, its proof is not very involved! In this talk, we present a
somewhat more esoteric and interesting proof than most textbooks traditionally develop,
as described by Brualdi in his paper “The Jordan Canonical Form: an Old Proof.” Most
modern textbooks use the concept of generalized eigenvectors and null spaces to show that
the Jordan Canonical Form must exist; while these proofs are certainly enlightening and
worth reading (if we have time in week 10, I'll say a word about how they go) I find them
to be less interesting from the perspective of explaining how one actually constructs a
Jordan canonical form (as they tend to mostly be proofs that assert that such things exist!)

Our proof here, however, is quite explicitly constructive, and to boot fairly elementary!
All we will need to perform this proof are the following results:

e The Schur decomposition, which will tell us that every matrix is similar to some
upper-triangular matrix.

e Our results last week on how conjugating by elementary matrices changes a matrix.

e Our results last week about how conjugating a matrix by a permutation matrix shuffles
its rows and columns.

We construct our proof via a series of lemmas, based on these three results above:



Lemma 1. Suppose that R is some upper-triangular matriz, and that vy, 7;; are a pair of
distinct diagonal entries of R. Without loss of generality, assume that i < j. Consider the
matric ERE™Y, where E is the elementary matric E 444 1 copies of entry j to entry i-

Suppose that h is chosen such that rij + h(rj; — ;) = 0. Then ERE™! is a matric
in which its (i,j)-th entry is 0, and moreover agrees with R everywhere except for at the
entries of row i with coordinates j,...n and the entries of column j with coordinates 1,...1.

Before we give our proof, we first illustrate what we’re talking about with an example:

Example. Consider the matrix

1 01 1 1 7 0
03145232
00502236
R_[00 05 1034
00005 11 2
000003 2 2
000000 2 2
00 00O0O0GO0 1

Notice that the entries r33 = 5,777 = 2 are distinct. So: let’s examine what happens if we
multiply R on the left by

1 0 000 0 00
01 0000O0O0O O
001 000 hAO
E=F.aan copies of entry 7 to entry 3 — 00010000
000 01O0O00O0
000O0O0OT1TUO00O0
000 0O0O0OT1TO0
o0 000 0 0 1] ,
and on the right by £~!, which we know from last week is
[1 0 0 00 0 0 O]
01 00O0O0O O O
001000 —-h O
E_l =F add —h copies of entry 3 to entry 1 — 000100 0 U
000O01O0 O O
000001 0 O
000O0O0O0O 1T O
o0 0000 0 0 1]

Well: on one hand we know that FR is the matrix R with A copies of its seventh row
added to its third row, because this is what elementary matrices do when you multiply
them. On the other hand, we know that (FR)E~! is just the matrix ER with -h copies of
its third column added to its seventh column, again as we’ve proven in week 8!



Therefore, ERE~! is just the matrix R with h copies of its seventh row added to its
third row, and —h copies of its third column added to its seventh column. In other words,

10111 7-0h 0 7
031452 3-—1h 2
0050 2 2 3+2h—5h 6+2h

. looos 10 3 4
ERE™ =100 0 0 5 1 1 2
00000 3 2 2
000000 2 2
000000 0 1

Suppose we pick h such that rs7 4+ h(rss — r77) = 5+ 2h — 5h = 0; i.e. h = 1. In this
situation, we have that

21011170
03145222
0050220 8

. 00051034

ERE= =10 0005 1 1 2
000003 2 2
000000 2 2
0 000O0GO0O0 1]

In other words, R is similar to a matrix in which entry (3,7) is now zero, and that differs
from A only in the entries in the same column as (3,7) with smaller z-coordinate, or the
same row as (3,7) with larger y-coordinate.

Proof. Literally do what we did in the example, but with a general matrix. Specifically:
take any matrix

and suppose that a; # aj;. Consider the matrix £ = E .44 i copies of entry j to entry i- VW€
know that E~! is the matrix E aqq —» copies of entry j to entry i, and thus that ERE~! will be
the matrix that has h copies of its j-th row added to its i-th row, and —h copies of its i-th
column added to its j-th column.

