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Abstract. We study persistence properties of solutions to some canonical dis-
persive models, namely the semi-linear Schrödinger equation, the k-generalized

Korteweg-de Vries equation and the Benjamin-Ono equation, in weighted Sobolev

spaces Hs(Rn) ∩ L2(|x|ldx), s, l > 0.

1. Introduction

This work is concerned with persistence properties of solutions to some nonlinear
dispersive equations in weighted Sobolev spaces Hs(Rn) ∩ L2(|x|ldx), s, l > 0. We
shall consider the initial value problems (IVP) associated to the following dispersive
models : the nonlinear Schrödinger (NLS) equation

(1.1) i∂tu+ ∆u = µ|u|a−1u, t ∈ R, x ∈ Rn, µ = ±1, a > 1,

the k-generalized Korteweg-de Vries (k-gKdV) equations

(1.2) ∂tu+ ∂3
xu+ uk∂xu = 0, t, x ∈ R, k ∈ Z+,

and the Benjamin-Ono (BO) equation

(1.3) ∂tu+H∂2
xu+ u∂xu = 0, t, x ∈ R,

where H denotes the Hilbert transform

(1.4) Hf(x) =
1
π

lim
ε↓0

∫
|y|≥ε

f(x− y)
y

dy = −i (sgn(ξ) f̂(ξ))∨(x).

These models have been widely studied in several contexts. For example, the
KdV k = 1 in (1.2) was first deduced as a model for long waves propagating in
a channel. Subsequently the KdV and its modified form (k = 2 in (1.2)) were
found to be relevant in a number of different physical systems. Also they have
been studied because of their relation to inverse scattering theory [20]. The NLS
arises as a model in several different physical phenomena (see [61] and references
therein). In the particular, case n = 1 and a = 3 it has been shown to be completely
integrable [66]. The BO equation (1.3) was first deduced in [3] and [54] as a model
for long internal gravity waves in deep stratified fluids. It was also shown that it is
a completely integrable system (see [2], [12] and references therein).

We recall the notion of well posedness given in [34] : the IVP is said to be locally
well posed (LWP) in the function space X if for each u0 ∈ X there exist T > 0 and
a unique solution u ∈ C([−T, T ] : X)∩ .... = YT of the equation, with the map data
→ solution being locally continuous from X to YT . This notion of LWP includes
the “persistent” property, i.e. the solution describes a continuous curve on X. In
particular, it implies that the solution flow defines a dynamical system in X. When
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T can be taken arbitrarily large one says that the corresponding IVP is globally
well posed (GWP) in X.

First, we shall study the Schrödinger equation (1.1).

2. The Schrödinger equation (1.1)

The results in [9], [10], [21], [35], and [65] yield the following LWP theory in the
classical Sobolev spaces Hs(Rn) for the IVP associated to the NLS equation (1.1).

Theorem A. Let sc = n/2− 2/(a− 1).
(I) If s > sc, s ≥ 0, with [s] ≤ a − 1 if a is not an odd integer, then for

each u0 ∈ Hs(Rn) there exist T = T (‖u0‖s,2) > 0 and a unique solution
u = u(x, t) of the IVP associated to the NLS equation (1.1) with

(2.1) u ∈ C([−T, T ] : Hs(Rn)) ∩ Lq([−T, T ] : Lps(Rn)) = ZsT .

Moreover, the map data → solution is locally continuous from Hs(Rn) into
ZsT .

(II) If s = sc and s ≥ 0, then part (I) holds with T = T (u0) > 0.

Notations : (a) for 1 < p <∞ and s ∈ R

(2.2) Lps(Rn) ≡ (1−∆)−s/2Lp(Rn) = J−s/2Lp(Rn), ‖ · ‖s,p ≡ ‖(1−∆)s · ‖p,
with L2

s(Rn) = Hs(Rn),
(b) the pair of indices (q, p) in (2.1) are given by the Strichartz estimates (see

[60] and [21]):

(2.3) (
∫ ∞
−∞
‖eit∆u0‖qpdt)1/q ≤ c‖u0‖2,

where
n

2
=

2
q

+
n

p
, 2 ≤ p ≤ ∞, if n = 1, 2 ≤ p < 2n/(n− 2), if n ≥ 2.

The value sc = n/2 − 2/(a − 1) in Theorem A is determined by a scaling
argument : if u(x, t) is a solution of the IVP associated to the NLS equation
(1.1), then uλ(x, t) = λ2/(a−1)u(λx, λ2t) satisfies the same equation with data
uλ(x, 0) = λ2/(a−1)u0(λx). Hence, for s ∈ R

(2.4) ‖Dsuλ(x, 0)‖2 = c‖|ξ|sûλ(ξ, 0)‖2 = cλ2/(a−1)+s−n/2‖u0‖2,
is independent of λ when s = sc. In Theorem A the case (I) corresponds to the
sub-critical case and (II) to the critical one. In the latter, one has that if ‖Dscu0‖2
is sufficiently small, then the local solution extends globally in time.

