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1. INTRODUCTION

The equations of motion for the displacement of an isotropic, homogeneous, hyper-
elastic material form a quasilinear hyperbolic system,

Lu = 0%u — c3Au — (2 — 3)V(V -u) = F(Vu)V?u,

in three space dimensions, with wave speeds 0 < ¢ < ¢; and a nonlinearity, the precise
form of which will be spelled out in later sections. We shall prove that for certain
classes of materials, small initial disturbances give rise to global smooth solutions.
These special materials are distinguished by a null condition imposed on the quadratic
portion of the nonlinearity.

It is known from the work of John [6], that the equations possess almost global
solutions for small initial values. Moreover, John [4] has identified a genuine nonlin-
earity condition which, at least in the spherically symmetry case, leads to formation
of singularities even for small data, see also [3]. The null condition, presented below,
is the complementary case to genuine nonlinearity.

Thus, the situation is entirely analogous to the case of scalar nonlinear wave equa-
tions. Small solutions exist almost globally [7], [8]. Examples suggest that small
solutions break down in finite time [4], [11], unless the quadratic terms in the non-
linearity satisfy a null condition, in which case they exist globally [1], [9]. In the
present case, however, such results are not immediate generalizations of the scalar
case. The original proofs of the existence results for the wave equation depended
upon the Lorentz invariance of the equations, a property not shared by the equations
of elasticity. Nevertheless, using various extensions of the ideas in [10], we obtain
global existence with the null condition without the benefit of Lorentz invariance.

There are two new observations which lead to the global existence result. First,
within the class of physically meaningful nonlinearities arising from the hyperelasticity
assumption, there exists a null condition. The null condition leads to enhanced decay
(i.e. (1 +t)72 instead of (1 +¢)~!) of the nonlinear terms along the light cones.
Secondly, it is shown how to combine the weighted L> — L? and L? — L? estimates
obtained in [10] in order to obtain enhanced decay inside the light cones.
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A precise statement of the existence theorem is given in section 5, after introducing
a bit of (mostly) standard notation in section 2, formulating the equations of motion
in section 3, and exploring the nonlinearity in section 4. In order to avoid too much
technicality, we consider a truncated version of the equations, since only the quadrat-
ically nonlinear terms matter in the construction of small solutions. The rest of the
paper is devoted to the proof of the result, based on energy and decay estimates.

2. NOTATION

We begin with a brief description of the notation to be used, most of which is
standard, leading to a definition of the function space in which solutions are to be
constructed.

Partial derivatives will be written as

80:&:% and &-z%, i=1,2,3.

We will also abbreviate
0= (0p,01,04,03), and V = (0;,0s,0s).
The angular momentum operators are the vector fields
Q=(Q,0,0)=xAV,

A being the usual vector cross product. Then the spatial partial derivatives can be
conveniently decomposed into radial and angular components

(2.1) V= z& — % ASQ, where r=|z|, and 0, = v
r r r

In the present context of isotropic elasticity, solutions are invariant under the simul-
taneous rotation of dependent and independent variables, whose generators are given
by the vector fields

Q=QI+U
with
0 00 00 —1 010
uy=10 01|, U=]100 0|, U=|-1200
0 —1 0 10 0 000
The scaling operator is
Sztat—{—?“@r,

however, due to the scaling law of the forthcoming equations, it is more precise and
more convenient to use N

S=5—-1
The eight vector fields will be written as I' = (I,...,T7) = (8,9, 5). The com-
mutator of any two I'’s is either 0 or another I'. By I'%, |a|] = &, will be meant
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an ordered product of x vector fields 'y, ---T',,. (Note that we are not using the
standard multi-index notation because of the noncommutativity of the I'’s.)

We will also have occasion to use the operators |[D| = v/—A and |D|™! which are
most easily defined by their symbols: [¢| and [£]7!, respectively.

In order to describe the solution space we also introduce the time independent
analog of I'. Set B

A=Ay, ..., A7) =(V,Q, 10, —1).

Then the A’s have the same commutation properties as the I'’s. Moreover, |D| and
|D|7! commute with Ay, ..., Ag, while

(2.2) [A7,|D] = D] and [Aq,|D|7'] = ~|D|™,
as can be checked using the Fourier transform. Define
Hy ={f € I*(R°)*: A"f € L*(R°)°, |a| < &},

with the norm

g = D 1A Farey-

la|<k
By the commutation relation (2.2), it follows that
|D|: Hy — H™".
The natural energy norm associated to the linear operator is
Biu(®) =} [ [0t o) + SIVult,) + (¢ - (T - 0] da,
R3
and higher order norms are defined through
Ei(u(t) = Y Ei(u(t)).
la|<k—1

In order to control the remaining derivatives up to order x, we also introduce a
nonlocal version of the energy

Eo(u(t)) = Er(ID " u(t), and  Ei(u(t)) = Y E(Tu(t)).
jal <k

Thus, we have
Ec(u(t)), and &, 1(Vu(t)) < CE.(u(t)),

as well as
D AT u)|: < CE(u(t)) and > [[Ou(t)][72 < CEu(u(t)).
lal<k la|<k—1

The solution will be constructed in the space

X(T) = {u(t,az) Tu € ﬂ Cj([O,T);Hzfj), O € ij([O,T); ‘D’HXJ)} .