In particular, this means that the only entries that will be changed are those in the i-th
row and j-th column; furthermore, the only entries that will be changed are those of the
form (i,k), j < k or (k,j), k < i; this is because the only entries that get changed when
we add the i-th row or j-th column to something are those where that row/column are
nonzero! Because our matrix is upper-triangular, this means that the only changed entries
are precisely those in column i or row j and either above or to the right of (i, ).

Also, in particular, the entry in (4, j) is now a;; + ha;; — hay;. If we pick h such that
a;j + h(aj; — ai;) = 0 (which we can do whenever a;; — a;; # 0, then the cell (4,5) = 0! So
we’ve proven our claim. L]



Lemma 2. Suppose that R is an upper-triangular matriz. Then R is similar to another
upper-triangular matriz R', such that

e R and R’ share the same entries on their diagonal: in other words, r;; = riz
o Ifri; and r; are distinct, with i < j, then the entry ri; of R is zero.

This is essentially just repeated application of Lemma 1. Again, we illustrate our proof
with an example before starting the proof itself. It’s pretty long, so feel free to read through
it until you feel like you get the idea!

Example. Consider the matrix

1440 14 1
0210 3 0
0021 0 0

=10 003 0 o
0000 2 1
0000 0 1]

We're going to repeatedly use Lemma 1, starting on the second column and working bottom-
to-top through each column in order, until we get a matrix R’ where whenever rj; and r/;
are distinct, i < j, we have r{; = 0.

We start with (1,2). Because 111 = 1 # r92 = 2, Lemma 1 tells us to try mul-
tiplying on the left by E = FE .44 h copies of entry 2 to entry 1 and on the right by E-l =
E 4dd —h copies of entry 2 to entry 1- (In general, this process of multiplying on the left by E
and on the right by E~! is called conjugating by E.)

This yields (using the observations we’ve been making about how elementary matrix
multiplication works) the matrix

1 4+2h—1h 4+41h 0 14+3h 1
0 2 1 0 3 0
0 0 2 1 0 0
0 0 0o 3 0 0
0 0 o o0 2 1
0 0 o o 0 1]

If we set h = —4, this zeroes out the entry (1,2), and changes the entries (1,3) and (1,5)
to 0, 2 respectively. In other words, we get the matrix

0

OO OO o
OO OO N
S O o N+~ O
OO W= OO
ON OO W

=0 O O =



We now move to the third column. The entry (2,3) is nonzero, but rss = rog = 1, so we
can’t do anything about it, and the entry (1,3) is already 0, so we don’t do anything here
as well.

In the four column, we can do a bit more. We start by looking at (3,4), which is
nonzero and features rs3 = 2 # ryy = 3, our lemma suggests that we conjugate by E =

E add h copies of entry 4 to entry 3- This gives us

100 0 2 1
021 0-1n 30
002 143h—2h 0 0
000 3 00
000 0 2 1
0 0 0 0 0 1]

To zero out entry (3,4), we set h = —1. This gives us the matrix

1000 2 1
021130
002000
000300
000021
00000 1]

We proceed in this manner throughout the entire matrix. Our next entry in column 4that
is nonzero and changeable is (2,4), which is currently 1 and opposite roy = 2,744 = 3.
Conjugating by ' = E 444 —1 copies of entry 4 to entry 2 Z€roes out this entry and doesn’t change
anything else in our matrix.

In column 5, the entries (4,5), (3,5) are already 0, and the entry (2,5) has ro2 = 755, S0
we can’t do anything there. We can do something about (1,5); once again, Lemma 1 says
that if we conjugate by E aqd —2 copies of entry 5 to entry 1, We Will zero out that entry. This
results in the matrix

1000 2+2,—h 1+h] [1 00 00 —1
0210 3 0 02103 0
0020 0 0| 00200 0
000 3 0 0o | looo0o30 o0
0000 2 1 00002 1
0 0 00 0 1] 00000 1]

Finally, in column 6 we note that we can zero out entry (5,6) by conjugating by
E add 1 copy of entry 6 to entry 5- This yields

10000 ~1 10000 -1
02103 0-3h 0210 3 —3
00200 0 loo200 o0
000 30 0 100030 0
0000 2 1+h—2h 00002 0
00000 1 | |oooo0o0 1]



We can also zero out entry (2,6) by conjugating by E add —3 copies of entry 6 to entry 2 Lhis
yields

10000 ~1 10000 -1
0210 3 —3+h—2h 02103 0
00200 0 oo 200 0
00030 0 “lo0030 o0
0000 2 0 00002 0
00000 1 | [oo0oo0o00 1]

The last nonzero entry in this column, (1,6), is across from aj; = agg = 1, so we can do
nothing more.