For the optimality of the results in Theorem A see [4], [11], and [40].
Formally, solutions of the NLS equation (1.1) satisfies the following conservation

laws:
‖u(·, t)‖2 = ‖u0‖2,

and
E(t) =

∫
Rn

(|∇xu(x, t)|2 +
2µ
a+ 1

|u(x, t)|a+1)dx = E(0).

Using these conservation laws one can extend the LWP results in Theorem A to a
GWP one, for details we refer to [6], [64], and references therein.
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Concerning the persistence properties in weighted Sobolev spaces of solutions of
the IVP associated to the NLS equation (1.1) one has the following result established
in [26], [27], and [28].

Theorem B. In addition to the hypothesis in Theorem A assume u0 ∈ L2(|x|2mdx),
m ∈ Z+ with m ≤ a− 1 if a is not an odd integer.

(I) If s ≥ m, then

(2.5) u ∈ C([−T, T ] : Hs ∩ L2(|x|2mdx)) ∩ Lq([−T, T ] : Lps ∩ Lp(|x|2mdx) = Zs,mT .

(II) If 1 ≤ s < m, then (2.5) holds with [s] instead of m and

(2.6) Γβu = (xj + 2it∂xj )
βu ∈ C([−T, T ] : L2) ∩ Lq([−T, T ] : Lp),

for any β ∈ (Z+)n with |β| ≤ m.

The proof of Theorem B (see [26], [27], [28]) combines the operators (“vector
fields”)

(2.7) Γj = xj + 2it∂xj = ei|x|
2/4t2it∂xj (e

−i|x|2/4t·) = eit∆xje
−it∆· , j = 1, .., n,

their commutative relation

(2.8) (i∂t + ∆)Γju = Γj(i∂tu+ ∆u), j = 1, .., n,

so that eit∆(xju0) = Γj eit∆u0, and the structure of the nonlinearity in (1.1).
It should be remarked that Theorem B shows that the amount of decay in

L2(|x|2mdx) preserved by the solution depends on the regularity in the Sobolev
scale Hs, s ≥ 0) of the data, and the non-preserved decay is transformed in “local
regularity”. In particular, (2.6) tells us that tβ∂βxu ∈ L2

loc(Rn), for |β| ≤ m and
t ∈ [−T, T ]− {0}.

Also one notices that the power of the weight m in Theorem B is assumed to be
an integer. In [53] we were able to remove this restriction.

Theorem 1. In addition to the hypothesis in Theorem A assume u0 ∈ L2(|x|2mdx),
m > 0 with [m] ≤ a− 1 if a is not an odd integer.

(I) If s ≥ m,

(2.9) u ∈ C([−T, T ] : Hs ∩ L2(|x|2mdx)) ∩ Lq([−T, T ] : Lps ∩ Lp(|x|2mdx) = Zs,mT .

(II) If 1 ≤ s < m, then (2.9) holds with [s] instead of m and

(2.10) Γ b Γβu(·, t) ∈ C([−T, T ] : L2) ∩ Lq([−T, T ] : Lp),

where Γ b = ei|x|
2/4t2btbDb

(
e−i|x|

2/4t ·
)

with |β| = [m] and b = m− [m].
In particular,

(2.11) tm ∂βx D
bu(·, t) ∈ L2

loc(Rn), |β| = [m], b = m− [m], t ∈ (−T, T )− {0}.

As an application of this result we also prove that the persistence property in
these weighted spaces can only hold for regular enough solutions. More precisely:

Lemma 1. Let u be a solution of the IVP associated to the NLS equation (1.1)
provided by Theorem A. If there exist two times t1, t2 ∈ [0, T ], t1 6= t2 such that

(2.12) |x|mu(t1), |x|mu(t2) ∈ L2(Rn), m > s,
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m ≤ a− 1 if a is not an odd integer, then

u ∈ C([−T, T ] : Hm ∩ L2(|x|2mdx)) ∩ Lq([−T, T ] : Lpm ∩ Lp(|x|2mdx).

Moreover, if a is an odd integer and (2.12) holds for all m ∈ Z+, then

(2.13) u ∈ C([−T, T ] : S(Rn)).

A key ingredient in our proof was an appropriate version of the Leibnitz rule for
homogeneous fractional derivatives of order b ∈ R

(2.14) Dbf(x) ≡ ((2π|ξ|)bf̂)∨(x)

deduced as a direct consequence of the characterization of the Lps(Rn) spaces (see
(2.2)) given in [58].

Theorem D. Let b ∈ (0, 1) and 2n/(n + 2b) ≤ p < ∞. Then f ∈ Lpb(Rn) if and
only if

(2.15)

(a) f ∈ Lp(Rn),

(b) Dbf(x) = (
∫

Rn

|f(x)− f(y)|2

|x− y|n+2b
dy)1/2 ∈ Lp(Rn),

with

(2.16) ‖f‖b,p = ‖(1−∆)b/2f‖p ' ‖f‖p + ‖Dbf‖p ' ‖f‖p + ‖Dbf‖p.

