MATH 147A: INTRODUCTION TO DIFFERENTIAL GEOMETRY

SHO SETO
CONTENTS
1. Curves in R? and R3 1
1.1. Curves 1
1.2, Arc-length 3
1.3. Reparametrization 4
1.4. Closed curves 5
1.5. Level curves vs. parametrized curves 6
2. Curvature 6
2.1.  Curvature 6
2.2.  Plane Curves 7
2.3.  Space curves 9
3. Global properties of curves 11
3.1.  Simple closed curves 11
3.2.  The isoperimetric inequality 11
4. Surfaces 13
4.1. Introduction 13
4.2.  Smooth Surfaces 14
4.3. Smooth maps 15
4.4. Tangents and derivatives 15
4.5. Normals and orientability 17
5.  Examples of surfaces 18
5.1. Level surfaces 18
5.2.  Quadric surfaces 19
6. First Fundamental Form 19
6.1. Lengths of curves on surfaces 19
6.2. Isometries of surfaces 21
6.3. Conformal mappings of surfaces 22
6.4. Equiareal maps and a theorem of Archimedes 23
6.5. Spherical Geometry 24
7. Curvature of a surface 25
7.1. The second fundamental form 25
7.2. The Gauss and Weingarten maps 26
7.3. Normal and geodesic curvatures 26
7.4. Parallel transport and covariant derivative 27
8. Gaussian curvature 27
Appendix A. Real Analysis 28
Appendix B. Topology 28

1. CURVES IN RZ AnD R?

1.1. Curves. We begin with two notions of a curve, a level curve and a parametrized curve and
discuss their relationship.
1
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Definition 1.1. Let f: D c R?> — R. A level curve in R? is a set of points

C={(z.y) eR?| f(z,y) =}
Example 1.1. The unit circle
4yt =1
can be described as a level curve by being the zero set of f(z,y) = 22 + y?> — 1.

Level curves in higher dimension such as R? require more defining equations.
Example 1.2. The z-axis in R? is described as a level curve by
C={(x,y,2) €R3 | y=0,2=0}
Another way to describe a curve is to view it as the path a moving point takes.

Definition 1.2. A parametrized curve in R" is a map 7 : (a,b) — R", for some a,b with —oo < a <
b < oo. Written out explicitly, it would take the form

v(t) = (z1(t), x2(t), ..., xn(1)).

2 can be described as a level curve by

Example 1.3 (parabola). The parabola y = x
{(z,y) e R? |y —2® = 0}.
It can be described as a parametrized curve by
A(t) = (1 22).
This can be obtained by setting x(t) = ¢, then y = 22 = t2. Another possible parametrization is
A(t) = (#,19).
The above two parametrizations are defined for any subinterval of (—oo, 00). Now consider the parametriza-
tion by setting y(t) = t. Then we would obtain

() = (Vt,1),

however, this parametrization is defined only for subintervals of [0, c0). In particular, this could only give
us the positive x half of the parabola.

Example 1.4 (circle). Now we will parametrize the unit circle 22 + y? = 1. If we let z(t) = ¢, then
y(t) = V1 —t2. However, this parametrization would only give us the positive y half of the circle. To
obtain the whole circle, we must consider examine the equation

2 (t) +y*(t) = 1.
By the Pythagorean theorem, we know that sin(¢)? + cos?(t) = 1 for any ¢, hence
7(t) = (cos(t),sin(t))
for t € (—o0,00) (actually any interval of length larger than 27) will parametrize the whole circle.

Example 1.5. Now we find a parametrization of y?> —2? = 1. This is a unit hyperbola and by setting one
of the coordinates as t would lead to a similar issue as above. We will use the relationship of hyperbolic
functions, namely cosh?(t) — sinh?(t) = 1 so that

~(t) = (sinh(¢),cosh(t)), te€R.

If one prefers, we can also use the identity sec?(t) — tan?(t) = 1, however the interval of definition will

require some care as t = 5 is not defined.

Next we describe how to go from a parametrized curve to a level curve.
Example 1.6 (astroid). Take the parametrized curve
v(t) = (x(t),y(t)) = (cos>t,sin3t), teR
Using the relation cos?t + sin?t = 1, we see that the coordinates of (t) will satisfy

2 2
3 +y3 =1.
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We now want to employ the methods of calculus to study these curves, hence we require the curves
to be differentiable. For parameterized curves, this simply means that the coordinate functions x;(t) are
differentiable. From now on all parameterized curves (unless otherwises stated) are assumed
to be smooth (infinitely differentiable).

Definition 1.3. If v is a parametrized curve, its first derivative #(t) is called the tangent vector of v
at the point v(t). We use the dot notation for the derivative.

Proposition 1.1. If the tangent vector of a parametrized curve is constant, the image of the curve is
(part of) a straight line.

Proof. If 4(t) = a for all ¢, where a is a constant vector, we have

d
t):/d’tydt:ta—i—b

for some constant vector b. O
Example 1.7. The limagon is the parametrized by
v(t) = ((1 +2cost)cost, (1 +2cost)sint), teR.

Note that v has a self-intersection at the origin. We can see this in the parametrization since v(t) = (0, 0)

when t = %’r and t = %”. Now the tangent vector at the “two points” is

V) = (8-, ) = (% -D).
1.2. Arc-length. By the Pythagorean theorem, we know the length of a vector v = (vy,...,v,) is given

by
vl = v/ (v1)? + - + ()2

To compute the length of a parametrized curve v(t) from ¢y to r, we will approximate the curve by

straight lines. First partition the interval [to, ] in to n pieces, i.e. let ¢ = to + k(tT_to) Then take the
length of the straight line between 'y(tk) and ’y(tk+1), sum the pieces up and letting n — oo, we have

tk:—i—l — tk n to

The term on the right is the arc-length of v from ¢ty to t.

Example 1.8 (Circumference). For fixed R > 0, consider the parametrized curve (Rcost, Rsint) for
t € [0,27]. This is a circle with radius R. We use the arc-length formula above and get

21 27
/ IFi(s)ds = R/ ds — 2rR
0 0

which is the familiar formula for the circumference.

If we consider the arc-length as a function of ¢, i.e.

s@) = [ 173(s)llds,

to
then we can differentiate with respect to t to obtain

&= & [ e = o
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Definition 1.4. If v: (a,b) — R™ is a parametrized curve, its speed at the point () is ||¥||, and = is
said to be a unit-speed curve if §(¢) is a unit vector for all t € (a, b).

Proposition 1.2. Let n(t) be a unit vector that is a smooth function of ¢t. Then n(t) is zero or
perpendicular to n(¢) for all t. For unit-speed curves <, this means that 7 is zero or perpendicular
to 4.
Proof. By direct computation,

d

0=—(n-n)=2n-n.

dt

1.3. Reparametrization.

Definition 1.5. A parametrized curve 7 : (a, l;) — R"™ is a reparametrization of a parametrized curve
7y : (a,b) — R™ if there is a smooth bijective map ¢ : (&,b) — (a,b) such that the inverse ¢! is smooth
and

3(s) = v(¢(s)) for all s € (a,b).
Intuitively, we are only changing how a point is moving along the same curve.

Example 1.9. Consider the parametrized curve (t) = (cost,sint). Another parametrization could be
given by 4(t) = (sint,cost). To see that this is a reparametrization, we need to find a reparametrization

map ¢. One possible ¢ is ¢(t) = 5 —t, then F(t) = v(4(1)).

One useful reparametrization is to change a given curve to a unit-speed curve (a unit-speed reparametriza-
tion). We now investigate when this is possible.

Definition 1.6. A point v(¢) of a parametrized curve is called a regular point if 4(¢) # 0; otherwise
v(t) is a singular point. A curve is regular if all of its points are regular.

Proposition 1.3. Any reparametrization of a regular curve is regular

Proof. Suppose v and 7 are reparametrization of the same curve, related by 7t = y(¢(s)). Let ¢ = ¢!
be the inverse map. Since ¢(1(t)) = t, taking the derivative we have

dody _
ds dt
From this we can see that ‘;—f # 0. Now 7(t) = y(¢(s)) so
dy _ dyde
ds dt dt’
So 91 £ 0, if T #£0. O

Proposition 1.4. If «(¢) is a regular curve, its arc-length s(t¢), starting at any point of ~, is a smooth
function of t.

