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1. FOURIER SERIES

Recall the homogeneous wave equation with Dirichlet boundary conditions

Uy = gy for0<axz< L
(1) u(0,t) =0
u(L,t) =0
with initial conditions
{u@, 0) = ¢(x)
u(z,0) = ¢(z).
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We look for special solutions to the above by using separation of variables, that is, assume the

solution takes the form

u(z,t) = F(x)G(t).

Plugging into (1), we obtain
G//(t) B F//(:L,)

AG(t)  F(x)
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Since the right hand side is independent of the variable x and vice versa, we conclude that both
sides are equal to a constant, say —\ := —32, 8 > 0. ) is positive since

F"(z) = =\F(x)

and we multiply both side by F(z) and integrate from 0 to L so that

DY /0 L(F(a:))zdx: /0 " F"(2)F(z)dx

— F(2)F(z)| — /0 (F'(2))2da

_ /OL(F'(:C))% <0.

Where we use the Dirichlet boundary condition in the second line. Hence we obtain a pair of
ODEs to solve the separated solution. That is

F"(x)+ B*F(z) =0
G"(t) + AB*G(t) = 0.

These can be solved by finding the roots to the characteristic polynomials so that

F(z) = Acos(fSz) + Bsin(fx)
G(t) = C cos(Bct) + Dsin(Bct),

where A, B, C, D are constants. Now we plug in the Dirichlet conditions:
F0)=A=0

and
F(L) = Bsin(BL) = 0.

Assuming B # 0, we have that 3 = “* for n € Z. Thus
nm 2
w=(7)
L

F,(x) = sin (%x)

are solutions. Note that each sine function may be multiplied by an arbitrary constant and remains
a solution to the ODE. For each n, we obtain a solution

t t
Up(z,t) = (An coS (m;c ) + B, sin (%)) sin <n%x) ,

where A, and B, are arbitrary constants Since the PDE is linear, any finite sum

u(z,t) = Z un(z,t)

are the possible eigenvalues and




MATH 124B: INTRODUCTION TO PDES AND FOURIER SERIES 3

is also a solution. If we can choose A,, and B,, such that
2) (@) = A,sin (%x)

and B nme o (0T
P(x) = zn: —7 Busin <TI> ,

then we get a solution with the given initial conditions. The question now is, when is it possible
to write ¢ and 9 in the given form? Infinite series of the form (2) are called Fourier sine series
on (0,L).

To obtain the coefficients, we use the following property for sine functions:

%/OLsin <nf7r$> sin (%x) dr = {(1) iiZ;g

Proof. Using the trig identity

Lemma 1.1.

1
sin Asin B = §(COS(A — B) —cos(A+ B)).
Then when

2 [t 1 [F —
Z/o sin (%x) sin (%x) dr = Z/o cos (W%’) — COS (MQ;) dx

Evaluating gives the result. U

Remark 1.1. A similar proof shows orthogonality with the cosine functions as well.

Therefore, integrating against ¢, all but one term vanishes. This gives us a formula for the
Fourier coefficients of the sine series

A, = %/OL ¢(z) sin <%LE> dx.

We also define the Fourier cosine series as
1 [e.9]
o(z) = §A0 + ; A, cos (%x) ,
with the coefficient formula given by
9 L
A = z/o o(z) cos (%x) dx.

Finally, summing the sine and cosine series, we obtain the full Fourier series of ¢(z) defined on

—L <z <L .
o(z) = %AO + ; (An cos (%x) + By, sin (%x)) :
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with the coefficients given by
1 F
A, = Z/L o(x) cos (%x) der, (n=0,1,2,...)

B, = %/_iqﬁ(x) sin (%x) de, (n=12,...)

Example 1.1. Let ¢(x) =1 in the interval [0, L]. Computing the coefficients, we have

A, = %/OL sin (%x) dx

2
=—{1-(-])"
—(1—(-1)")
Therefore,
1_4 _(m:)_i_l, 3rx +1, OTX .
= sin 7 3sm 7 5s1n 7 .
in (0, L).

Example 1.2. Let ¢(z) = x in the interval (0, L). Its Fourier sine coefficients are

2 L
Am:z/o T sin (%x) dx

2L

_2L i (m:) 1 . 2mx -I—l' 3rx
x—ﬂ sin 7 25111 7 3sm 7 .

Example 1.3. Next compute the cosine series for ¢(x) = x. The coefficients are given by

o (L
AO——/ xdr = L
0

9 [L
Am:z/o xcos(mzx) dx

so that

Thus in (0, L), we have

L 4L T n 1 3rx n 1 S .
= —— —(cos— + =—cos [ — — cos | — e ).
TTo TR L9 L 25 L

Example 1.4. Solve the problem

U = gy
u(0,t) =0 =u(L,t)
u(z,0) ==

u(x,0) = 0.
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The expansion of a separated solution has the form

u(z,t) = Z <An cos (m;ct) + B, sin (m;ct)) sin (%x)
n=1

Differentiating this with respect to t yields

> nme . nmct nmct . /nm
w(z, t) = Z A (—An sin ( 7 ) + B,, cos (T)) sin <Tx>

n=1

so that

u(z,0) = Z %Bn sin <?>

n=1

hence B,, = 0 and
= nmx
0= 3 i ().
x = u(x,0) 2 sin ( —

Comparing with the Fourier sine series of x, we have that

An — (_1>n+1&

nm

and so the solution is given by

2L o (—1)" ! t
u(z,t) = — Z (=1) sin (nzx) cos (_m[r/c ) .
T n

n=1

1.1. Even, Odd, Period, and Complex functions.

Definition 1.1. A function ¢(x) that is defined for x € R is called periodic if there is a number
p > 0 such that

d(x +p) = p(x), forall x.
The number p is called the period of ¢(x).

Proposition 1.1. If ¢(z) has period p, then

/aa+p S(a)d

does not depend on a.

