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Abstract

Almost global solutions are constructed to three-dimensional, quadratically nonlinear wave equa-
tions. The proof relies on generalized energy estimates and a new decay estimate. The method applies
to equations that are only classically invariant, such as the nonlinear system of hyperelasticity. € 1996
John Wiley & Sons, Inc.

0. Introduction

This article establishes the almost global existence of solutions for three-
dimensional, quadratically nonlinear wave equations, with the use of only the
classical invariance of the equations under translations, rotations, and changes of
scale. Previous proofs utilized, in addition, either Lorentz invariance [6] or direct
estimation of the fundamental solution of the linear wave equation [5). The ap-
proach used here has the advantage of applying to classical equations, such as
the system of homogeneous, isotropic hyperelasticity. We also give a simplified
proof of John’s almost global existence result for this system [4], which bypasses
estimation of the fundamental solution of the linear operator. The development
for the scalar and vector cases will be presented in parallel.

In gross generality, the plan is as follows. Consider a linear hyperbolic partial
differential operator of the form Pu = O>u — Au, for certain second-order linear
elliptic operators A. The crux of the matter is contained in Lemma 2.3, where it
is shown that, simply by manipulating differential operators, |Au| and |V,u| can
be controlled pointwise by a decaying factor times derivatives of « with respect
to the generators of the invariants plus a term involving Pu. From this follows
a weighted estimate for second derivatives of u in L?, by a simple Garding-type
inequality in Lemma 3.1. The idea of using elliptic methods in a similar manner
appeared in the work of Christodoulou and Klainerman on the Einstein equations
[1]. Specially adapted Sobolev-type inequalities (see Lemma 4.2) then lead to a
decay estimate for the sup norm of the second derivatives of u in terms of an energy
norm plus derivatives of Pu in L2, given in Theorem 5.1. As a consequence of
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the decay estimate we can prove almost global existence in both the scalar case,
Theorem 6.1, and the vector case, Theorem 6.2, provided that the nonlinearities
can be written in spatial divergence form. This is not much of a restriction in the
scalar case, and it is the physically natural form for the equations in the case of
elasticity.

1. Notation and Preliminaries

Partial derivatives will be denoted by 8y = 8, = 8/0t and 9; = 98/0x', i =
1,2,3, with V = (8, 85, 83). The angular-momentum operators are given by

(1.1) Q=(Q, 0B =xAV;

A is the vector cross product. The scaling operator is defined by
(1.2) S=t0,+rd, where r=|x|, and a,=’;‘-v.

Note too that

(1.3) v=>25-Z A0
r r

The eight vector fields will be written as T = (I'y,...,I'7) = (9,2, S). We will
write I'* = Ty, ---T',,, for any ordered product of order |af = k.
The d’ Alembertian is
o= - A.

We will also consider the operator from homogeneous isotropic (infinitesimal)
hyperelasticity, which acts on vector functions v(z, x) = (v!, 2, v%) by
Lv = 8% — C%AV - (c% - c%)V(V - V),

with speeds 0 < ¢; < cy; see [4].
The operators 9 and 2 commute with [, and [S, O] = —20. For L, one intro-
duces the generators of simultaneous rotations,

(1.4) Q=01 +U,

where
0 0 o0 0O 0 -1 010
0 -1 0 1 0 O 0 00

Then L commutes with (. Moreover, [S,L] = —2L.

For technical reasons, we need to use the operators {D| and [D|~', whose
symbols are |¢| and |£|7!, respectively. Using the Fourier transform, it is easy to
verify that |D| and |D|~! commute with 9, 2, and €). We also have that [S, |D|] =
|D| and [S,|D|™'] = ~|D|".
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We will be using the standard energy norm
Er(ult) = /R 10wt + 1 9ult, )] dx = outo)|1?,

with || - || the L? norm on R?, as well as the so-called generalized energy norms

Ei(u(t) = Z E(T*u(®), k=23,....

laj=k—-1

It is also convenient to introduce the nonlocal energy,
Eolu() = E(ID]™'u()),

and its higher-order versions,

Elu(r) = Z Zo(T2u()).

lal=k

The Sobolev norms will be

Il = > Irew@I?, k=1.2,...,

lal=k

and the sup norm will be written as

lu(t) |y = Z sup [Tu(t, x)|.

o] =k xER

The solutions to be constructed will have E;(u(z)) and &, _;(u(¢)) finite on some
interval [0, T) for some k = 7. To describe the solution space, we introduce the
time-independent analogue of the vector fields. Set

A=(A,...,A) =(V,Q,rd).