Proof. We know that

ds .
= =)

regardless of v being regular or not. By regularity, ¥(¢) # 0 so in fact, it is smooth. g
Proposition 1.5. A parametrized curve has a unit-speed reparametrization if and only if it is regular.
Proof. Suppose v : (a,b) — R™ has a unit-speed reparametrization J(s). Then

A7) ||dv| dt

ds dt || ds

1=

and so ‘fl—z # 0.
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Conversely, suppose that v is regular. Then % = ||¥|| > 0. Since s is a smooth function of ¢ with

positive derivative, by the inverse function theorem, the inverse s~! exists, smooth and maps intervals to
intervals. Let ¢ = s~! be the reparametrization map, so J(s) = y(t) and

dyds dy
ds dt — dt
and so
dy|lds |dy| _ds
ol a5 -5
hence 4 is unit speed. O

1.4. Closed curves.

Definition 1.7. Let v: R — R” be a smooth curve and let T € R. We say that v is T-periodic if
vyt +T)=~(t) forallt € R.

If 7 is not constant and is T-periodic for some T' # 0, then + is said to be closed.

Definition 1.8. The period of a closed curve + is the smallest positive number T such that ~ is T-
periodic.

Example 1.10. The circle y(t) = (cos(t),sin(t)) is 2m-periodic.
Proposition 1.6. If v is a regular closed curve, a unit-speed reparametrization of « is always closed.

Proof. Suppose v has period T'. Since the period is T, it is reasonable to define the “length” to be

T
Mw:é|www

A unit-speed reparametrizationd 7 is given by the arc-length

szjmmwr
0

so that 4(s) = ~(t). Note that

t+T
W+H=A 191

T t+T
=/Hw+/ 141
0 T

= L(7) + s(t).

Hence

Y(s) =9)(s + L)

so that 7 is a closed curve. So we can always assume that a closed curve is unit-speed and that its period
is equal to its length. O

Definition 1.9. A curve « is said to have a self-intersection at a point p of the curve if there exist
parameter values a # b such that

(1) v(a) =~(b) = p, and
(2) if v is closed with period T', then a — b is not an integer multiple of T'.
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1.5. Level curves vs. parametrized curves.

Theorem 1.1. Let f(x,y) be a smooth function of two variables. Assume that, at every point of the
level curve

C={(z,y) eR*| f(z,y) =0}

Vf #(0,0). If p= (z0,y0) is a point of C, there is a regular parametrized curve ~(t) defined on an open
interval containing 0 such that v passes through p when ¢ = 0 and ~(¢) is contained in C for all t.

Theorem 1.2. Let v be a regular parametrized plane curve, and let v(tg) = (xo,y0). Then there is a
smooth real-valued function f(z,y) defined on open intervals containing xp and yg s.t. Vf # (0,0) and
~(t) is contained in the level curve f(z,y) = 0 for all values of ¢ in some open interval containing tg.

2. CURVATURE

2.1. Curvature. To find a measure of how “curved” a curve is. Suppose that ~ is a unit-speed curve in
R2. As the parameter t of v changes to t + At, the curve moves away from its tangent line at v(¢) be a
distance (vy(t + At) — y(¢)) - n where n is a unit vector perpendicular to the tangent vector 4(t) at ~(t)
(Recall v - w = |v||w|cos@). By Taylor expansion:
: 1.
V(t+ At) = () + () At + 57(75)(&)2 +0((A1)?)

Since 4 - n = 0, an approximation when At is small for the deviation of the curve from the tangent line
is given by

1.

S3(0) (A2
This motivates the following definition

Definition 2.1. If v is a unit-speed curve with parameter ¢, its curvature x(t) at the point y(t) is
defined to be ||4(t)]|.

Example 2.1. Consider the circle with radius R. It can be given by ~(t) = (Rcost, Rsint). To give it
a unit speed parametrization, we know that its arc-length is given by s(¢) = Rt so

A(s) = (Rcos(s/R), Rsin(s/R))
is unit speed. Computing, we have

() = (=g cos(§), = sin(§))-
Therefore, the curvature is given by

() = IA(s)l =

We have a formula for regular curves (not necessarily unit-speed)

Proposition 2.1. Let v(¢) be a regular curve in R3. Then its curvature is given by

i xal
1912
Proof. Let s be a unit-speed parameter of (¢). Then
Loy _dyds
TS T dsde
Therefore
4
Py _|d (4 S| _prs—s) _ ez - e
R = —_— pry —_ pr —_— = o -
ds? ds \ $ $ ($)3 ($)4
Now

&) =44
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and taking the derivative we obtain
58§ =79-4.
Inserting these into the curvature equation
_5GD = Gl
19112
Using the triple product identity a x (b x ¢) = b(a - ¢) — c¢(a - b) the numerator becomes

K

YY) = (VAT =7 x (x9)
Taking the norm and the fact that 4 and 4 x % are perpendicular,
19> (3 < DI = 31 > Al
O

2.2. Plane Curves. In R?, we can refine the definition of curvature into “signed curvature”. Suppose
that (s) is a unit-speed curve in R2. Its unit tangent vector is given by

t=4.
In the plane, there are two possible choices for a unit vector perpendicular to t. We define n; the signed
unit normal of v to be the unit vector obtained by rotating t counterclockwise by 7. Since ¥ is also
perpendicular to t, there must be a scalar x5 such that

Y = Rslg;

ks is called the signed curvature of v. If v is a regular curve, we define the above quantities through its
unit-speed parametrization. For unit tangent vectors, the direction of the tangent vector 4(s) is measured

by the angle ¢(s) such that

Y(s) = (cos(p(s)), sin(p(s)))
While the choice of the angle function ¢(s) is not unique, we can always find a smooth angle function.
Proposition 2.2. Let 7 : (a,b) — R? be a unit-speed curve, let sg € (a,b) and let g be such that

Y(s0) = (cos @o, sin o).
Then there is a unique smooth function ¢ : (a,b) — R such that ¢(sg) = ¢p and 4(s) = (cos(¢(s)), sin(¢(s))).

Proof. Let
Y(s) = (f(5),9(s))
and since ¥ is a unit vector, f? + g2 = 1. Define
S

©(s) = o+ / (fg—gf)dt.

S0

This is a good candidate for the angle function since the integral term is actually g _9 , which is

Fls Tl

the difference in the “slope” of the tangent vector. Since we are assuming v is smooth, all the factors
involved in ¢ are smooth hence ¢ is smooth. Let

F=fcosp+gsinp, G= fsinp— gcose.

then _ ‘
F=(f+gp)cosp+(§— fp)sing.

Now the first term _ ' _

frop=f—g")+f9g=Ff(ff+93)=0
and similarly ¢ — f¢ = 0. Hence F' is constant and similarly G is constant. Plugging in initial conditions,
F(sp) =1 and G(sg) = 0. Hence

fecosp+gsinp =1, fsinp—gcosp =0

which implies f = cos ¢ and g = sin .
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To show uniqueness, assume that there is another smooth function ¢ such that (sg) = ¢¢ and
4(s) = (cost(s),sinp(s)) for s € (a,b). Then ¢(s) — ¢ (s) = 2mn(s) where n : (a,b) — Z. Since ¥ and ¢
are smooth, n(s) is smooth hence must be a constant. Since n(0) =0, ¢ = 1. O

Definition 2.2. The smooth function ¢ in the above is called the turning angle of v determined by
the condition ¢(sg) = ¢p.

The signed curvature can be interpreted as
Proposition 2.3. Let v(s) be a unit-speed plane curve, and let ¢(s) be a turning angle for 7. Then
dp
ks = —.
T ds
Thus the signed curvature is the rate at which the tangent vector of the curve rotates.
Proof. The unit tangent vector is given by t = (cos ¢, sing), so
t = ¢(—sin g, cos @) = Kyny

Since ng = (—sin p, cos ), we get our result. O

Definition 2.3. The total signed curvature of a unit-speed closed curve « of length [ is

/0 l ks () ds

Here we encounter our first “Gauss-Bonnet” type result
Corollary 2.1. The total signed curvature of a closed plane curve is an integer multiple of 2.

