Math 241B

Instructor: Guofang Wei

Winter 2000-2001

Last quarter we studied the relationship between Ricci curvature and
topology. The basic tools were:

1. Volume Comparison
2. Laplacian Comparison

3. Excess Estimate

This quarter we study the relationship between sectional curvature and
topology. Our tools will be:

1. Critical Point Theory for Distance Functions

2. Toponogov Comparison
As applications we will have:

1. Generalized Sphere Theorem
2. Soul Theorem
3. Gromov’s Betti Number Estimate

4. Homotopy Finiteness Theorem



1 Introduction to Critical Point Theory of
Distance Functions

Morse Theory is an important tool in differential topology. Suppose M is a
manifold and f : M — R is a (smooth) Morse function. When V f(z) = 0,
so x is a critical point, and Hess ;(z) has no 0 eigenvalues, the index of f at
x is the number of negative eigenvalues of Hess (). Note, when Hess ¢(z)
has no 0 eigenvalues, we say Hess () is nondegenerate.

The idea of Morse Theory is to relate the critical points of f to the topol-
ogy of M. For geometric purposes, we will apply Morse Theory to distance
functions p,(z) = d(p, x). Note that p, is not smooth at the cut locus C; p,
is only smooth on M — ({p} U C,).

On M —({p}UC,), (Vp,)q is the tangent vector to the geodesic connecting
q and p. At smooth points, |Vp, | = 1.

In 1977, Grove-Shiohama defined critical points for p, so as to prove a
generalized sphere theorem.

Definition 1.0.1 A point q # p is a critical point of p, if for all v € T,M
there is a minimal geodesic v connecting q to p such that £(+'(0),v) < /2.
In this case, q is called a critical point of p.

Remarks

1. If ¢ is not a critical point of p then there is w € T, M with £(w,~'(0)) <
7/2 for all minimal geodesics v connecting ¢ to p. In other words, the
tangent vectors of all minimal geodesics v connecting ¢ to p lie in an
open half space of T, M.

2. If ¢ # p is a critical point of p then ¢ € C,,.
Example 1.0.1 M a cylinder. The only critical point of (x,y) is (—x,y).

Example 1.0.2 Suppose v is a geodesic loop with length (. If 7|[0’£/2} and
Vej2,0/9 are minimal then v(£/2) is a critical point of 7(0).

Example 1.0.3 If M is compact, p € M and q a furthest point to p then q
is a critical point of p. This result is a consequence of the following lemma:



Lemma 1.0.1 (Isotopy Lemma) Ifr; < ry < oo, and if B(p,r1)—B(p,r2)
is free of critical points of p, then the region is homeomorphic to 0B(p,r1) X
[r1, 7).

Hence no critical points implies no change in topology.

Proof If x is not a critical point of p there is w, € T,M such that
£L(w,,~'(0)) < 7/2 for all minimal geodesics v connecting = to p. Extend w,
to a vector field defined in a neighborhood U, of = so that

£L(w.(y),7'(0)) < m/2

for all minimal geodesics connecting y to p.
Since B(p,rs) — B(p,r1) is paracompact, we may choose a locally finite

covering U,, of B(p,rs) — B(p,r1) consisting of open sets U, as above.
Let Y~ ¢; = 1 be a partition of unity subordinate to {U,,}. Set

W =Y o,

Then W is nonvanishing. Let 1,(f) be the integral curve of W passing
through x. Now

o (t2)) — pp(t52(11)) = / 4 )t

Connect 1, (t) to p by a minimal geodesic oy(s). The first variation formula
1s

d by [
GH) = W ollly — [ (Vai(s) oo

Since oy is a geodesic, Vo, = 0. Thus

pp(a(t2)) = pp(Pa(tr)) = —/tQCOSA(wz(%(f)),U{(O))dt
< —cos(m/2 —€)(ty — t1).

Thus p, is strictly decreasing as ¢ increases along the integral curves of
W, so the integral flow gives the homeomorphism

OB(p,m1) X [r1,7m2] — B(p,11) — B(p, 72)

by ¢(x,t) = ¥, (t,), where t, is chosen appropriately.
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2 Toponogov Comparison Theorem

Definition 2.0.2 {79,71,72} is called a geodesic triangle in M if each ~;
is a normalized geodesic and v;(¢;) = vi11(0), where £; = {(v;). Set a; =
A£(7;_1(0),7:,1(0)), so each «; is the interior angle opposite ;. Any pair of
edges with a common vertex is called a hinge.

The Toponogov Comparison Theorem has equivalent versions; there is
the angle comparison and the hinge comparison (See also Burago-Gromov-
Perelman, ’Alexandrov Spaces with Curvature Bounded Below,” 1992).

Theorem 2.0.1 (Toponogov Comparison Theorem 1959) Suppose M™
18 complete with Ky > H.

Angle Version Suppose {0, 71,72} is a geodesic triangle in M™. Assume
Yo, Y2 are mainimal and b1+l > Ly. If H > 0 assume £y < W/\/ﬁ There
is a geodesic triangle {¥o, 71,72} in the model space M% such that each
i 18 minimal and £(y;) = £(7;). Moreover, ay < oy and ap < as.

Note If we assume that each ~y; is minimal we have a; < «; for all 1.

Hinge Version Suppose we have a hinge {~o, 72} with angle a. Assume o
is minimal and, if H > 0, that {(vo) < 7/v/H. Then there is a hinge
{Yo, %o} in Mz with £(4;) = £(v;) and angle ay. Moreover,

d(70(£o), %2(0)) > d(vo(€o), 72(0)).

Remarks

1. When all edges lie inside the injectivity radius of the vertices, the re-
sult holds by the Rauch Comparison Theorem. But Toponogov holds
globally, so it is a sectional curvature analogue to Volume Comparison.

2. If Ky < H we only have a local version. Consider 72 with K = 0.

Proof We first show that such triangles exist in the model space; we can
create such hinges. To construct such a triangle, let 7y be a minimal geodesic
with £(7) = (). Consider the sets 0B((0), ¢2) and 0B (Yo(¢o), ¢1). These
sets intersect since {1 + 5 > {y. Connect any point in their intersection to
70(0) and Y(¢p) with minimal geodesics.

