CCS Discrete Math I Professor: Padraic Bartlett

Due Friday, Week 3 UCSB 2014

Homework 5: More Generating Functions

Do three of the six problems below! Prove all of your claims. Generating functions
and the results we proved using them can be used to solve all of these problems, though
you are not required to do so if you see another solution.

1.

Let T, denote the number of ways to tile a 2 X n strip with 2 x 1 dominoes. Find a
closed form for T,.

Prove the following identity: for any r,s,n € N, we have

kzzo<2><nik> - (T—rts>'

. Suppose you live in a country with 1, 2 and 3¢ coins @,@, @ In how many

different ways can you make $10.00 using these coins? (Assume you have as many of

the @, @,@ coins as you need.)

. A finite sequence az,...a, is called p-balanced if any sum of the form ay + a4, +

apt2p + ... is the same, for any k& € {1,2,3,...p}. For example, the sequence
(1,2,3,4,3,2) is 3-balanced, because a; + a4 = as + a5 = a3z + ag = 5.

Suppose that (a1, as, . ..as0) is a sequence of length 50 of real numbers. Suppose that
this sequence is p-balanced for p = 3,5,7,11,13, and 17. Show that this sequence
must be the all-zero sequence.

(Hint: when you want to study a sequence this week, what do you do?)

To work with our dice problems, we needed to factor certain polynomials into irreducible
factors. Here are some helpful deus-ex-machina claims that you can use without proof on
the next few problems:

Observation.

where the polynomials ®,4(z) are the cyclotomic polynomials

q(e) = [[(x — ).

w

where the product above is taken over all primitive d-th roots of unity'

LA primitive d-th root of unity is a complex number w such that w? =1 and w® # 1, for any 1 <14 < d.



Observation. The cyclotomic polynomials are all irreducible.

Observation. The following is a list of some of the cyclotomic polynomials:

Oy (z)=x—-1

Po(z) =2+ 1

d3(z) =2+ +1

Dy(x) =2® +1

Os(z) =o' + 23 +2r o+ 1
g(x) =2? —x+1
Pr(X)=a+ 2+t 423+ 2% 2 +1
Pg(z) =21+ 1
Pg(x) = 2% + 2% + 1
Dp(z) =2t — a3+ 22—z +1
Pro(z) =2t —2? + 1
Bog(x) =28 —ab + 2t — 2 +1

5. Using the list of cyclotomic polynomials above, can you classify all of the pairs of
nonstandard k-dice that behave the same as a pair of standard k-dice when rolled and
summed?

To make our lives easier, assume that were working with typical physical dice here, so
that our values of k are limited to the platonic solids (in other words, k = 4,6, 8,12,
or 20.)

6. Is there any value of k = 4,6, 8,12, 20 such that we can find three j-dice D1, Ds, D3
for some [, such that rolling those three j-dice and summing them gives us the same
results as rolling two standard k-dice and summing them?