Proof. Let v be a unit-speed closed plane curve and let [ be its length. The total signed curvature of = is

l B ldﬁ o B
/Oms(s)ds/o dsd = (1) — ¢(0),

where ¢ is a turning angle for 4. Now ~ is unit-speed and closed hence I-periodic, hence (1) = 4(0),
that is

(cosp(l),sinp(l)) = (cos p(0),sin p(0))
therefore ¢(1) — p(0) = 27n. O

For plane curves, its signed curvature determines the curve up to isometry.

Theorem 2.1. Let & : (a,b) — R be any smooth function. Then, there is a unit-speed curve v : (a,b) —
R? whose signed curvature is k. Furthermore, if 5 : (a,b) — R? is any other unit-speed curve whose
signed curvature is k, there is a direct isometry of M of R? such that

¥(s) = M(vy(s)), forall s € (a,b)
Proof. For the first part, fix sg € (a,b) and define for any s € (a,b),

and

+(s) = < / cos p(t)dt, / simp(t)dt) |

Then the tangent vector of ~ is
Y(s) = (cos p(s),sin p(s)),

and by Proposition 2.3, its signed curvature is

dp d [°
5= s . k(u)du = k(s).

Now let ¢ be a smooth turning angle for 4. Then
7(s) = (cos @(s), sin @(s)),
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therefore
(s) = (/ cosgb(t)dt,/ Singﬁ(lﬁ)df) +9(s0)-
S0 50

_d

Furthermore, 4 has signed curvature k(s) = 92 so

o) = [ " k() du + 3(so0).

S0

Let T : R? — R? be translation by 7(sg), and let # = @(so). Then

) = ([ cositt) + 03t [ sin(e) + 6)ar

0 S0

7 (cose —sin 9) (7(s))T

sinf cosf

Proposition 2.4. The signed curvature k, of a regular plane curve is a smooth function of s.

Proof. Since regular curves always have a unit-speed parametrization, let v be a unit-speed curve. By
Proposition 2.2, there is a unique smooth turning angle ¢. By Proposition 2.3, ks = ‘fl—f. Hence ks is
smooth. 0

Example 2.2. Any regular plane curve v whose curvature is a positive constant is part of a circle. Let
K be the curvature of v and let ks be its signed curvature. Then ks = £x. Since k; is continuous, it must
be constant in this case. From Theorem 2.1, if we can find a parametrized circle whose signed curvature
is ks, then every curve of constant curvature must come from some isometry of this circle.

A unit-speed parametrized circle of radius R centered at the origin is given by

~v(s) = (Rcos (%) , Rsin <%)> .
Its tangent vector is

== (o (3 om () = (oG ) ()

d 1
So the turning angle is ¢ = % + g hence ks = (TSO =& If ks > 0, let R = x;'. If we parametrize the
S

circle so that it turns clockwise, i.e.,

2
(s) = (Rcos (R) ,—Rsin <;)> ,
then its signed curvature is —-, which gives the case for x, < 0.

In summary knowing the signed curvature essentially tells us what the curve is in R2.

2.3. Space curves. Now we consider curves in R?. These will be called space curves. In 3 dimensions,
curvature is no longer sufficient. Let v(s) be a unit-speed curve in R?, and let t = % be its unit tangent
vector.

Definition 2.4. If curvature k(s) # 0, define the principal normal of v at the point v(s) to be the
vector

1 .
n(s) = Qt(s).

Define the binormal vector of v at the point (s) to be
b(s) = t(s) x n(s)
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It is clear that {t,n,b} forms a orthonormal basis and since b is a unit vector, it is perpendicular to
b. Furthermore,

. d
b=—(txn)=txn.
| ds( n) n
So b is perpendicular to both t and b hence is parallel to n hence
b=—mm

for some scalar 7, which we call torsion of . The torsion of a regular curve is simply the torsion of its
unit-speed parametrization.

Proposition 2.5. Let ¥(¢) be a regular curve in R? with nowhere-vanishing curvature. Then
(4 x9)
[l > 12

Proof. Direct computation. O

Proposition 2.6. Let v be a regular curve in R? with nowhere vanishing curvature. Then, the image of
~ is contained in a plane if and only if 7 is zero at every point of the curve.

Proof. We can assume 7 is unit-speed. First assume that ~ is contained in a plane, say v- N = d for some
constant unit normal vector N. Recall that this characterizes the plane, if we fix some coordinates then
N = (a,b,c) and v = (x,y,2) so N -v = ax + by + cz = d. Then we have t - N =0 and t - N = 0. Using
the fact that t = xkn, we can conclude that n- N = 0 if x # 0. So t and n are both perpendicular to
N hence b =t x n is parallel to N. Since we assumed N is a unit vector, by continuity of the function
b(s), we must have either b= N or b = —N and in both cases b = 0.

Conversely, suppose that 7 = 0 everywhere, hence b = 0. So b is a constant vector. Then

d
—((v-b)=t-b=
ds(fy ) 0

so v - b = d for some constant d. O

We computed t and b. Now we compute 1:
n=-mxt+xbxn=—xkt+7b

hence we obtain the Frenet-Serret equations:

t 0 k 0 t
I:I =l-x 0 71 n
b 0O -7 0 b

Proposition 2.7. Let v be a unit-speed curve in R? with constant curvature and zero torsion. Then ~
is a parametrization of (part of) a circle.

Proof. Since 7 =0, b is a constant vector and « is contained in a plane P perpendicular to b. Now

d . 1 0
- “n) =
ds 7 K
so v+ %n is a constant vector, say a. Then
1
vy —all ==
K

So «y lies on the sphere with center a and radius % The intersection of the plane and the sphere is a

circle. O

Proposition 2.8. Let P be an 3 x 3 orthogonal matrix and let a € R? so that M (v) = Pv+a is a direct
isometry of R3. If 7 is unit-speed in R?, the curve I' = M () is also unit-speed. Furthermore, if t,n, b
and T, N, B are the tangent, principal normal, and binormal for v and I, respectively, then T = Pt,
N = Pn and B = Pb.
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Proof. We have
T = 1Py = 4" PTPy =414 = |n|* = 1.

Also, since P is an isometry, || = ||5]| = . T = Pt and N = Pn are straightforward. The binormal
vectors can be deduced from

(At) x (An) = det(A)(AT)"L(t x n)
where we use A = P € SO(3) so that det(P) = 1 and P~ = PT. O
Remark A direct isometry is an isometry of the form F(v) = Pv + a where P € SO(n).

Theorem 2.2. Let (s) and 5(s) be two unit-speed curves in R? with the same curvature x(s) > 0 and
the same torsion 7(s) for all s. Then, there is a direct isometry M of R? such that

Y(s) = M(7(s))-
Furthermore, if k and ¢ are smooth functions with k > 0 everywhere, there is a unit-speed curve in R?
whose curvature is k and whose torsion is ¢.

Proof. Let t,n, and b be the tangent, principal normal, and binormal of v and t,f, and b be those
for 4. Let so be fixed and 6 the angle between them. Let p be the rotation that takes t(sq) to t(so),
i.e. p(t(so)) = t(s0). Let p’ be the rotation fixing t(sq) and p'(p(n(so))) = n(sg). By orthonormality,
P/ p(b(s0)) = b(sg). Let T be the translation action by 5(so) —7(so). Then M := Tp/p s a direct isometry
and by Proposition 2.8, I' = M (7y) is a unit speed curve, with T (s), N(s), and B(s) the tangent, principal
normal, and binormal along T'(s). By construction, T(so) = t(so), N(so) = i(so), and B(sg) = b(so).
We want to show that they are in fact the same for all s. We consider the following
A(s) = t(s) - T(s) +1(s) - N(s) + b(s) - B(s).

We have A(sq) = 3 and since all the vectors involved are unit vectors, A(s) = 3 if and only if t = T,
n =N, and b = B. Thus we want to show that A is a constant. By direct computation -A = 0, where
we use the fact that both curves satisfy the Frenet-Serret equations with the same curvature and torsion.
Hence we proved the first part.

For the second part, the Frenet-Serret equation has a unique solution give an initial condition T(sg) =
e1, N(so) = ez and B(sg) = e3, and in fact they stay orthonormal for all values of s. Now define

1) = [ T

0

Then 4 = T and T = kN. Further more, B = AT x N for some A = +1. By continuity, A = 1 so B is
the binormal, hence t is the torsion. ]

3. GLOBAL PROPERTIES OF CURVES
3.1. Simple closed curves.
Definition 3.1. A simple closed curve in R? is a closed curve in R? that has no self-intersection

A simple closed curve splits R? into two connected regions, its interior and exterior. A simple closed
curve is positively oriented if the signed unit normal points towards the interior and negatively
oriented if not.