The A’s have the same commutation relations as the . By H% we will mean the set
of functions u on R* such that Z|a|sk lA%u|| < co. (Note that |D|HY C HX™')
In the scalar case, solutions will lie in the space

k=1 A
XK1 = {u(t,x) : 0w, 8D \u e (¢ ([0’ T),H’/‘\’l‘l) }

i=0

In the case of the elasticity system, it is more convenient to replace 2 by Q,
because of the commutation properties of L. We note that for vector functions, all
norms with €2 in place of € are equivalent. Therefore, we make the obvious modi-
fications in all of the preceding definitions, basing them instead on Q. Accordingly,
we will write A, T, and X(T).
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2. Identities for Differential Operators

The first result separates the dominant terms of the elliptic part of the operator.

Lemma 2.1, Let u € C2(R3) and v € C2(R3)2. Then

@1 |Aulx) — dfulx)| = ¢ > 1vQtua)l,
la|=1
(2.2) )—: V(Y - v(x)) = 82v(x)] | = ¢ Z [VQ*v(x)],
lal=1
(2.3) HAVWWM)égz:WWW%

la|=1

The following immediate corollary of Lemma 2.1 plays a crucial role in the
analysis of the operator L.

CoroLLARY 2.2. Let v € CHR3)3. Set

(2.4) Wit x) = SAVEX) + (c] — BV(V - vt x).
Then

5) |2 [ -don]| =€ > 1verveol

and

(2.6) f nwv-dedv]| = ¢ 3 Iveev)l.

la]=1

Proof of Lemma 2.1: If we expand the Laplacian into its radial and angular
parts,

A=&+za+%na
r r
we see that inequality (2.1) follows from the fact that by (1.2) and (1.1),
1
@7) 0,01 = 1961 and | 100| =cIvol
By (1.3), we may write

O, [; - 9,pv(x) — (iz

X

A
’;C - O2v(x) + (7 A Q) -vl(x) — (% A 8,9) ~v(x).

’;‘ V(Y - v(x)
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If we notice (2.7), we see that (2.2) holds.
The estimate (2.3) can be seen immediately by writing

1
" AT vl = (T ),
r
and noting that the commutator of ? and V involves only V.

Using this, we now derive weighted pointwise bounds for certain combinations
of second derivatives.

LeEmMa 2.3.  Let u € C3(R* X R?) and v € C3(R* x R3)3. Set

oleit,r)olcat,r)

_ Y 1/2 -
(2.8) olt,r) = [l +(-=r ] , T(t,r) oCrt.r) + olcat.r)’
Then
(2.9) olt, N Ault,x)) = C

_|a|§l

lIA
o

(2.10) alt, )| 87 u(t, x)| > loreult, x| + r|Out, )|

Llalél
(2.11) ot,r)IVouit,x)| = C ( Z |0 u(t, x)| + t|Tu(t, x)|
L|a|§l

( > lorule, x| + tlDu(t,x)I]

Also, with the use of the notation of (2.4),

C Z |or«v(t, x)| + tlLv(t,x)I}

(2.12) T, r) [ W v(t, x)|

IA

Llalgl

A
)

(2.13) (t, )| 92v(t, x)| > 19T (e, x| + r|Lv(z, x)|

h|a|§|

’
s
L}
k)

IIA
a

2.14) 7,9V, )| > 18T, x| + t|Lviz, x)|

L|a|§|

Proof: This lemma is based on the simple observation that

(2.15) 0,Su—0u = totu+ rd,0o,u,
(2.16) 9,.8u — d,u rO%u + 10,0,u.

Hence,

2.17) HO,Su — O,u) — r0,Su ~ d,u) = 120%u — r*du.
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In order to get (2.9), add and subtract the term (1> — r?)Au :

£20%u — r2o2u = *0u + (% — r)Au + r*(Au — d%u).
Thus, upon rearrangement we have

1
(t-rAu=— [(tza,zu — r20%u) — r*(Au — d%*u) — t2Du] .
t+r
Inequality (2.9) now follows from (2.17) and (2.1).
If we go back to (2.17), we can also group the terms as follows:
£202u — r20*u = (2 — r)0u + r’0u + r*(Au — d%u).