For the proof of Theorem D we refer to [58], where the optimality of the lower
bound 2n/(n + 2b) was also established. The case p = 2n/(n + 2b) was proven
in [18]. For a detailed discussion on the different characterizations of the Lps(Rn)
spaces we refer to [58] and [59].

It is easy to see that for p = 2 and b ∈ (0, 1) one has

(2.17) ‖Dbf‖2 ' ‖Dbf‖2,

(2.18) ‖Db(fg)‖2 ≤ c(‖f Dbg‖2 + ‖gDbf‖2),

and for p > 2n/(n+ 2b)

(2.19) Db(fg)(x) ≤ ‖f‖∞Dbg(x) + |g(x)| Dbf(x).

We observe that in (2.18) both terms on the right hand side are estimates on
the product of functions. We do not know whether or not (2.18) still holds with
Db instead of Db ,or for p 6= 2 .

Theorem D (i.e. the estimates (2.18)-(2.17)) allows us to get the following in-
equalities:

–(i) Let b ∈ (0, 1). For any t > 0

(2.20) Db(eit|x|
2
) ≤ c(tb/2 + tb|x|b).

–(ii) Let b ∈ (0, 1). Then there exists c = c(b) > 0 such that for any t ∈ R

(2.21) ‖|x|b eit∆f‖2 ≤ c(tb/2‖f‖2 + tb‖Dbf‖2 + ‖|x|bf‖2).

–(iii) Defining the operator Γ b for b > 0 as in Theorem 1 (see (2.10))

(2.22) Γ b ≡ Γ b(t) = ei|x|
2/4t2btbDb

(
e−i|x|

2/4t ·
)
,
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one has for b > 0 and t ∈ R that

(2.23) Γ b(t)eit∆f = eit∆(|x|bf),

and consequently

(2.24) Γ b(t)f = eit∆(|x|be−it∆f).

In addition to the estimates (2.20)-(2.24) the following two lemmas were essential
in the proof of Theorem 1 given in [53]. The first is a version of the Gagliardo-
Nirenberg inequality for fractional derivatives.

Lemma 2. Let 1 < q, p, r <∞ and 0 < α < β. Then

(2.25) ‖Dαf‖p ≤ c‖f‖1−θr ‖Dβf‖θq ,
with

(2.26)
1
p
− α

n
= (1− θ)1

r
+ θ

(
1
q
− β

n

)
, θ ∈ [α/β, 1].

The second is an interpolation estimate, which as Lemma 2, is a consequence of
the three line theorem.

Lemma 3. Let a, b > 0. Assume that Jaf = (1−∆)a/2f ∈ L2(R) and
〈x〉bf = (1 + |x|2)b/2f ∈ L2(R). Then for any θ ∈ (0, 1)

(2.27) ‖Jθa(〈x〉(1−θ)bf)‖2 ≤ c‖〈x〉bf‖1−θ2 ‖Jaf‖θ2.

For the study of persistence properties of the solution to the IVP associated to
the NLS equation (1.1) in exponential weighted spaces we refer to [16], [17], and
references therein.

Next, we shall consider the k-gKdV equation (1.2).

3. The k-generalized Korteweg-de Vries equation (1.2)

The following theorem describes the LWP theory in the classical Sobolev spaces
Hs(R) for the IVP associated to the kgKdV equation (1.2).

Theorem E. (I) The IVP associated to the equation (1.2) with k = 1 is LWP
in Hs(R) for s ≥ s∗1 = −3/4.

(II) The IVP associated to the equation (1.2) with k = 2 is LWP in Hs(R) for
s ≥ s∗2 = 1/4.

(III) The IVP associated to the equation (1.2) with k = 3 is LWP in Hs(R) for
s ≥ s∗3 = −1/6.

(IV) The IVP associated to the equation (1.2) with k ≥ 4 is LWP in Hs(R) for
s ≥ s∗k = (k − 4)/2k.

The result s > −3/4 for the case k = 1 was established in [39]. The limiting
value s = −3/4 was obtained in [11], [24], and [42]. The result for the case k = 2
was proven in [38]. The result s > −1/6 for the case k = 3 was given in [22]. The
limiting value s = −1/6 was obtained in [63]. The proof of the cases k ≥ 4 was
given in [38].

The above local results apply to both real and complex valued functions.
The scaling argument described in (2.4) affirms that LWP should hold for s ≥

sk = (k− 4)/2k. As Theorem E shows this is the case for k ≥ 3 (where for sk = s∗k
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one has T = T (u0)). However, in the cases k = 1 and k = 2 the values suggested
by the scaling do not seem to be reachable in the Sobolev scale, see [40], and [11].
For the sharpness of these results we refer to [4], [40], and [11].

Real valued solutions of the k-gKdV equation (1.2) formally satisfy at least three
conservation laws:

I1(u) =
∫ ∞
−∞

u(x, t)dx, I2(u) =
∫ ∞
−∞

(u(x, t))2dx,

I3(u) =
∫ ∞
−∞

((∂xu(x, t))2 − 2
(k + 1)(k + 2)

u(x, t)k+2)dx.

