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Cake cutting

@ Imagine that you are dividing a cake between yourself and
your friend. Both of you want as much of it as possible. How
to divide the cake fairly?
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Cake cutting
@ Imagine that you are dividing a cake between yourself and
your friend. Both of you want as much of it as possible. How
to divide the cake fairly?
@ One way is to divide the cake in half and give each of you one
of the halves.

Zehui Xiang (Declan) Fair Division Algorithms



@ Consider this: You prefer the half cake with more frosting and
your friend prefer the half cake with less frosting.

Zehui Xiang (Declan) Fair Division Algorithms



@ Consider this: You prefer the half cake with more frosting and
your friend prefer the half cake with less frosting.

@ Is there a solution to divide this cake so that each of you
guaranteed at least fair share of this cake?
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Cut-and-Choose Protocol

@ One solution: One of players divides this cake. And he has to
cut the cake at the way each half has the same value in his
eyes. Then, the other players choose one of the halves.
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Cut-and-Choose Protocol

@ One solution: One of players divides this cake. And he has to
cut the cake at the way each half has the same value in his
eyes. Then, the other players choose one of the halves.

@ This algorithm: guarantees the first play who cuts the cake
get at least half of the value of the cake. And the second
player who is the first one to choose get at least half of the
value of the cake because he can choose from two pieces and
one of which must be half of the value of the cake or larger in
his eyes.
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Fairness

@ Proportional: If every player believes that he or she received
at least % of the goods by his or her own valuation.
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Fairness

@ Proportional: If every player believes that he or she received
at least % of the goods by his or her own valuation.

@ Envy-free: If every player believes he or she received a portion
that is at least tied for most valuable, and does not envy any
other player. (Notice that envy-freeness implies
proportionality)
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Fairness

@ Proportional: If every player believes that he or she received
at least % of the goods by his or her own valuation.

@ Envy-free: If every player believes he or she received a portion
that is at least tied for most valuable, and does not envy any
other player. (Notice that envy-freeness implies
proportionality)

@ When there are only two participants, the algorithm is both
proportional and envy-free.
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For 3 players

e Given: Cake X=[0,1] and players p1, p2, p3 with valuation
functions vy, v, v3.
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For 3 players

e Given: Cake X=[0,1] and players p1, p2, p3 with valuation
functions vy, v, v3.

@ Step 1: p; cuts the cake into 3 pieces of equal value:
S1, 55, 53 which means v1(S1) = vi(S2) = 11 (S3) = 3.
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For 3 players

e Given: Cake X=[0,1] and players p1, p2, p3 with valuation
functions vy, v, v3.

@ Step 1: p; cuts the cake into 3 pieces of equal value:
S1, 55, 53 which means v1(S1) = vi(S2) = 11 (S3) = 3.

@ Step 2: p3 choose one of them that he thinks is the most
valuable.
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For 3 players

e Given: Cake X=[0,1] and players p1, p2, p3 with valuation
functions vy, v, v3.

@ Step 1: p; cuts the cake into 3 pieces of equal value:
S1, 52, S3 which means vi(S1) = vi(52) = vi(S3) = %

@ Step 2: p3 choose one of them that he thinks is the most
valuable.

@ Step 3: pp then choose one of the remaining two pieces.
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For 3 players

e Given: Cake X=[0,1] and players p1, p2, p3 with valuation
functions vy, v, v3.

@ Step 1: p; cuts the cake into 3 pieces of equal value:
S1, 55, 53 which means v1(S1) = vi(S2) = 11 (S3) = 3.

@ Step 2: p3 choose one of them that he thinks is the most
valuable.

@ Step 3: pp then choose one of the remaining two pieces.

@ Step 4: p; gets the remaining one.
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Moving-Knife

e Given: Cake X=[0,1] and players p1, p2, p3, ..., pn With
valuation function v;,1 < < n.
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Moving-Knife

e Given: Cake X=[0,1] and players p1, p2, p3, ..., pn With
valuation function v;,1 < < n.

@ Step 1: Move a knife above the cake gradually and
continuously from left to right until any of the players calls
STOP because this player consider the value of the piece of
cake (knife's left) is =
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Moving-Knife

e Given: Cake X=[0,1] and players p1, p2, p3, ..., pn With
valuation function v;,1 < < n.

@ Step 1: Move a knife above the cake gradually and
continuously from left to right until any of the players calls
STOP because this player consider the value of the piece of
cake (knife's left) is =

@ Step 1 (continued): Cut and give the player who calls STOP
this piece of cake. (If more than one people call STOP at the
same time, give one of them randomly).
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Moving-Knife

e Given: Cake X=[0,1] and players p1, p2, p3, ..., pn With
valuation function v;,1 < < n.