If we use (2.17) and (2.1), we obtain (2.10).
To check (2.11), we subtract (2.15) from (2.16) to get

(t = r)0,8,u = —8,Su+ Ou + 8,Su — 8,u — t0Ou + (t — r)Au + r(Au — 82u).
Thus we refer to (2.1) and (2.9) to obtain

It —rl|0,0ul = C[|0,Sul + |0,u) +10,Sul + |0,ul
+t|0u| + |2 = r||Au| + r|Du — 82u]

(2.18) C [ > oreu(t, x)| + tIDu(t,x)l] :
lal=1

A

This leaves only the angular component of the gradient to be estimated. Once
again, we exploit an algebraic relationship:

(t—r)%/\ﬂc’i,u = ;’%AQ(Su—ra,u)—’;‘/\Qa,u
= 2 AQSu-ZA0Qu—7 A DO
r r r

from which it follows that

(2.19) [t —r|

X
r—2 A Q@,u

= ClIVSu| + |VQu| + 10,9u]],

with the use of (2.7). If we combine (2.18) and (2.19) and recall (1.3), we have
proven (2.11).
Of course, (2.17) holds for vectors v as well. By analogy with the above, write

22 2 2
it = .
(2.20) 120%v — r29%v = *Lv + ("_2_"_)7//v + r_2 [Wv — c?@%v] , =12
C; (&

Take the dot product of (2.20) with x/r, set i = 1, and use (2.17) and (2.5) to
get

2.21) olcit,r)

X
=YWy
r

=C [ > lerevi, x)| + tILv(t,x)I] :
la|=1
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We cross (2.20) with x/r, set i = 2, and appeal to (2.17) and (2.6), to obtain

(2.22) olcat,r)

X
AWy
;

=C [ > larevie,x)| + t|Lv(t,x)|] :

lal=1

Now because 7(z, 7) = min(o(c;t, r), o(cst, r)), and because [#'v|> = |x/r- W v|* +
|x/r A W v|?, the estimate (2.12) is seen to be a consequence of (2.21) and (2.22).
The estimates (2.21) and (2.22) capture the two speeds of the operator L.

In order to derive (2.13), we write

202 ORI i ek JUR r 202 .
Pty — oy = L gtv+ Sy + S [Wy - o], i=12
Ci Ci Ci

We get the estimate (2.13) by an argument similar to the one above.

We turn to the proof of (2.14), and use (2.15) and (2.16) again to write, for
i=12,

(cit = 13,8y = —(8,5v— 8v) + ¢;(8,5v — 3,v) + 187v — cirdv
—(8,Sv — 8,v) + ci(8,Sv — 3,v) + tLv + tWv — c;rd?v
—(0,8v — 8,v) + ¢{(0,Sv — 0,v) + tLv

+ l(c,—t -nN¥v+ L(Wv — o).
Ci Ci

1

By (2.5) and (2.6), we have

leit = rl al 0,0 = C [ Z [8T*v(t, x)| + t|Lv(t,x)| |,
r el =1

|cat — | ; ANDOv| = C [ Z [OT*v(z, x)| + t|Lv(t,x)I:| .
le|=1

Hence, if we proceed exactly as before,
(t,r)|0,0v| =C [ Z [OT*w(t, x)| + t|Lv(t,x)|:| .
|a]=1

The angular portion of the gradient is handled as in the scalar case. The proof is
now complete.

3. Weighted L? Estimates

The previous pointwise bounds can be translated into L? estimates, essentially
with the use of the argument of Garding’s inequality.
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LemMA 3.1.  Let o and 7 be as in (2.8). Then for all u € X2(T)<and v € X¥T),

(3.1) lo(t, )Vult, )|* = C [E2u(®) + || 0ult, II?]
(3.2) (2, )VOv(t, )|I? = C [E2(v(D) + £2||ILv(z, 1] .

Proof: If we square equations (2.9) and (2.11) of Lemma 2.3 and integrate
over space (and suppress the fixed time variable), we see that the quantities
loAul|> and ||oVO,ul|* have the desired bound. However, integration by parts
twice gains control of all of the second-order spatial derivatives:

Z ”O“7ml«t”2 2/02(8,-8ju)(6,-8ju)dx
|11|=2 ij

(3.3)

/UZ(AU)2dx - Z/(810'2)(6Ju)(3,81u)dx
ij
+Y [ @000 .
ij

The derivatives of o are uniformly bounded, and so a combination of the Cauchy-
Schwarz inequality and Young’s inequality shows that the last two integrals are
each bounded by