Proof. By fundamental theorem of calculus,

a+p
o[ swis = ota+p) - ola)
= o(a) — () =0,
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If a function is defined only on an interval of length p, it can be extended to a function of period
p by taking its periodic extension: Let ¢ be defined on the interval —L < x < L. Then define

Pper () Dy
Gper() = ¢(x —2Lm) for — L+2Lm < x < L+ 2Lm

for all integers m. Another symmetry property a function may possess are the following

Definition 1.2. A function is even if

and odd if
P(—x) = —¢().
To ensure the definition makes sense, we require the function be defined on an interval (—L, L).
We define the even extension of a function defined on (0, L) to be
o(x forO<z <L
¢even($) = ( )
¢(—z) for —L<z<O.

and its odd extension is

o(x) for0<ax <L
Godd(r) = —p(—x) for —L<z<0
0 for x = 0.

Since sin(nmz/L) is odd, the Fourier sine series can be regarded as an expansion of an arbitrary
function that is odd and has period 2L defined on the whole line R. Likewise, since cos(nmx/L) is
even so the Fourier cosine series can be regarded an an expansion of an arbitrary function which is
even and has period 2L defined on the whole line R. Note that the Dirichlet boundary condition
corresponds to an odd extension, the Neumann to an even extension, and periodic boundary
conditions correspond to the periodic extension.

Since we can express the sine and cosine functions as complex exponential functions, we have a
way to express the Fourier series in complex form, namely

oo

QS(?L’): Z Cneinwac/L

n=—oo

with coefficients given by
I :
— —inmx/L
n 2L /L Cb(x)e '

1.2. Orthogonality and General Fourier Series. Now we consider a more general setting.

Definition 1.3. For two real valued functions f and g defined on an interval (a,b), define their
(L?)-inner product to be

o) = [ s
We also have the L? norm ' ,
13 = (7.5) = [ Fd.
f and g are orthogonal (with respect to the inner prc(;duct) if (f,g9) =0.

The key property we use for Fourier series is that every eigenfunction is orthogonal to
every other eigenfunction.
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1.3. Convergence and completeness.

Definition 1.4. We say that an infinite series ) f,(z) converges to f(x) pointwise in (a,b) if it
converges to f(x) for each a < x < b, that is

—0, as N — .

‘f(w) -3 fule)

Note that the rate of convergence depends on x.

Definition 1.5. We say that the series converges uniformly to f in [a, ] if

max —0 as N — .

[a,0]

f(x) =) fal2)

Note that the convergence is independent of the point x.
Definition 1.6. We say the series converges in L? to f if
2

/b

dr -0 as N — oo.

f(x) =Y fale)

In norm notation:

N
If = falzz =0 as N — oo,
n=1

Example 1.5. Let f,,(z) = (1 —z)2" ' on 0 < 2 < 1. Then

an(l’) = Z(In_l - l‘n) =1-—2V

Since 0 < z < 1, 2V — 0 as N — oo. The convergence depends on = however so it is only

pointwise. However, it does converge in the L? sense since

1
1
N |2
dr = — 0
/0|"”| TTON 1

Example 1.6. Let
n n—1

fal@) = 1+n22 1+ (n—1)22
in the interval 0 < z < L. Then its partial sum is given by

N
N
(@) = ——— 0
;f(x) 1+ N2z2

as N — oo when z > 0, hence converges pointwise. However in the L? sense,

[ (z fn@)lx [

Furthermore, it does not converge uniformly since
N

r(roli))( 1+ N2z2
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Now we present 3 theorems on convergence of Fourier series.

Theorem 1.1 (Uniform Convergence). The Fourier series > A, X, converges to f(z) uniformly
on [a, b] provided that

(1) f(z), f'(x) and f”(x) exist and are continuous for a < z < b.
(2) f(x) satisfies the appropriate boundary conditions.

In fact, for the classical Fourier series, f” is not required to exist.

Theorem 1.2 (L? Convergence). The Fourier series converges to f(x) in the L? sense in (a,b) if
f(x) € L*(a,b).

Theorem 1.3 (Pointwise convergence for classical Fourier series). (1) The classical Fourier se-
ries converges to f(x) pointwise on (a,b) provided that f(z) is continuous on a < z < b
and f’(x) is piecewise continuous on a < z < b, for example f(z) = |z| on [—1,1].

(2) More generally, if f(x) is only piecewise continuous on a < b < b and f’(z) is also piecewise
continuous on a < x < b, then the classical Fourier series converges (as an infinite sum) at
every point x. The sum is given by

ZA X 2(hm f(t) + lim f(t))

t—sxt t—x—

for all @ < x < b. Outside the interval, it is given by the corresponding extensions of f.

Example 1.7. The Fourier sine series of f(z) =1 on (0,7) is

[e.9]

> i 77 sin((2n + )

n=

It does not converge uniformly since the end points are zero. Notice that this does not contradict
the convergence theorem since the sine series requires the Dirichlet boundary conditions. Note
that this example shows that the terms cannot in general be differentiated term by term, since

the derivative is f’ = 0 however
4 o0
- E cos((2n + 1)x)
s
n=0

is not a convergent series.

Theorem 1.4 (Least square approximation). Let {X,} be any (L?) orthogonal set of functions.
Let ||f|| < oo. Let N be a fixed positive integer. Among all possible choices of ¢y, ...cy, the

choice that minimizes N
If = enXall
n=1

is given by the Fourier coefficients ¢; = A;.
Proof. For simplicity, assume we are working with real valued functions f and X,,. We want to

minimize

Ey=lf =Y eXal®=(£.1)=2>_ enlf. X0) + Y cnlm( X, Xon).

n<N n<N n,m
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By orthogonality, (X, X,,) = 0 except when n = m. Hence,

Ex = If17 =23 cal£. X) + 3 X

n<N n<N

We compute the square in ¢, so that

By = S IX? (o= L) e - 30

2 2
= [ Xl = 1 Xall
Then the term containing ¢, is minimized when it is zero since it is nonnegative, i.e.

(f, Xn)
[ Xl

= A,.

Cp =

We can say a little more. We know that Ex > 0, hence

0<Ex=|fI>= ) AMXa|

n<N

Since this holds for all N, writing out explicitly the L? norm, we obtain Bessel’s inequality

00 b b
AL [ 1 Xa(2)Pde < [ f(2)Pda.

Furthermore, if Ey — 0, we obtain the following:

Theorem 1.5 (Parseval’s equality). The Fourier series of f(z) converges in L? if and only if

fe’e) b b
SO [A,[ / X (2) P = / (@) Pz

Definition 1.7. The infinite orthogonal set {X;(z)} is called complete if Parseval’s equality
holds for all || f|| < oo.