3.2. The isoperimetric inequality. The isoperimetric inequality is the following

Theorem 3.1. Let v be a simple closed curve with length () and area of the interior A(7y). Then

1(y)?
Al < =

with equality if and only if v parametrizes a circle.

In preparation to prove this, we need to use the following formula for the area of the interior of a
simple closed curve.
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Proposition 3.1. If y(t) = (z(t),y(t)) is a positively-oriented simple closed curve in R? with period T,
then

1

T
Am) =5 [ o=y

The proof can be found in multi-variable calculus textbooks, for instance the section on Green’s theorem
of Stewart Calculus.
Another identity we will use is called the (weak) Wirtinger’s Inequality

Proposition 3.2. Let F': [0, 7] — R be a smooth function such that F(0) = F(7) = 0. Then,

/07r <‘§)2dt > /07r F(t)%dt.

and equality holds if and only if F(t) = asint for all ¢ € [0, 7], where a is a constant.
Proof. First note that
™
/ (F' — F cot(t))*dt > 0.
0

Expanding this we get

OS/ (F/)2dt—/ 2FF/cot(t)dt+/ F2 cot?(t)dt.
0 0 0

Since (F?)" = 2FF’, integrating the second term by parts we obtain
™ iy

—/ F2csc?(t)dt.
o Jo

The boundary terms will vanish by taking the limit or considering their Taylor expansions. Using the
fact that csc?(t) — cot?(t) = 1, we obtain

/ (F’)2dt—/ F2dt > 0.
0 0

F' = F cot(t)
yields F'(t) = asin(t). O

— /7T 2FF' cot(t)dt = —(F? cot(t))
0

Solving the ODE

Now we prove the isoperimetric inequality

Proof of Theorem 3.1. Let v be a simple closed curve with length I(7). Let s be its arc length parameter.
For convenience, we reparametrize so that the period is 7w, namely

t:m.

Furthermore, we assume that v(0) = 0. We calculate the area and length using polar coordinates
x(t) =r(t)cosO(t), y(t)=r(t)sind(t),
note that the angle 6(¢) is a function of our parametrization t. Then

P2+t =r? 4+ 262, Ty — Yyt = r20.

= () () () -

By Green’s theorem, to obtain the isoperimetric inequality, we want to show that

1(v) 1/7r 2 .242 [Ty
—A(y) =~ + - =
1 () 40(r re0=dt 2/07"0dt

By chain rule,
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is nonnegative and equality if and only if v is a circle. Rearranging terms and multiplying by 4, we want
™ s
/ r2(0 — 1)2dt + / (2 — 12)dt
0 0

Is nonnegative. The first term is integrating a squared term and the second follows from Wirtinger’s
inequality. Wirtinger’s inequality is equal when 7(¢) = asin(¢) and the first term vanishes when § = ¢+ ¢
for some constant. U

4. SURFACES

4.1. Introduction. Heuristically, a surface is a subset of R? that “looks” like a piece of R?. A motivating
example is the surface of the Earth. The Earth is globally a sphere however, locally looks like a flat plane.
To be precise,

Definition 4.1. A subset S C R? is a surface if, for every point p € S, there is an open set U C R?
and an open set W C R3 containing p such that S N W is homeomorphic to U. A homeomorphism
o:U — SNW from the above definition is called a surface patch or parametrization of SNW of S.
A collection of such surface patches whose images cover the whole of S is called an atlas of S.

Example 4.1. The most basic example of a surface is a plane in R3. Let a be a point in the plane and
p and q be two non parallel vectors perpendicular to the defining normal vector of the plane. Then a
surface patch is given by

o(u,v) = a+up +vq.

Example 4.2. A circular cylinder is the set of points in R3 that are at a fixed distance from a fixed
straight line. A level surface description is given by

S={(z,y.2) eR® [ 2® +¢* =1}.
A surface patch can be given by
o(u,v) = (cos(u), sin(u), v),

however we must be careful on how we define the open set that this is defined over. Note that (0,27] x R
would cover the cylinder but is not open. Any ”larger” set would make o not injective. If we let

U=(0,2m) x R,

then we do not cover a line on the cylinder. Hence we need to consider another surface patch by considering
another open set

U= (—mm) xR.
Then an atlas is given by {o|v, 0|z}

Example 4.3. A unit 2-sphere S? is given as a level set by

S? = {(z,y,2) €R® | 22 + 92 + 2% = 1}.
One way to parametrize this is by using latitude and longitude,i.e.

(0, ) = (cos b cos p, cosfsin p, sin h).
with

U={(6,9)]| —g<9<g,0<<p<27r}.

This covers most of the sphere except a semicircle on the negative x-axis. To obtain an atlas, we consider
another surface patch

(0, ) = (—cosfcosp,—sinb, — cos sin )
with the same U.
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Example 4.4. A non-example of a surface is given by the circular cone defined by the level set
C={(z,y,2) e R® | 2? + 4% = 22}

We can see that this is not a surface in our definition since any surface patch containing the vertex
will not be homeomorphic to a ball. If we remove the vertex, then we have a union of surfaces, each
homeomorphic to a cylinder.

Definition 4.2. Given two surface patches, ¢ and &, we can consider the composition ® := o1 0 7,
called transition map defined on the preimage of the intersection of the surface patches. Then we have
(a,0) = o(®(u,v))

where defined.

4.2. Smooth Surfaces.
Definition 4.3. A surface patch o : U — R? is called regular if it is smooth and the vectors o, := %Z

and o, := g—‘; are linearly independent at all points (u,v) € U. A smooth surface S is one where every

point p € S, there is a regular surface patch with p € o(U)
Proposition 4.1. The transition maps of a smooth surface are smooth.

Proof. Let o : U — R3 and & : U — R3 be two (regular) surface patches. Suppose that p € S lies in both
surfaces patches, i.e.

O'(’LLQ, ’U[)) = 5’(@0, 270) =D.
Written out in coordinates, we have

U(ua U) = (f(uv ’U), g(u> ’U), h(”? U))

Using subscripts as partial derivatives, linear independence of o, and o, implies the Jacobian J(o)

fu fo
Gu YGu
hy hy

is a rank 2 matrix everywhere. Without loss of generality, assume

<fu fv>
Gu  Go
is full rank, i.e. invertible, at p. Consider the projection
m(z,y,2) = (z,y)
and define F' := m o g, so that
F(u,v) = (f(u,v), g(u,v)).
We apply the inverse function theorem to obtain open sets W C R? containing (ug,vp) and V C R?

containing F (ug,vp) where F : W — V is bijective with smooth inverse F~1 : V — W. Similarly define
F :=mog. Then

FloF=06"105
on W =6&"to(W). Since F~! and F are smooth, the transition map is smooth. O
The next result states how we can reparametrize surface patches.

Proposition 4.2. Let U and U be open subsets of R2 and let o : U — R3 be a regular surface patch. Let
® : U — U be a bijective smooth map with smooth inverse map &' : U — U. Then, 6 =co® : U — R?
is a regular surface patch.
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Proof. First, the patch ¢ is smooth since ® is smooth. It remains to show that & is regular. Let

®(z,y) = (u(z,y),v(z,y)). Then
06 0o du  9do v

9z oudr  ovom
05 _ 0o 0u 990
dy  Oudy vy

and

and by direct computation

0o  Jdo Jo  Odo

— X — =det(J(®)) 7— X —.

8x><8y et(J( ))8uxav
Since @ is smooth bijective with smooth inverse, det(J(®)) # 0 so linear independence of one implies the
other. O

In summary we assume all surfaces are smooth and all surface patches are regular unless
otherwise stated. Furthermore, we assume the surfaces are connected.

4.3. Smooth maps. What does it mean for a map between two surfaces, f : 51 — So to be smooth?
We have a well-defined notion of differentiability on maps between Euclidean space since we have a
natural set of coordinates. On surfaces then, it would depend on the parametrization. Let o1 and o9 be
surface patches for S; and S5 respectively. Then we can compose with the map f to get a map between
Euclidean spaces,
UQ_IOfOUlIU1CR2—>UQCR2.