So what have we done? We took R, and repeatedly conjugated it by elementary matrices
until we got a matrix with our desired property (i.e. that whenever r/; and r} ; are distinct,
with i < j, we have r{; = 0.)

Proof. Our proof is precisely the same algorithm as described above, but in abstract. Take
any upper-triangular matrix R. Starting with the second column of R and working left to
right, run the following algorithm:

1. Suppose that we are currently on column j.

2. Starting from (j — 1, j) and working our way up the column, run Lemma 1 on each
cell (7, 7) that it can be ran on. This zeroes out (i,j) whenever r;; # ;.

3. Notice that Lemma 1 in particular guarantees that the only cells changed by conju-
gating by E are those in the same column as (7, ) but in rows k& < i, or in the same

row as (i,7) but in columns j < k, this does not change any cells that we've already
checked.

4. Once you are done with column j, go to the next column and repeat this process.

By Lemma 1, this creates a matrix that is similar to our original matrix R by some chain
of elementary matrices, and has our desired property (i.e. whenever r};, and r;-j are distinct,
with ¢ < j, we have r{; = 0.) O
Lemma 3. Suppose that R is an n X n upper-triangular matriz. Then R is similar to a
block-diagonal matriz

Blol|...] o
0 |Bz|...] O
010 |...] B

where each block B; is of the following form:
e B, is upper-triangular.

o The entries on the diagonal of B; are all equal.



Again, we illustrate our proof methods (basically just using Lemma 2 along with our
results on how conjugating by a permutation matrix works) with an example before our
proof:

Example. Consider the matrix R from before:

SO OO O
SO OO N
SO OO N = O
OO Wk OO
SO N OO WN
— =0 O O

As we did in our earlier example, we can find a matrix R’ that is similar to R, such that

/ / . . ! -
whenever 7;; # 1, @ < j we have r;; = 0:

R/

Il
cooco o~
coocowno
cowo oo
oCNv oo wo

O OO N~ O

_ o o o O

Now, what we want to do is somehow shuffle the diagonal of R’ around, so that equal
terms are collected! We can do this with a permutation matrix, P,. First, notice that
because P, ! = PI as shown last week, we know that P! R'P, is a similar matrix to R'.
Furthermore, as we studied last week, multiplying a matrix on the left by PI just shuffles
its rows by o, and multiplying it on the right by P, just shuffles its columns by o. Doing
both, then, shuffles R’s rows and columns both by ¢! In other words, if we denote this
matrix as C, it is a matrix such that C(i,j) = R'(c(4),0(j)).

So: let o be some permutation of (1,2,3,4,5,6) that corresponds to ordering the diag-
onal of R’ from smallest to greatest: i.e. pick some way o to reorder the diagonal entries of
R’ such that Té(l (1) < r;@)’a ) <...< T/U(G),J(G)‘ Furthermore, we have some diagonal
elements that are identical; therefore, the above criteria doesn’t fully specify what permu-
tation we should pick. In this situation, pick our permutation such that it preserves the
original ordering on those elements: in other words, if 7; = rj; and ¢ < j, we should have
o(i) < o(j).

If we want this property to hold for our R’ in this problem, we should pick the permu-
tation

1(2]3]4]5]6
oL L
1/6]/2[3]5][4

Then, if we look at P/ R'P,, i.e. the matrix whose rows and columns are shuffled by o as



defined above, we get

C=PIRP, =

oo O oo =
oIl © O
QIO O N[O O
OO N =[O O
QN O WO O

o O oo O

I3

! [

This is in the form that we were looking for. Therefore, we have shown that our original
matrix R is similar to a block diagonal matrix C with the properties requested!