Example 1.8. By applying Parseval’s identity to the sine series for f(z) = 1, we have

S (%)Q/OﬂsiHQ(nx)dx: /07r 1ds

nodd

Integrating, we have

Z ( 4 )2 m
N — =T
nw/) 2

nodd

which is another proof for obtaining the Basel sum (Y ).

nn
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1.4. Proof of convergence. For convenience, let L = . For C! function f which is 27 periodic.
Then the Fourier series is

flz) = %AO + Z(A" cos(nx) + B, sin(nx))

with coefficients given by
1 K
A=+ [ 1w costy)dy

and

Bo=1 [ f)sin(u)dy,

Therefore the N-th partial sum, Sy(z) is given by

Sn(z) = % /_Tr (1 + QZ(COS(ny) cos(nx) + sin(ny) sin(nx)) f(y)dy.

Using the cosine summation formula cos(A + B) = cos(A) cos(B) — sin(A) sin(B), we rewrite the
above as

Sn(z) = % /_7r Kn(z—y)f(y)dy
where

Kn(0) =1+ QZ cos(nd).

n=1

The function Ky (#) is called the Dirichlet kernel. Note that

1 ™
g/_ Kn(0)do =1

and in fact, can be expressed as
sin((N + £)0)
Ko = — 277/
n () sin(30)

To see this, we rewrite as a finite geometric series

N
KN<(9) =14+ Z(einH + 6—in9)
n=1

N

1—e
e—iN+3)0 _ Li(N+3)0

—e% + 6_%
sin((N + %)9)

sin(30)
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Proof of pointwise convergence of classical Fourier series. By changing variables to 6 = y — x and
using the evenness of Ky, we have
1 ™

Sx(e) =5 | Kn(6)f(x+0)db.

Using the fact that the integral of the Dirichlet kernel is 1, we have

Su(e) — f(a) = 5= [ KlO)(7(a+0) — Fla)dp

" g@)sm((v + S)0)a8,

T or

where
fla+0) = f(z)

9(60) = sin(L0)

It remains to show that the integral tends to zero as N — oco. Since the functions
. 1
on(0) = sin((NV + 5)0), N=123,...

form an orthogonal set on the interval (0, ), and therefore on (—m, ), Bessel’s inequality holds:
> <ot
N=1

Since ||¢n]|? = 7, if ||g]] < oo, then the infinite sum converges, i.e. (g,¢n) — 0 as N — oo. To
check that ||g|| is finite, we have

||g||2:/7T (f(flf—f—e)—f(.l})) do.

. sin®(36)
Since
lim g(0) = 2f'(x)
0—0
as long as f’ exists. O

Proof of uniform convergence. Assume that f and f’(x) are continuous with period 27. Let A,
and B,, be the Fourier coefficients for f(x) and A/, and B!, be the Fourier coefficients of f'(z).

They are related by
A, =-1p
B, =14,

It can be shown by Bessel’s inequality that

> 1|2
Z(|Al |2—|—|B/| ) ”fH

n=1
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Therefore
> (|Ancos(nz)| + | Bysin(nz)|) < Y (|An| + |Bal)
n=1 n=1

(1B, +45])

I
NE
3| e

3
Il
—

0o 1 1/2 00 1/2
S(Zm) <22<|A;|2+|B;|2>) <.
n=1

n=1

Therefore, from pointwise convergence, we have

max | f(z) — Sy(x)| < max » |4, cos(nz) + By sin(na)| < Y (|Au] + |Bn]) = 0
N+1 N+1
as N — oo. O

2. HARMONIC FUNCTIONS

2.1. Laplace’s equation. The stationary heat or wave equation
Uge = 07

or in higher dimensions
n
0?u

Ay :=div(Vu) = 922

=1

=0

is called the Laplace equation, and its solutions are called harmonic functions. The inhomo-
geneous version

Au=f

for a given function f is called Poisson’s equation. Just like the heat and wave equations, we
can give Laplace equations The first thing we will prove is the maximum principle.

Theorem 2.1 (Maximum principle). Let D be a connected bounded open set in R”. Let u be

harmonic in D and continuous on D. Then the maximum and minimum values of u are attained
on 0D, the boundary of D and nowhere inside unless u is a constant.

Proof. Let € > 0 and define
ve(z) = u(z) —eflzl?, = €R"

Then
Av, = —2ne < 0.

Suppose o € D is a local minimum. Then Awv. > 0, a contradiction, hence there is no local
minimum in the interior of D. Let x¢ € 0D be the minimum for v,. Since

u(z) > v(x) > ve(20) = ulwg) — el|zo|?
holds for all x € D and for all e, we have

u(z) > minu.
oD

Repeating the argument for v. = u + ¢||z||* gives us the maximum. O
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2.1.1. Uniqueness. The maximum principle can be used to prove the uniqueness of solutions for
the Poisson equation with Dirichlet condition

Au=f inD
u=~nh on 0D.

Suppose that v is another solution to the Poisson equation with same boundary conditions. Then
u — v is harmonic and 0 on the boundary, hence by the maximum principle u = v on D.

2.1.2. Invariance. The Laplace equation is invariant under rigid motion. We show this explicitly
in 2 and 3 dimensions. For two dimensions, translation is obvious. Consider a rotation in the
plane by angle 6. It can be given by the transformation

(', y) = (xcosf + ysinh, —xsinf + y cos ).
Changing variables, we have
ou_ouox  ouoy
dr  Ox' 0x Oy Oz
= Ugr cOS 0 — U,y sin 0.
and
o
Ox?

by a similar computation, we obtain

= (uy cos — uy sin ), cos @ — (uy cos @ — uy sin ), sin 6.

2 2
Uz + Uyy = (Ugrgr + Uyryy ) (€O8™ 0 4 SIN° 0) = Uy + Uy

therefore, the Laplacian is rotationally invariant. In polar coordinates, x = rcos#, y = rsin@, the
Laplacian is given by

A= 0? N 10 N 1 0°
COrz  ror 2002
A rotationally symmetric solution, i.e. u(r,d) = u(r) is given by
u(r) = c1logr + co.