J=0 J=0
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For uw € X"(T), the norms E,(u(t)) and E,(u(t)) are finite, 0 <t < T.

3. THE EQUATIONS OF MOTION

We now present an explicit description of the equations of motion for the displace-
ment of an isotropic, homogeneous, hyperelastic material filling space, see [2]. The
unknown of the problem is ¢(t,z), a smooth deformation of the material evolving
with time. The deformation gradient is then F' = V¢, the matrix with components
Fyy = 0p". For the types of materials under consideration, the potential energy den-
sity is characterized by a stored energy function, o, which depends on F' through the
list of principal invariants 1;, 2, 23 of the (left) Cauchy-Green strain matrix B = FFT.
A basic requirement for the deformation is that B > 0.

The equations of motion are derived by applying Hamilton’s principle to

// [310ul* = 0 (11, 22,13)] ddt.

So the PDE’s can be formulated as the nonlinear system
02t 0 Jdo
otz Ozt 0Fy
Here, and in the following, we adopt the summation convention. Appropriate condi-
tions will be imposed on ¢ in order that (3.1) be hyperbolic.

We will consider only small displacements, u(t,z) = ¢(t,z) — x, from the reference
configuration. In three space dimensions, the global existence of small amplitude
solutions to nonlinear hyperbolic systems hinges on the specific form of the quadratic
portion of the nonlinearity in relation to the linear part. Such compatibility conditions
are often referred to as null conditions. From the analytical point of view, therefore,
it is enough to truncate (3.1) at third order in u, the higher order corrections having
no influence on the existence of small solutions.

To this end, it is convenient to compute in terms of u, G = FF—I,and C = B—1 =
G + GT + GGT instead of ¢, F, and B. We will expand the stress matrix ;Ta
second order in G. Let j1, 72, 73 be the invariants of C. Since C' = B — I, the j;zgare
linear expressions in the 12, as can be checked by comparing the eigenvalues of B and
C. This means that we may just as well regard ¢ as a function of the j;. Variations
in ' and G are the same, so we can write

5 or _on_ o0y
oF 0G0y, 0G
We make use of the following general formulas for the invariants of a 3 x 3 matrix:
n = trC
72 = 3[trC)* —tr C?

73 = i(tr C)* = 3(tr O)(tr C*) + 2tr C?).

(3.1) = 0.

to
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Putting C = G + GT 4+ GGT, we obtain, after discarding terms of fourth order and
higher,

0 = 2trG+tr GGT
72 = 2(tr G —tr G* —tr GGT
(3.3) +2(tr G)(tr GGT) — tr G*°G" — 1tr GGG — Lr GGG + ...
73 = 3(tr G°) = 2(tr G)tr (G* + GGT)
+2tr (G*+ G*°GT + GGG+ GGG + ...,

with ... denoting higher order terms. From (3.3) it is apparent that j = O(G*¥).
Therefore, the relevant terms in the Taylor expansion of ¢ about 7, = 0 are

(3.4) 0 =00+ 011+ %011]% + 0272 + %0111]“;’ +0o1201)2 + 0393+ ...,

the constants o, o1, etc., standing for the partial derivatives of o at 7, = 0. From

(3.4), the significant terms for the derivatives 97 are

Jk
do 1 9
-_— = 0'1+O’11]1+§0'111]1+0'12j2+...
on
do
3.5 — = Oo2+ 01 +...
( ) 3]2 2 12J1
do N
— = O3+ ....
073

0
The derivatives a—jcl; can be found from (3.3), after a bit of calculation,

On -
5a = 20+0)
(3.6) % = 2[2(tr G)I - G - G" + (tr GG")I +2(tr G)G
—(GG"+ GG+ +...
013 _ 2 T
50 = 2 2(tr G)* = 2(tr G)(G + G7)

—(tr G +tr GGNHI+ (G+G")?| +....