We next show the equivalence of the versions.
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Lemma 2.0.2 If {v9,V} is a hinge in M%, with v and ~vo minimal, then
if £(70) and ((s) are fivred while oy varies then d(vo(ly),72(0)) is strictly
Mmereasing.

This lemma follows from the cosine law in the model space.

Lemma 2.0.3 (Cosine Law) ) If {~o,v1,72} s a geodesics triangle in M
with each v; minimal, then

cos VH/Uy = cos \/ﬁﬁo cos V H/{; + sin \/ﬁﬁo sin VVH/; cos as.

In particular,

H=0 = (5=10+7— 20l cosay
H=-1 = cosh/ly = cosh¥ycosh{; — sinh ¢y sinh ¢; cos as

H=1 = cosly=coslycost; + sin fysin {1 cos as.

Note that the Cosine law implies that /5 is an increasing function of as.
Proof Let p = y(fy). Consider the distance function p, o o(t). We will
use a modified distance function. Set

r2/2 if H=0
mdy(r)=4 1l—cosr ifH=1
coshr—1 if H =-1

Locally, these functions are r?/2.
In general, let sy and cy be solutions of

f/l + Hf — 0
with sg(0) =0, cg(0) =1, s4(0) =1 and ¢4(0) = 0. For H > 0,

B sin\/ﬁt

s and cp = cos vV Ht.
H NG H

Then

mdy(r) = /OTSH(t)dt
= (1—cpu)/H.



In MF, Hess p, has matrix

0
0 CH/SH

oo OO

0 0 0
CH/SH 0 0

0

0

with respect to the basis {NV,0/00;}.
Claim The eigenvalues of the Hessian of mdy o p, in M} are identical.
We have

Vmdyop = sp(p)Vp
= su(p)N,
SO

Hess (mdg op) = su(p)Hessp+cu(p)N @ N
= cy(p)ld.

In the above, we used that
V(ho f) =N ()V/,

S0
Hess (ho f) = h"(/)Vf @V [+ h'(f)Hess f.

Now p o o(t) gives the distance along o(t). Set ¢(t) = mdy o p o o(t).
Since o(t) is normalized,

¢"(t) = Hess(mdy o p)(d’(t),0'(t))
— culpoal(t)
= 1—-Hyp
Thus ¢" + Hp = 1. Let 0 = v, and p = (). Then

/2, H=0
©(0) =mdy(l;) = 1—cost;, H=1
cosht; —1, H=-1



and

¢'(0) = (Vmdy o p,7(0))
= 75(0)(mdg o p)
= sy cos(m— ap)

= —S$pCOosQyp.
When H =0, ¢"(t) = 1. Integrating both sides gives

p(t) = @(0)+¢(0)t + (1/2)¢°
= (1/2)6; — ¢1 cos agt + (1/2)t2,
whence
(1/2)65 = p(la) = (1/2)47 — €1 cos agly + (1/2) 45,

Similarly for H = —1 and H = 1.

By the lemmas, the versions of Toponogov are equivalent. We give a
proof of the hinge version. The proof uses an estimate for the Hessian of
the distance function p. For Ricci curvature, we considered Ap. The integral
version of the Laplacian comparison implied the volume comparison. For
sectional curvature, we consider Hess p. The integral version of the Hessian
comparison will imply the Toponogov comparison.

We give an estimate on the Hessian of distance functions.

Hess (pp)(X,Y) = (Vxgradp,Y)
= (VxN,Y)
Let S(X) = VxN; this is the Hessian of p as a linear operator. S is
called the shape operator, or the second fundamental form of the geodesic

sphere. Let Ry(X) = R(X, N)N be the curvature tensor in N. Then Hess p,
satisfies the following Riccati equation.

Lemma 2.0.4 S satisfies S’ = VyS = —Ry — S2.
Proof We show true for every X.

Ry(X) = R(X,N)N
— VxVyN—VyVxN - VixmN
= —VnNVxN — Vo xN + Vg, xN,
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while Vy, vN = S?(X) and

(VNS)X = Vn(S(X)) = S(VyX)
VN<V)(N) — VVNXN-

Remark By taking traces we obtain M’ = —Ric — ||Hess p||?.
Proof of Toponogov Theorem (Hinge Version) Let {v, v, as} be
a hinge in M", and let {¥o, 71, @2} be a corresponding hinge in M},. Consider

() = mdgop,oy(t)
@(t) = mdyg o psoYi(t)

Then ¢"(t) + Hp(t) = 1, while

¢"(t) = Hess(mdm o pp)(1(t),1(1))
< cp=1—Hop(t).

Thus ¢"(t) + He(t) < 1. Since mdy is increasing, we want to show that

P(lr) = o(f).
We have ¢(0) = mdy(ly) = ¢(0) and

#'(0) = (grad(mdy)o p,71(0))
= su(70(£),71(0))
= spycos(m-az)
= ¢(0)
Let 1(t) = @(t) — ¢(t). Then " (t) + Hy(t) > 0 in the support sense.

Also, ¥(0) = 0 and ¢'(0) = 0. We want to show that ¢ (¢;) > 0.
At smooth points,

H=0:9"(t) 2 0=9(t) 20,

H=—-1:9"(t) > () = () >0fort > 0.

At non-smooth points, we use support. In this case, by continuity, we
may assume ¥ (0) > ¢ > 0 and ¢'(0) > § > 0.

If H=1,¢"(t) > —(t). Compare with ¢"(t) = —(1 + n){(t),n > 0. If
¢ > 0, we have () > ((t) by the Sturm-Liouville Comparison.



Note that

)sin(t 1+7n)+ecos(ty/14n)

)
0 = (s

2 S
= ( 5——|—£2> sin (t 1+ n+ arctan (ﬂ))
147 o

Thus ((t) > 0 if

(m — arctan(2X:H))

Ve
By continuity, ¢(¢) > 0 if t < 7. In this case, ((t) > 0 for ¢ < 7, which
proves the result.

t <

3 Main Results

3.1 Sphere Theorem

Theorem 3.1.1 (Rauch-Berger-Klingenberg (}l)-pinching sphere theorem)
If M is simply connected and 1 < Ky < 4 then M™ is homeomorphic to S™.