In higher dimensions, we can show rotational invariance through some linear algebra. We define
a rotation in R”, to be a transformation given by an orthogonal matrix, i.e.

¥ = B¥

where B € O(n) = {B is an n X n matrix such that BB = BBT = I}. Then the Laplacian is
the trace of the Hessian matrix of v hence

Tr(Hess u(x)) = Tr(BT Hessu(2') B) = Tr(Hess u(z') B B) = Tr(Hess u(z")).

In spherical coordinates,

T = §COS P
Yy = ssin ¢
z =rcosf

s =rsinf,
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we can view this as a change of coordinates from (z, vy, z) to cylindrical coordinates (s, ¢, z), then
to spherical (7,0, ¢). Since z is fixed in the first transformation, we can apply the 2 dimensional
change of coordinates so that

Ugg + Uyy = Uss + gus -+ Euw.

In the second change of coordinates, ¢ is fixed so that
1 1
Uyy + Uss = Upp + —Up + — Ugo-
r r
Combining, we have
1
Ugy + Uyy + Uzy = Upy + ;ur + T_QUGG + ;us + S_2u¢>¢>‘

By chain rule,

Ug = UpTs + uﬁ‘gs + u¢¢s

s cos
= Up— + Ug
r

r
so that
A=ty + 2ty + (g + (cot B)up + —o
U= Upp + — Uy U, cot 0)u - U )
r r2 b0 o sin’ @ 99

The rotationally symmetric solutions in 3 dimensions is given by
U = —017"71 + Co.

Example 2.1. If the domain that we are dealing with is rotationally symmetric, one strategy
is to convert the Laplace or Poisson equation into polar coordinates. For example, consider the
Dirichlet problem

Ugy T Uy =1 Inr<a
u=20 onr =a.

Since the domain is rotationally symmetric with rotationally symmetric boundary condition, the
solution should depend only on r. In polar coordinates,

1
Uy + —, = 1.
r

We can view this as a first order equation of u,, hence multiplying by the integrating factor, we
have
(ruy), =r.

Integrating twice, we have

1
u(r) = Zr2 + ¢ In(r) + co.

Inserting the boundary condition, we have
2

0= QZ + c11In(a) + co.

hence we get a relation between the coefficients ¢; and cs.
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2.2. Rectangles. We will give explicit solutions over rectangles and cubes. Let D be a rectangle,
that is
D={(z,y) ER*|0<z<a,0<y<b}

Example 2.2. We will find harmonic functions on D with the given boundary conditions

u=g(x)

u=jy) u, = k(y)

U, +u = h(x)

For simplicity, assume h = k = j = 0. We will find a separated solution, so assume u(z,y) =
X(2)Y (y). Then the Laplace equation can be rewritten as

X'(z) | Y'(y)
X(z) — Y(y)

Hence, there is a constant such that X” +AX =0 and Y” — AY = 0. Since X(0) = X'(a) =0, we
can show that A = 32 > 0. In fact, the explicit eigenfunctions and eigenvalues are

{Xn(x) = sin (—(mf)m)

=0.

2

B2=Ay=(n+1)m.

Next we solve for
Y"—AY =0 with Y'(0) + Y (0) = 0.

Since this is a constant coefficient second order ODE with A > 0, we have
Y (y) = Acosh(p,y) + Bsinh(5,y).
Inserting the boundary conditions, we have
0=Y'(0)+Y(0) = B3, + A.
For convenience, let B = —1, so that A = 3,,. Then
Y(y) = B, cosh(B,y) — sinh(B,y).
Therefore, we can formally add the solutions X, Y, to obtain

u(w,y) = 3 Apsin(Bur) (B cosh(B,y) — sinh(B,y)).

n=0

This satisfies the 3 boundary conditions. It remains to insert the last boundary condition:

g(x) =Y An(By cosh(B,b) — sinh(B,b)) sin(B,z).

n=0

This is a Fourier sine series hence we can use the Fourier coefficient formula to get

A, = g(ﬁn cosh(3,b) — sinh(8,b))"" /0 " o) sin(B,2)dz.
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2.3. Poisson’s Formula. Next we discuss the Dirichlet problem for a circle,

Upr + Uy =0 for 2% +y* < a®
u = h(0) for 2% +y? = a?

We consider separated solutions u(r, ) = R(r)O(f) so that
1 1
0=R'©+-R0O+ - RO"
r r
Dividing by RO and multiplying by r2, we obtain

O + 20 =0
r?R"+rR — AR =0.

For the angular component, we give periodic boundary conditions:
O0 +27) = 6(0)
Hence we get explicit solutions
©(0) = Acos(nd) + Bsin(nh)

with A =n? (n=0,1,2,...).
In the radial direction, the ODE is of Euler type hence we assume that the solution is of the
form R(r) = r* so that
ala — Dr* 4+ ar® —n*r®* =0,

hence o = £n, so R(r) = ¢;7™ + cor~". Combining the angular and radial solutions, we have
u(r,0) = (c1r™ + cor™")(Acos(nb) + Bsin(nh))
forn=1,2,.... For n =0, we have
u = ¢ + ¢z log(r)

Since u is harmonic, and hence continuous on D, we do not consider the solutions r~" and logr
which are discontinuous at r = 0. Hence, summing the solutions, we have

u(r, 0 —A0+Z (A, cos(nd) + B, sin(nf)).
Inserting the Dirichlet boundary condition, we have
1 = .
h(0) = §A0 + ; a" (A, cos(nd) + B, sin(nh)).