Into (3.2), we insert the expressions (3.5) and (3.6), keeping only terms of order
one and two

Oo

o6 = 2ol +G)+on(r G) +oaf2(tx G) - G - GT]}

+2 {on[2(tr G)G + (tr GGT)I] + o111 [2(tr G)*I]
+o12[6(tr G)2T — (2(tr G)G + (tr GGT)I) — (2(tr G)GT + (tr GH)I))
(3.7) +03[(2(tr G)G + (tr GGT)I) — (G? + GGT + GT @)
+o32(tr G)*T — (2(tr G)G + (tr GGM)I) — (2(tr G)GT + (tr G*)I)
+(G*+GG" +G"G)+ GG} + ...
Examine first the linear terms, which are grouped in the first line of (3.7):
201 (I + G) + 4(o11 + 09)(tr G)I — 205(G + GT).

We impose the condition o1 = 0, which implies that the reference configuration is a
stress-free state. The Lamé constants A = 4(oq; + 02) and p = —20, are assumed
to be positive. (The density in the reference configuration has been taken to be 1.)
This renders the linear part of the equation hyperbolic. Set A + 2 = ¢? and u = c3.
Extraction of the linear terms in (3.1) yields the linear operator

(3.8) Lu = 0}u — c3Au — (3 — 3)V(V - u).

The constants ¢; and ¢y correspond to the speeds of spherical and rotational waves,
respectively. We have also

(3.9) oy =—c3/2 and oy =c /4

The remaining quadratic terms in (3.7) contribute to the nonlinearity. The ith
component of the nonlinear term of (3.1) takes the general form N (u,u)" with

(3.10) N(u,v)" = DI* 9y(0u? 9,0%),
for certain constants Déz:n, to be specified in the next section. (Superscripts will

be reserved for vector coordinates and subscripts for derivatives.) The result of our
calculation is that the truncated equations of motion (3.1) are, succinctly,

(3.11) Lu = N(u,u),
with L defined in (3.8) and N (u,u) described in (3.10).

4. THE NONLINEARITY

It is necessary to further analyze the coefficients Déﬁfn of the nonlinearity. To begin,
we will consider the nine different types of quadratic terms that occur in (3.7), each
of which having the form ,C}’ K G jmGrn- The following table identifies the coefficients

v Imn
O p=1,2,...,9



1| (tr G2 5ig7 §*

2| (tr )G | (696580, 4 667 0,)
3 (tr GGT)I 0:07% 6 s

4] (tr G)GT 1(6%,090% 4 51.67.6F)

50 (tr GH)I 8309 ok
6 G2 L(86% 8m 4 667 5m)
7 GGT L(6965E 8y + 67070, )

8 GTG (8%,07% 04, + 61677641, )

9| GTGT 1(60,63.6% + 61.5)6%)

ijk
have been chosen so that ,C;" =

As is natural given the form of (3.10), the ,C¢*
LC9  From (3.7), we have

Inm*
—ljz'jlC = 4(0’111 + 30’12 + 0_3)[1Cijk ]

Imn Imn
+2(011 — 012+ 02 — ‘73)[2(26';%1) + 302?:71]
(4.1) —2(012 + 03)[2(:C,) + 5Cn]
~2(05 — 03)[6Cm + 10, + sCi)
—03 [90%71]

So D;fffn inherits the symmetry

(4.2) Dyt = Digi:
from the ,C* and from (3.10) it follows that
(4.3) N(u,v) = N(v,u).

The coefficients satisfy two additional useful symmetries. The first is related to
the variational origin of the problem and is crucial in the derivation of the energy
estimates. Set
(4.4) Egr = LDk

Imn Imn

+ DYy and  FJE = L(DZE 4 DI ).

mén Imn Imn nmit
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Then by (4.4) and (4.2),

(4.5) EUF — ik and  FE = R

Imn mén fmn nmt?

and the nonlinearity (3.10) can be expanded

(4.6) N(u,v) = DI (8,0,ul 90" + 81! 0,0,0")
= By, 000! 0,0* + FJ3 0,10 0,0,0"
The energy symmetry is expressed through

These properties follow from (4.1) and the explicit formulas given in the table. How-
ever, the symmetry does not hold for the pCan separately. Rather, it is necessary to
group the terms into the five units in which they appear in (4.1).

The second symmetry property is a consequence of isotropy, the invariance of the
displacement under the transformation u(t,z) — p~'u(t, pz) for any orthogonal ma-
trix p. Let .3, be the usual tensor with value 4+1 when a7 is an even permutation
of 123, with value —1 when afv is an odd permutation of 123, and with value 0
otherwise. Then we have
(4.8)  Dplhcapi + Dipnaps + Dimeapt + Dinnase + Disycapm + Dingeapn = 0.
This may also be verified from the formulas above, although it is the infinitesimal
version of the isotropy assumption. This property will be used in a later section to
derive simple expressions for angular derivatives of N (u,v).