By Klingenberg’s injectivity radius estimate, the (1)-pinching sphere the-
orem follows from the diameter sphere theorem.

Theorem 3.1.2 (Klingenberg 1961) If M"™ is simply connected and 1 <
Ky < 4 then inj(M) > m/2%.

Theorem 3.1.3 (Diameter Sphere Theorem (Grove-Shiohama 1977))

homeo

If M™ has Ky > 1 and diam(M) > w/2 then M"™ =~ S™.

Proof Note that M is compact by Bonnet-Myers Theorem. Let p,q € M™
with d(p, q) = diam(M).

Claim If x # p,q then x is not a critical point with respect to p. (z is
not a critical point of the distance function at p.)

Proof of Claim Connect z,q by a minimal geodesic 7, If x is a crit-
ical point of p there is a minimal geodesic 7; connecting x and p with

Z2(71(0),72(0)) = a < /2.

Yimplies diam(M) > 7 /2.




Set £(v;) = {;, and let £ = d(p, q). Note that £ > m/2. Apply Toponogov
comparison to the hinge {71,72, a} to obtain ¢ < /.
By the cosine law for S2,

cos ¢ = cos {4 cos Uy + sin ¢4 sin ¢, cos a.
By Bonnet Myers Theorem, diam(M) < 7. Thus 7/2 < £ < 7, whence
cos { > cos {y cos e + sin £1 sin £ cos a.

Since sin(¢y) sin(¢y), cos(a) > 0, cos(fq)cos(l2) < cos(f) < 0. Now if
d(p,z) = m then by maximal diameter rigidity result, M" ~ S™. Otherwise,
we have —1 < cosfy < 0. Now cos/; and cos ¢, have opposite sign by the
above, so in this case we have 0 < cos/; < 1. But then cos? > cos {5, which

implies ¢ < ¢5. This contradiction shows that x is not a critical point of p.

. . h
As in the proof of the isotropy lemma, we have M" R gn,

Remark The (}L)—pinching sphere theorem and diameter sphere theorem
are optimal: CP™ has 1 < K); < 4, while RP" has K); = 1 and diam = 7/2.
Open question Can we prove M is diffeomorphic to S™ in Sphere The-
orem? If 0.68 < Kj; < 1 then yes; maybe weaker hypotheses are sufficient.
Regarding the previous remark, we have:

Theorem 3.1.4 (Berger) If M" is simply connected, 1 < Ky < 4 then
M™ is homeomorphic to S™ or is isometric to CP™?, HP™* or the Cayley
plane CaP?.

The last three spaces are called compact rank one symmetric spaces, or

CROSS.

Theorem 3.1.5 (Gromov-Grove 1987) If M" has Ky > 1 and diam(M)

homeo

w/2 then M™ =~ S™ or M is locally isometric to a finite quotient of a
CROSS.

Wilking finished the proof in 1999.

What if 1 < Kj; < 44€7 In this case we have a below (i)—pinehing sphere
theorem:

Suppose M™ is simply connected and 1 < Ky < 4+-¢. If n is even (Berger)
and € < €(n) > 0 then M™ is homeomorphic to S™ or is diffeomorphic to a
CROSS. If n is odd (Aberesch-Myers 1994) and ¢ < ¢y ~ 107% then M is

homeomorphic to S™.
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3.2 Soul Theorem (Cheeger-Gromoll)

We start with a mini Soul theorem, due to Gromov:

Prop 3.2.1 Let M™ be complete, noncompact with Ky > 0. Then for each
p € M there is R > 0 such that p has no critical points outside B(p, R). In
particular, M 1s homeomorphic to the interior of a compact manifold with
boundary.

This proposition is not true for Ric > 0. For example (Sha-Yang),
(8% x S%)#(S% x S*)#- -

has Ric > 0.
Proof To prove the proposition we first prove a lemma.

Lemma 3.2.1 Suppose q; is a critical point of p and qo satisfies d(p, qz) >
vd(p,q1), v > 1. Let v; be a minimal geodesic connecting p, q;, 0 = Z(v1(0),~5(0)).
Then

1. If Kpr > 0 then 6 > arccos(1/v).

2. If Kyy > H <0 and d(p,q2) < D then

tanh(ﬁD/v))
tanh(v/—HD

6 > arccos (

Proof As usual, set ¢; = d(p,q;). We have 5 > vf;. Connect ¢; and go
with a minimal geodesic v and let £ = L(~).

Since ¢; is a critical point of p, we can choose a second minimal geodesic
o connecting ¢; and p with Z(¢’(0),~1(0)) = a < 7/2. Now apply Toponogov
comparison to the two hinges {71, 72,0} and {0, 71, a}.

Case 1l K; >0

;< 0 = 03 4+ 0% — 200, cos o
0+ [since a < /2]

IN

We also have
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<P = f% + f% — 20105 cos 8.

Thus
05 < 03+ 05 — 20105 cos b,
SO
0105 cosf < K%
and

cos < U1/l < 1)v.
Case 2 Ky > H < 0.
Suppose H = —1. In this case,

cosh l5 < coshly = cosh ¢y cosh ¢ — sinh ¢4 sinh £ cos o
< cosh ¢ cosh ¢ [since a < /2]

Also,

cosh ¢ < cosh ¢ = cosh ¢; cosh f5 — sinh ¢; sinh £5 cos 6,

SO
cosh ¢y < cosh ¢ (cosh ¢ cosh /5 — sinh /1 sinh {5 cos 0).
Thus
) ) cosh ¢
sinh ¢, sinh ¢5cos® < cosh/#; coshly —
cosh ¢4
cosht; — 1
— he, |22t — 2
cosh b [ cosh £, }
sinh 45 cos 6 < cosh ¢, tanh ¢4
and tanhf
ann ¢q
0 <
oS> anh /o

Now ly < D, so t; < ly/v < D/V. Since {5 > vly,

tanh ¢, < tanh(D/v)

6 <
cRv = tanh(vly) = tanh D

tanh x

s ———— is increasing when v > 1.
tanh(vzx)

ai
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Corollary Let ¢q,...,qny be a sequence of critical points of p with

d(p, gi+1) = vd(p, ). (v>1)
Then
1. If Ky >0, N < N(n,v).
2. If Ky > H <0 and d(p, qy) < D then N =< N (n,v, HD?).