Since this is the Fourier series for h(f), we have the formulas for the coefficients

1 27
A, = h d
/0 (&) cos(nd)do

mTam™

1 27
B, = h 1 d
/0 (¢) sin(ng)ds

wa”
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Much like the Dirichlet kernel, we can find a closed form. Plugging in the Fourier coefficient
formulas into the solution, we have

™

= % ' h(9) (1 + 2;::1 <£)ncos(n(0 - gb))) do

0

u(r,0) = QL/O ' h(¢p)do + Z ;—;/0 ' h(¢)(cos(ne) cos(nf) + sin(ng) sin(nd))de

By expressing cosine in terms of the complex exponential, we have

[e.e] o)
r\NT . r\”m .
_ in(6—9¢) Z —in(6—9¢)
n=1 n=1

. rei0—9) re—H0—9)
R s Ty
a2 — 2

a? — 2ar cos(0 — ¢) + 1?2

Inserting this, we obtain Poisson’s formula

_(a®—1?) [ h(¢)
u(r,9) = 27 /0 a? — 2ar cos(0 — @) + r? ag-

This formula can be used to express any harmonic function inside a circle in terms of its boundary
values. In vector notation, viewing points as vectors originating from 0,

et up)
() —/h7|

2ma =a |f_ gl2

Theorem 2.2. Let h(¢) = u(y) be any continuous function on the circle C' = dD. Then the
Poisson formula provides the only harmonic function in D for which

lim u(z) = h(xg)

T—T0
for all g € C.

Proof. We define the Poisson kernel

a? —r?
P —
(r,0) a? — 2ar cos § + r2
so that )
1 Yy
ur,6) =5 [P0 - 9)he)do
™ Jo

for r < a. The Poisson kernel has the following properties
(1) P(r,0) > 0 for r < a.

(2) [Z7 P(r,0)df = 2m
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(3) P is harmonic inside the circle.

Now u(r,0) is harmonic since P is harmonic and we can differentiate under the integral sign in
this situation (P(r,#) needs to be continuous in the compact interval). Now we need to show the
limit, so fix an angle 6y, and consider r near a, then

ulrb0) = 1(00) = 5 [ Plrubo — 0)(h(e) ~ hitu))do

(e

First we will show that the kernel is concentrated at # = 0, that is, for any € > 0, and for each
0 < g < m — 4§, we can find an r sufficiently close to a so that

a? — r2 a? — r2 a? — r2

P(r.0)| = = <
|P(r, 0)] a? —2arcos@+r2  (a—r)2+4darsin®(0/2) ~ (a —r)? + 4arsin®(9)

<E.

Using this r, we have that

c Oo+9 c
[u(r, 00) — h(0o)| < o7 Jo s P(r,00 — ¢)do + or /|¢90|>6 |h(¢) — h(0o)|do
< (1+2H)e,

where 0 > 0 was chosen so that |h(¢) — h(6y)| < € whenever |¢ — 6y| < 6 and |h| < H for some
constant H, since h is continuous. 0

We can apply the Poisson formula to obtain the mean value property and the maximum principle:

Proposition 2.1 (Mean Value Property). Let w be harmonic in a disk D, continuous up to the
boundary. Then the value of u at the center of D equals the average of u on its circumference.

Proof. Let x = 0 in the Poisson formula, then

1
= d
w0) =50 | uis

O

Proposition 2.2 ((Strong) Maximum Principle). Let u be harmonic in D. If the maximum is
attained in the interior, then u is a constant. Let z); € D be the maximum point. Then

u(x) <wu(xpy) =M, forallze D.
Proof. By applying mean value property at this point, we have
M = u(zxy) = average on circle < M

so that uw = M on the circle. Repeating the argument, we can fill the domain D with circles so
that u is a constant on D, if max is attained in the interior. 0

Proposition 2.3 (Differentiability). Let u be a harmonic function in any open set D of the plane.
Then u(¥) = u(z,y) possesses all partial derivatives of all orders in D.

Roughly, by the Poisson integral formula, we see that the integrand is differentiable and does
not require the differentiability of the original function.
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2.4. Circles, Wedges, and Annuli. We define the following domains:

Wedge: {(r,0) | 0 <6< 6y,0<r<a}
Annulus: {(r,0) | 0 <a <r <b}

Exterior of a circle: {(r,0) | a <1 < o0}.

2.4.1. Wedge. We consider Laplace equation with homogeneous Dirichlet condition on the straight
sides and an inhomogeneous Neumann condition on the circular side:

Au =0
u(r,0) =u(r,5) =0
%(CL,@) = hw)

By separation of variables, we get the two ODEs

r?R"+rR — AR =0
0"+ X6 = 0.

Inserting the homogeneous conditions gives us ©(0) = ©(5) = 0, hence we have a solution
O,(0) = sin <”T”9)
nm 2

P?R'+rR — AR =0

In the radial direction, we have

This is of Euler type and has the solution R(r) = r®, where o* = X\. Throwing out the singular
solutions, we have the solution

o0
nmt
u(r,0) =Y Ar"/Fsin (—) :
2o
With the inhomogenous boundary condition, we view it as a Fourier sine series with coefficients

B
A, = a8 2 / h(0) sin (”TZ@> do.
0

nm
2.4.2. Annulus. Consider the Dirichlet problem for the annulus in 2 dimensions,
Upr + Uy =0 In0<a? <a2?+y? < b

u=g(0) forr=a
u = h(0) for r = b.

Since r # 0, we use the solutions of the circle except that we can now include the singular (in the
circle case) terms so

u(r,0) = %(C’o + Dologr) + Z(Cnrn + D, r~ ") cos(nf) + (Apr" + B,r~") sin(nf).

n=1
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Plugging in the boundary conditions, and noting that {1, cos(n#),sin(nf)} are orthogonal on the
interval (0, 27), we have the relations

0
Ab™ + Bob™" = L [77 h(0) sin(nb)db

0

{A 20"+ Bpa™" = 5= 27rg(@) sin(nf)do

and similarly for the constant and cosine terms. In matrix form, this is equivalent to solving for

a a ™"\ (A (o
b b ") \B,) \pB.
where a, b are given and «,, 3, are the corresponding Fourier coefficients. The determinant of the

matrix is nonzero as long as a # b and has a unique solution.

2.4.3. Exterior of a circle. We consider the Dirichlet problem for the exterior of a circle in 2

dimensions
Upg + Uyy = 0 for 2?2 +y? > a?

u = h(0) forr=a
u 1s bounded

We can solve this in the same way as a circle again however, the condition u being bounded implies
that there are no terms r” since ™ — oo as r — 0o. Hence we only keep the terms »~". Therefore,

u(r, 0 —AO + Z "(A,, cos(nb) + B, sin(nh)).

Incorporating the boundary condition, we have
A, = — / ) cos(nd)df

and

Bn:—/ ) sin(nd)db.