Proof. Once again, our proof is just a generalization of our example above. Take any n x n
upper-triangular matrix R. First, apply Lemma 2 to find some R’ that is similar to R, such
that whenever rj; and r’; are distinct, with i < j, we have r;; = 0.

Now, let o be some permutation of (1,...n) that corresponds to ordering the diagonal
of R’ from smallest to greatest: i.e. pick some way o to reorder the diagonal entries of R’/
such that r;(1),g(1) < r;@)ﬁ@) < ... < r;(n)ﬁ(n). Furthermore, in the event that we have
diagonal elements of R that are the same, we will have multiple different permutations
that will order our diagonal elements. In this situation, pick our permutation such that it
preserves the original ordering on those elements: in other words, if r; = r;j; and 7 < j, we
should have (i) < o ().

Let P, be the permutation matrix corresponding to o, and look at (P,)T R'P,. This is
the matrix that we get by permuting R"’s rows and columns by o! Notice that this matrix
has the following properties:

1. The diagonal of this new matrix is the old diagonal of R’, but permuted by o: i.e. it’s
now sorted from least to greatest. In particular, this means that every repeated value
on the diagonal of our matrix is now clumped together.

2. If we picked two diagonal elements 7, 7;; that were distinct, we knew that the cell
across from them in R’ was zero. This property does not go away when we permute
rows or columns if we simply track where r;;, 7;; move to! Therefore, our new matrix
(P,)T R'P, still has this property.

3. Moreover, our new matrix is still upper-triangular. To see why, simply take any cell
in the new matrix, with coordinates (o(i),0(j)). We want this cell to contain a zero if
o(j) < o(i), as these are precisely the cells with coordinates below the main diagonal.

There are two possibilities: either

(a) the diagonal entries 74(;) 4 (i) To are distinct, and therefore this cell contains

a zero by property 2, or

3),0(5)

(b) these diagonal entries are the same. In this case, we know that if o (i) > o(j), we
constructed our permutation such that ¢ > j as well. But this means that our
new matrix’s cell (o(i),0(j)) came from a cell (7, ;) in our original matrix with
1 > j. But these cells are precisely those that are below the main diagonal, and
thus contain a 0!



So our matrix is upper-triangular.

4. If we combine properties 1 and 2 above, this tells us that our matrix is in block
diagonal form! In particular, for each distinct value A\; < ... < A that shows up on
the diagonal of (P,)T R’ P,, associate a block B),. Because the entries (i, j) across from
distinct \;, A; are all zero from (2), these blocks are each in fact blocks, as nothing
outside of them is zero.

5. Now look within any given k; x k; block B;. These blocks, by construction, are
upper-triangular with a repeated value A; on their diagonal. This is precisely what
we wanted!

So we have proven our claim: any upper-triangular matrix is similar to a block-diagonal
matrix where each block is upper-triangular, and each block’s diagonal consists of a repeated
value. 0

At this stage, we have something that is nearly in Jordan canonical form! We just have
to slightly modify these blocks. We do this with the following lemma:

Lemma 4. Suppose that A is a block-diagonal matriz with a block B of the following form.:
e B, is upper-triangular.
e The entries on the diagonal of B; are all equal.

Then we can conjugate A by appropriate elementary matrices so that B is replaced with
a block-diagonal matriz made out of Jordan blocks, and no other blocks of A are changed.
In other words, A is similar to a matriz in which block B is replaced with a block-diagonal
matriz made out of Jordan blocks.

Again, we illustrate our proof methods with an example before our proof:

Example. Consider the following matrix C"

-1

QIO O OO
QIO O O+~
QIO O N O
QIO N =IO O
QNN O WO O
WO O OO O

_ I 131

We’ll perform the process that Lemma 4 wants us to calculate an example of, on each of its
blocks. The only tools we will use here are the following:

1. Conjugating a matrix by an elementary matrix of the form Eyuitiply entry & by b, for
nonzero h. Notice that doing this will scale all of the entries in row k& by h and all of
the entries in column £ by % In particular, note that this will not change the entry
(k, k) on the diagonal that is in both that row and that column. Also note that this
will only change entries in whichever block contains the cell (k, k), as no other blocks
contain elements from the k-th row or column.