1

2 > lloveul® + Cllvul2.

lal=2

The second derivatives are absorbed on the left-hand side of (3.3), and the first
derivatives are bounded by the energy. This proves (3.1).
With the use of the notation (2.4), we will show that

(3.4) Iravil = C [Il=#vli* + IIvvl?] .
We expand the inner product and we find that

lr#v|> = c3/72|Av|2dx +205(c? —c%)/'rzAv-V(V-v)dx

35
G +(c? —c%)Z/TZW(v-v)P dx

The middle term can be integrated by parts to give

/ 2 Av- V(V - v)dx / 2| V(V - v)|%dx — / (V72 Av)(V - v)dx

+ / (V72 - V(V - v)(V - v)dx

I

1
—— | XA dx—-C / |Vv|? dx.
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This proves (3.4), and thus by (2.12), we obtain from (3.5) the correct bound for
[[Av]||?. The rest is as in (3.3).

4. Sobolev Inequalities

The following inequalities are a mild generalization, in the flat Minkowski
space-time, of some similar results proved in [1]. They are designed to exploit the
degenerate weight factors o, 7 that arose in Lemma 3.1.

LemMma 4.1.  Let o(r) = 1| be a smooth radial function whose derivatives are
uniformly bounded. Then for all sufficiently regular functions ¢ on R and any
AZ 0,

1/4
(ra**1(r) (/S |¢(rw)l4r2dw) =C I: > lle*eegll + l|08r¢l':|-

la] =1

(Here S» = {w € R : |w| = 1} is the unit sphere, and dw is surface measure
on Sz.)

Proof: We have the following straightforward calculation:

r20,2(>\+l)(r)/ |p(rw)|*r’dw
$2

- [0, (aﬂ“‘«p) / |¢<pw)|“dw)dp
r $2

< [ /S 200(0) 4o 18, lpw) | dow dp

4.1 + r4/\ 208 + Do o' (p) | plpw)|* dw dp
r $>

1A

Crz/‘ [02(“”|¢l3|8,¢| +a2“'|¢|4]dx

1/2 1/2
C (/ |x|402(2)\+l)|¢l6 dx) (/ll [02|8r¢|2 + |¢|2] dx)
xjzr x|zr
1/2 1/2
c ( [ g dx) ( /' _ [la,p +a2*|¢>12]dx) ,
|xlzr x|lzr

because ¢ = 1.
Next, by the isoperimetric-Sobolev inequality (see [1], p. 32), we have

lIA

A
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( / |¢(pw)|6dw)

Ry
< 4 :
=C(/SZI¢>(pw)I dw)

We use this to obtain

i
-
i

( /S (12602 + (o] dw)

p4a2(2x+l)(p)[s |¢(pw)|6p2dw
2

< 2_2(n+1) 42 ~ ; -
=C (/Szp a”* V(o) dlpw)l*p dw) (Z /Szo (D) P(pw)|2p dw).

lal=1

An integration with respect to p yields

'/ll |x|402(2>\+l)|¢|6dx
x|Zr

= Csup (pzam‘“)(p)/ | d(pw)|*p? dw) ( Z a2 Q% |2 dx) .
Sz

pEr la|=1 x|zr

4.2)

The result now follows from (4.1) and (4.3).

LemMa 4.2, Let o be as in Lemma 4.1. For all sufficiently regular functions
¢ on R3,

sup ra® V2(r)|p(rw)| = C [ > llaracsll + > ||05r9"¢||]-
$2

Ja|=2 lal=1

Proof: Again with the use of a standard Sobolev inequality on S», we have

1/4
sup [p(rw)| = C ( > / 12 p(rw)|* dw) :
Sz laj=1+ 52

Multiply this by ro**/2(r) and apply Lemma 4.1.

Actually, this result will only be used with A = 1.

5. Main Estimate

We now proceed to derive the L™ — L? estimates.
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_ Tueorem 5.1.  Let o and 7 be as in (2.8). Then for all u € X*(T) and v €
X4(T),

(5.1) (1+ o(t, )| V0ult,x)| = C [Eawl@)/? + el 0utr, )2
(5.2) (1+ P, NIVOVE )| = C [Es(e)? + dllLwte, o ]

Proof: In order to simplify equations, we will adopt the convention of sup-
pressing the space variable when taking the L? norm. Thus, for example, we will
write || o(tu(r)|| for ||o(z, Ju(t, -})|]. By the classical Sobolev inequality, the bound-
edness of the derivatives of o, and (3.1), we have the estimates

IA

a(t,N)|Voult,x)] = C Y [IVa()Vour)|
1Bl1=2

C Y Nlo®Vaviu@)|
1Bl=2

C 3[BT ule)? + tloviulo)]
1B1=2

C [Ealw@)”? + rllout)llz).