Proof Connect p, ¢; with minimal geodesics 7;. Set Z(7;(0),75(0)) = 6;;.
By the lemma, if Kj; > 0,6;; > arccos(1/v) for all i # j. But 7}(0) € S*~! C
T,M, and dgn-1(7;(0),7;(0)) = 0. Hence the balls B(+;(0), arccos(1/v)/2) C
Sn1 are disjoint. But there can only be N(n,v) such balls. Similarly for
Ky > H <.

Corollary Mini version of soul theorem (by isotopy lemma).

We can now prove the structure theorem for noncompact manifolds.

Theorem 3.2.1 (Cheeger-Gromoll 1972) If M™ is a complete, noncom-
pact Riemannian manifold with Ky > 0 then M contains a soul S that is

a compact, totally convex submanifold such that M is diffeomorphic to the

dif feo
normal bundle of S. Moreover, if Ky; > 0 then S is a point, so M o) R™.

Remark The second result was first proved by Gromoll-Myers.

Definition 3.2.1 A subset A C M is called totally convex if for any p,q € A
and y(t) a geodesic in M connecting p and q we have y(t) € A for all t.

Remarks

1. A point can only be totally convex if there are no geodesic loops in M
based at x. When M is closed, a point is never totally convex. In fact,
if M is closed there are no totally convex there are no totally convex
proper subsets.

2. Totally convex =- Totally geodesic, but not conversely. For example,
great circles in S? are not totally convex.

3. Totally convex sets are interesting for Morse theory. If A C M is totally
convex, pick p,q € A. Consider the energy function E on A(p,q) (=
path space). The critical points of E all lie in A. Thus the topology of
M is similar to the topology of A. In fact, M is homotopic to A.
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Example 3.2.1 South pole of a paraboloid is the unique totally conver set.
Example 3.2.2 Meridinal circles on a cylinder (not unique).
Question How do we find totally convex sets?

Lemma 3.2.2 If f : (M,g) — R is concave (Hess f is weakly nonpositive)
then
A={zeM: f(z) > a}

15 totally convex in M.
Proof If 7(t) is a geodesic in M, (fo~)(t) is concave. Thus the minimum

of (f o7y)(t) is realized at the end points.
Note that intersections of totally convex sets are totally convex.

Prop 3.2.2 Suppose M™ is complete, noncompact with Ky > 0 and p € M.
Let {~,} be all rays beginning at p. Set

f=infb,,,
(0%
where b, is the Busemann function associated with v, :

by, (x) = lim (d(z, 7a(t)) — t) = lim b (z).

t—o0 t—o0

Then f is both proper and concave.

Proof Similar to Ricy; > 0, Ab,, < 0. We want to show that Ky > 0
implies Hess b, < 0 in the support sense. Note that

Hess bt% = Hess p,, 1)
< Hess p
0
1/p

I
IN
—~
—_
~
s
=
~
&

Let t — oo. Then p — oo, so Hess b, (z) < 0.
Thus b,, is concave. Hence f is concave, as the infimum of concave
functions is concave.
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Next we show f~![a, 00) is compact for a < 0. Since b, (p) = 0, f(p) = 0.
Thus f~![a,c0) = A is nonempty. Also A is closed. Thus if A is not compact,
A is not bounded. Suppose there is {p,} C A with d(p, p,) — 0.

Connect p and p,, with a minimal geodesic 7, (). Since A is totally convex,

these geodesics lie in A. Some subsequence of 7, (t) converges to a ray ()
in A. Consider f(7(t)).

f(y(t) <by(v(t)) = —t — —o0

But v C A since A is closed. This contradiction shows that A is compact.
Thus f is proper.
Remark Soul Theorem does not hold for Ricy; > 0. As mentioned above,

(8% x S%)#(S% x S*)#- -

has Ric > 0 (Sha-Yang).
Question If M has Ric > 0 is f = inf, b,, a proper function?
Returning to the Soul theorem, the above lemma and proposition show
that there is a compact, totally convex subset A C M. Still, A may not be
a submanifold. We will try to find the smallest totally convex set. First we
prove some properties of convex sets.

Prop 3.2.3 If A C M is a totally convez set then A has interior int(A) and
boundary OA in the sense that the boundary has the supporting hyperplane
property and the interior lies strictly on the open half space cut out by each
supporting hyperplane. Moreover, int(A) is a totally convex submanifold. For
each © € OA there is v € T, M such that Z('(0),v) < w/2 for all geodesics
v :[0,a] — A with v(0) = z, y(a) € int(A). Thus p,, q € int(A), has no
critical points on OA.

Proof First we identify the interior and the boundary points. Find a
maximal integer k£ such that A contains a k-dimensional submanifold of M.
Note that if K = 0 then A is a point. Let N C A be the union of all k-
dimensional submanifolds of M contained in A. Set int(A) = N and 0A =
A—N.Forallp € N thereis N, C A, a k-dimensional submanifold containing
.

There is a chart ¢ : B(p,d) — R™ such that

¢(B(p,8) N N,) = ¢(B(p,)) NR".
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Claim B(p,d) NN, = B(p,d) N N for § small.

Proof of Claim Suppose ¢ € B(p,§) NN — B(p,§) N N,. Connect p and
q with a unique minimal geodesic v : [0,a] — N. Consider B(p,d) N N, as a
subset of R”. Connect ¢ with each point in B(p, §)NN,; this forms a cone over
a k-dimensional submanifold, and gives a (k + 1)-dimensional submanifold
away from ¢. By convexity, this submanifold lies in A, which contradicts the
maximality of k.

Thus B(p,0) N N, = B(p,d) N N for ¢ small. Note, we choose

inj(p)
5

so ¢ is connected uniquely (and hence smoothly) to B(p,d) N N,,.

Next, N is dense in A : For any p € A take ¢ € N. Let v: [0,a] — A be
a minimal geodesic connecting p and ¢q. Then [0,a) C N.

Now we establish the supporting hyperplane property. For p € 0A, let C,
be the cone of vectors v € T,M such that exp,(tv) € int(A) for some ¢ > 0.
Then C, is open in span C), and dim(span C,) = k.