It was proven in [13] that for k = 1 and k = 2 one has global well posedness for
s > −3/4 and s > 1/4, respectively. The global cases for k = 1, s = −3/4 and
k = 2, s = 1/4 were proven in [24] and [42]. For the case k = 3 the global well
posedness is known for s > −1/42, see [23].

For k = 4 blow up of “large” enough solutions was proven in [48]. Similar results
for k ≥ 5 remain an open problem.

Concerning the persistence of these solutions in weighted Sobolev spaces one has
the following result found in [34].

Theorem F. Let m ∈ Z+. Let u ∈ C([−T, T ] : Hs(R)) ∩ ..... with s ≥ 2m be
the solution of the IVP associated to the equation (1.2) provided by Theorem E. If
u(x, 0) = u0(x) ∈ L2(|x|2mdx), then

u ∈ C([−T, T ] : Hs(R) ∩ L2(|x|2mdx)).

We recall that if for a solution u ∈ C([0, T ] : Hs(R)) of (1.2) one has that
∃ t0 ∈ [0, T ] such that u(·, t0) ∈ Hs′(R), s′ > s, then u ∈ C([0, T ] : Hs′(R)). So we
shall mainly consider the most interesting case s = 2m in Theorem F.

The proof of Theorem F combines the operator

Γ = x+ 3t∂2
x,

and its commutative relation with the linear part L = ∂t + ∂3
x of the equation (1.2)

i.e.
Γ(∂t + ∂3

x)v = (∂t + ∂3
x)Γv.

As in the case of the NLS equation (1.1) we would like to extend Theorem F
where m ∈ Z+ to the case m ∈ R, m > 0. Our first result in this direction is the
following:

Theorem 2. Let m ≥ 0. Let u ∈ C([−T, T ] : Hm(R)) ∩ ..... with m ≥ max{s∗k; 0}
be the solution of the IVP associated to the equation (1.2) provided by Theorem E.
If u(x, 0) = u0(x) ∈ L2(|x|mdx), then

(I) If m < 1, then for any ε > 0

u ∈ C([−T, T ] : Hm(R) ∩ L2(|x|m−εdx)).

(II) If m ≥ 1, then

u ∈ C([−T, T ] : Hm(R) ∩ L2(|x|mdx)).

In [51] and [52] the loss of power ε > 0 in the weight when m < 1 was removed for
the equation (1.2) with non-linearity k = 2, 4, 5, ..... More precisely, the following
optimal result was established in [52]:
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Theorem 3. Let m ≥ max{s∗k; 0} with k = 2, 4, 5, .... Let u ∈ C([−T, T ] :
Hm(R)) ∩ ..... be the solution of the IVP associated to the equation (1.2) provided
by Theorem E. If u(x, 0) = u0(x) ∈ L2(|x|mdx), then

u ∈ C([−T, T ] : Hm(R) ∩ L2(|x|mdx)).

It should be remarked that in the cases k = 1 and k = 3 the proof of the
local theory in Theorem E is based on the spaces Xs,b introduced in the context
of dispersive equations in [5]. For all the other powers k one has a local existence
theory based on a contraction principle in a spaces defined by mixed norms of the
type Lp(R : Lq([0, T ])) or Lq([0, T ] : Lp(R)) (see [38]). This is the main difficulty in
extending the optimal result in Theorem 3 to the powers k = 1 and k = 3 in (1.2).

Proof of Theorem 2

We shall sketch the ideas in the proof of Theorem 2 and refer to [51] and [52] for
the justification of the argument and further details.

Following Kato’s idea in [34] to establish the local smoothing effect (i.e. multiply-
ing the equation (1.2) by u(x, t)φ(x), integrating the result, and using integration
by parts) one formally gets the identity

(3.1)
d

dt

∫
u2φdx+ 3

∫
(∂xu)2φ′dx−

∫
u2φ(3)dx− 2

k + 2

∫
uk+2φ′dx = 0.

Let us consider first the case max{s∗k; 0} ≤ m < 1.
From the local theory one has the following estimates for the solution u = u(x, t)

(3.2) sup
x∈R

(
∫ T

0

|∂xDm
x u(x, t)|2dt)1/2 < cT ‖Jmu0‖2 = cT ‖u0‖m,2,

(the sharp form of the local smoothing effect found in [37]-[38]), and

(3.3)
‖Dm

x u‖L2
xL

2
T

= (
∫ ∞
−∞

∫ T

0

|Dm
x u(x, t)|2dtdx)1/2

≤ T 1/2 sup
t∈[0,T ]

‖Dm
x u(t)‖2 < cT ‖Dmu0‖2 ≤ cT ‖u0‖m,2.

Now, we consider the extensions of the estimates in (3.2)-(3.3) to the operators
D1+m+iy
x and Dm+iy

x , y ∈ R respectively. First, in the linear case one has the
estimates

(3.4)
‖Dm+1+iy

x v‖L∞x L2
T
≤ cT ‖Dmv0‖2,

‖Dm+iy
x v‖L2

xL
2
T
≤ cT ‖Dmv0‖2,

for

(3.5) v(x, t) = U(t)v0(x) = c

∫ ∞
−∞

eixξeitξ
3
v̂0(ξ)dξ.