In order to obtain global solutions, the null condition must be imposed. Using the
decomposition (2.1), it follows for any functions u,v € Hj, that the leading term of

l..m .n
Oy (Ol D, 0%) is

xtz™x
leading terms. Therefore, we would like to have

3 0,(0,u?0,0"). The null condition is designed to cancel these
r

(4.9) DIF ptama™ =,

for all x € R3, and all 7,5,k = 1,2,3. This can be arranged, within the class of
physically meaningful nonlinearities, by balancing the leading terms of the individual
expressions pCéifnag((‘?muj 0,v%). These leading terms fall into three different groups:

B a:zxjxk  p=1,459
(4.10) LOOF alama™ = & 109 + 6 aixiak p=2,6,7
Ok gt pd ok p=3,8.



Rearranging the coefficients in (4.1), we have

—D* = 4(oy1y + 3012) [ CF

Imn
—201512(:Cp,) + 5Cn]
(4.11) +2(011 — 012)[2(:C7F ) 4 3C7F ]
+02[2(:C,) = 6Cyimy — 7C + 3C, — sCii]
+032GCEy,) — 2GCEY) — sCim, + oCyin,
—2(2C) + 6 + 700, — 30, + sCi)-

Note that in view of (4.10), the expressions with coefficients oy and o3 are already
null. In order to kill the remaining leading terms, we must take
(412) 011 = 012 and 3012 + 20111 = 0.

Thus, we see that (4.12) implies (4.9).
The following pointwise inequalities follow from (4.9). They are typical of the way
in which the null condition will be used later on.

(4.13) | D7 3,0l 0% < % [[VQu||Vo| + [VZul|Qu]]
(4.14) |D* Dot 01’ Dwt| < g [|Qul|Vu||Vw| + |Vul||Qu|| Vuw|

+ [Vul||Vo||Quwl].

The condition (4.9) is flexible in that analogous inequalities hold when the upper or
lower indices of Déﬁfn are permuted, provided the roles of u, v, and w are likewise
interchanged.

The system of PDE’s (3.11) support spherically symmetric solutions, namely, those
for which Qu = 0. Such solutions have the form u(t,x) = Z1(t,r), where 1 is a scalar.

In this case, when the derivatives are split into radial and angular components, the
¥

leading terms all reduce to x—ﬁr[(&«@b)Q]. Thus in (4.11), the combination of the
r

terms with coefficient 015 is now also null. In the spherically symmetric case, the null
condition reduces to

(415) 30’11 + 20’111 =0.

Condition (4.15) is complementary to the genuine nonlinearity condition given by
John in [3], although this is not immediately apparent because John works with the
principal invariants of v F'F'T —I rather than FF'T —I. However, a change of variables
shows that his genuine nonlinearity condition for spherically symmetric solutions is
precisely the condition that 3011 + 20117 # 0.

2Recall that oy = 0, 017 = ¢3/4 = (A +2u) /4, and 09 = —c2/2 = —p/2 have already been fixed.
So we have used all but one of the available degrees of freedom in the coefficients of o.
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5. THE EXISTENCE THEOREM

Having set down the necessary notation and formulated the initial value problem,
we are now ready to record the main result to be proved.

Theorem 5.1. Let f € HY and g € |D|HY, k > 6, be given functions with
1 W+ gl g + 11D gllax < eo,

go sufficiently small. Assume that the coefficients Dzifn defined by (4.1) satisfy (3.9)
and the null condition (4.12).
Then the Cauchy problem

Lu = N(u,u)
u(0) = f,  Gu(0) =g,
with
Lu = 0?u — c5Au — (¢] — c3)V(V - u)
N(u,v)! = DI* 9,(8u’ 9,0")
has a unique global solution u € X"(c0) satisfying the bound

sup [Ex(u(t)) + (1 +1) 7" E(u(t))] < 260,

0<t<o0o

for some oy > 0.

We remark that if the initial data are spherically symmetric, i.e. Q f= ﬁg = 0,
then the solution remains spherically symmetric, and the theorem holds under the
weaker assumption (4.15) instead of (4.12).

The use of the nonlocal energy &, requires g € |D|H} instead of the more natural

Kk—1
space H .