We then claim that f is smooth if the composition map is a smooth map between Euclidean spaces.
This is well-defined since the transition maps between different surface patches are smooth. A particular
class of smooth maps we will be interested on those who are bijective with smooth inverses. These will
be called diffeomorphisms and if there exists a diffeomorphism f : 57 — S2, then S; and Sy are said
to be diffeomorphic.

Proposition 4.3. Let f : 57 — S be a diffeomorphism. If o; is a surface patch on Sy, then foo; is a
surface patch on Ss.

Proof. Immediately follows from Proposition 4.2. ]
We also consider a condition slightly weaker.

Definition 4.4. A smooth map f : S — S5 between smooth surfaces is called a local diffeomorphism
if, for any point p € S1, there is an open set U such that f(U) is open in Sy and f|y : U — f(U) is a
diffeomorphism.

Example 4.5. Consider a map between the y — z plane and the unit cylinder given by

f(0,y,2) = (cos(y),sin(y), z).
While f is not a diffeomorphism, we will show that it is a local diffeomorphism. Let m(u,v) = (0,u,v)
parametrize the y — z plane. Let {o|y,o|;} be an atlas for the unit cylinder given earlier. If 2nm < a <
2(n + 1), then
f(x(a,2)) = ola — 207, 2)
If @ is an even multiple of 27, we use o|.

4.4. Tangents and derivatives. In order to do calculus on the surfaces, we define the notion of a
tangent vector to a surface.

Definition 4.5. A tangent vector to a surface S at a point p € S is the tangent vector at p of a curve
in S passing through p. The tangent space T,S of S at p is the set of all tangent vectors to S at p.

Proposition 4.4. Let o : U — R? be a patch of a surface S containing a point p € S, and let (u,v) be
coordinates in U. The tangent space to S at p is the vector subspace of R? spanned by the vectors oy,
and o,.
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Proof. Let v be a smooth curve in S. Then

Then

2l

e Oyt + Oyt
So % is a linear combination of ¢, and ¢,. Now we must show that if we have a vector in the span of o,
and o,, say Ao, + poy, then there is a curve that gives that vector as its tangent vector. That is achieved

by the curve
Y(t) = o(uo + At,vo + ut).
O

The plane defined by the tangent space will be called the tangent plane. Now we want to define a
notion of a derivative for smooth map f : 57 — S9 between smooth surfaces.

Definition 4.6. Let w € T},51, then there is a curve v passing through p at ¢y such that w = (o). Let
4 = f o~. Then there is a corresponding w = 4(tp). The derivative D, f of f at the point p € S} is the
map Dy f : TS1 — Ty S2 such that Dy f(w) = .

We need to first make sure that this is well-defined, i.e. only depends on f, p, and w. Let o : U — R3
be a surface patch of S containing p, say o(ugp,vp), and let

flo(u,v)) = (alu,v), B(u,v)).
Let w = Aoy + po, be the tangent vector at p of a curve v(t) = o(u(t),v(t)). Then the corresponding

curve 7 is given by
A(t) = a(afu(t), v(t)), B(u(t), v(t)))-
Then by directly computing we have
Dy f(w) = (ovy + V0w )Go + (Ufy + Oﬁv)&ﬁlto
= (A + paw)Fa + (ABu + 18)5slt-
Since (tp) = A and v0(t9) = p, the right hand side is independent of the curve 7. Note that we can

rewrite in matrix form as
- Qy  Qy A
o= (ﬁu m) <u> = Dpf(w)

using the basis {64,653} and {oy,0,}. What we have shown is that

Proposition 4.5. If f : 51 — S is a smooth map between surfaces and p € S, the derivative D, f :
1,51 — Tf(p)Sg is a linear map.

Furthermore,

Proposition 4.6.

(1) If S is a surface and p € S, the derivative at p of the identity map S — S is the identity map
T,S — T,S.

(2) If Sy, So, and S5 are surfaces and f; : S1 — Sy and fo : Sy — S3 are smooth maps, then for all
JAS 517

Dp(f20 f1) = Dy, ) (f2)Dpfi.

(3) If f: 51 — Sz is a diffeomorphism, then for all p € Sy the linear map D, f : TS — TSz is

invertible.

Proof.
(1) Suppose f is the identity map since ()

(2) Let 71 be a curve in S and let 7
V3 = D) f2(72) = Dy () f2Dp f1(71)-

= f(v(@®)), w =+/(t) = Tw, hence D, f = I.
f1(71)- Then Dpfl(')’i) = 75- If 3 = f2(72), then
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(3) Since f~!o f is the identity map, D,(f~! o f) = I. From part (2), we know that D,(f 1o f) =
Dy f _1Dp f hence D, f is invertible.
O

We now give a simple criterion for a smooth map to be a local diffeomorphism

Proposition 4.7. Let S and S be a smooth map. Then f is a local diffeomorphism if and only if, for
all p € S, the linear map D, f : T;,S — Ty, S is invertible.

Proof. Suppose f is a local diffeomorphism, then it is a diffeomorphism from some open set U to f(U).
Then the previous proposition tells us the derivative is invertible.

Conversely, suppose D, f is invertible. Let o : U — R? be a surface patch containing p and & : U — R?
a surface patch containing f(p). By shrinking U if necessary, we assume f(o(U)) C &(U), that is, there
are smooth functions «, beta such that

f(o(u,v)) = a(a(u,v), Bu,v)).
Then the map F(u,v) = (a(u,v), B(u,v)) has the Jacobian matrix

Q. Oy
Bu  Bo
which is the matrix of D, f under a suitable basis, hence invertible. Now we apply the inverse function

theorem to F' to find open sets V C U and V C U such that F : V — V is a diffeomorphism. Then f is
a diffeomorphism between (V) and &(V), hence f is a local diffeomorphism. O

4.5. Normals and orientability. Given a surface patch o : U — R3?, define the standard unit normal
by

N TuX0v

7 low x oull

This is not independent of the surface patch, if & is another surface patch, then
Ny = +N15

Definition 4.7. A surface S is orientable if there exists an atlas A for S with property that, if ® is the
transition map between any two surface patches in A, then det(D(®)) > 0 where ¢ is defined.

Definition 4.8. An oriented surface is a surface S together with a smooth choice of unit normal N
at each point, i.e. a smooth map N : S — R? such that for all p € S, N(p) is a unit vector perpendicular
to T,,S. It can be shown that oriented surfaces are orientable.

Example 4.6 (Md&bius Strip). While we will mostly deal with oriented surfaces, here is an example of a
non-orientable surface. It is defined by the surface patch

o(t,0) = ((1 — tsin g) cos 0, (1 — tsin g) sin 0, t cos Z) ,

with the domain of definition to be
1
U=/{(t0) e R?| -5 <t<y 0<0<27r}
and

- 1 1
U=/{(t,0) e R?| —§<t<7,—7r<9<7r}.

2
Computing the normal, we have

(i e i g cos?
o = sin 5 cos ), —sin o sinf,cos 3 |,

and
g = (—sinb, cosh,0),



18 SHO SETO

and

0 . .0
oy X og=|—cosfcos—,—sinfcos—,—sin— | .
2 2 2

If the Mobius strip was orientable, then there would be a well-defined unit normal N defined at every
point of S. However, at the point ¢(0,0) = (0, 27)

N = lim N, = (—1,0,0)
0—0+

but also
N = egglﬁ N, =(1,0,0).
5. EXAMPLES OF SURFACES
5.1. Level surfaces.

Definition 5.1. A level surface is given as a zero set of a smooth function, i.e.
{(z,y,2) eR* | f(a,y,2) = 0}

Theorem 5.1. Let S be a subset of R? with the following property: for each point p € S, there is an
open subset W C R? containing the point p and a smooth function f : W — R such that

(1) SNW ={(z,y,2) e W | f(=,y,2) =0}

(2) The gradient V f does not vanish at p.
Then S is a smooth surface.