To apply the three line theorem we consider the function F (z) defined on S = {z ∈
C : <(z) ∈ [0, 1]}

F (z) =
∫ ∞
−∞

∫ T

0

Ds(z)
x v(x, t)φ(x, z) f(t) dtdx,
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where

s(z) = (1− z)(1 +m) + zm, 1/q(z) = (1− z) + z/2, q = 2/(2−m),

φ(x, z) = |g(x)|q/q(z) g(x)
|g(x)|

, with ‖g‖
L

2/(2−m)
x

= ‖f‖L2([0,T ]) = 1,

which is analytic on the interior of S. So using that

‖φ(·, 0 + iy)‖1 = ‖φ(·, 1 + iy)‖2 = 1,

one gets that

(3.6)
‖∂xv‖L2/m

x L2
T

≤ c‖Dxv‖L2/m
x L2

T

≤ c sup
y∈R
‖D1+m+iy

x v‖1−m
L∞x L

2
T

sup
y∈R
‖Dm+iy

x v‖mL2
xL

2
T
≤ cT ‖Dmv0‖2.

Inserting the estimate (3.6) in the proof of the local well posedness one obtains
that

(3.7) ‖∂xu‖L2/m
x L2

T

≤ cT ‖u0‖m,2,

for u = u(x, t) solution of the k-gKdV equation (1.2).
Now taking φ(x) = 〈x〉m−ε, ε > 0 sufficiently small in (3.1), (we recall that

m < 1) and integrating in the time interval [0, T ] one finds that

(3.8)

∫ T

0

∫ ∞
−∞

(∂xu(x, t))2φ′(x)dxdt = c‖∂xu 〈x〉
m
2 −

1
2−

ε
2 ‖2L2

xL
2
T

≤ c‖〈x〉m/2−1/2−ε/2‖
L

2/(1−m)
x

‖∂xu‖L2/m
x L2

T

≤ cm,ε‖∂xu‖L2/m
x L2

T

,

which combined with (3.6) and (3.1) shows that 〈x〉m/2−ε/2u(·, t) ∈ L2(R) for t ∈
[0, T ]. This basically completes the proof of the case m < 1.

Next, we shall consider the case m ≥ 1.

We take in (3.1) φ(x) = 〈x〉m in (3.1), so we need to estimate the term∫ ∞
−∞
|∂xu(x, t)|2〈x〉m−1dx = ‖∂xu(·, t)〈·〉(m−1)/2‖2L2

x
.

Thus, combining Lemma 3 in the previous section, the preservation of the L2-norm
of the solution, and Lemma 3 it follows that

(3.9)

‖∂xu(·, t)〈·〉(m−1)/2‖2
≤ ‖∂x(u(·, t)〈·〉(m−1)/2)‖2 + c‖u(·, t)〈·〉(m−3)/2‖2
≤ ‖∂xJ−1J(u(·, t)〈·〉(m−1)/2)‖2 + c‖u(·, t)〈·〉m/2‖2
≤ c‖J(u(·, t)〈·〉(m−1)/2)‖2 + c‖u(·, t)〈·〉m/2‖2
≤ c‖Jmu(·, t)‖1/m2 ‖u(·, t)〈·〉m/2‖1−1/m

2 + c‖u(·, t)〈·〉m/2‖2.

Hence, inserting (3.9) in (3.1), using Young and Gronwall inequalities, the hy-
pothesis m ≥ 1, and the fact that the Hm-norm of the solution is bounded in the
time interval [0, T ] one obtains the desired result

sup
t∈[0,T ]

‖〈x〉m/2u(·, t)‖L2 <∞.

This completes the sketch of the proof of Theorem 2.
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To finish this section concerning the k-gKdV equation (1.2) we will make some
comments concerning the proof of Theorem 3 given in [51] and [52]. One of the key
element in that proof is the following commutator estimate:

Lemma 4. Let 0 < α < 1 and 1 < p < ∞. Then for functions f, g : R → C one
has that

(3.10) ‖Dα(fg)− fDαg‖p ≤ c‖QN (Dαf)‖L∞l1N ‖g‖2,

where
‖QN (f)‖L∞l1N ≡ ‖

∑
N∈Z
|QN (f)| ‖L∞ ,

and

QN (f)(x) = ((η
(
ξ

2N

)
+ η

(
− ξ

2N

)
)f̂(ξ))∨(x),

where η ∈ C∞0 (R) with supp(η) ⊆ [1, 2, 2] so that∑
N∈Z

(η
( x

2N
)

+ η
(
− x

2N
)

) = 1, for x 6= 0.

In the proof of Theorem 3 for the case k = 2 and m = 1/4 (extremal case) given
in [51] Lemma 4 was combined with the inequality

‖D1/8
ξ QN

(
eitξ

3

(1 + ξ2)1/8

)
‖L∞ξ l1N <∞,

to establish the main estimate in the proof.

For the study of persistence properties of the solution to the IVP associated to
the k-gKdV equation (1.2) in exponential weighted spaces we refer to [41] and [15]
and references therein.