6. COMMUTATION RELATIONS

Let I'* =Ty, - - T'y, be a product of any  vector fields. If u is a solution of (3.11)
in X*(7T), then we will show that

(6.1) LT"u= Y N(Iu,Tu),
b+c=a
in which the sum extends over all ordered products I'” and I'® corresponding to parti-
tions of I'*. This formula reflects the symmetries present in the equations of motion,
and its usefulness in the forthcoming estimates motivates the choice of €2, S over €2,
S. It is a consequence of the following commutation relations.
For the linear operator L in (3.8), we have

[0,L] =0, [Q,L]=0, and [S,L]=—2L.
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For the nonlinear term given by (3.10) and (4.1), we can also easily get

ON(u,v) = N(Ou,v) + N(u,0v),
and N _ N

SN (u,v) = N(Su,v) + N(u, Sv) — 2N (u,v).
A slightly longer computation using (4.8) and the fact that
(ﬁ]u)l = Ejpg? Oqu’ + €jipti”
yields N N N
QN (u,v) = N(Qju,v) + N(u, Q;v).

Equation (6.1) is proven inductively by successively applying each I'y;, j = &,...,1

to the equation (3.11), and using the above observations.
As a simple consequence of (6.1), we point out that solutions of Lu = N(u,u)

satisfy Lﬁju = N(qu,u) -+ N(u,ﬁju), j = 1,2,3, which shows by uniqueness that
spherical symmetry is preserved, as mentioned above.

7. DECAY ESTIMATES

In this section, we assemble the decay estimates that we will use. Lemmas 7.1 and
7.2 are of Sobolev type: a weighted L> norm is controlled by a weighted L? norm
with two more derivatives. Lemma 7.3 gives a bound for weighted L? norms of vectors
u in terms of energy and Lu in L?. Finally, after these preliminaries, we obtain the
main decay estimates in Lemmas 7.4 and 7.5, valid for solutions of Lu = N(u,u).
These results are extensions of estimates given in [10].

Lemma 7.1. Let 7(r) > 1 be a C? radial function with
sup(|7'(r)] + |7"(r)|] < Const.

r>0
For all sufficiently reqular vector-valued functions ¢ on R3, we have
(L7 Pr(r)g(a)| < C D |ITV Qg e.
|al+[b]<2

with r = |x| and C' depending only on sup,[|7'(r)| + |7"(r)]].
Proof: In Lemma 4.2 in [10], it was shown that

rr(n)o(@)| < C |17l + Y 170,2°9) 12

|b]<2 |b|<1

Of course, for vector-valued functions, we can use QI = Q—U to get the same in-
equality with € replaced by €2. Finally, in view of the classical Sobolev inequality in
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three dimensions, we have 7(r)[¢(z)| < C>_ ), <, [V*(7¢)|[12, and so by the bound-

edness of the derivatives of 7, we can replace by (14 72)!/2 above. This proves the
Lemma.

We now define a weight function that captures the behavior of the solution near
the two light cones. Set a(r) = (14 72)'/2) and define
t— t—
(7.1) rit,r) = —at Zralet =)
1+ alet —1r)+ alct — 1)

Then
1

zminfa(eit — 1), a(cot — 7)) < 7(t,r) < minfa(eit — 1), a(cot — 7)), for r >0,

(7.2) C(1+1t) <a(r)r(t,r), forr >0,
and
(7.3) Cl+1t) <7(t,r), for 0 <r < co(141t)/2.

Lemma 7.2. Let 7(t,r) be defined by (7.1). For all u € X"(T),
(7.4)  a(r)r(t,r)|0%u(t,x)] < C Z |7(£)0°V QL ut)| 12, a| +2 < &,
|b]+|c|<2

(7.5) am)|oult,z)) < © Y VDUt 2, al +2 < k.

|b]+|c|<2

Proof: To prove (7.4), apply the previous Lemma to 0%u(t, -) for fixed ¢. Note that 9*
and V?Q¢ commute. The bound holds uniformly in ¢ because |8,7(t,7)| + |027 (¢, )|
is uniformly bounded.

If Lemma 7.1 is applied to 0%u(t,-) again for fixed t, and 7(r) is taken to be
identically equal to 1, then (7.5) results.

Lemma 7.3. For allu € X"(T),

(7.6)  lr®or*u@®lz < C [Ec(u(®)) + DI LEW(B)|IZ2] ol +1 <,

(7.7) I7(0)OVIu(t)]|72 < C [Eq(u(t)) + | LT%(t)||72] . a4+ 2 < k.

Proof: By Lemma 3.1 in [10], we have®

(7.8) Ir(®)oVu@)lz. < C [Ea(u(t)) + ¢*[| Lu(t)|72]

Apply this to T'%u, |a| < k — 2, and note that Ey(I"u(t)) < E.(u(t)) for |a| +2 < &
to get (7.7).