Claim If ¢ € int(A), p € A such that d(p,q) = d(g,0A) then

0 <

Cp,=H={vespanC,: Z(v(0),v) < m/2},

where 7 is a minimal geodesic connecting p and ¢. In this case we say there
is a unique supporting hyperplane at p.
Proof of Claim Suppose 7 : [0,d] — A. Choose 0 < s < d so

Then 7|4 realizes the distance from v(s) to dA, so B(y(s),s) NOA = p
and H C C,. Suppose there is v € C, — H. Since (), is open, we may
assume Z(7'(0),v) > n/2 Thus —v € H C C,. But then ¢ € int(A). This
contradiction proves the claim.

Prop 3.2.4 Let (M, g) be complete with Ky; > 0 and A C M totally conver.
Then d : A — R defined by d(x) = d(z,0A) is concave in A. Moreover, d is
strictly concave if Ky > 0.

Proof We show Hess (d) < 0 in support sense. For any ¢ € int(A), let
p € OA realize d(q). Note that we work with A compact. Connect p, ¢ with
a minimal geodesic o(t). Also, there is a supporting hyperplane H at p.
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Set H = {expy(tv) : v € H,t < €}. Then H is a submanifold that is
totally geodesic at p. Also, H Nint(A) = () and d(x, H) is a support function
of d(z,0A) at g from above.

The Hessian of distance functions satisfies the Ricatti equation S’ =
—Ry — 52, 50

Voo (Vd(, H) = —Re) — (Vd(-, H))*
< —(VQd(-,H))Q.

Observe that we have used that fact that K,; > 0 to obtain this inequality.

Since H is totally geodesic, the 2" fundamental form is 0, so (V2d(-, H))|»(0) =
0.

Thus V2d(-, H) < 0; this inequality is strict if K, > 0.

If d(-, H) is smooth at ¢, the proof is complete. If d(-, H) is not smooth at
q, consider t + d(-, Hy). This is a support function for d(-, H) at q. (Consider
o(t) instead of o(0) = p, H; = expo ) H)

Proof of Soul Theorem M", Ky, > 0, f = inf,b,,, A = f~a,00),
a < 0.

We showed that A is a compact totally convex set. If A is a point or has
no boundary, we have constructed the soul. Otherwise, A # (). Set

Cy={x € A:d(x,0A) is maximal on A}.
By the previous result, C is totally convex (C} = f~![max, 0o), where f(z) =
d(x,0A)).

If C'y is a submanifold, we are done. Otherwise repeat and get a sequence
of totally convex compact sets

ADC D

Claim This sequence has at most (n — 1) steps.
Proof of Claim We prove that dim C; > dim C; ;. Suppose dim C; =
dim Cj41. Then there exists B(g,d) such that

B(g,9) Nint(C;) = B(g,d Nint(Ci11).

Let o(t) be a minimal geodesic connecting ¢ and p € 9C;, d(q,p) =
d(q,0C;). Then d(-, 0C;) is strictly increasing along o(t). But sigma(t) passes
through p € 9C;, d(q,p) = d(q,0C;), which is a contradiction.

To see that M™ is diffeomorphic to the normal bundle over its soul, we
use
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Theorem 3.2.2 (Perelman 1994) The map Sh: M — S is a submersion
and K(H,V) =0 (H = Horizontal, V' = Vertical). In particular, if Ky(p) >

i
0 at some point p € M the soul is a point. In this case M Zfzfeo R™.

Question Given a closed S with Kg > 0 what vector bundles over S
admit a metric with K > 07

Theorem 3.2.3 (Ozaydu-Walschap 1994) IfS = T? only the trivial bun-
dle has K > 0.

Theorem 3.2.4 (Belegradek-Kapovitch) Similar results for T%, C' x T*
only finitely many bundles have K > 0.

The question is open |m1(S)| < 0o. No obstructions known.

3.3 Finiteness Theorem

We start with an overview.

Theorem 3.3.1 (Cheeger 1970) The class of manifolds M™ with | K| <
H, voly, >V, diam(M) < D has only finitely many diffeomorphism types.
In fact, this class is CY® compact in the Gromov-Hausdorff topology.

Theorem 3.3.2 (Grove-Petersen 1988) M™ with Ky > H, voly, >V,
diam(M) < D has only finitely many homotopy types.

Remark Perelman showed this result for homeomorphism types.

Theorem 3.3.3 (Gromov 1981) M", K, > H, diam(M) < D has finite
Betti numbers: .

> bi(M;F) < C(n, HD?).

=0
Theorem 3.3.4 (Gromov) Suppose M™ is complete with Ky > 0. Then
m (M) can be generated by C(n) generators, where C(n) depends only on n.

Proof (c.f. Sormani’s result that small linear diameter growth and

Ricys > 0 implies m; (M) finitely generated).
Fix p € M. Select generators g1, ga, . .. of (M) as follows:

18



i) d(p, 91(p))
i) d(p, gx(p))

Join p and gx(p) by minimal geodesics oy.
Claim v;; = Z(07(0),07%(0)) > 7/3 for all i # j.
To prove the claim, note that for i < j, g;'g; € G — (g1, ..., gj_1). Hence

< d(p,g(p)) for all g € m (M)
<d(p,g(p)) for g € m (M) — (g1, .., Gr-1)

d(p, gip) < d(p, 9; "g9;p) = d(gip. g;p).

We now use the hinge version of Toponogov comparison {o;,0;,7;;}. Since
Ky; > 0, we compare with R" :

d(p, gip)* + d(p, g;p)* — 2d(p, gip)d(p, g;p) cos Vi;
&2 + K? — 2€1£] COS %j

d(g:p, 9;p)

IA A

If v;; < 7/3, we have

2 2 2
< 0,

since ¢; > ¢; implies —(;¢; < —¢?. But then d(g:p, g;p) < d(p, g;p), which is
a contradiction.

Thus Z(07(0),05(0)) > 7/3 for i # j, so each generator can be placed
in a ball of radius pi/6 which is disjoint from the like balls about the other
generators. Hence there are at most

vol(n — 1,1, 7)
C p—
() = ol = 1. 1.7/6)
generators.
Remark A similar result holds for M™ with Kj; > H and diam(M) <
).