A

IIA

(5.3)

IIA

On the other hand, because the derivatives of o(z, r) are bounded independently
of t, we may apply Lemma 4.2 with ¢ = VOu and A = 1. Thus,

ro(t,)|Voue,x)) = C| Y. llo(®d°Voul)|
|Bl=2
+ ) ||a(t)6,QﬂV8u(t)||]
181=1
= C )Y llo®r*vau@l
[B1=2
= C ) llo@varfuw)l.
1B1=2

We apply (3.1) to each derivative T¥u, and continue the estimate to obtain

A

roleNVouE D) = € 3 [EATPu)2 + rlarfuol |

[B1=2

C > [Eamuten'? + rirPouo)] |
1Bl=2

C [Eaw@)? + tou®|z ]

A

(5.4)

A

Combining (5.3) and (5.4) completes the proof of (5.1).
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The second case is analogous. In fact, using (3.2), estimate (5.3) carries over
directly with u, o, and O replaced by v, 7, and L, respectively. For the other
estimate, we must temporarily introduce the simultaneous rotations Q (see (1.4)
and (1.5)) in order to have the proper commutation with the operator L. Using
Lemma 4.2 and the equivalence of the I and I norms, the estimate proceeds as
follows:

I

rr(t,n)|Vovit,x)] = C ' > e vavn)l

|8l=2

+ > ||r(z)arﬂﬁvav(t)l|]
18l=1

c Y IrorPvavoll
181=2

C Y Ilrvartvll .

18l=2

A

A

Now we use (3.2) to finish with

rr VoVl = C Y [Eave) 2 + L) |
I81=2

C 32 [E0ve)? + T Lvio)] |
181=2

C [Eave)? + ) Lvlo)ll2 ]

IA

A

(5.5)

A

Thus, (5.2) follows from the v analogue of (5.3) and (5.5).

CoroLLARY 5.2.  Let 0 and T be as in (2.8), and let la| = k. Then for all
u € X*4T) and v € X**4(T),

(5:6)  (1+no(t, NIV u(e, x)| = C | Exsaw@)? + tl|0utt, Misz ]
(57 (1+ A NIVOT™e, 0| = C [Eiea)? + tllLv(t, sz | -

Proof: Apply Theorem 5.1 to I"u and I™v.

CoroLLARY 5.3.  Let o and 7 be as in (2.8), and let |a| = k. Then for all
u € X**YTy and v € X**4(T),

(58) (1 +no(t,N|OTu(t, )| = C [Eees@@)”? + ol 1DI ™ Tult, Yis2 | -
(5.9)  (1+ D7, DT, 0] = C [Eers )2 + £1DI 7' Lok, a2 ]
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Proof: A brief appearance will be made by the Riesz transformations R;, the
operators of order zero with symbols ¢'/|¢|. Note that I = R;R; = 9;R;|D| ", and
that the R; commute with 0 and S whereas the commutator of an R with an
is either zero or another R. These statements can be verified with the use of the
Fourier transform.

So we apply Theorem 5.1 to R;|D| ™'« and obtain

(1 + o, Nou(t,x)] = (1 +rolt, r)|00;R;|D| ™ ult,x)]
= C[EsRIDI'ue))”? + 1| ORIDI " ud)]2|
= C[E4(|D|"u(t))'/2+l|||D|_'Du(I)||2]

A

C [#:0)'? +1]l1D| outr) ]

The estimate (5.8) follows if this result is applied to T™u. The proof of (5.9) is
obviously identical.

6. Almost Global Existence

We now give the almost global existence results.

The nonlinearities considered here are slightly more restrictive than in [4]-[6].
Here, the initial data are not required to have compact support, and are assumed to
have fewer derivatives than in the previous work. However, we must take 9,u(0) €

|D|H instead of the more natural H5 ' because of the use of the nonlocal energy
&r-1.