3In [10] the energy norm was based on S rather than S , but the two norms are obviously equivalent.
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Next, write

I (B)oT u(t)||Z-

I7(0)a(=A)(=A) " T u(t) |1
= |7(©)00, (0| D)D" T u(t)| 72,

and apply (7.8) to (0,|D|™1)|D|™'T%u, |a| < k — 1. Then since 9,|D| ™" is bounded in
L? and 9,(—A)~! commutes with L, we get

Ir(®)or u(®)|z> < C [Ex(| DI T u(t)) + ||| D]~ LT u(t)|Z2] -

However, Ey(|D|7'T%(t)) < C& (Tu(t)) < CE.(u(t)), which proves (7.6).

Lemma 7.4. Let uw € X®(T), k > 5, solve Lu = N(u,u), and suppose that

sup Eﬁ(u(t)> = &0
0<t<T

1s sufficiently small. Then

(7.9) |IT(£)OTu(t)|| 2 < CE(u(t)), l|a]+1<k,
(7.10) |7()OVTu(t)||z2 < CE.(u(t)), l|al+2 < k.

Proof: We first prove (7.10) using (7.7). Thus, we need to estimate ||LI"%u(t)||z2. Let
la| + 2 < k. Using the differentiation formula (6.1) and (4.6), we have

LT = Y N(Tu,Tu)
b+c=a
-y [ngna[amrbujanrcuk+F;gfnamrbufaeanrcuk ,
b+c=a

where, for instance, I'®w’ is the j* component of I'*u. By symmetry, we need only
consider the first group of terms, which can be further separated into two sums
depending on whether [b| + 1 <|c| or |[b] + 1 > |c|.

If || +1 < |c|, then |b| +2 < k — 2 (since K > 5) and |¢| < |a] < k — 1. We have
by (7.2) and (7.4),

t2||8g8mFbu(t)8nFcu(t)||%2 < C||a7(t)@g8mfbu(t)||%w||8n1“cu(t)||%z
C Y T ) VT T u(t) |3 [ VT u(t)|3
la <2

C > IrO)VTu(t)|[32 Ex(u(t)).

la|<k—2

IN

IA
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If, on the other hand, |b] + 1 > |c|, then || < |a|] < Kk —2and |¢|]+2 < k-1
(k > 5). Hence, by (7.2) and (7.5), we obtain
|00 Tou(t) 0, T u(t)||7: < ClT(#)0p0m I Pu(t)||22]| a0 u(t)]|? <
< CllrOVT u®)l|z2 Y [IVTTu(t)]:

|al<2

C Y IOV u(t)|72 Bulult)):

la|<x—2

IN

The preceding therefore yields,
PILT )7 < C Y T VT ult)][72 Bxlult)),
la|<k—2

which, if we combine with (7.7) and sum on |a| < k — 2, results in

Y TV u(®)z: < C | Ex(u(t)) + 20 Y [Ir(6) V2T u(t)|[7:

la|<x—2 la|<k—2

So if Cey < 1/2, we get the bound (7.10).
The estimate (7.9) is simpler, since there is one less derivative to estimate in the
nonlinearity:*

DI L2 = || Y DI N(Du, Tu) | 2
b+c=a
(7.11) < C Y |IDI 0O BT U | 12
b+c=a

< C ) || VIuVTu(t)| 2.
b+c=a

Then by (7.2),
DI LI u()l|7e < O Y Hlar (VT u(t) VI u(t)|7..

b+c=a
c|l, so that [b| < |a|] <k —1land |¢|] +2 < k-1

By symmetry, we can take |[b| >
(k > 5). Now by (7.4),

||oz7'(t)VFbu(t)VFcu(t)||%2 < OHVFbU(t)”QLQ||OZT(t)VFcu(t)||%oo
< CIVIPu(b)[f7: D lr(t) VI T u(t)]|3

la<2

CE,(u(t)) Z |7 (£) VI u(t)]|2..

la|<k—1

IN

4The divergence form of the nonlinear terms is important here.
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The proof of (7.9) is now completed through the use of (7.6).

To conclude this section, we note the following immediate corollary of Lemmas 7.2
and 7.4.

Lemma 7.5. Let u € X*(T), k > 5, solve Lu = N(u,u), and suppose that
sup Ei(u(t))

0<t<T

18 sufficiently small. Then
(7.12) lo(r)7(t, r)OTu(t, z)| < CE(u(t)Y?, |a| +3 < &,
(7.13) la(r)7(t, r)OVTu(t, z)| < CE.(u(t))Y?, l|a| +4 < k.

8. ENERGY ESTIMATES

We now come to the main part of the proof, the derivation of a priori energy esti-
mates for small solutions. These estimates reflect the essential information required
for a formal global existence proof based on iteration.