D/2; the number of generators of m (M) is at most 2(3 4+ 2coshv/—HD
The proof is similar, but compares with hyperbolic space.

Theorem 3.3.5 (Gromov 1981) Suppose M"™ is complete with Ky, > H,
diam(M) < D. Then

Zn: V'(M,F) < C(n, HD?).

=0
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Moreover, if Ky; > 0 then

n

> B(M,F) < C(n).
i=0
Consequence CP?*# - - - #CP? has no metric with Kj; > 0. (But it does
have a metric with Ric > 0).

Question If Ky > 0is » b'(M, F) < 2"?
i=0
Mayer-Vietoris gives a way to estimate Betti numbers of union of balls
in terms of each single ball and the intersections. If the balls are small, we
know Betti numbers (since we work with manifolds). To this end we define
the content of a ball as
Cont(p,r) = Cont(B(p,r)) = Y _ rank(H;(B(p,r)) — Hi(B(p,5r))).

1=0

One would expect to define Cont(p,r) as Z bi( . Content, as we

have defined it, is related to ) b;, though; con81der r = diam(M). For r small
(inside the injectivity radius), Cont(p,r) = 1. Cont(p, r) is better than ) b;.

Prop 3.3.1 If K)y > 0 we have Cont(p,r) < (n 4+ 1)2N0/10"750) yphere
N(r/10""1 1) is the number of balls of radius r/10™"" required to cover the

ball B(p, ).

Remark Using Ric > 0 we have a bound on N.

We say that B(p,r) compresses to B(q, s), and write B(p,r) — B(q, s),
provided 5s + d(p,q) < 5r and there is a homotopy f; : B(p,r) — B(p,5r)
with fy the inclusion, fi(B(p,r)) C B(q,s). Thus B(q,5s) C B(p,5r) and
B(p,r) is deformable to B(q, s) inside B(p, 5r). Note that in this case

Cont(p,r) < Cont(g, s).

B(p,r) is incompressible if B(p,r) — B(q,s) implies s > r/2. We start
with B(p,r) = M, and compress until incompressible. Then we reduce to
balls of one tenth the radius, and repeat. The number of steps needed from
B(p,r) to contractible ball is rank(p, r). Then

COHt(p, ) [(n + 1>2N(T/10n+17r)]rank(p,r).
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Lemma 3.3.1 Suppose qi, qo, - . . qx are critical points of p. Then K < N(n, DH?).
(c.f. Baby Soul Theorem,).

Theorem 3.3.6 (Mayer-Vietoris) - Suppose Uy,Us open in M. There is
a long exact sequence

s Hi(UlﬂUg) — HZ(Ul)@HZ<U2) — Hi(U1UU2) é} i_l(UlﬂUg) -

where

HZ‘(Ulng) — HZ<U1)@HZ(U2)

a — (a,a)

and

HZ(Ul)@HZ<U2) — Hi(UlUUQ)
(O‘?ﬂ) = CY—ﬂ

We have short exact sequences

0——=C;(U1NUy) Ci(Uy) @ C;(Uy) Ci(U; UU;) ——0

& X |

0—=Cia(UiNUy) —=Ci1(Ur) @ Ci-1(Uy) —= C;1 (U1 UU) —0

which give a well defined A : H;(Uy UUs) — H;_1(Uy N Us).

Thus
bl<U1 U UQ) = Zm(HZ(Ul U Ug))

= dim(Ker(A)) + dim(Im(A))

< dim(Im(®)) + b;—1 (U1 N Us)

< bi(Ur) + bi(Uz) + b1 (U N Uy)

Prop 3.3.2 b;(Uy U---UUx) < > b;(Ui;), where U(j) is the (j + 1)-fold

U(@3)
J<i

intersection of U;’s.
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Proof Case N = 2 is above. Assume true for N.

bi(U1U"’UUN+1) < bi(U1U"’UUN)+bz‘(UN+1>+bi_1((U1U"’UUN)mUN+1)
= b(U1U---UUN)+bi(Uns1) + i (Ui N Uns1) U~ U (Un N Un1)

Suppose A = B % C' 5 D. Then rank(wovu), < rank v,.

Definition 3.3.1 If A C B then b;(A, B) = rank u,. - ‘
Let U}, i = 1,...,N be open sets. Index by j with U] C Utt. Set
X3 =UU!. Then X°C X' C--- X1,

Prop 3.3.3 (X% X" <37 i(U]

i—j)

j+1
Ui%y)
Lemma 3.3.2 If B.(p1) N---N B,(p;) # 0 then

Br(pl) n---N Br(pj) C Br<pz) C B5r(pi)
C  Bior(p1) N+ - N Bior(pj)

Proof Let z € B,(p1) N--- N B.(p;), ¢ € Bs,(pi). Then

d(q, pr) d(q, ps) + d(p:) + d(x, pr)

<
< 10r
Definition 3.3.2 Set b;(r,p) = b;(B,(p), Bs-(p)) and Cont(r,p) = >_. b;(r, p).

Corollary b;(B,(p1) N -+ N Br(pj), Bior(p1) N -+ N Buop(p)) < bi(r, pi),
for 1 <i < j.
Proof

OBT (i) = B.(p)

— BSr(pi) at ﬂBlor(Pi)

rank(wou), < rankw, is equivalent to b;(NB,(p;), NBior(pi)) < bi(r,p).
N

Cover B,(p) by N € balls: B,.(p) C U B (p;:)-
=1

Corollary If for all p’ € B,(p) and j =1,...,n+ 1, Cont(1077r,p) < ¢
then cont(r,p) < (n+1)2%c.
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Proof Cover B,(p) by balls B.(p;) where ¢ = 10"V, Let U/ =
Bigic(p;) and set X7 = U;U?. Then

b( X0, X"+ < Zb i — 3y, Ui — 5+

Lemma 3.3.3 Let B,.(p) C M with M complete. Assume 5s + d(p,y) < 5r,
d(p,y) < 2r. If B.(p) does not compress to By(y) there is a critical point x
of y with

s < d(r,y) <r+d(y,p)

and
T € Briadyp) (p) C Bsr(p).