@ Step 1: Move a knife above the cake gradually and
continuously from left to right until any of the players calls
STOP because this player consider the value of the piece of
cake (knife's left) is =

@ Step 1 (continued): Cut and give the player who calls STOP
this piece of cake. (If more than one people call STOP at the
same time, give one of them randomly).

@ Step 2 through n-1: Repeat Step 1 for all remaining players
and the remaining cake.
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Moving-Knife

e Given: Cake X=[0,1] and players p1, p2, p3, ..., pn With
valuation function v;,1 < < n.

@ Step 1: Move a knife above the cake gradually and
continuously from left to right until any of the players calls
STOP because this player consider the value of the piece of
cake (knife's left) is =

@ Step 1 (continued): Cut and give the player who calls STOP
this piece of cake. (If more than one people call STOP at the
same time, give one of them randomly).

@ Step 2 through n-1: Repeat Step 1 for all remaining players
and the remaining cake.

@ Step n: The last player gets the last piece of cake.
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Lone Chooser Protocol

e Given: Cake X=[0,1] and players p1, p2, p3, ..., Pn With
valuation function v;,1 < < n.
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Lone Chooser Protocol

e Given: Cake X=[0,1] and players p1, p2, p3, ..., Pn With
valuation function v;,1 < < n.

@ Step 1: p1; and py play cut-and-choose protocol and p; cut
the cake. And p; gets S1, po gets So. X =5 U S, and
V1(51) = % and V2(52) > %
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Lone Chooser Protocol

@ Step 2:
p1 cuts 57 into 3 pieces: Si1, S12, S13 such that
vi(S11) = vi(S12) = vi(S13) = &
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Lone Chooser Protocol

@ Step 2:
p1 cuts 57 into 3 pieces: Si1, S12, S13 such that
vi(S11) = vi(S12) = vi(S13) = &
po cuts Sy into 3 pieces: Sp1, Soo, Sp3 such that
v2(S21) = va(S22) = vo(S23) > &
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Lone Chooser Protocol

@ Step 2:
p1 cuts 57 into 3 pieces: Si1, S12, S13 such that
v1(S11) = vi(S12) = vi(S13) = %
po cuts Sy into 3 pieces: Sp1, Soo, Sp3 such that
v2(521) = vo(522) = va(523) > %
p3 choose one piece he thinks is the most valuable from
{511, S12, S13} and one piece he thinks is the most valuable
from {Sz1, S22, S23}

Zehui Xiang (Declan) Fair Division Algorithms



Lone Chooser Protocol

@ Step n-1: Player p;,1 < i—1 has a couple of pieces of cake
P; with v;(P;) > —L-. Then cuts P; into n pieces

n—1"

Pil, P,'2, . P,',, such that

1

vi(Pin) = vi(Pi2) = vi(Piz) = -~ = vi(Pin) > n(n—1)
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Lone Chooser Protocol

@ Step n-1: Player p;,1 < i—1 has a couple of pieces of cake
P; with v;(P;) > —L-. Then cuts P; into n pieces

n—1"

Pil, P,'2, . P,',, such that

vi(Pin) = vi(Pi2) = vi(Pi3) = - - = vi(Pin) > n(nl—l)

@ Player P, then chooses from P;; through P;, for
i,1 < i< n—1thatis most valuable according v,.
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Fairness

@ Notice that the cut-and-choose algorithm is both proportional
and envy-free.
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Fairness

@ Notice that the cut-and-choose algorithm is both proportional
and envy-free.

@ Review the defination: Proportionality means that every
player has value at least % for its piece of cake. Envy-freeness
means that every player weakly prefers his own piece to any
other piece.
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Fairness

@ Notice that the cut-and-choose algorithm is both proportional
and envy-free.

@ Review the defination: Proportionality means that every
player has value at least % for its piece of cake. Envy-freeness
means that every player weakly prefers his own piece to any
other piece.

@ It's very hard to design a envy-free algorithm for 3 or more
players. Can you design one envy-free algorithm for 3 players?
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@ In real life, we don't care about that someone get slightly
more or less cake than you.
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@ In real life, we don't care about that someone get slightly
more or less cake than you.

o But people do care about making sure that he or she gets the
fair share of an inheritance.
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@ In real life, we don't care about that someone get slightly
more or less cake than you.

o But people do care about making sure that he or she gets the
fair share of an inheritance.

@ Divide land, Divide time, Minimize the burden of chores.
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