Let uw € X"®(T), k > 6, have small initial data. The strategy will be to show that

d C

5 Brlult)) < mEn(U(t))&(U(t))l/Q

and

TEu(0) S T (0 Bl )

dt ™" 1+t " "
Thus, for small enough initial values E,(u(0)) and &,(u(0)), there is a 6 > 0 such
that

(8.1) Ex(u(t)) + (1 + ) Ex(u(t)) < 2[Bi(u(0)) + Ex(u(0))],

for all 0 <t < co. Actually, as is standard, the differential inequalities will be proven
for perturbed energies with a small cubic correction term which takes into account
the quasilinear nature of the equations. Bounds for the quadratic energies F, and
&, follow immediately. This type of coupled system of inequalities allowing for slow
growth in a larger norm was used also in [9].

To obtain the first of these estimates, the nonlinearity will be estimated differently
in the regions 7 < cy(t +1)/2 and r > cy(t + 1)/2. In the first zone, the (1 + ¢)~2
decay factor comes from the weighted L? and L estimates. For large r, the weighted
L estimate and the null condition are used. The inequality for the nonlocal energy
depends on the divergence form of the nonlinearity and the weighted L> estimate.

Recall the formula (6.1):

LT%u= Y  N(I’u,T°).

b+c=a
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For any |a| < x — 1, take the dot product with 9,1'%u, integrate over R?, and sum on
a to get

d

SE) = Y S [aren - NEu). )

la|<k—1b+c=a

First, we estimate the terms with |b|+2 < k and |¢|+2 < k. Thus, either |a|+2 < K
or if |a| + 1 = &, then b # a and ¢ # a. For such terms, we have

‘/atfau(t) - N(Tbu(t), Tu(t))dz| < O 0T u(t)]| 2 || N (DPu(t), Tu(t))]| 2.

Write

N(Tu,Tu) = EZ* 9,0,,T*w 9, Tu* + F7% 9,10 8,0, Tu",
using (4.6). It is enough to estimate the first group of terms. Since k > 6, we have
either [b| +4 < k or |¢| + 3 < k.

Suppose that |[b] +4 < k. Then in view of (7.3), (7.13), and (7.9), we have

/ 000,07 ()0, (1) |2 da

r<ca(t+1)/2

¢ 2 2 c 2
< WHOZT@)V Lou(t) [ I (6) VT u(t)]| 72
C

< WEH(U(t))gn(U(t»-

Or if |¢| + 3 < &, then by (7.3), (7.12), and (7.10),

/ 1000, T (£)0,Tu” (1) |2 da

r<ca(t+1)/2

< mIIT(t)VQFbU(t)IIizIIOéT(t)VFCU(t)IIioo
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On the other hand, when r > ¢3(t+1)/2, we make use of (4.13), (7.12), and (7.13).
Assume that |[b] +4 < k. Then

/ |EZ* 9,0, 0w (1)0,T°u (1) |Pda
r>co(t41)/2
<C / r—12[|V§NlFbu(t)||VFcu(t)|+|V2Fbu(t)||SN2Fcu(t)|
r>co(t41)/2
+ [VTPu(t)| | VTCu(t)] + |V2TPu(t)|[Tou(t)]] da
C
(1+1t)4
+ [lar (£) V2 TPu(t) || o= QT (1) | 2
+ lar () VI u(t)]| oo || VT u(t)]| 2
+ a7 (t)V2TPu(®)| e [ Tu(®)]] 2]

<

[HM(UVQFZ’W) [z VT u(t)]| 22

C
< mEn(t)&(t),

If |c| + 3 < &, then the role of the L? and L* norms is simply interchanged in the
preceding lines, and (7.9) and (7.10) are used.

Now we proceed to the most singular case when a = b, |a] = |[b] = K — 1, and
¢ = 0, which produces a derivative of order x + 1. It can be absorbed on the right
after an integration by parts, and it is here that the energy symmetry will enter. The
following identity captures the basic idea. We state it first in a general form, since it
will be used again when we consider the nonlocal energy. Let v, w € X"(T'). Using
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(4.6) and (4.7) with integration by parts

_ / EI* 0,08 (1)0,0,0" ()0 u* (1) da
Imn

—|—/Fijk O ()01 (£)0pOw" (t)dr

= — / E7% 0,000 (£)00” ()0, w" () dx:

(8.2) + /(Fgﬁn — EZE )00 (£) 0t () 0p0pw” (t)da
— —% / B 04(0p0" (1) 0t (1)) O (t) dac

+ /(Fgﬁn — EJE )0 (8) 0t (1) 000 w” (t)da

= —%% ET* 000t (1) 0 v? (1) Opw® (1) da
1 . . .
+§/ngnﬁwl(t)8mvj ()0, 0, w" (t)da

+ / (F7%E — BR300t (£)Opt? (£) 00w () dx.

fmn tmn

Apply this identity with v = I'u and w = u, to get

/@F“u(t) - N(T%u(t), u(t))dx

= [ B ()0, ()0, (1)

1 g . ‘
—i—§ / EJ* 00 (8) 0, T (£)0,0,uF (t)dx:

+ /(ngn — E75 )0, T (1), T (1) 0y (1) d.
An identical expression arises when b = 0 and ¢ = a, thanks to (4.3).