Finally, we shall consider the BO equation (1.3).

4. The Benjamin-Ono equation (1.3)

The LWP in the Sobolev spaces Hs(R) of the IVP associated to the BO equation
(1.3) has been largely considered : in [1] and [32] LWP was established for s > 3/2,
in [56] for s ≥ 3/2, in [44] for s > 5/4, in [36] for s > 9/8, in [62] for s ≥ 1, in [7]
for s > 1/4, and in [31] LWP was proven in Hs(R) for s ≥ 0.

Real valued solutions of the IVP (1.3) satisfy infinitely many conservation laws
(time invariant quantities), the first three are the following:

(4.1)
I1(u) =

∫ ∞
−∞

u(x, t)dx, I2(u) =
∫ ∞
−∞

u2(x, t)dx,

I3(u) =
∫ ∞
−∞

(|D1/2
x u|2 − u3

3
)(x, t)dx,

where Dx = H ∂x.
The k-conservation law Ik provides an a priori estimate of the L2-norm of the

derivatives of order (k − 2)/2, k > 2 of the solution, i.e. ‖D(k−2)/2
x u(t)‖2. This

allows one to deduce GWP from LWP results.
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In the BO equation the dispersive effect is described by a non-local operator
and is significantly weaker than that exhibited by the Korteweg-de Vries (KdV)
equation, i.e. k = 1 in (1.2). Indeed, it was proven in [49] that for any s ∈ R the
map data-solution from Hs(R) to C([0, T ] : Hs(R)) is not locally C2, and in [45]
that it is not locally uniformly continuous. In particular, this implies that no LWP
results can be obtained by an argument based only on a contraction method.

Consider the weighted Sobolev spaces

(4.2) Zs,r = Hs(R) ∩ L2(|x|2rdx), and Żs,r = {f ∈ Zs,r : f̂(0) = 0} s, r ∈ R.
In [32] the following results were obtained:

Theorem G. (I) The IVP associated to the BO equation (1.3) is GWP in
Z2,2.

(II) If û0(0) = 0, then the IVP associated to the BO equation (1.3) is GWP in
Ż3,3.

(III) If u(x, t) is a solution of the IVP associated to the BO equation(1.3) such
that u ∈ C([0, T ] : Z4,4) for arbitrary T > 0, then u(x, t) ≡ 0.

We observe that the linear part of the equation in (1.3) L = ∂t+H∂2
x commutes

with the operator Γ = x− 2tH∂x, i.e.

[L; Γ] = LΓ− ΓL = 0.

Also, the solution v(x, t) of the associated IVP

(4.3) v(x, t) = U(t)v0(x) = e−itH∂
2
xv0(x) = (e−itξ|ξ| v̂0)∨(x),

satisfies that v(·, t) ∈ L2(|x|2kdx), t ∈ [0, T ], when v0 ∈ Zk,k, k ∈ Z+ for k =
1, 2, ...... and ∫ ∞

−∞
xj v0(x)dx = 0, j = 0, 1, ..., k − 3, if k ≥ 3.

In [33] the unique continuation result in Z4,4 in Theorem G was improved:

Theorem I. Let u ∈ C([0, T ] : H2(R)) be a solution of the IVP (1.3). If there
exist three different times t1, t2, t3 ∈ [0, T ] such that

(4.4) u(·, tj) ∈ Z4,4, j = 1, 2, 3, then u(x, t) ≡ 0.

As in the previous cases, the goal was to extend the results in Theorem G and
Theorem I from integer values to the continuum optimal range of indices (s, r). In
this direction one finds the following results established in [19]:

Theorem 4.
(I) Let s ≥ 1, r ∈ [0, s], and r < 5/2. If u0 ∈ Zs,r, then the solution u(x, t) of the
IVP associated to the BO equation (1.3) satisfies that u ∈ C([0,∞) : Zs,r).

(II) For s > 9/8 (s ≥ 3/2), r ∈ [0, s], and r < 5/2 the IVP associated to the BO
equation(1.3) is LWP (GWP resp.) in Zs,r.

(III) If r ∈ [5/2, 7/2) and r ≤ s, then the IVP associated to the BO equation (1.3)
is GWP in Żs,r.

Theorem 5. Let u ∈ C([0, T ] : Z2,2) be a solution of the IVP associated to the BO
equation (1.3). If there exist two different times t1, t2 ∈ [0, T ] such that

(4.5) u(·, tj) ∈ Z5/2,5/2, j = 1, 2, then û0(0) = 0 , (so u(·, t) ∈ Ż5/2,5/2).



ON THE PERSISTENCE PROPERTIES OF SOLUTIONS OF DISPERSIVE EQUATIONS 11

Theorem 6. Let u ∈ C([0, T ] : Ż3,3) be a solution of the IVP (1.3). If there exist
three different times t1, t2, t3 ∈ [0, T ] such that

(4.6) u(·, tj) ∈ Z7/2,7/2, j = 1, 2, 3, then u(x, t) ≡ 0.