Proof. Let p = (x0, Y0, 20) and assume %]p # 0. Consider the map F : W — R3? defined by

F(l.? y7 Z) - (‘T? y7 f(aj7 y? Z))'
The Jacobian of F' is

1 0 0
DF=(0 1 0
fo fy [

which is full rank, hence invertible at p. By the inverse function theorem, there exists an open set V'
containing F'(xg,yo,20) = (z0,%0,0) and a smooth map G : V. — W such that W = G(V) is open

and F: W — V and G : V — W are inverse bijections. Since V is open, we can find open subsets
U, C R? containing (zg,yp) and Uy C R containing 0 such that U; x Uy C V, hence we assume that
V = Uy x Uy. Since F(G(z,y,w)) = (z,y,w) and F(z,y,2) = (z,y, f(x,y,2)), by injectivity of F, if
(z,y, f(z,y,2)) = (z,y,w), then G(z,y,w) = (x,y, 2), i.e.
G(z,y,w) = (z,y,9(z,y, w))
for some smooth map G : U; x Uy — R and
f(xv Y, g(xa Y, U))) =w
for all (z,y) € U; and w € Us. Now define o : Uy — R3 by
o(z,y) = (z,y,9(z,y,0)).
Then ¢ is a homeomorphism from U; to S N W. It is smooth and regular since
Oy X Uy = (_ng _gyv 1) ?é (O)O)O)
By doing this construction at each p € S, we construct an atlas for S. U

Example 5.1. Consider the unit sphere S2. It can be given as the zero set of the function f(z,y,z) =
2?2 +y? + 22 — 1. Then Vf = (2z,2y,22) hence |[Vf| = 2 on S?. Hence the previous theorem tells us
that S? is a surface.

Example 5.2. Consider the zero set given by the function f(x,y,2) = 22 4+ y?> — 22. This set is a cone.
Its gradient is Vf = (2x,2y,—2z). At (0,0,0), we have Vf = 0 and it is the only singular point, so
removing the vertex, we get that the cone is a smooth.
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5.2. Quadric surfaces.

6. FIRST FUNDAMENTAL FORM

Analogous to how the local geometry of space curves is completely determined by two geometric
invariants, the curvature and the torsion, we now try to determine the local geometry for surfaces. These
will be the first and second fundamental form.

6.1. Lengths of curves on surfaces. Recall the arc-length of a curve v is given by

/ 14t

To calculate such an quantity, we need to know what the norm || - || is. Recall that we can obtain a norm
in an inner product space by defining ||z||?> = (x,z). In R", the inner product is usually taken to be the
dot product.

Definition 6.1. Let S be a surface and p € S. The first fundamental form of S at p associates to
tangent vectors v, w € T,S the scalar
(V,W)ps =V -W.

Hence the first fundamental form of S at p is the dot product restricted to tangent vectors to .S at p.

On a surface patch o, we can express the first fundamental form under the basis {oy(p),ou(p)}. Let
du and dv be the dual vectors of oy, 0, respectively, i.e. linear maps du : 17,5 — R and dv : T,S — R
such that

du(oy

(ou) =1
du(oy,) =0
dv(oy) =1

(0u) =0
Let v = Aoy + poy. Then

<Va V> = <)\Uu + poy, Aoy, + N0v>
= )\2<0u7 Uu> + 2)\/’L<UU7 Uv> + N2<UU7 0'11)‘
Letting E = |oy||?, F = (04, 0,) and G = ||o,||?, we have
(v,v) = EX? + 2F \p + Gu? = Edu(v)? 4 2Fdu(v)dv(v) + Gdv(v)*.
We write the first fundamental for of the surface patch o(u,v) as
ds® = Edu® 4 2Fdudv + Gdv®.

Some texts may write the coefficients E, F,G as E = g11, F' = g12 and G = g99. The reason for this is
that the first fundamental form can be written as a quadratic form

(v,w) = v' Aw

A (E F\_(9un 912
F G G2 g22)
Suppose that 6(a, 3) is a reparametrization of o(u,v), with the first fundamental form given by

Edo? + 2Fdadf + GdB2.

where the matrix A is given by

We compute their relation. From o(u,v) = &(a(u,v), 5(u,v)), by chain rule,

Ou = u0q + 5u5—ﬁ

Op = 0y0q + 51)5'[3
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da\ (o, oy du
ag N Bu B dv )~
E F\ (d
ds® = (da dﬁ) <F G> (dg)
Qy Oy T E F Q. du
= a) (5 5) (7 &) (50 5) ()

— (du dv) <1€ g) @j)

Using this, we are now ready to give the length of a curve v on a surface. Let ~ lie on a surface patch o.
Then

and so the dual vectors are given by

Then we see that

V(1) = a(u(t), v(t))

for some smooth functions u,v. By chain rule, we have 4 = o, + ¥0, and so
[tde = [ VG ar

— / VB2 + 2F i + Go2dt.

Example 6.1 (Plane). For the plane given by
o(u,v) =a+up +vq,

with p, q unit vectors such that p L q. Then o, = p and o, = q therefore E = G =1 and F' = 0, so the
first fundamental form is given by
ds* = du® + dv®.

Example 6.2 (Surface of revolution). Consider the surface given by
o(u,v) = (f(u) cos(v), f(u) sin(v), g(u)).

Further assume that f(u) > 0 for all u and the curve given by u — (f(u),0,g(u)) is unit speed, i.e.
f?+ g% = 1. The basis vectors are given by

oy = (f cos(v), f sin(v), §)
and
oy = (—fsin(v), f cos(v),0).
So taking the appropriate dot products, we get

E=1 F=0, G=/f>
Hence the first fundamental form is given by
ds? = du® + f(u)*dv®.
Example 6.3 (Generalized cylinder). We consider a generalized cylinder given by
o(u,v) = y(u) + va.
where v is unit-speed, a is a unit vector, and +y is contained in a plane perpendicular to a. We have
oy =%, Oy=a.
Therefore
E=G=1 F=0,
and so the first fundamental form is simply
ds® = du® + dv?
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6.2. Isometries of surfaces.

Definition 6.2. If S7 and S are surfaces, a smooth map f : S; — 59 is called a local isometry if it
takes any curve in S1 to a curve of the same length in So. If a local isometry f : .57 — Sy exists, we say
that S; and Sy are locally isometric.

To express the condition for a local isometry in a more useful form, we define the following

Definition 6.3. Let f : 51 — S2 be a smooth map and let p € S;. For v,w € T,,51, define the pullback
of f by

f*<V,W>p = <Dpf(v)7Dpf<W)>f(p)
Then f*(, ), is a symmetric bilinear form on 7),5;.

Theorem 6.1. A smooth map f:S; — Ss is a local isometry if and only if the symmetric bilinear forms
(, )pand f*(, ), on 1,5 are equal for all p € 5.

Proof. If 71 is a curve on Sy, the length of the part of 7 with endpoints 7 (tg) and 1 (¢1) is

t1
/ (i, A1) Y2t
to

The length of the corresponding part of the curve 9 = f o~y on Sy is

t1 t1 -
[ a2t = [DsGu). DIGO Rt = [ 1t

to to to
Conversely, suppose the lengths are the same for any curve «. Then

<V7 V> =f <V7 V>
for all v. Since they are symmetric bilinear forms, they give the same form. 0

Thus f is a local isometry if and only if D, f is an isometry for all p € Sy. It follows that every local
isometry is a local diffecomorphism. Let f : S; — S be a local isometry and let p € S1. If D,f is not
invertible, then there is a nonzero tangent vector v € T}, such that D,f(v) = 0. However 0 # [|v||? =
|Dpf(v)||? = 0, which is a contradiction so D, f is invertible, hence f is a local diffeomorphism.

Corollary 6.1. A local diffeomorphism f : S7 — Sy is a local isometry if and only if, for any surface
patches o1 of S7 and f o o1 of Sy have the same first fundamental form.

From this, we see that a cylinder and a plane are locally isometric since they have the same first
fundamental form. Now we consider another class of surfaces which are isometric to the plane.

Definition 6.4. A tangent developable is the union of the tangent lines to a curve in R3.
Let v be a unit-speed curve. Then we parametrize the tangent developable as
o(u,v) =y(u) +vy(u).
Now
Oy X Oy = VY X 7.
So for ¢ to be regular, we require 4 # 0, i.e. £ > 0. Under the Frenet-Serret frame, we have
Oy X 0y = —KUD.
Proposition 6.1. Any tangent developable is locally isometric to a plane.
Proof. Let v be unit-speed and x > 0. Now
E = |lo,|]* =1+ v?k?
F=0,-0,=1
G = o2 = 1.