The last two integrals are bounded by C(1 + ) 2E, (u(t))Ex(u(t))/? in the same
way as above, using (4.13), (4.14), (7.9), and (7.13). Note that the presence of one
time-derivative is permitted in (7.13).
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The first term and its twin must be included in the energy. Set

E,.(u(t)) = + Y / E5% 9,0 (1) 0, D7 () D" () di:

la|=k—1

Provided that ||0,u*(t)||L~ is small, we have

cEx(u(t)) < Ex(u(t)) < CEq(u(t)).

Thus, we have shown that

d ~ C

(8.3) g Pl <

E(u(t)Ex(u(t)?.

The final step is to estimate the nonlocal energy. Apply |D|7'T'” to the equation,
multiply by 9;|D|~'T%u, integrate in x, and sum over |a| < k to get

=2 > /&:IDI 'Tou(t) - D] N (L u(t), Tu(t))dx.

|a‘ k b+c=a

We first consider the case in which |[b| +1 < k and |¢| + 1 < k. We can then estimate

’/6t|D| 'Tou(t) - |D|"' N (Tu(t), Mu(t))dz
< Cl|o DI T u(®) | 2| DI~ N (Tu(t), Tou(t)) | 2
Recalling (7.11), we have
DTN (CPu(t), Tu(t))]] 12 < ClIVT u(t) VI u(t)]| 2

Since k > 6, we have either |b] +3 < & or |¢| + 3 < k. Assume the former, without
loss of generality. Then by (7.2) and (7.12), we see that

VAN

IV u(t) VI u(t)]| 2 IV u(t) ]| e | VT u(t) | 2

C
T3 lar () VI u(t) | o [[VTu(t) | 2

“
1+t

IN

IN

Exu(t))? B(u(t))'?.

This gives the desired bound for all such terms.
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Now take a = b, ¢ = 0, and |a] = . Then integration by parts gives
[ aDI T ute) (D N ut) u(e)ds

= [IDIreu) N u(e) u(t)ds

/ DI 9,(— A) T (1) 940D (t) Bt (8))d
= / DYE 9,(—A) T () 0[O (—A)(—A) T () Dput (t)]da
__ / DI 9,0,(—A) T (£) Oy, (—A) T () Dyt () d

— / D 9y (—A) T () O[O0y (—A) T T (1) 0, 0,u” (t)]da
__ / D10y(—A) T u(t) - N(9y(—A) " Tou(t), u(t))dz
/ DI 34D T (1) (| DI 00)[0my(—A) T (1) Oyl (1)

Apply (8.2) to the first integral, with v = 9,(—A)~'T"u and w = u. This produces
the identity

[ DI T ut) - DN (T ule) u(t))da

= —%% EZ* 0,0,(—A) T ()00, (—A) 71T () Du” (t)da
+; /Eéifnﬁgﬁp(—A)_IF“ui(t) OmOy(—A) T (t) 0,0,uF (t)dx

/ (FI* — B% 10,0, (= A) " Toui(t) 90 (—A) T (t) 9,0 (1) da
/Dzii“n(?ADl‘lF“ui(t) (ID]700) [0m0,(—A) 'Tu (t) 8,0,u”(t)]dx

The last three integrals are bounded by C(1 + )&, (u(t)) Ex(u(t))*/?, using (7.13).
We absorb the first integral into the energy by setting

Ec(u(t)) = Exlult)) + /E;f,’fnagap(—A)1F“ui(t)8m8p(—A)1F“uj(t)8nuk(t)d:v.
Then for ||Vu(t)|| L~ small, we have

cEx(u(t)) < E(ult)) < CE(u(t)).



21

And we obtain
(8.4) o
Of course, we may replace the energies on the right hand side of (8.3) and (8.4) by
the modified energies. The resulting differential inequalities yield the bound (8.1) for
E,.(u(t)) and E.(u(t)), but then also for E,(u(t)) and &.(u(t)), provided the initial
values are small.

SE(0) < £ Eulult) B (u(t)
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