10



2. Conjugating a matrix by an elementary matrix of the form Fyqq 1 copies of entry  to entry i-
As used many times in these notes, this will add h copies of row k to row [, and also
add —h copies of column [ to column k. In particular, note that if we ask for [ < k,
this property preserves that our matrix is upper-triangular. Also note that if [, k come
from within the same block, then the only entries changed are in that block, as no
other blocks contain those rows/columns.

3. Conjugating a matrix by a permutation matrix P,, where the elements permuted by o
all correspond to the rows/columns of one specific block. This, by construction, only
messes with one of our blocks, and if we’re careful (as shown earlier) will preserve our
upper-triangular structure as well.

1 -1
0 1
we want that —1 to become a 1. This is not hard to do: just conjugate by the matrix
E = Epultiply entry 2 by —1- Lhis scales row 2 by —1 and column 2 by 1/ —1 = —1; i.e. we
get

We start with the top block . We want this to become a Jordan block; i.e.

ECE~! =

QN © WO O
WO O OO O

oI O oo =
QIO O Ol =
OO O N[O O
OO N RO O

So our first block is OK!

We move to our second block. This is tricker: we need to somehow make (3,5) zero,
even though the entries (3,3) and (5,5) are identical. How can we do this?

Here’s one solution: instead of using the cells (3,3),(5,5), which are both identical,
use the cells (3,4) and (5,5) which are distinct! In particular, consider conjugation by the
matrix E add & copies of entry 5 to entry 4- Lhis will add h copies of row 5 to row 4 and then
subtract h copies of column 4 from column 5; i.e. it will produce the matrix

1 1]o 0 0 0 1 100 o |o
0 1[0 0 0 0 0 1[oo o0 |Jo
0 0[[2 1 3-1n fJo|_|00]2 1 3-1n]0
0 0[[0 2 042n—2R||0| |0 00 2 0 [0
0 0[00 2 0 0 0jjoo 2 |Jo

[0 o]0 0 0 3] Lo offloo o [3]

Notice that the entry in (4,5) just gets canceled out, and all we have done to our matrix is
give us a way to subtract h from (3,5)! In particular, if we set h = 3, we have made (3,5)
Z€ro.

Consequently, we have now written our second block as a union of Jordan blocks. In

11



other words, we have shown that our matrix is similar to the matrix

S| Q|| S OO =~
S| Q|| © O~ =

L0 0]

This is a block-diagonal matrix made out of Jordan blocks!

)

Proof. Our proof here, like every proof in this lecture, is just a generalization of the methods
used in our example.

First, notice that for the reasons explained in our example, if we limit ourselves to just
using the tools

1. conjugating a matrix by an elementary matrix of the form Eyutiply entry k by hy fOr
nonzero A, and

2. conjugating a matrix by an elementary matrix of the form Eaqq 1 copies of entry & to entry I,

our actions will only change entries inside of one fixed block. So, for the remainder of this
proof, we can simply pretend that we’re working within a single block

A ox L. %

0O N ... x
B =

0O 0 ... )\_

We will turn B into a block-diagonal matrix consisting of Jordan blocks column-by-column,
working left-to-right.

We start with the second column: in this case, we are looking at the 2 x 2 matrix given
by the cells in B’s first two rows and columns,

Ak
n=[p ]
There are two possibilities here:

1. The entry * in cell (1,2) is 0. In this case, By is already a block-diagonal matrix
consisting of the two 1 x 1 Jordan blocks .

2. The entry * in cell (1,2) is not 0. In this case, conjugate our matrix by the elementary
matrix E' = Eputiply entry 1 by 1/+- Lhis scales our first row by 1/* and our first column
by *. In other words, the only cell that gets changed in our 2 x 2 matrix is (1,2),
which gets scaled by 1/x: i.e. it is replaced by 1! So our matrix is now in the form

[g\ }\] , and thus in particular is a Jordan block.