Furthermore, there is a corresponding Poisson formula in this case given by

u(,m 0) _ (T2 _ CL2> /0 " h’(¢> d¢

2m a? — 2ar cos(0 — ¢) + r?

3. GREEN’S IDENTITIES AND GREEN’S FUNCTIONS

In this section, we present a way to solve Laplace’s equation on more general domains. Recall
the divergence theorem, let D be a bounded region and F' a vector field defined on D. Then

///DdideV://aDF-ndS

where n is the unit outer normal vector of 9D.
We first prove Green’s first identity, for u, v real valued functions,

], vas = [ wo-vu s [[f vauie
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This is a simple consequence of the divergence theorem and the product rule

div(vVu) = Vv - Vu + vAu.

I 2as— [[] sute

We can apply this to obtain a necessary solution for the solution to exist for the Neumann problem
in any domain D: If

Setting v = 1, we have

Au=f inD
g—Z:h on 0D,

I fff

Hence, for a solution to exist, the above must be satisfied between the boundary data and the
inhomogeneous term.

Then integrating over D we have

3.0.1. Mean wvalue property. We also show a mean value property for harmonic functions in 3
dimensions. Let B be a ball of radius a. Suppose Au =0 on B. On a sphere, we have the normal
direction being the same as the radial direction, hence

ou Ou

o or
Therefore, plugging into Green’s first identity, we obtain

ou
i

In spherical coordinates, the surface integral is given by

/ " / " in(a, 0, )a sin()ddd — 0.
0 0

Dividing out the constant by 47a? and moving the r derivative outside the integral, we get

21 T
% (%/o /0 u(r, 0, ¢) sin(¢)d¢d9>

Note that this holds for all » = a. Hence we see that the quantity

1 2 ™ ' 1
yy i /0 u(r, 0, ¢) sin(¢)dpdd = A(0B) //83ud8

is independent of r. Taking the limit » — 0, we get

=/ K / (0 sin(6)dedd — u(0),

A(;B) //8Bud5 = u(0).

This proves the mean value property in three dimensions. From the mean value property, we
automatically have the maximum principle

=0.

r=a

hence

Proposition 3.1. If D is any solid region, a nonconstant harmonic function in D cannot take its
maximum value inside D, but only on 0D.
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3.0.2. Uniqueness of Dirichlet problem. Given two harmonic functions u; and uy with the same
boundary data, their difference v := u; — uy is harmonic and is zero at the boundary. Using
Green’s first identity with v = u, we obtain

0—//8Du—dS ///D|Vu|2dV.

Hence |Vu| = 0 and u is a constant in D. Since the boundary is 0, we have that v = 0. This
establishes the uniqueness.
We define the term on the right as the following

Definition 3.1. Define the energy of u as
1 2
= — |Vu|=dV.
2JJJp

Proposition 3.2 (Dirichlet principle). Let u be the unique harmonic function in D with boundary
data uw = h(z) on D. Let w be any other function with the same boundary data. Then the
harmonic function u is the minimizer of the energy, i.e.

We have the following

Elw] > Elul.
Proof. Let v := u — w. Then
1
- —// V(1 — v)|2dV
2 D
= Efu] + E[v|
where the mixed term vanish by applying Green’s first identity:. 0

3.1. Green’s second identity. By subtracting Green’s first identity, we have Green’s second

identity
v
/// uAv — vAu)dV = //81) (u%—v%> ds.

3.1.1. Representation formula. Much like the Poisson formula, we want to obtain a integral rep-
resentation for any harmonic function. We have the following

Theorem 3.1. In dimension 3, if Au =0 in D, then

1 1 ou
+ — | dS.
u(xo) 47r//aD< (nx—xon> ||x—xo||an>

Proof. Choose polar coordinates centered at xy. Apply Green’s second identity with v = —ﬁ.
Let D. = D — B(xy,¢).
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Then Au =0 and Av =0 in D.. Apply Green’s second identity to this pair to obtain

o /1 oul
- //m (“a—n (;) - a—nz) 15 =0

Now the boundary 9D, consists of 2 parts, with the normal vector for the inner sphere pointing
inward so that % = —%, thus

L (A Q- B () -2

This holds for any small € > 0. We now take the limit as ¢ — 0. On {r = ¢}, we have

o (y__1_ 1
or\r)  r2 g2

YA OR Ty Y/

=4 Qe —
U + 7T€8

Hence

where the bar denotes the average of the function on the sphere r = ¢. Let ¢ — 0 so that the last
term equals 47u(0). This gives the integral formula. O

3.2. Green’s function. We investigate further the nature of the integral formulas.

Definition 3.2. The Green’s function G(z,z) for the operator —A and the domain D at the
point xg € D is a function defined for x € D such that

(1) G(x,z) possesses continuous second derivatives and AG = 0 in D except at the point z.
(2) G=0o0n9D.

(3) The function G(z,xq) + m
everywhere and is harmonic at xg.

is finite at xy and has continuous second derivatives

Theorem 3.2. If G(z,x¢) is the Green’s function, then the solution for the Dirichlet problem is

given by the formula
0G (z, x¢)
u(xg) = u(r)————=dS.
(o) //BD (@) —5,

Proof. By the representation formula, we have

=[], (- 2)

m Define H(x) := G(x,x0) — v(z). Then H is harmonic in D by definition
of the Green’s function. Applying Green’s second identity to u and H, we have

OH Ou
_ g9 gs.
0 //BD(“an on )ds

Since G = H + v, adding the representation formula and the identity, we obtain

u(zo) = //81) (u% - %G) ds.

Since G vanishes on 0D, the second term vanishes we we obtain the integral formula. 0J

where v(x) =
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3.2.1. Symmetry of Green’s function.

Proposition 3.3. For any a,b € D, where D is some bounded region,
G(a,b) = G(b,a).

Proof. Let u(x) = G(z,a) and v(x) = G(x,b). Let D. = D — B(a,e) — B(b,¢).

By Green’s second identity, we have

v
///5 (uAv — vAu) da:—//aD <u%—v%)ds
Ov ov ou
+ //lx—al—a (Ua—n - ’Ua—n> ds + //l;: s (Ua—n - ’Ua—n> ds.