We also refer readers to the related works [47], [25], and [43].
Remarks : Theorem 5 and Theorem 6 show that the upper values of r for the

persisitence properties in Zs,r and Żs,k in Theorem 4 are optimal. We recall that if
u ∈ C([0, T ] : Hs(R)) is a solution of the BO equation (1.3) such that ∃ t0 ∈ [0, T ]
for which u(x, t0) ∈ Hs′(R), s′ > s, then u ∈ C([0, T ] : Hs′(R)). So it suffices to
consider the most interesting case s = r in (4.2).

The proof of Theorems 6 is based on weighted energy estimates and involves
several inequalities concerning the Hilbert transform H.

Among them one finds the Ap condition introduced in [50].

Definition 1. A non-negative function w ∈ L1
loc(R) satisfies the Ap inequality with

1 < p <∞ if

(4.7) sup
Q interval

(
1
|Q|

∫
Q

w

)(
1
|Q|

∫
Q

w1−p′
)p−1

= c(w) <∞,

where 1/p+ 1/p′ = 1.

It was proven in [30] that this is a necessary and sufficient condition for the
Hilbert transform H to be bounded in Lp(w(x)dx) (see [30], ), i.e. w ∈ Ap, 1 <
p <∞ if and only if

(4.8) (
∫ ∞
−∞
|Hf |pw(x)dx)1/p ≤ c∗ (

∫ ∞
−∞
|f |pw(x)dx)1/p,

In the case p = 2, a previous characterization of w in (4.7) was found in [29].
However, even though the main case is for p = 2, the characterization (4.7) will be
the one used in the proof. In particular, one has that in R

(4.9) |x|α ∈ Ap ⇔ α ∈ (−1, p− 1).

In order to justify some of the arguments in the proofs one need some further
continuity properties of the Hilbert transform. More precisely, the proof requires
the constant c∗ in (4.8) to depend only on c(w) the constant describing the Ap
condition (see (4.7)) and on p. In [55] precise bounds for the constant c∗ in (4.7)
were given which are sharp in the case p = 2 and sufficient for the purpose in [19].

It will be essential in the arguments in [19] that some commutator operators
involving the Hilbert transform H are of “order zero”. More precisely, one shall use
the following estimate: ∀ p ∈ (1,∞), l, m ∈ Z+∪{0}, l+m ≥ 1 ∃ c = c(p; l;m) > 0
such that

(4.10) ‖∂lx[H; a]∂mx f‖p ≤ c‖∂l+mx a‖∞‖f‖p.
In the case l+m = 1, (4.10) is Calderón’s first commutator estimate [8]. The case
l +m ≥ 2 of the estimate (4.10) was proved in [14].

ACKNOWLEDGMENT: J. N. was supported by the EAPSI NSF and JSPS
program. G.P. was supported by NSF grant DMS-0800967. Part of this work was
done while J. N. was visiting Prof. Y. Tsutsumi at the Department of Mathematics
at Kyoto University whose hospitality he gratefully acknowledges.



12 J. NAHAS AND G. PONCE

References

[1] Abdelouhab, L., Bona, J. L., Felland, M., and Saut, J.-C. Nonlocal models for nonlinear
dispersive waves, Physica D. 40 (1989) 360–392.

[2] Ablowitz, M. J., and A. S. Fokas, A. S., The inverse scattering transform for the Benjamin-

Ono equation, a pivot for multidimensional problems, Stud. Appl. Math. 68 (1983), 1–10.
[3] Benjamin, T. B., Internal waves of permanent form in fluids of great depth, J. Fluid Mech.

29 (1967) 559–592.

[4] Birnir, B., Kenig, C. E., Ponce, G., Svanstedt, N., and Vega, L., On the ill-posedness of the
IVP for the generalized Korteweg-de Vries and nonlinear Schrödinger equations, J. London

Math. Soc. 53 (1996) 551–559.
[5] Bourgain, J., Fourier transform restriction phenomena for certain lattice subsets and appli-

cations to nonlinear evolution equations, Geometric and Functional Anal. 3 (1993) 107–156,

209–262.
[6] Bourgain, J., Global solutions of nonlinear Schrödinger equations, American Mathematical

Society Colloquium Publications, AMS, Providence, RI., 46, (1999).

[7] Burq, N., and Planchon, F., On the well-posedness of the Benjamin-Ono equation, Math.
Ann. 340 (2008) 497–542.

[8] Calderón, A. P. Commutators of singular integral operators, Proc. Nat. Acad. Sci. U.S.A.,

53 (1965), 1092–1099
[9] Cazenave, T., and Weissler, F., Some remarks on the critical nonlinear Schrödinger equation

in the critical case, Lect. Notes in Math. 1394 (1989) 18–29.

[10] Cazenave, T., and Weissler, F., The Cauchy problem for the critical nonlinear Schrödinger
equation in Hs, Nonlinear Analysis TMA 14 (1990) 807-836.

[11] Christ, M. F., Colliander, J., and Tao, T., Asymptotics, frequency modulation, and low
regularity ill-posedness for canonical defocusing equations Amer. J. Math. 125 (2003) 1235–

1293.