THEOREM 6.1. Let ng be constants for a,3 = 0,...,3 and i = 1,2,3. Let

uy € HY and u, € |D|H} for k = 1. Then there exist positive constants A > 0
and gy > 0 such that for all 0 < & < g the Cauchy problem,

3 3
Ou= Y Chgd; (3,udpu)
a,8=0 i=1
u(0) = eup, Oul0) = euy,

has a unique solution u € X*(T,) with a life span T, > exp(A/e) satisfying the
estimate
Ecu)V? + & () = Ae.

Proof: We give a sketch of the proof, outlining the key a priori estimates
leading to a bound for the energy E,(u(f)) + &, (u(2)), for some fixed k = 7.

The first step is to derive an energy estimate for E;{(u(#)), which can be done in
the usual manner. For any |a| = k — 1, apply the operator I'* to the equation and
multiply by 8,T*u. If we choose &) small enough, |Ju| will be sufficiently small,
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independently of £. The top-order nonlinear terms can then be absorbed on the
left-hand side after pulling out one time derivative. We write the nonlinearity as
a sum of terms of the form duVou to obtain

IA

E(u(t)) = Ei(u(0))exp [C /0 | OTu(s)V Ouls)|| k-2 Ex(uls))"2 ds:l

6.1) < Euu(0)exp [c /0 |9u(s) | 1, Exuls)) ds] ,

with kg = [(k — 2)/2] + 1.
Second, we apply the decay estimate, Corollary 5.3,

(1+0|0u@®)|y, =C [%;Wg(u(t))'/2 + 1| lD|_'Elu(t)||k‘,+2] .
Because Ou is a spatial divergence, we obtain

11D~ Ou(®)|lk,+2 Cllou@®)ou(t)|| ky+2

C|Ou®) |k, Exy+3(®)'/?,

A A

where k; = [(ko + 2)/2]). Now k; = kg, and because k = 7, we have kg +3 = k—1.
Thus for solutions with small enough E;(u(2)), that is, for £ small enough, we
have derived

6.2) (1 + )lou®) |, = CE_ 1 (u(r))'/>.
Finally, to close the chain of inequalities, we must estimate &;_,(u(#)). So for

|a| = k — 1, apply |D|~!I"™* to the equation and multiply by 8,|D|~'T*u(z) to get

%zk-lmu» CIDI D)l B ()2

C || 0u(t)dule)|| k-1 Ex—1 (1))
C|0u(0) k- 1)/ Exle) /& -1 (ule)) />
C|ou(®)| i, Ex(u(0))2&— (u(e) /2.

IA

A 1A DA

(6.3)

The inequalities (6.1)-(6.3) combine to show that E,(u(t)) + & (u(t)) remains
of order &2 for a time of order exp(A/¢). This completes the outline of the proof.

The case of general quadratic nonlinearities with the same linearized behavior
at the origin can be handled. The addition of higher-order terms creates no problem
because in the energy inequality (6.1), the cubic term leads to the square of the sup
norm, which is integrable in time in three dimensions. We remark that the only
quadratic nonlinearities that are not permitted in Theorem 6.1 are those containing
the combinations 0;u0;0,u and Oud? u, because they cannot be written as the spatial

divergence of some expression. (Of course, the term Oud?u can always be absorbed
on the left-hand side, at the expense of adding higher-order terms.)
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We now turn to the equations of homogeneous isotropic hyperelasticity. See
Gurtin [3] for a concise discussion of this system. Actually, the equations consid-
ered here are correct only to second order, but again, the higher-order corrections
present no analytical difficulties. We mention that Ebin [2] has constructed a global
solution for incompressible, neo-Hookean materials.

THEOREM 6.2. LetC '/,f,,,; i,j,k,€,mn =1,2,3, be constants with the symmetry
properties

ijk ik j ijk ikj _ ~jik Jki Jik Jki
C(mn + C(fnm + Crn(fn + Cmn(’ - C(mn + C(fnm + Cm(n + Cmn?-

Let vy € H% andv| € {DIH% Jor k = 1. Then there exist positive constants A > 0
and gy > 0 such that for all 0 < & < gy the Cauchy problem,

3 y
(Lv) = v — C%Avi - (c% - c%)@,-(V -y) = Z Ci/,ﬁ,,@p(@mvj('),,vk)

Jkemn=1

v(0) = evy, Ov(0) = &vy,

has a unique solution u € X*(T.) with life span T, > exp(A/e), satisfying the
estimate

E(v0)'? + &y (1) = Ae.

Proof: The proof is essentially the same as above. The symmetry condition
guarantees that the energy estimate (6.1) is true.
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