Since the Green’s function vanishes on 9D and is harmonic in the deleted neighborhood, we have

ov ey S
//I:c—a|s (u% —v—) dS + //|z - (u% —v%> dS = 0.

This holds for any €. Now we focus on the a term. Let r = |x — a|, and on the sphere, we have
a
= so that

Jv 0 1 ‘
// K dmr ) o "on (‘m +H>} r?sin ¢dedo
// (_ﬁ% % ( )) r? sin ¢dgdd + // (H— - U—Z) r? sin pdpdl
i // v sin ¢dodo.

By mean value property, the last is

2m T
. v,
ll_I)I(l) i /0 Treac sin pdodl = v(a).

and similarly, we have

hence

3.3. Half-space and sphere.
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3.3.1. Solutions on half-space. We will first determine the Green’s function for a half-space in three
dimensions. Let D := {x = (7,y,2) € R* | 2 > 0}. Define a reflected point as x* = (z,y, —2).
Then the Green’s function for D is given by

1 1
dmfx —xol|  Amfx —xgll

G(x,%Xg) =

We need to check the three properties of the Green’s function.

(1) G is finite and differentiable except at x¢. Using polar coordinates centered at xg, we see
that AG = 0.

(2) By symmetry, we see that G =0 on 0D.
1 1

drl|x — xof|  drlx — x|

(3) Since G +

has no singularities, hence is harmonic at xq.

Now we use the Green’s function to solve

Au=0 for z >0
u(z,y,0) = h(z,y).
Since the unit normal is (0,0, —1), we have 8—G = —a—G|Z:0. Now
on 0z
0G _ 06| _1( st sz
on 0Oz 0 C 4r Ix =x5l1° lIx—%0l?/1].—
1 20

" 2w [[x — xo[*

Therefore, we have the solution to the Laplace equation on the half space as

2 h(z, y)dzdy
U(l’oayoa Zo) =5 3
2 JJre (2 — w0)? + (y — v0)? + 23)?

3.3.2. Solutions on Sphere. We compute the Green’s function on the ball D = {||x|| < a}. Define
the reflected point of a ball by

o @X0
°7 Jxol?

Let ||x — xo|| = r and ||x — x{|| = *. We claim that the Green’s function for the ball is

1 a

G =—
(%, %0) 47y + 47t ||xo |7
for x¢ # 0, and
1 1
G(x,0) = ——— + —.
(x,0) 47 ||x|| T Ira

For xq # 0, we check the three properties. The first and third properties are straightforward since
x;, lies outside the circle, and we can use polar coordinates with different centers. For the second
property, we notice that for ||x|| = a, we have
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where 79 = ||xo||. Factoring out ™, we get

for any ||x|| = a, hence G = 0 on the sphere ||x|| = a.
Now we use the Green’s function to give a formula for the solution of the Dirichlet problem in
a ball in dimension 3,

u=nh on ||x|| = a.

{Au =0 in|x||<a

First cons&der xo # 0. We need to calculate ¢ on the boundary [|x| = a.

Now r? = ||x — xo||?, hence 2rVr = 2(x — xo) so that Vr = **¢ and similarly for 7*. Also
computing,
X—X) aX-—X

Ve = A7rd o dw(r)3

. 2
Using the fact that x5 = {>xo and for [|x|| = a, r* = ;r, we have
0

1 2
VG = (x—xo—r—ngtxo)
a

43

on the surface, hence

06 o ox o

on a  Admard’
Inserting this in to the integral formula, we obtain

a® — ||xo|I* h(x)
u(xg) = e //”x”:a —HX — X0H3d5'.

In 2 dimensions, the Green function is given by

! U (ol
6. x0) = 5-tog x = xall = 5o (P2 - )

where the third property is replaced by —log [|x — xo|.

4. GENERAL EIGENVALUE PROBLEM

Throughout this section, we will use the L? inner product and norm,

= fff, e

LI =

We now consider the Dirichlet eigenvalue problem

Au+d =0 1inD
u=20 on 0D.
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where D is an arbitrary domain (open) in 3 dimensions, with smooth boundary. We denote the
eigenvalues by
O< A <A< <

repeating up to multiplicity.
Consider the minimum problem:

2
m = min {H“ ”! |w:0on8D,w;7éO}.

The quotient we minimize is called the Rayleigh quotient.

Theorem 4.1. Assume that u(z) is a solution to the minimum problem. Then the value of the
minimum equals the smallest eigenvalue A; of the Dirichlet problem and u(x) is its eigenfunction,
ie.

2
Alzmin{HFuﬁ! |w:0on8D,w;7éO}, and — Au = \u, in D.
w

Proof. Consider a test function w, which is any C? function w such that w = 0 on 9D and w # 0.
By assumption, we have
_ Ivel® _ IVel®
[ull> = wl?
for any test function w, where m is the minimum. Let v be any test function and consider
w := u+ €v, € is any constant. Then the function

IV(u+ev)?  [[Vul]? 4 2¢(Vu, Vo) + [|[Vol[?
|u+ ev]|? |u]|? 4 2e(u, v) + || Vo||?

fle) =

has a minimum at € = 0, hence f’'(0) = 0. Computing, we have

2(|ul*(Vu, Vo) — 2||Vul*(u, v)

el

0=f(0)=
Therefore, we have
(Vu, Vv) = m(u,v).
Integrating by parts, or by Green’s first identity, we have
(Au+mu,v) =0

which holds for all test functions v, therefore m is an eigenvalue for —A with eigenfunction u. To
show that m is the smallest eigenvalue, let —Awv; = A\jv; where )A; is any other eigenvalue. Then

Ivulz
— P ’
O
Theorem 4.2. Suppose that \,...\,_; are already known, with the eigenfunctions vy, ..., v,_1,
respectively. Then
A, = min {H” H” w#0,w=0o0n0dD,weC?0=(wuv)=(w,uvy) == (w,vn_l)} ,

assuming that the minimum exists. Furthermore, the minimizing function is the nth eigenfunction
Up.
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Proof. Let u denote the minimizing function, which we assume exists. Note that v = 0 on 9D
and u is orthogonal to the previous eigenfunctions. Let m be the minimum value. Let w = u+¢cv
where v satisfies the constraints in the minimizing problem. By the same reasoning as above,