[12] Coifman, R., and Wickerhauser, M., The scattering transform for the Benjamin-Ono equa-
tion, Inverse Problems 6 (1990) 825–860.

[13] Colliander, J., Kell, M., Staffilani, G., Takaoka, H., and Tao, T., Sharp global well-posedness

for KdV and modified KdV on R and T, J. Amer. Math. Soc. 16 (2003) 705749.
[14] Dawson, L., McGahagan, H., and Ponce, G., On the decay properties of solutions to a class

of Schrödinger equations, Proc. AMS. 136 (2008) 2081–2090.

[15] Escauriaza, L., Kenig, C. E., Ponce, G., and Vega, L., On uniqueness properties of solutions
of the k-generalized KdV equations, J. Funct. Anal. 244 (2007) 504–535.

[16] Escauriaza, L., Kenig, C. E., Ponce, G., and Vega, L., Convexity properties of solutions to

the free Schrödinger equation with gaussian decay, Math. Research Lett. 15 (2008) 957–971.
[17] Escauriaza, L., Kenig, C. E., Ponce, G., and Vega, L., The Sharp Hardy Uncertainty Principle

for Schrödinger Evolutions, Duke Math. J. 155 (2010) 163-187.
[18] Fefferman, C., Inequalities for strongly singular convolution operators, Acta Math., 124

(1970) 9-36.

[19] Fonseca, G., and Ponce, G., The IVP for the Benjamin-Ono equation in weighted Sobolev
spaces, J. Funct. Anal. 260 (2011) 436-459.

[20] Gardner, C. S., Greene, J. M., Kruskal, M. D., and Miura, R. M. A method for solving the
Korteweg-de Vries equation, Phys. Rev. Letters, 19 (1967) 1095–1097.

[21] Ginibre, J., and Velo, G., On the class of nonlinear Schrödinger equations, J. Funct. Anal.,

32 (1979) 1-32, 33-72.

[22] Grünrock, A., A bilinear Airy estimate with application to the 3-gKdV equation Diff. Int.
Eqs. 18 (2005) 1333-1339.

[23] Grünrock, A., and Panthee, M., and Drumond Silva, J. A remark on global well posedness
below L2 for the gKdV-3 equation Diff. Int. Eqs. 20 (2007) 1229-1236.

[24] Guo, Z., Global well-posedness of Korteweg-de Vries equation in H−3/4(R) J. Math. Pures
Appl. 91 (2009) 583597.

[25] Hayashi, N., Kato, K., and Ozawa, T., Dilation method and smoothing effects of solutions to
the Benjamin-Ono equation, Proc. Roy. Soc. Edinburgh Sect. A, 126 (1996), pp. 273–285.

[26] Hayashi, N., Nakamitsu, K., and Tsutsumi, M., On solutions of the initial value problem for

the nonlinear Schrödinger equations in one space dimension, Math. Z., 192 (1987) 637-650.



ON THE PERSISTENCE PROPERTIES OF SOLUTIONS OF DISPERSIVE EQUATIONS 13

[27] Hayashi, N., Nakamitsu, K., and Tsutsumi, M., On solutions of the initial value problem for

the nonlinear Schrödinger equations, J. Funct. Anal., 71 (1987) 218-245.

[28] Hayashi, N., Nakamitsu, K., and Tsutsumi, M., Nonlinear Schrödinger equations in weighted
Sobolev spces, Funkcial Ekvac., 31 (1988) 363-381.
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Pures Appl. 58 (1979) 21–61.
[58] Stein, E. M., The Characterization of Functions Arising as Potentials, Bull. Amer. Math.

Soc. 67 (1961) 102-104.

[59] Strichartz, R. S., Multipliers on Fractional Sobolev Spaces, J. Math. and Mech. 16 (1967)
1031-1060.

[60] Strichartz, R. S., Restriction of Fourier transforms to quadratic surface and decay of solutions

of wave equations, Duke Math. J. 44 (1977) 705-714.
[61] Sulem, C. and Sulem, P-L., Nonlinear Schrödinger Equations: Self-Focusing and Wave Col-

lapse, Applied Mathematical Sciences 139 (1999) Springer, New York.
[62] Tao, T., Global well-posedness of the Benjamin-Ono equation on H1, Journal Hyp. Diff. Eqs.

1 (2004) 27-49.

[63] Tao, T., Scattering for the quartic generalized Korteweg-de Vries equation, J. Diff. Eqs. 232
(2007) 623-651.

[64] Tao, T., Local And Global Analysis of Nonlinear Dispersive And Wave Equations, CBMS

Regional Conference Series in Mathematics, AMS, vol. 106, Providence, RI., (2006).
[65] Tsutsumi, Y., L2-Solutions for Nonlinear Schrödinger equations and Nonlinear group, Funk-

cialaj Ekvacioj 30 (1987) 115–125.

[66] Zakharov, V. E., and Shabat, A. B., Exact theory of two dimensional seff-focusing and one-
dimensional self-modulation of waves in non-linear media, Soviev Physics JETP 34 (1972)

62-69.
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