We know there exists a plane curve with s hence its tangent developable which is a subset of the plane
has the same first fundamental form. O



22 SHO SETO

6.3. Conformal mappings of surfaces. Using the first fundamental form, we can express the angle of
intersection between two curves v and ¥ as

_ 3
I
Definition 6.5. If S; and S are surfaces, a conformal map f : 51 — Ss is a local diffeomorphism

such that, if v; and 41 are any two curves on S that intersect, say at p € S1, and if o and 75 are their
images under f, the angle of intersection of v, and 41 at p is equal to the angle of intersection of v and

Yo at f(p).

Definition 6.6. As a special case, if o : U — R3 is a surface, then ¢ may be viewed as a map from an
open subset of the plane, parametrized by (u,v) and the image S of o, and say that ¢ is a conformal
parametrization or a conformal surface patch of S if this map between surfaces is conformal.

Theorem 6.2. A local diffeomorphism f : Sy — S5 is conformal if and only if there is a function
A : S1 — R such that

v, whp = Ap)(v, W)y
for all p € S1 and v,w € T},5.

Proof. Suppose f : 51 — Ss is a conformal map. Then
) B i o %))
T T
ol o7/ 2 i1 2 i (07
for all pairs of intersecting curves v and 4 on S7. Note that for any v, w € 7,57 there exists such curves.
Choose an orthonormal basis {v1,va} of 7,51 with respect to the fundamental form (, ). Let

A= fAvall? w=frvve), v = vl
Applying to v = vi and w = cos fvy + sin fvs, we get
Acosf + psinf
VA(Acos? 0 + 2psin 6 cos f + vsin®6)

cosf =

Leting § = %, we get u = 0. Then

A= M\cos? 0 +vsin®6, forall 6 € R,

jus
2

hence 6 = 5, we get A = v. This implies f*(v,w) = A(v,w) for all v,w € T,S51. The converse is
immediate. O

Interpreting this in terms of surface path,

Corollary 6.2. A local diffeomorphism f : S; — S9 is conformal if and only if, for any surface patch o
of 51, the first fundamental forms of the patches o of S7 and f o o of Ss are proportional.

Example 6.4 (Stereographic projection). Consider the unit sphere S2. The stereographic projection
maps points on the sphere to a plane by considering the ray from the north pole N = (0,0, 1) to a point
q = (z,y,2) € S? and extending the ray to a point on the z = 0 plane. It is given as the map

T Y
H(ﬂf,y,Z) = <1_z,1_z,0) .

Its inverse gives a surface parametrization of the sphere given by
< 2u 2v u? 4+ v% — 1)
o1(u,v) = .

w2+ 1w +02+ 17w +02+1
We can parametrize the z = 0 plane by o2(u,v) = (u,v,0) and the first fundamental form is given by
du? + dv®. The two parametrizations are related by

(o1 (u,v)) = o9(u,v)
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Computing the first fundamental form of o1, we compute

(o) 2(v? —u? +1) —4uv 4u
g =
Ve T\ @ o+ 12 (w2 o 1 )2 (w2 + 02+ 1)2

(01)0 = —4uv 2(u? —v? +1) 4u
T @+ D) (W 2+ 12 (2 42+ 1)2)

Taking the corresponding dot products, we get

4
E-G=__ > Fp—yg
¢ (u?2 + 02 +1)%’

hence the first fundamental forms are a (non-constant) scalar multiple of each other.

6.4. Equiareal maps and a theorem of Archimedes. Recall from calculus:

Definition 6.7. The area A,(R) of the part o(R) of a surface patch o : U — R? corresponding to a
region R C U is

Ay (R) = / llow X oyl|dudv.
R

In terms of the coefficients of the first fundamental form.,
Proposition 6.2. If 6, - 0, = F, 0, - 0, = I and o, - 0, = G, then
|low X 0y]| = VEG — F?
Proof. From the magnitude of cross product formula, we have
llow x 00l|? = ||oul?||ow]|? sin? # = EG sin? 6,

where 6 is the angle between the vectors o, and o,. We then have

2 2
-2 2 (0w 0v) F
sin“d=1—-cos*=1— —5—"-=1— —
lowll?llowl? EG
so combining the two, we get
2 F2 2

The area is well-defined by the following.
Proposition 6.3. The area of a surface patch is unchanged by reparametrization

Proof. Let o : U — R3 be a surface patch and let & : U — R3 be a reparametrization of 0. Let & : U — U
be the reparametrization map, that is

o(t,0) =0o0®(au,v).
Note that
6'7] X &5 = det(D(I))O'u X Oy,

where D® is the Jacobian of ®. Hence by change of variables

/ 165 x &5 dadd _/ | det(DD) |0 x | diids = / 0w x || dudo.
R R R
O

Definition 6.8. Let S; and Ss be two surfaces. A local diffeomorphism f : S7 — S is said to be
equiareal if it takes any region in S7 to a region of the same area in Ss.
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Theorem 6.3. A local diffeomorphism f : S; — Sy is equiareal if and only if, for any surface patch
o(u,v) on Sy, the coefficients of the first fundamental forms Ei, F1, Gy and Es, Fy, Gy of the patches o1
and o9 = f o 01, respectively, satify

E\Gy — F = EyGy — F2

Proof. Suppose f is equiareal. For contradiction, assume without loss of generality that at some point p,
\/ E1Gy — F? > \/ E>Gy — F3. Then in some sufficiently small neighborhood, say R the same inequality
holds. Then for R = f(R),

Adm:AM&@ﬁM>éM@@@M:&ﬂa

which is a contradiction. The converse is immediate. OJ

6.5. Spherical Geometry. Consider a unit sphere x? + y? + 22 = 1 sitting inside a unit cylinder
22 +y?> = 1. Map a point p € S? to a point ¢ on the cylinder by taking the straight projection from the
z-axis to the nearest point on the cylinder. Such a map is given by

_ z Y
f(xay7z)_ ((gj2+y2)é7(l‘2—|—y2)%’z) .

Theorem 6.4 (Archimedes theorem). The map f is an equiareal diffeomorphism.

Proof. Consider the parametrization of the sphere given by
o1(0, ) = (cos b cos p, cos O sin @, sin )
Applying f, we have
o2(0,¢) = f(o1(6, ¢)) = (cos ¢, sin p,sinb).
Computing the first fundamental form, we have Fy = 1, F} = 0, G; = cos?f and Ey = cos?6, F, = 0,
Gy =1. O
We need the following fact:

Proposition 6.4 (Geodesics on a sphere). Let p and ¢ be distinct points of S2. If p # —¢, the short
great circle arc joining p and ¢ is the unique curve of shortest length joining p and gq.

Proof. By using rotational symmetry, we can assume p = (0,0,1), and let ¢ lie on some great circle

containing p. Then the length of the segment connecting p and ¢ is § — « for some —§ < a < 7. The

first fundamental form in spherical coordinate parametrization is given by df? + cos® @dyp?. Hence the
length of a curve v(t) such that v(t9) = p and ~(¢t1) = ¢ is given by

t1 :
/ 02 + cos? 0p2dt.
to

t1 | z
/'wﬁ:/ﬂwzg—w
to «

when this minimum is achieved, we must have

\/ 02 4 cos? 02 = |4,

hence cos ¢ = 0, hence ¢ is a constant, which must be zero. g

The integrand is bounded below by

Archimedes’ Theorem can be applied to obtain the following
Theorem 6.5. The area of a spherical triangle on the unit sphere S? with internal angles «, 3,

at+B+y—m
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Proof. A spherical triangle is cut out by three great circles. Two great circles intersect twice and form
a lune of area 2¢ where ¢ is the interior angle. The entire surface of the surface is covered by the three
pairs of lunes, however the triangle is counted in excess twice each, and there are two triangles, both of
equal area by symmetry so

da+ 48 + 4y — 4A = 4,

where A is the area of the spherical triangle. O

7. CURVATURE OF A SURFACE

The curvature of a curve measured the difference between the curve and a straight line. We form an
analogous object which will measure the difference between the surface and a plane.

7.1. The second fundamental form. Let o be a surface patch for an oriented surface with standard
unit normal N. As the parameters change from (u,v) to (u+ Au, v + Av), the surface moves away from
the plane through o(u,v) parallel to the tangent plane by a distance

(o(u+ Au,v+ Av) —o(u,v)) - N.

By Taylor expansion, we have
1
o(u+Au,v+Av)—o(u,v) = o,Au+o,Av+ B (Ouu(AU)? 4204 AUAV + 04, (Av)?) + higher order terms.