J[[ @t mueav o

///D<Au +mujy;dV = ///D u(Avj +mu;)dV
:(”l—w&)/yy;u%dvazo,

since u is orthogonal to v;. We also used the fact that v and v; are vanishing on the boundary.
Let h be an arbitrary trial function, which is C?, h = 0 on 0D, and h # 0. By Gram-Schmidt
process, we let

and

n—1 (h, ’U]g)

(U, Vk)

V().
k=1
This v is not orthogonal to all the v,. Since each function satisfies the constraint conditions, v

also satisfies as well. Hence
/// (Au + mu)hdV = 0.
D

since h = v + ¢, where ¢, are the coefficients in the Gram-Schmidt decomposition. Since this
holds for any test function, we get that

Au+ mu = 0.
It remains to show that m = \,. Suppose m < \,_1, then it is attained by some u. However,
Vu,_1|?
by induction, A\, 1 = % which was the minimizer of the Rayleigh quotient with less
Un—1

constraints, hence v would be smaller, which is a contradiction. So we know A\, _; < m. By the
same reason as the n = 1 case, we can show that m < \,. Since u must be linearly independent
to v,_1, we have that m = \,, note that its value can be equal to \,,_;. ]

We can then prove that the first eigenvalue is simple (multiplicity one) so that in fact, our
eigenvalues can be ordered as
D< A< << A<

First we prove a maximum principle in this setting.

Lemma 4.1. The first eigenfunction can be chosen to be nonnegative, u > 0.

Proof. Let u, and u_ be the nonnegative and negative parts of u. By the minimal characterization,
we know that

- AVui P Va2 I Vul?
A1 = min{ } < =\
Jur|® 7 flu—|? [l
This would give a contradiction unless one of u, or u_ is zero. We choose u_ = 0. 0J

Next we use a maximum principle to show that

Lemma 4.2. The first eigenfunction is positive, i.e. u > 0, in the interior of D.
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4.1. Minimax principle. We start with an approximation scheme where we let w,...,w, be
n arbitrary test functions (C? functions that vanish on dD.) Define the matrix A = (a;;) and
B = (b;j), with entries given by

Q5 = (VwZ,Vw]) = /// sz : Vw]dV
D
bij = (wi,wj) = /// wlw]dV
D

Consider the characteristic equation
det(A — AB) =0.

Note that it is a polynomial equation in A. Denote the roots by

A< AR
First we show that
3\ Ac-c
= max :
" ¢£0 Be-c
Lemma 4.3. For A a real n x n symmetric matrix, the largest root A, of det(A — AI) = 0 is given
by
Ac-
A, = max ¢ c.
c#0 C-C

Proof. From linear algebra, a n X n real symmetric matrix has an orthonormal eigenbasis consisting
of eigenvectors {v;}. Then, for any v € R", we can write as v = c;v; + - - - + ¢, v,. We have

Av-v  A(cur + -+ cpuy) - v

v-v v-v
_adMflulP+ -+ g Aallval®
[[o]|?
[o]?
<\ =\,
oz "
The maximum is attained when v = v,,. [

Now for B positive definite and symmetric, we can decompose as B = b?, with b positive definite
and symmetric and so B~! = b~'b~!. Note that

det(A — AB) = det(b~"Ab~" — \) det(B) = 0

hence we apply the lemma to b= Ab~! — \I, hence

. b 1AV e ¢
A; = max ——.
c#0 c-cC
Let ¢ = bv, then
. Av v
A = max

n

v£0 Bv-v’
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Returning to the minimax principle, we see that the matrix B defined above is positive definite

since
n

2T By = Z(xiwi,xjwj) = /Z(:c@wl) Z(:ijj) = /(ZZ: zw;)? > 0.

ij=1
so that

\V4 a0 )12
A: = max IV c]wj)2||
0| 30 i
This leads to the minimax principle

Theorem 4.3. If wy, ..., w, is an arbitrary set of test functions and A} is defined as above, then
the nth eigenvalue is given by
Ap, = min A\,

where the minimum is taken over all possible choices of n test functions wy, ..., w,.

Proof. Fix any choice of n test functions wq, ..., w,. We can then choose constants cq,...c, not
all zero so that for eigenfunctions vy, ...v,—1 and w := ) c;wyj,

n

(w,vg) = ch(wj,vk) = 0.

J=1

so that w is orthogonal to the first n — 1 eigenfunctions. Then

— n*

Since this holds for any choice of n test functions, we can take the minimum on both sides.
For the opposite inequality, we simply let w; = v; to obtain the minimum. 0

Using the minimax principle, we can give an inequality relation about eigenvalues in different
domains:

Theorem 4.4. Let Dy C Dy. Then \,(D;) > A\, (D3), where A, (D) is the nth eigenvalue of the
Dirichlet problem on D.

Proof. Let wy, ..., w, be test functions and ¢; be coefficients such that for w =3 c;w;,
[Vwlf?
A (Dl) = )
" [[w][?

that is, the Rayleigh quotient is maximized among the fixed test functions. Since D; C D,, we
can extend these test functions to be test functions on Dy so that

AZ(Dl) = A (Do)
Taking the minimum over test functions of Dy, we have

An(Dq) = min A (Dq) = min A (Dy) > min A (Dg) = A\ (D3).

1 2) =
test functions of Dq test functions of D1 test functions of Do

O
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Now we prove that the eigenvalues increase:

Corollary 4.1. For D C R", the eigenvalues of the Dirichlet problem,

—Au=M N onD
u=0 on 0D.

form an infinite sequence \,, such that )\, — oo as n — oc.

APPENDIX A. SOME LINEAR ALGEBRA

Theorem A.1. If A is an n x n real symmetric matrix, then it is diagonalizable under an or-
thonormal basis of eigenvectors.

Corollary A.1. If A is positive definite and symmetric, then it can be decomposed into its “square
root” matrices A = a? where a is positive definite and symmetric.

Proof. Since A is positive definite and symmetric, we can write as
A= PDPT = (PDY?PT)(PD'?PT) = d®

where P is a matrix of (normalized) eigenvectors, hence PTP = I, D is a diagonal matrix of
eigenvalues and D'/? is the square root of the entries, which is possible since A is positive definite
hence each eigenvalue is positive. 0
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