12



So we’ve succeeded in our “base case;” i.e. where we’re just dealing with our second
column. We now describe a process that, assuming we’ve succeeded in making the cells in
the first k rows and columns into a block-diagonal matrix made out of Jordan blocks, will
let us extend our result to the next row and column. (In a sense, you can regard this as a
proof by induction, though I want to point out that we are describing an explicit algorithm
that we can concretely use to make Jordan blocks.)

If we're assuming that we’ve succeeded on our first £ — 1 rows and columns and are now
looking at the next column k, we're looking at the following k& x k matrix:

A6 0 0 ... 0 T
0 A b6 0 ... 0
00 A & ... 0
By=1: + = - S
00 0 ... XA Gyl
00 0 ... 0 A |=x
L0 0 0 0 0 [A]

The §;’s are all either 0’s or 1’s, because we’ve insured that the cells in the first £ — 1
rows/columns form a block diagonal matrix made out of Jordan blocks. The *’s are all
values in the k-th column, that are arbitrary and that we don’t know yet.

We deal with the entries in this k-th column with a few different techniques:

1. Suppose that there is some nonzero entry (i, k) in this last column, (i,k) = ¢, such
that the entry in (¢,7+ 1) (i.e. ¢;) is 1. In other words, suppose that our square looks
like the following:

) 00 * ]

0 ... A 1 ..
Br=1, 0 A ...|=x

0 ... 0 0 ... |A]

In this situation, our life is pretty easy. Just conjugate by the elementary matrix
Eadd t copies of entry k to entry i+1- Lhis adds ¢ copies of the k-th row of our matrix to the
1+ 1-th row, and subtracts t copies of the ¢+ 1-th column of our matrix from the k-th
column. In other words, it gives us the matrix

A ... 0 0 ... s i XA ... 0 0 ...|x]
0 ... A1 ... t—1t lo Al

0 0 N ...lx=X=+X| |0 0o X . *
0 ... 00 .. X ] o o000 A

This is the same matrix as we had before, except (i, k) is now zero! Therefore, by
conjugating our block by elementary matrices, we can zero out these kinds of cells.

13



2. This means that if we have any nonzero cells in our last column, there isn’t a 1 in the
cell (i,i4 1); i.e. we have §; = 0, in our earlier notation for By.

Consider first the case where there are two such values in our last column: i.e. we
have cells (i, k), (j, k) such that (i,k) =s#0, (j,k) =t #0, and §; = 6; = 0:

A ... 00 ... 00 ...|=«
0 A0 0 0
0 0 X 0 0
0 0 0 A0
0 0 0 0 A *
_0 ... 00 ... 00 ... )\_

Take the first k& — 1 rows/columns of Bj. These form a block-diagonal matrix whose
blocks are Jordan blocks! In particular, notice that because the entries d;,9; = 0,
these Jordan blocks do not contain the cells (i,7+ 1), (4,j + 1). Therefore, if we look
at By and draw in the Jordan blocks that contain the cells (i,1), (4, ), our matrix is
actually in the following form:

A *
Js

0 s

A

B, =
Jy :
t
A
- A -

Assume that Js is a ks X ks matrix and J; is a k; X k; matrix. Assume without loss of
generality that ks > k; (the opposite case will have an identical proof to what we do
here, with s and t’s roles exchanged.) In this situation, perform the following sequence
of conjugations:

i FlI‘St, conjugate by Eadd —s/t copies of entry j to entry i-

i Then, conjugate by Eadd —s/t copies of entry j—1 to entry i—1-

14



i Then, Conjugate by Eadd —s/t copies of entry j—2 to entry i—2-

i Thena conjugate by Eadd —s/t copies of entry j—ks to entry i—ks-

Claim: this makes entry (j,k) = 0 without changing the values of any other cells
in our matrix! To see this, simply draw a few stages in our process. After the first
conjugation by E,qq s/t copies of entry j to entry i» OUI Matrix (when zoomed in on the
appropriate rows/columns) looks like

Js
——
Al
A1
Al s/t
A (s/OX—(s/)N ...  s—(s/t)t
Ji
Al
Al
A 1
A t

Note that the contents of cells (i, ), (i, k) are both 0 above, and the only nonzero cell
outside of the last column and our blocks is the s/t in cell (i — 1, ).