Since o, and o, are tangent to the surface, it is perpendicular to N, so the deviation of ¢ from its tangent
plane is

1
i(L(Au)2 +2M AuAv + N(Av)?) + higher order terms
where
L=oy N, M=o0u,,-N, N=o0, N.
Motivated by this, we have

Definition 7.1. The second fundamental form of the surface patch o is given by

Ldu® + 2Mdudv + Ndv?

Example 7.1. Consider the plane

o(u,v) = a+up +vq
Since o, = p and o, = q are constant, we have o, = 0y, = 0y = 0, hence the second fundamental form
is zero.

Example 7.2. Consider a surface of revolution

o(u,v) = (f(u) cosv, f(u) sinv, g(u));
assuming f(u) > 0 for all u and that the curve y(t) = o(t,0) is unit speed. We can compute the relevant
quantities:
ou=(fcosv, fsinv,g), o, = (—fsinwv, f cosv,0)

Ouu = (fcosv,fsinv,g), Oup = (—fsinv,fcosv,O), Oy = (—f cosv,—fsinwv,0),

Oy X Oy

N=———= —gcosv,—gsinv,f
Towxoul ~ )

and so the coefficients of the second fundamental form are
L=fj—fg M=0, N=fj
For the unit sphere S? in latitude-longitude coordinates, u = 6, v = ¢, f() = cosf, g(#) = sinf. Then

the second fundamental form is
df? + cos® 0dy?.
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7.2. The Gauss and Weingarten maps. We give an alternative approach to curvature by giving an
equivalent definition of the second fundamental form. In this approach, we investigate how the normal
vector varies across the surface.

Definition 7.2. The Gauss map of an oriented surface S is the map G : S — S? such that G(p) = N(p),
where N(p) is the unit normal at p.

We can take its derivative as a map between surfaces so that
DyG : TpS — T S*
Since the tangent plane at G(p) is the plane with normal vector N(p), we can identify the tangent spaces
of S and S? hence
D,G :T,S — T,S.
Definition 7.3. Let p € S. The Weingarten map W, g of S at p is defined by
Wys = —D,G.
The second fundamental form of S at p is the bilinear form on 7,5 given by
II(v,w) = (W,s(v),w), v,weT,S.
We need to show that this definition is equivalent to the one given in the previous section.
Lemma 7.1. Let o(u,v) be a surface patch with standard unit normal N(u,v). Then
N,-oy,=-L, N, -0,=N,-0,=—-M, N, -0,=-N
Proof. Since o, and o, are tangent to the surface patch, we have
N:-o,=N-0,=0
Differentiating the above with respect to u and v give us the identities. O

Proposition 7.1. Let p be a point of a surface S, let o(u,v) be a surface patch of S with p in its image.
Then, for any v,w € T,,5,
II(v,w) = Ldu(v)du(w) + M (du(v)dv(w) + du(w)dv(v)) + Ndv(v)dv(w).

Proof. By linearity, it suffices to show for v = o, and w = o,. Let o(ug,v9) = p. Then, with the
derivatives evaluated at (ug, vg),

W(oy) = —DyG(oy) = —%MZUOG(J(U,UO)) = _CZLU:UON(U’ vo) = —Ny.
Hence
II(UU’OU) = <W(0u)a0u> =—-Ny-o0,=0L,
and similar computations hold for the other cases. 0

Corollary 7.1. The second fundamental form is a symmetric bilinear form. Equivalently, the Weingarten
map is self-adjoint.

7.3. Normal and geodesic curvatures. On a surface, we can analyze the curvature of curves on the
surface. Consider curves on a cylinder versus curves on a sphere. It is possible for a curve to be straight
(in the ambient space R3 on a cylinder, but it is not possible to have such a curve on a sphere.

Let v be a unit speed curve on an oriented surface S. Since % is perpendicular to N, we have an
orthogonal basis {7, N, N x 4}. Since ¥ is perpendicular to 4, we can write this as a linear combination
of N and N x +:

¥ = knN + kN x 4.

Definition 7.4. r, is called the normal curvature and r, is called the geodesic curvature.

The following can be directly verified.
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Proposition 7.2. With the above notation, we have
kn =Y -N, kg =75 (Nx7),
P ﬁ% + Iiz
Kp =K COSY, Kg= TKsiny
where k is the curvature of v and v is the angle between IN and the principal normal n of ~.
The normal curvature and the second fundamental form are related by the following
Proposition 7.3. If v is a unit-speed curve on an oriented surface .S, its normal curvature is given by
kn = T1(7,7)
This result means that if two curves touch each other at a point p on a surface S, then they have the

same normal curvature at the point p.

Proof. Since 7 is a tangent vector to S, N -4 = 0. Hence, by product rule, N -4 = -N- Y so
iy =N-5=-N-vy=(W(H),9) = (%9)
O

Proposition 7.4 (Meusnier’s Theorem). Let p be a point of a surface S and let v be a unit tangent
vector to S at p. Let IIy be the plane containing the line through p parallel to v and making an angle 0
with the tangent plane 7,5, and assume that Ily is not parallel to T),S. Suppose that Ily intersects S in
a curve with curvature ky.

Proof. Assume 7y is a unit-speed parametrization of the curve of intersection of Ily and S. Then at p,
Y9 = £V, s0 ¥y is perpendicular to v and is parallel to Ily (since it is a plane curve of IIy. Hence ¢ = 5 —0
in Proposition 7.2. ]

7.4. Parallel transport and covariant derivative. We now wish to take derivatives of vectors in
a tangent plane, however we must be careful that the derivative vector is also an element of the same
tangent plane.

Definition 7.5. Let v be a curve on a surface S and let v be a tangent vector field along . The
covariant derivative of v along « is the orthogonal projection V,v of ‘é—‘t’ onto the tangent plane T’ ) S
at a point y(t), i.e.,

V,v=v— (v -N)N,

where N is a unit normal to o.

8. GAUSSIAN CURVATURE

Definition 8.1. Let W be the Weingarten map of an oriented surface S at a point p € S. The Gaussian
curvature K of S at p is defined by

K = det(W).

Proposition 8.1. Let o be a surface patch of an oriented surface S. Then, with the above notation, the
matrix of W with respect to the basis {0y, 0.} of T),S is

(F &) (i V)

LN — M?
- EG-F?

Corollary 8.1.
K
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APPENDIX A. REAL ANALYSIS

Suppose we are given the function f:R? — R,
f(z,y) =1+ + 22% 4 3zy + 4ay® + 5yt

By using only differentiation and evaluating at a point, say (0, 0), how can we obtain the coefficients from
each term? This is the motivation in defining a Taylor series of a smooth function. In this example, we
see that

_ of _ 1a2f
o2 f L1 o a4f

Writing this in general, we obtain

Definition A.1 (Taylor Expansion). Let f : R> — R be a smooth function. Its Taylor Expansion is
given by

0 1 aa—i—ﬂf o B
flz,y) ~ ﬂz Tﬁlaxaayﬁx Yy
a,B=0

Note that the function is not necessarily equal to its Taylor series, however is a useful approximation.
Another theorem we use often is

Theorem A.1 (Inverse Function Theorem). Let f : U — R™ be a smooth map defined on an open subset
U of R™. Assume that at the point z¢ € U, the Jacobian matrix J(f) is invertible. Then, there is an
open subset V of R" and a smooth map g : V — R" such that

(1) yo = f(wo) €V
(2) 9(yo) = o
3) (V) cU
(4) g(V) is an open subset of R”

(5) flgy)) =y forallyeV.
In particular, f: g(V) — V and g = T T g(V).

Theorem A.2 (Change of variables). Suppose that @ is a continuously differentiable transformation
such that det D® # 0 and maps the region R to R, i.e., ®(R) = R. Suppose that f is continuous on R.

/Nf(ﬂ,ﬁ)‘detD(I)|dﬂd@:/f(u,v)dudv
R R

APPENDIX B. TorPOLOGY
For a general topological space, we have the following definition of a continuous function.

Definition B.1. Let X and Y be two topological spaces. A function f: X — Y is continuous if given
an open set V C Y, the preimage

fFlV)={zeX | flx)=yforyeV}
is open.

If we specialize to metric spaces, the usual ¢ — § definition is equivalent.
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