Lemma 3.3.4 Supposerank'(r,p) = j. Then there isy € Bs,.(p) and x1,...,x; €
Bs,.(p) such that for all i < j, x; is critical with respect to y and

5d($i—1, y)

) >
d(yi,y) > 1

Proof Assume B, (p) is incompressible. Observe that if p’ € B,(p) then
Bs/10)(p') = Brj2(p') C Bsyj2(p). Put p; = pand r; = r. Since rank(p, r) = j
there is p;_; € B,,(p;) with r;_; < r;/10 such that rank(p;_1,7;_1) = j — L.

If B;,_,(pj—1) is incompressible set p;_1 = p;_; and r;_; = 7;_;. Other-
wise, compress By, (pj—1) to a ball B, (p;_1) which is incompressible and
rank(p;_1,7;-1) = J — L.

Since Bf’jfl(ﬁj_l) = B"'j—l(pj_l)7

Bsy,_,(pj-1) C Bs#;_, (Dj—1) C Bsr,2(p;)-

In either case, Bs,,_,(pj—1) C Bay,j2(p;).

In the first case, r;_; = 7,1 < r;/10.

In the second case, r;_1 < 7,1 < 1;/10.

Repeat to get B,,(p;) for i =0, ..., j such that B,,(p;) is incompressible,
i1 <13/10, Bsr,_, (pic1) < Bay,2(pi)-

Put y = po. Then y € Bs,,j2(p;) for all i. Since the balls B,,(p;) are
incompressible, B,, (p;) does not compress to B, /2(y). Thus there is a critical
point x; with

S T +3Tz/2 S 47"Z'.
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Hence

d(zi,y) > 1i/2
> driy (ri-1 < 13/10)
= (5/4)4r;_4
> (5/4)d(xi-1,Y)-

n) if H=20

n, HD?) if H <0

Corollary rank(r, p) < {
5d(x;,y)/4, there is a bound on the number of

Proof Since d(z;,y) >
critical points.
Two operators 6, d; d derivative.

Hy(U) ® Hy(Us) — Hy(U; UUs)

(,8) = (a=p)
We also have
i+1
(5w>ao---ai+1 = Z<_]‘)kwa0"'dk"'ai+l'
k=1

Theorem 3.3.7 (Cheeger’s Finiteness Theorem (1970)) There are only
finitely many diffeomorphism types of Riemannian manifolds M™ with | K| <
H, voly; >V and diam(M) < D. This number is explicit, and depends on
n, HD? and VD™". The main lemma in the proof is the injectivity radius
estimate.

Lemma 3.3.5 For manifolds M™ as above, inj,; > io(n, D, F, V). In partic-
ular, the small balls are contractible.

Note that all conditions are necessary for finiteness. For example, every
surface of genus > 2 can be given a metric that has K = —1 and vol > V.
Also S?/Z, has K =1, diam < D.

Theorem 3.3.8 (Grove-Petersen 1988) For the class of manifolds M"
satisfying Ky > H, voly, >V and diam(M) < D, there are only finitely
many homotopy types. (For future reference, such manifolds are said to

satisfy (x)).
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In this case there is no uniform bound on inj,,. For example, cones have
arbitrarily small closed geodesics. The idea is that small balls are contractible
in bigger balls. For Ricci curvature, the theorem is true for n = 3 (Zhu) and
false for n > 4 (Perelman).

Lemma 3.3.6 (Main Lemma) For M satisfying () there is § = §(n, D"/V, HD?) >
0 and a deformation of the § D /2-tubular neighborhood of the diagonal A in
M x M retracting it to the diagonal

Ht : T(;D/Q(A) — M x M.
Moreover, the curve t — Hy(p,q) has length
L(Hy(p,q)) < R(n, D"/V, HD*)pq.

Corollary If f; : N — M", fo : N — M", N arbitrary and M satisfies
(%) such that d(fi(x), fa(z)) < dD/2 for all x, then f; ~ fo.

Idea Proof of Main Lemma « Uniform Estimate on the Distance of Pairs
of Mutually Critical Points

Given (p,q) € Tsp/2(A) if ¢ is not critical to p we deform ¢ and get closer
to p. Continue until both are critical to each other.

Definition 3.3.3 ¢ is e-almost critical to p if for all v € T,M there is a
minimal geodesic y from q to p such that £(v,7'(0)) < 7/2 + €.

Main Lemma follows from the following estimate for mutually critical
points.

Theorem 3.3.9 There exist e(n, D/V, HD?),6(n, D/V, HD?) > 0 such that
if p,q € M, where M satisfies (x), and d(p,q) < 0D then at least one of p,q
1s not p,q e-almost critical to each other.

Proof Suppose that for all €,d > 0 there are p,q with d(p,q) < 6D and
p,q e-almost critical to each other. Scale M so that D =1, d(p,q) < 0. Let

M,={ze M :d(z,p) <d(z,q)}.

We will show that vol(M,) < V/3.
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Let T, = {7(0) : ¥(0) € "' C T,M,~ minimal connecting p to ¢},
and define I'y, C T, M. Since p, q are e-critical to each other, I'y, and Iy, are
7/2 + € dense in S"' C T,M. To compute the volume of M,, we consider

(+p= {517 T = 7(6), 7,(0) g—f Tﬂ/276f‘pq}-
Choose € so that

(Un_1’1<77'/2 + 6) - Un_171(7T/2 — 6)

Un,1’1(7/2 + 6)

) v (1) =V/6.

vol(¢ +p) < vol(corresponding part in M})
VOl(Tﬂ-/Qrpq)
vol(S71)

. _ vol(Tryp )
n,H(l) (1 VOI( 7r/2+e pq>>
(
(

< (D) <1 - M) _V/6

vol(m /2 + ¢)

= Un,H(l) — Un,H<]-)

Pick r such that v, (r) = V/6. If y = 0(t),0"(0) € Tyjs_Ipg and t > 7
then y ¢ M,. To see this use Toponogov and compare with M.

d(y,q) < d(y,q) < d(y,p) = d(y,p)

Thus vol(M,) < vol(n, H,r) = V/6.

This theorem implies the following: If d(p,q) < ¢ then there is H(t,p,q)
that deforms ¢ to p and L(H;(p,q)) < Rd(p,q), where R = 1/cos(m/2 — €)
(c.f. proof of isotopy lemma).