After performing the second conjugation by FEaqq —s/¢ copies of entry j—1 to entry i—15 W€
have

Js
e —
Al

Al

s/t
Al (s/t)N— (s/t)X  (s/t) — (s/t)1

A 0
Ji
——
Al
Al
A 1
A
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Note that the contents of cells (i—1, j), (i—1,j—1) are both 0 above, and furthermore
that we’ve moved our s/t exactly one cell up and to the left to (i — 2,7 — 1).

Just to hammer the point home, look at the third conjugation by Eaqq —s/t copies of entry j—2 to entry i—2"

Js
A1
A1 s/t
(s/OA = (s/t)A (s/t) — (s/1)
Al 0 0
A 0 0
Jt
Al
A 1
A 1
A t

Again, the cells (i — 2,5 — 1), (i — 2, j — 2) above are both 0, and we’ve again moved
our s/t one cell up and to the left to the cell (i — 3,7 — 2).

So: we keep doing this! After each conjugation, we are effectively just moving the
s/t cell up one and to the left one; we can do this as long as we have rows of J;
and columns of Jg to combine! In particular, because there are more rows of .J; than
columns of Js by assumption, we can do this up until we get to our last conjugation
Eqadd s/t copies of entry j—ks to entry i—ks- A this stage, we start with a s/t in cell (i —
ks,j + 1 — ks), and our conjugation gives us the following:

Al (s/OX = (s/t)A  (s/t) — (s/t)
Al

Al 0 0

A 0 0
A 1
A 1

Al

A t

16



In particular, notice that when we add s/t copies of the ¢ — ks-th column, we’re only
adding a A, because we’re at the end of the block Js (and therefore there’s a 0 above
the X at (i — ks,7 — ks).)

So, what’s the net result of all of these conjugations? We’ve zeroed out the entry
(i, k), and not changed any of the other entries in our matrix!

Therefore, by 2, if there are two nonzero entries still left in the last column, we can
repeatedly get rid of one of them until we have at most one nonzero cell (i, k) in the
last column. If there are no nonzero entries, we are done! Otherwise there is exactly
one left. We know that by 1 this nonzero entry is not across from a 1 in (¢,7 + 1): in
other words, our square looks like the following:

A ... 00 ...]0]7

0 ... A0
B = 0 A
0 ... 00 ...\

Conjugate by the following pair of matrices:

e First, conjugate by Enultiply entry k by ¢- Lhis scales row k by ¢ and column & by
1/t: i.e. it scales (i, k) to 1, and doesn’t change anything else.

e Finally, pick out some permutation o that cycles the values i 4+ 1,...k forward
by 1 (i.e. it sends ktoi+1,i+1toi+2,...and k—1 to k.) Then conjugating
by P, just permutes the rows and columns of By in the same way: i.e. it uses
the k-th row and column as its ¢ + 1-th row and column, and shuffles the other
rows and columns forward by one. But what is this matrix? It’s mostly just the
same matrix as By, was before, except now the 1-cell (i, k) is in (¢,7+1). In other
words, our matrix is now in Jordan normal form!

So we're done! ]

Finally, if we combine all of our results together, we get our claimed proof:

Theorem. Any n x n matrix A can be written in Jordan canonical form.

Proof. Simply use all of our results at once! Ie.

1.

The Schur decomposition tells us that any n x n matrix A is similar to an upper-
triangular matrix.

Lemma 2 lets us say that any upper-triangular matrix is similar to a block-diagonal
matrix in which each block is upper-triangular and has the same values on its diagonal.

. Repeatedly applying Lemma 4 to any matrix of the above form tells us that any

matrix of the above form is similar to some matrix in Jordan canonical form.
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Therefore, by simply chaining our similarity results together, we have that any n x n matrix
A is similar to some other matrix in Jordan canonical form. L]

So we're done! We’ve proven one of the strongest classification theorems in linear al-
gebra, and furthermore done so in a beautifully concrete and algorithmic fashion that we
could easily implement on a computer. A nice place to end our course, right?
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