If (o1(t),09(t)) : [a,b] — M x M realizes the distance from (p,q) to A
then o’(b) = —a4(b). Thus o9 - 07 is a minimal geodesic connecting p and g.
Thus minimal geodesics (p,q) — A are in 1-1 correspondence with minimal
geodesics p — q.

We proved that if f; : X — M, fo : X — M where M satisfies (x)
then d(fi(z), fo(z)) < 6D/2 then fi, fo are homotopic to each other. Also,
if d(p, q) < ¢ then there is H; from ¢ to p such that L(H;) < Rd(p,q).
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Lemma 3.3.7 (Center of Mass) Suppose {po,...,pr} C B(p,r) C M,
where M satisfies (). Assume

RF—1

9
"R_1

< 4.

Then for a simplex

AF = {(zo,...,xx) e RFH . in: 1,z; € 10,1]}

there is a continuous map f : A — B(p,r + ZTRIgC_’ll) C M such that
f(e;) = pi, 1 where e; is the ith vertex of A*.

Proof Induction: If & = 1 we use the previous lemma. Assume true

for k. We have po,...,prs1 € B(p,r) and 27‘R§:1_1 < 4. Find f : AF —

B(p,r + ZTR]f{k__ll) such that f(e;) = p;, 0 < i < k. Define

a Zo Tk

Flao, o i) = iz, f(§20 o S5 )

This is well defined and continuous provided

T T
d(f(zoxlaazl;lapk-‘rl)<5
But
X T
d(f(zgjia"')ﬁapk-f—l) S d(f()ﬂp)—'—d(p?pk-i-l)
k_
< 2TRR—1 +r4+7r
RF—1
= 2r(1
7( —l—RR_l
Rk+1_1
= r———— < ¢
r R_1 <
Also
d(f(zo, ..., Ths1, pps1) < RA(F(-- ), prsr)
Rk+1_1
< 9R—_ —
< R-2R——

The next tool we will use will be the Gromov-Hausdorff distance, with
which we will measure the closeness of M" satisfying (x).
(Insert definitions/basic results regarding Gromov-Hausdorff distance)
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Lemma 3.3.8 For any two manifolds M and N satisfying (%) there is e(n, H,V, D) >
0 such that if dgy(M,N) < e M, N are homotopy equivalent.

Proof Triangulate M, N so that any simplex lies in a ball of radius e.
Use this triangulation of M to construct a continuous map f : M — N. Let
{pa} denote the vertices of the triangulation M. Since dgy(M, N) < € there
are ¢, € N such that d(pa,¢.) < €.

Let {pag, - - - Pay, } be a simplex in M. Then {pa,,- -, Pa, } C B(z,€) for
some x € M and {qag, - - -, oy } C B(qag, 4€).

If 86R}};:11 < 0 there is a continuous map f : {pag; - - - Pa,, } — N, which
gives a map f : M — N. For x € M, assume z lies in the simplex spanned

by {Pags - - - s Pay, }- Then

d(z, f(z)) < d(z,pay) + d(Pag, f())
< 2€ + d(Pags Qo) T A(Gag, (1))
< 3€+ d(ay, f())
< 3e+4e+ 86RIZ __11
< Te+ SER}; __11

Similarly we have g : N — M with d(y, g(y)) < Te + 8¢REL=L for y € N.
Consider fogand go [ :

d(go f(z),x) < d(go f(z), f(x))+d(z, f(z))

mn

< 14 16eR .
< € + 16e R

Similarly for f o g. Pick € so 14e + 16€R1§;:11 < 0. Then g o f ~ id,; and
f og ™~ ldN

Theorem 3.3.10 (Grove-Petersen 1988) - The class of Riemannian man-
ifolds M™ with Ky > H, voly >V and diam(M) < D has only finitely many
homotopy types.

Proof If M, M, satisfy the above conditions, (x), then thereis e(n, H, V, D)
such that Doy (My, My) < € implies My, My homotopy equivalent. But the
class C of manifolds satisfying () is precompact, so C can be covered by
finitely many e-balls. Thus there are only finitely many homotopy types.

28



Theorem 3.3.11 (Cheeger’s Finiteness Theorem) For the class of man-
ifolds M™ with |Ky| < H, diam(M) < D and voly, > V, there is € =

e(n,H,D, V) > 0 such that if dgy (M, M) < € then M, difzfeo .

Convergence of maps Let ¢; : Q@ C R — R* be a sequence of maps.
¢i — ¢ in the C™* topology if ||¢; — ¢||¢ma — 0 as i — oco. Here

[Ullema = [Ullen + Y 110U |la

[i|l=m

where i = (i1,...,1,), |i| =1 + -+ + 14, and for U(zy,...,z,) we have

. olilr

azU -

87'1561 o 87fnajn
Also,
|Ulem = sup U ()] + ) sup|d'U ()]

€N lij<m €N

and

z,y€Q |z —yl*

A sequence of manifolds (M}, g;) converges to (M, g) in the C™ topology
if there are diffeomorphism ¢; : M — M, for ¢ large such that ¢;g; — g in
the C™® topology.

Theorem 3.3.12 (Cheeger-Gromov Compactness) The class of M™ with
|K | < H, diam(M) < D and voly; >V (%) is precompact in the CH* topol-
ogy for a € (0,1). We also have inj,; > i(n, H,V, D) > 0.

Theorem 3.3.13 (Anderson 1990) The class of M", |Ricy| < (n—1)H,
inj,, > iy and diam(M) < D is precompact in the Ct* topology. If we only
have Ricy > (n — 1)H then the class is precompact in the C% topology.

Idea of Proof Use harmonic coordinates.
Theorem 3.3.14 (Cheeger-Colding) If M" is a closed manifolds there

exists and e(M) > 0 such that if N is a manifold with Ric > —(n — 1) and

den(M, N) < e then M "5 N,
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This result is true even though M™ with Ric < (n — 1)H, vol > V and
diam < D has infinitely many homotopy types.

Theorem 3.3.15 (Colding) Forr > 0 consider all metric balls of radius r

in all complete Riemannian manifolds M™ with Ric > —(n —1). The volume
function is continuous with respect to the Gromouv-Hausdorff topology.
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